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1. INTRODUCTION

Let V' be an open bounded set on a Hilbert Fredholm Riemannian
manifold M, and let f be a real valued function defined on the closure ¥
of V. Let cat V denote the Lusternik—Schnirelman category of ¥ (with
respect to itself) and let » denote the number of stationary point of fin V.,
In an earlier paper [8] it was shown (among other things) that the Lusternik-
Schnirelman inequality

cat V<r (1.1)

holds under assumptions specified in Theorem 4.1 of that paper. The
proof was based on results of F. Browder in [1]. It was pointed out in the
introduction to [8] that under additional assumptions a more constructive
proof for (1.1) could be given in which 7 closed sets of category 1 covering IV
are exhibited. It is the purpose of the present paper to carry out such a proof
based on a generalization of a method used by Seifert and Threlfall [9, p. 91]
in the case of a finite dimensional manifold without boundary. (For notations
and concepts not explained in the present paper the reader is referred to [8]).

Since (1.1} is trivial if » = o0 we assume that 7 is finite. Moreover the
assumptions of Theorem 4.1 of [8] are supposed to be satisfied. In the present
paper we make the following additional assumption: if x, , %, ,..., x, are the
stationary points of f then x, is nondegenerate of some (finite) order p, > 2,
i.e.,, all differentials of f of order p, — 1 vanish at x, while the differential
of order p, is a nondegenerate homogeneous form of order p, in the
“increments.” (The exact definition of this kind of nondegeneracy is recalied
in Section 3.)

The proof of (1.1) is based on the notion of a “cylindrical neighborhood”
of a critical point introduced by Seifert and Threlfall in the finite dimensional
case in [9; Section 9]. In Section 2 the definition for the Hilbert space case
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(as given in [7, Section 5]) will be recalled and generalised for the case of a

Hilbert manifold.
The proof of (1.1) then consists in the following three steps:

I. It is shown that the cylindrical neighborhood ¢, of the stationary
point x, (if small enough) is contractible to x, (Section 3). Thus ¢, is of
category 1.

II. By the use of segments of “gradient lines”: (see (2.1)) each ¢, is
extended to a certain set y, (Section 4). y, can be deformed into ¢, . Thus,
by I, y, and its closure ¥, are of category 1 (Lemma 4.1).

III. 'The %, cover V (Lemma 4.2).

It is clear from the definition of the category that II and III together
imply (1.1).

2. DEFINITION AND Basic PROPERTIES OF CYLINDRICAL
NEIGHBORHOODS OF A STATIONARY POINT

Before treating the case of a Hilbert manifold we recall the relevant facts
for the case of a Hilbert space E referring to [7, Section 5] for details and
proofs.

Let then A(x) be a real valued function whose domain lies in E. Without
restriction of generality we assume the isolated stationary point of / considered
to be the zero point 0 of E. Let R be such a positive number that 6 is the only
stationary point in the ball B(6, 2R) of center § and radius 2R and that % is
bounded in that ball. Let #, be a point of B(#, 2R) — {6}. Throughout this
paper the ‘“‘gradient line through #;” is meant to be the solution u(r, %) of
the problem

du _ ) ) —
ar T Mot =t @1

where the parameter 7 is normalised by
7o = h(u), (2.2)

and where y = grad 4. (This terminology differs from the one used in [8].
See [8, Theorem 2.2].) Then

T = h(u(r, ug)), (2.3)

for all 7 for which the gradient line is defined.

DerFiniTION 2.1. Let
hy = h(0). (2.4)
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Then the gradient line u(r, #,) is said to end at 0 if lim w(r, u;) = § as v | Ay,
and it is said to start from 6 if lim u(r, ) = 6 as 71 ky~. If € is a positive
number then C+(e) is the set of those #, for which the gradient line through #,
ends at 0 and for which e > A1) — hy > 0, and C-(e) is the set of those #,
for which the gradient line through wu, starts from 8 and for which
€ > hy — h(1,) > 0.

DeriNiTION 2.2. Let € and R, be positive numbers with R; << R. Then
the sets Z(R,) and Z(R,, ¢) are defined as follows: Z(R,) = {u | A(u) = h,
and || u || < R} while Z(R, , €) is the set of those # which lie on gradient lines
through points of Z(R,) and for which Ay — € << h(u) << by + «.

It is not hard to see that Z(R,), and therefore Z(R, , ¢), is empty if and
only if A(0) is a relative maximum or minimum.

DEeriNiTION 2.3. The cylindrical (R, , €) neighborhood of the isolated
stationary point 8 of 4 is the union of the sets C*(e), C(¢), Z(Ry , €) and {6}.

Lemma 2.1. To a positive R, << R corresponds a positive ¢, such that
C(R,,e)CB(f, R) for 0 < e <¢;. For such R, , « the set C(R,, €) is open
(See [7, Lemmas 5.1 and 5.4]).

LemMA 2.2. The boundary C(R, , €) of C(R, , €) is the union of the following
three sets

Bi: the set of those points uy on {h = hy + €} for which the segment
hy <7 < hy + € of the gradient line through u, belongs to C(R,, €)

Bao:  the set of those points uy on {h = hy — €} for which the segment
hy — € << 1 < hy of the gradient line through u, belongs to C(R, , €)

Bs:  the points on the segment hy — ¢ < v < hy + € of the gradient lines
through points of the intersection {h = hy} N | u || = Ry}.

This lemma seems rather obvious. The proof however-—at least the one
this author is able to present—is complicated. It is given in the appendix.

We now turn to the definition of a cylindrical neighborhood of an isolated
stationary point x, V of f where V and f are as in the introduction. We
recall that we assume the assumptions of [8, Theorem 4.1] to be satisfied.
Let then (¢, U) be a chart at x, with the Hilbert space E as target space.
We assume that

$(xp) = 0 23)
and set for u e $(U)
h(u) = f(¢~(u))- (2.6)
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Since by [8, Assumption 2.4] the boundary ¥V of V contains no stationary
points of f we may and will assume that U C V. In addition we assume that
%, is the only stationary point in U. By [8, Eq. (2.19)] (with u, = 0) it then
follows from (2.5) that 6 is an isolated stationary point of 4. Therefore there
exists a positive R such that not only B(6, 2R) C ¢(U) but that also 8 is the
only stationary point of % in B(6, 2R). Moreover, we require that / is bounded
and satisfies a Lipschitz condition in that ball (see [8, Assumption 2.2]).
Let now R; be a positive number less than R. Then by Lemma 2.1 there
exists a cylindrical neighborhood C(R,, €) of @ (for k) which is contained in
B(6, R).

DerINITION 2.4. If C(R,, €) is defined as above then the set
C(Rl ’ 6) = ¢_1(C(R1 ’ 6)7 (2.7)

is called a cylindrical (R, , €) neighborhood of the stationary point x, of f,
and every cylindrical neighborhood of x, is obtained in the manner described.

Remark. The boundary of ¢(R,,e¢) is obtained from lemma 2.2 by
application of ¢1.

3. THE CONTRACTIBILITY OF A CYLINDRICAL NEIGHBORHOOD

We first recall the following definition of nondegeneracy of order p
[7, Definitions 4.1 and 4.2]. (cf. the related definition of “property OQ(r) in
[3, p. 200].

DrriniTiON 3.1. Let /4 be a real valued function defined in some neigh-
borhood of the zero point 6 of the Hilbert space E and suppose that
h C CP+(f), i.e., that h possesses continuous (Fréchet-) differentials up to
and including order p -+ 1 at every point of some neighborhood of 8, where
# is an integer > 2. Then 8 is called a stationary nondegenerate point of
order p of A if

dh(0;m) = -+ = d*h(8;m) =0 (3.1

while d?h(6; ) (as homogeneous form of degree p) is nondegenerate, i.e.,
if the norm of the gradient of this function of 5 divided by || » ||~ is bounded
away from zero.

LemMa 3.1. Let v = J(u) be a (p + 1)-diffeomorphism of a netghborhood
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of 0 € E into E with (f) = 0, and let hy(v) = h(y~(v)). It is asserted: (i) if 0
is a stationary point of h for which (3.1) is true then

d?hy(0; 1y) = d*h(6; 7), (3.2)
where

M = d(8; n); (3-3)

(i1) if 8 is a nondegenerate stationary point of order p for h then 0 has
the same property for h; .

Proof. (1) Inspection of the chain rule for differentials of higher order
shows that (3.1) implies (3.2). (A statement of this chain rule may be found
in [5; p. 164]).

(ii) follows from (i) together with the fact that the right member of (3.3)
is not singular.

In what follows we use the definitions assumptions and notations of the
preceding two sections. Lemma 3.1 allows us to state the following

DerFintTION 3.2. Let x,€ V be a stationary point of f, let (¢, U) be a
chart at x,, with ¢(x,) = 0, and let h(x) = f(¢~(u). Then x, is called a
nondegenerate stationary point of order p of fif 6 is a nondegenerate stationary
point of order p of .

The object of the present section is to prove Theorem 3.1.

TueoreMm 3.1. 4 cylindrical (R, ,€) neighborhood c(R,,€) of a non-
degenerate stationary point x,, of order p of f is contractible to x, if R, is small
enough.

It follows from (2.7) that it will be sufficient to show that C(R,, €) is,
for R, small enough, contractible to 8, and for the proof of this latter fact it
will obviously be sufficient to establish the following two theorems

THEOREM 3.2. C(R,, €) can be deformed into Z(R,) L {6}.

TuroreM 3.3. Z(R,) U {6} is contractible to 6.

Proof of Theorem 3.2. Let 0 << a <1 and let u, € C(R,, €). Let u(r, u,)
be the gradient line through u, (cf. (2.1)-(2.3)). We set

Uy , for uy € Z(Ry) L {6}, 0<a<1
u(ro(1 — o), 1), foruye Z(R, , ¢), 0<<a<1
u(ro(1 — a), 1), foruge C+(e) U C(e), 0 <<a <1
g, foruge Ct(e) U C(e), a =

8uy , o) = (3.4)
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Then 8(u, , 0) = u,, and 8(uy, 1) € Z(R,) U {0}, and Theorem 3.2 will be
proved once the joint continuity of 8 in its two arguments is established.
This was done by Seifert and Threlfall in the case of a finite dimensional
space E. ([9, p. 96]). Their proof however uses the local compactness of such
a space. A continuity proof valid in case E is a Hilbert space is given in the
appendix.

Proof of Theorem 3.3. In order to construct a deformation §(x,, «) for
which

8(uy,0) =uy, Suy,1) =06, wuyeZ(R)E, (3.5)
we employ the solution u = u(#, %,) of the problem

du__ y() Cw y(w) — ull YOI B
@ 1@ . UEZ(R), y=gradh  (3.6)

(For the purpose of critical point theory this differential equation was
used by A. B. Brown [2] in the finite dimensional case. For the Hilbert space
case see [6; p. 449]).

We will need some properties of (2, u;).

Lemma 3.2.  his constant along the trajectories of (3.6)

Proof. Direct computation shows that

d” u t “0) “

LemMa 3.3. For R, small enough || u(t, uy)|| is monotone decreasing in t.
Moreover

lugPe® <[ulef < llwle?, for 0<t<co. (3.7)

Proof. Scalar multiplication of (3.6) by 2u shows that
d|u)? < du g < u y >2
— =2, =)= =2 u|P{l — (—, 7+ s 3.8
& a i Tl Tom/ 8 O¥
(cf. [6; (4.36)]). To estimate the right member of (3.8) we will show that

| o | < Vi MU, weZR) (20, (9
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Since 0 is a nondegenerate critical point of % of some order p >> 2 the
differentials of % of order < p — 1 vanish at 8. Thus Taylor's theorem
shows that

h(u) — h(ug) = Pi!dph(e; ) + R, (3.10)

where

R, — % [ L ar (s ) (1 — 1y de. 3.11)
L)

But y = grad % and its differentials of order <{p — 2 also vanish at 8 (see
[7; (4.13)]). Therefore

() = @:11—), &y (0;4) + RE, (3.12)

where

R, — o= 1), f dPy(tu; u) (1 — 8)" 1 dt. (3.13)

We also recall ([7; (4.15)]) that
d?1y(0; u) = p~! grad, d?h(0; u) (3.14)

where the subscript 2 indicates that the gradient operation refers to the
second argument of d7h.

Multiplying (3.12) scalar by # and using (3.14) we obtain

<u, y(u)) = 0y <u, grad, d?h(0; w)) + <u, R >.  (3.15)

1
(»—1)
Now d?h(0; u) is homogeneous of degree p in u. Therefore using Euler’s

theorem on homogeneous functions we conclude from (3.15) that

1
-1

Here and in (3.10) we set # = u(t, u,) with #, € Z(R;). Then by Lemma 3.2
the left member of (3.10) equals zero. Thus we see from (3.16) and (3.10)
that

lu, y(u)y = 1 A°h(0; u) + (u, RZ_). (3.16)

{u, y()) = —pR} + (u, R%_)),  u=u(t,u,), u,eZ(R), t>0.
(3.17)
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Now using Schwarz’ inequality we see from (3.8) that || u || = || u(z, u,)||
is not increasing in ¢, and therefore

lull = [ut w)] <lwml <R, =0 (3.18)

But (3.17) and (3.18) together with the definitions (3.8) and (3.10) of R}
and R?_, and together with the continuity of the differentials involved
implies (for small enough R,) the existence of a constant C; such that

L, y(u)) < Clu|r. (3.19)

Now by {7, Lemma 4.3] the nondegeneracy of order p of the critical point 6
implies for small enough ||%] the existence of a constant k£ such that
| {(w)]| > k]| u||*t. Combining this inequality with (3.19) we see that the
left member of (3.9) is majorized by || #|| C/k. Because of (3.18) this proves
(3.9) for small enough R; .

The first assertion of Lemma 3.3 is now an immediate consequence of
(3.8) and (3.9). Another immediate consequence of (3.8) and (3.9) are the
inequalities

dljul?
dt

djuj?
dt

Hllul <0< + 2] ul?

from which (3.7) follows routinely.
With «(2, u,) defined as above (see (3.6)) we set

u( 1 —l,uo), foruge Z(R)), 0<a<1

l—«
, foruge Z(R,), a=1
0, foru, =0, 0<a<.

8(ug , @) = (3.20)

(3.5) (cf. Lemma 3.2) is obviously satisfied. Moreover 8(x, , &) € Z(R;) U
if uye Z(R,) U 0. We also note that on account of (3.7)

liiIll (ug , o) = 8(ug , 1), for uy € Z(R,).

The proof that 8 is jointly continuous in %, and « is given in the appendix.

4. THE EXTENSION y, OF THE CYLINDRICAL NEIGHBORHOOD ¢,

Let x; , %, ,..., ¥, be the stationary points of f in V. By Assumption 2.4
of [8] there are no stationary points on the boundary V of V. Let ¢(R, , ¢, ,)
be an (R;, €)-cylindrical neighborhood of x, with R, and ¢ chosen, inde-
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pendent of p, in such a way that the closure of ¢(R,, ¢, x,) are disjoint from
each other and from the boundary of V' {see Definition 2.4 and the paragraph
preceding it). Moreover we may assume R, so small that the assertions of
the theorems of Section 3 established with the proviso “for R, small enough”
are true. For R, and ¢ fixed in such a way we use the notation

€ = C(Rl s & xn)’ fn = f(xn) (41)

DerFinITION 4.1 (cf. [9, p. 91]). The roof of ¢, consists of those points
of the boundary ¢, of ¢, which are at the level f, + «.

Let now x,* be a point of the roof of ¢,, and let x(r, x,°) be the gradient
line through x,°. It is then clear from our definitions and our choice of R,
and e that

x(r, %) €V — ()&  for small enough positive r — 7°.  (4.2)
1

For fixed x,° let 74 denote the (finite or infinite) least upper bound of all =,
such that (4.2) holds for 7y° < 7 < 7 . Then 7° > 7.

DeriniTION 4.2, The extension y, of ¢, is the union of ¢, and the set of
those points x € ¥ which lie on a segment f, + ¢ = 7> <7 < 7® of the
gradient line x(r, x,°) through some point x,° on the roof of ¢, .

TueoreM 4.1. Let the Assumptions 2.1-2.4 of [8] be satisfied. Moreover f
is supposed to be bounded below. Finally it is assumed that each of the stationary

points x, , % ..., x, is non-degenerate of some finite order p > 2. Then (1.1)
holds.

Proof. The theorem follows from the Lemmas 4.1 and 4.2 below.

Lemma 4.1. vy, , and therefore 7, , is of category 1.

Proof. By Theorem 3.1 ¢, is of category 1. It is therefore sufficient to
show that ¢, is a deformation retract of y,. If x(r, x,) is the gradient line
through the point x, € y, — ¢, then x(f, 4+ €, x,) is a point of the roof of ¢,
and therefore € £, . We now define a retracting deformation by setting

3(x, , @) = x(af, + ) + (1 — &) f(xg), %),  forxpey, —¢,

forxgec,.

Lemma 4.2. VCUi7,.

For every x, € V we have to prove

XpEP, for some positive integer p < 7. (4.3)
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This assertion is trivial if x4 is contained in some ¢, . Therefore we have
to consider the following cases () and (B).

@) xeV— Ql &, (B) xeV. (4.4)

Case (x). We consider the gradient line x(r, x)) through x, for
7 < 79 = f(%). Let 7, be the greatest lower bound of those o for which

C-

2r,x)eV—-\c,, fore<r<r,. 4.5)

1

[

Since ¥V — {J1 ¢, is an open set and since f is bounded from below in ¥

—0 < Fg < 7. 4.6)
We now claim
x= lil’;l x(r, %) 4.7)
T=> 0
exists, and
% = %7y, x) €y, forsome p. 4.8)

To prove that the limit (4.7) exists we note that by Lemma 2.1 the set
V — J; ¢, has a positive distance from the set {x,} (o = 1,..., 7) of stationary
points of f, and that therefore by the Palais—Smale condition ([8, Assumption
2.3]) there exists a constant m such that || g(x)|] > m > 0 for xe V — {J; ¢, .
By (4.5) this inequality holds in particular for x = x(r, x,) if 7y <7 < 7.
From this and the differential equation (2.2) for the gradient line we obtain
easily the estimate

| (7", 25) — 2(7', x)l| < (=" — 7')[m, forfy <7 <" <.

The existence of the limit (4.7) follows now from Cauchy’s convergence
criterion, and we turn to the proof of (4.8). The equality in (4.8) is an obvious
consequence of (4.7). The inclusion in (4.8) is by definition of y, equivalent
to the assertion

(4.9) ¥ = x(7, , %) is contained in the roof of some ¢, .

To prove this assertion we note first that by (4.7) and (4.8), x(7, .x,)
is in the closure of ¥ — (J7Z,. On the other hand it follows from the
definition of 7, and the local existence theorem for differential equations
that & = x(%, , %,) is not an element of the open set V — (J1&,. Thus &
must be on the boundary of this set, i.e.,

either ¥e¢, forsomep,or xeV. 4.10)
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Now since = f(x(r, &,)) decreases strictly as 7 varies from 7, to 7, it follows
from Definition 4.1, Lemma 2.2 and Definition 2.4 that X lies on the roof
of ¢, , and therefore x, €y, , if the first part of the alternative (4.10) takes
place.

Thus the assertion (4.3) will be proved in our present case (4.4) «) if we
can show that the second alternative in {4.10) can not occur. To show that
this is so we note that the substitution

T do
t = — ——————— s = y(t, R =T 411
TRy MR =dhye), mzr=n (4]

transforms the problem (2.1) into the problem

d
2= —es),  ¥O%) =%eV, (4.12)

and we have only to refer to Theorem 2.2 of [8] which states that y(z, x,)
does not reach the boundary V of V for ¢ > 0. (This theorem is essentially
based on the boundary Assumption 2.4 of [8]).

This finishes the proof of Lemma 4.2 if (4.4a) holds. For the proof in case
of (4.48) we will need Lemma 4.3.

Lemma 4.3. Let E? be a linear hypersubspace of the Hilbert space E and
let ¢ be an element of E which is of length 1 and which is orthogonal to E°.
If for p > 0, B, denotes the ball with center 0 and radius p we set

B, ={xeB, |, x) <O (4.13)
Finally let the map y: B,~ U {6} — E be Lipschitz and satisfy
e, y(0)y > 0. (4.14)
Then there exists a positive o, , such that the problem
duldo = —y(u),  u(0) =0, (4.15)
has a unique solution u == u(c) for 0 < o < oy . Moreover
wa)ye B~  for 0 <a <<q. (4.16)
The proof consists in a suitable modification of the classical Picard proof
for the local existence of solutions of ordinary differential equations and

will be given in the appendix.
We return to the proof of Lemma 4.2. Let (U, ¢) be a chart at the point x,

409/50/2-3
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for which (4.48) holds. We assume ¢(x) = 0. Let E2and ¢’ be as in Lemma 2.3
of [8]. Then by that lemma there exists a positive p such that

B )CV, (4.17)

with B,~ as in (4.13). We may assume e’ to be orthogonal to E2 We claim
that (4.14) holds if y = grad f¢~1. Indeed then by [8, Lemma 2.6 and
Definition 2.3] the left member of (4.14) equals the scalar product of g(x,)
with the exterior unit normal to V at x,, and this product is positive by
Assumption 2.4 of [8]. Thus we can apply Lemma 4.3 and we see that
(4.16) holds. Therefore by (4.17)

N u()) eV for 0 <a<<o. © (4.18)

But u(x) is the solution of (4.15). Consequently (see [8, Lemma 2.7])
W) = ¢ Y(u(e)) satisfies (4.12), and the x(r, x,) obtained from y(«) by the
substitution (4.11) is the gradient line through x, . We thus see from (4.18)
that

x(r,x)eV  for 7 >7>1, (4.19)

where 7, and 7, are the 7-values corresponding by the substitution (4.11)
to the a-values «, and «, , respectively. Now the point x, € V has a positive
distance from |J ¢, . Therefore (4.19) implies that ¥ = %(7, x)e V — () ¢,
if # — 7, is positive and small enough. Thus ¥ satisfies the assumption
made in (4.4a) for x,, and from the result proved for this case we know that
the gradient line through & reaches the roof of some ¢, for some v > 7.
This finishes the proof since the gradient line through ¥ is the same as that
through x, (up to a parameter translation).

5. APPENDIX

The purpose of this section is to give proofs of Lemmas 2.2 and 4.3,
and of the continuity of the deformations defined in (3.1) and (3.20). Basic
for these proofs is the following lemma

LemMA 5.1. Let uy(t) and uy(t) be solutions of the differential equation
duldt = (u), which for t, <t < t, lie in the subset S of the domain of
the latter being open in the Hilbert space E. We assert

(1) if ¢ satisfies in S a Lipschitz condition with Lipschitz constant X then

[| ua(t) — (Ol < Il sty) — w(t)ll €47 fort, <t <ty
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(it)  if there exists a constant i such that

[ fu)| < m for uwesS then | wuy(t)) — uy(to)ll < m(t, — ty).

Assertion (i) of this lemma is classical in a finite dimensional space. For a
proof valid in Banach spaces see [4, p. 56, Proposition 2]. Assertion (ii)
follows trivially on writing the differential equation in integral form.

In the application of this lemma to the differential Equation (2.1) for the
gradient lines one has to observe that the assumptions of a uniform Lipschitz
condition and of boundedness in S are satisfied only if u is bounded away
from the set of stationary points. To cope with this complication we need
three more lemmas.

Lemma 5.2, Let h, 0 and R be as described in the paragraph preceding (2.1),
and let Ry, € be as in Lemma 2.1. For simplicitys sake we assume that
hy = W(0) = 0. We consider a set Y C Z(R,) (see Definition 2.2) having the
property that there exisis a constant v, such that

0<m <yl <R, for yeVt. 5.1
Let u(r, v) be the gradient line through the point y of Y such that
%(0,3) =y, h(y) =0. (5.2)

We assert the existence of a number { = (ny , R,) such that

fu(r, I = for yeY and —e <t <e (58.3)
Proof. Let
i = min{ny/2; RJ2). (5.4)
Then the set
X = By, (5:5)
yeyY

has a positive distance from the set of stationary points of %, and by the
Palais—Smale condition there exists a positive number m = m(u) such that

Ny@)| = m >0, for ue X. (5.6)
Because of h(f) = O there exists a { > 0 such that

| A(x)] << min{ng/2, pm}  for [luff <L (5.7)
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In addition we subject { to the condition
0 < <mf2.

With this choice of { we claim (5.3) to be true.
Suppose that

| w(m, I < L (5.9)

for some y € Y and some 7 in (—e¢, €). For such y and 7 we see from (5.7) that
7] = | h(u(r, y)) | << pm. This shows that (5.9) is not true for 7 > um,
in other words for such 7 our assertion (5.3) holds.

It remains to prove the assertion for | 7 | < um. We see from (5.6) that
in the ball B(y, u) the right member of the differential equation (2.2) is
majorized by m~1. Consequently u(z,y) stays in this ball for | 7| < um,
ie., [|u(r, ¥) — ¥ || < p for these 7. Consequently use of (5.1), (5.4) and (5.8)
shows that

fuln, M 2yl —lalny) =yl =m0 —p > for 7] <pm

LemMa 5.3. Let 0 <%g < R;, and let {y,} be a sequence of points of
the following properties:

o <yl SR, Byn) =0,  limy, =y,.

Then lim,, ., u(r, v,) = u(r, yy) for —e < 7 < € where as usual u(z, y) denotes
the gradient line through y.

Proof. By Lemma 5.2 and by the choice of R, and e the set S of the
segments —e < 7 << e of the gradient lines through y, is bounded away
from the stationary set of . Consequently by the Palais-Smale condition
the assumptions of Lemma 5.1 are satisfied in .S with ¢ = /|| y |% Thus our
assertion is a consequence of the (i)-part of that lemma.

Lemma 5.4. Let b, R, R, , be as in Lemma 5.2. Let uy € Z(R, , €) (Definition
2.2) and let u(z, u,) denote the gradient line through u, . Then to a given positive o
there corresponds a positive p such that

| u(r, &) — ulr, uy)||l < o, Jor —e <7 <e (5.10)
if
lu — %l <p. (5.11)

Proof. From uyc Z(R,, ) it follows that u(r, #,) € C(R; , €) € B(R) (see
Lemma 2.1) for —e << 7 < e. Thus for these values of 7

[l w7, up)l] < R. (.12)
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On the other hand it follows from A(u(0, u;) = 0 and from A(f) = 0 together
with the fact that A(u(r, 4) is strictly increasing with = that u(r, u,) % 8 for
—e < 7 < e. Since this segment of our gradient line is compact we infer the
existence of a positive constant u << R/3 such that

u(r, uplf > 4p,  for —e<r<e (5.13)
1t follows from (5.12) and (5.13) that the set .S defined by

S = J Bu(r, u), 3p), (5.14)

lri<e
has a distance > p from the set of stationary points of 4. Thus for some
positive m the inequality (5.6) holds for u € S. This implies the existence
of a Lipschitz constant A for the right member of the differential equation (2.1)
in S.
Let now p be a positive number such that

| (@) — h(up), <<pm  if @ —uy| <p. (5.15)

In addition we require
p < pete (5.16)

We show next that with such choice of p

wr, W)eS for —e<r<e (5.17)

if (5.11) is satisfied. To better compare u(r, #) with «(r, u,) we introduce the
solution ¢(a, £) of (2.1) for which

$(ro, €) = & (5.18)
Then

u(r, uy) = (7, uy), u(r, #) = (v + 7 — 7, @). (5.19)

Now the assertion (5.17) is identical with the following one: if T =
{r|d(r + 1y — Foi#) C S, then

TD[—e + €] (5.20)

Now it is easily seen from (5.19), (5.11), (5.16) and (5.13) that T contains
7 = 7 and therefore some neighborhood of 7. Suppose now (5.20) were not
true. Then there exists either a 7, << # such that ¢(r + 7 — 7, #) €S
for 1, << 7 £ 7 while each neighborhood of r, contains numbers = for which
¢(1 + 7o — 7, %) ¢ S, or there exists a 7, > 7 with the corresponding properties.
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It will be sufficient to consider the first case. To arrive at a contradiction
we observe that Lemma 5.1 can be applied to any closed r-interval contained
in (ry, 7]. Taking account also of (5.15) and (5.1) we obtain the following
inequality valid for all such 7 and for u satisfying (5.11)

| u(r, @) — u(7, up)|
= (l¢(r + 70 — 7, &) — (7, uy)|
<@l + 7o — 7 6) — S, @) + || f(7, ) — (7, uo)l
Slrg— Tlm + 17— up || <€ <2, (5.21)

and it is easy to see that (5.21) holds also for r = =, . But this shows that
the ball with center ¢(r, 4+ 7y — #, &) and radius p is still contained in S,
andsoisé(r + 7y — 7, #) if 0 << 7, — 7 << um. This contradicts the definition
of 7, .

This proves (5.20) and, therefore, (5.17). It follows that (5.21) holds for
all 7 in [—e, €] with # satisfying (5.11).

We now recall that u was defined as a positive number satisfying (5.13)
and the inequality x << R. If then o is a given positive number we subject u
to the additional restriction that 2u < 0. Then (5.10) follows from (5.21).

Proof of Lemma 2.2. Since by Lemma 2.1, C(R, , ¢) is open, Lemma 2.2
is equivalent to Lemma 5.5.

LemmMa 5.5. Let By, Bs, Bs be defined as in the statement of Lemma 2.2,
and let B = \J B; . Then for R, and ¢ small enough

CR,, ) = C(R, , €) UB. (5.22)

Proof. We again assume A(f) = 0. As in Section 2 let R > 0 be such
that # is the only critical point in B(2R). It is possible to choose positive
numbers R, , € , € in such a way that

C(Ry,)CC(R, &) CBQRR), e<¢. (5.23)

Indeed by Lemma 2.1 there exists a positive ¢ such that C(R, &) C B(2R),
and a positive R, such that B(2R,) C C(R, ¢,). Moreover by the same lemma
we can choose e such that C(R,, ) C B(2R,), and in addition ¢ <¢, .
With this choice of R; and ¢, (5.23) is satisfied.

To prove (5.22) we will first show that

C(R,,e)CC(R,,e)UB, (5.24)
ie., that
U e C(Ry, € U B, (5.25)
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if
up€ C(R; , o). (5.26)

Now if (5.26) is satisfied there exists a sequence of points %, u, ,...,
such that

u, € C(R,, ), and hm o, =u,. (5.27)
Then
—e < h(u,) < e,, —e < h(ug) < e (5.28)
and by (5.23)
1, C C(R, &) (5.29)

Therefore by definition of C(R, «;)
either u;e C¥(e)) U C~(ey), or uye Z(R, ¢) (5.30)

where we omitted the case %, = 6 in which our assertion (5.25) is trivially
satisfied.

In discussing the first of the two cases in (5.30) it will be sufficient to
suppose that 1, € C*(e;). Then %, is on the segment 0 << 7 < ¢; of a gradient
line ending at 6. But from (5.28) we see that #, is actually on the smaller
segment 0 << = <{ ¢ of such gradient line. This proves (5.25).

We turn to the second part of the alternative in (5.30). In that case

0 << || u(0, up)l| < R. (5.31)

From the second part of (5.27) in conjunction with Lemma 5.4 we see that

nglo #(0, u,)) = u(0, u,), (5.32)

and from the first part of (5.27) we conclude that || #(0, 4,)| < R,, an

inequality which together with (5.31), (5.32) implies that 0 << || #(0, u,)| < R, .
This together with the second part of (5.28) proves (5.25).

We now want to prove the inclusion opposite to (5.24), i.e., we want to

show that (5.25) implies (5.26). Since this is obvious if u, e C(R,, ¢) we
assume

U ep = C) Bi» (5.33)

and will establish the existence of a sequence u,, satisfying (5.27).
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Suppose first #, € B, . Then the segment 0 << 7 << € of the gradient line
u(r, uy) through #, is in C(R; , €) and the points u, = u(r, , uy) with 7, } ¢
will satisfy (5.27).

The corresponding argument holds if %, €8, .

It remains to consider the case that #,€pB;. Then with the notation
Yo = u(Or “o)

3ol = Ry - (5.34)

Let now (2, y,) be the solution of the differential equation (3.6) with the
initial condition (0, o) = ¥,, and let y, = y(#L, 3,). It follows from
Lemmas 3.2 and 3.3 that

B(y.) =0, limy,=3,, 0<n <[yl <lwll=R, (535

for some positive ny. Then by Lemma 5.3, lim,.. %(7, y,) = u(r, ¥;)
which shows that u,, = u(r, y,,) satisfies both conditions (5.27) if —e < 7y, <e.
But %, = u(e, ¥,) also satisfies (5.26) since u(e, y,) = lim, #(7, ¥o)-

Proor oF THE CONTINUITY OF THE DEFORMATION (3.4)

We have to prove the continuity of 8(«, o) at every point (%, , «,) where
uye C(Ry, e) and 0 <oy << 1. We assume again A(f) =0 and consider
different cases.

Case A. uye C+e) VU C(e), oy =1. It will be sufficient to consider
the case that u, € C*(e). Then by (3.4)

8(uy, 1) = 0. (5.36)
We have to prove
ey ) — 0, (5.37)
if
©, —> U, and o, — 1. (5.38)

We will first consider the special case that all «, equal 1, i.e., we want to
prove that

8, » 1) — 6. (5.39)

Now #(u,) > 0 by definition of C+(e). Therefore we may, on account of
(5.38) assume h(u,) > 0 for all n. Therefore for each n either (case i) #,, € C+(e)
or (case ii) u, € Z(R, , €). Now in case (i), 8(x, , 1) = 6 by (3.4). This proves
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(5.39) if case (ii) occurs only for a finite number of 7. Let us assume now
that case (ii) occurs infinitely often. From the argument given in case (i)
it is clear that without loss of generality we may assume that case to occur
for all #. Then by (3.4) and Definition 2.2

8un, 1) = u(0, u,)  (all m) (5.40)

where as usual u(r, u,) denotes the gradient line through wu,. Setting
#(0, u,) = v, we have to prove

lim y, = 0. (5.41)
Suppose (5.41) not to be true. Then there exists a positive 5, such that

0 <my <{yall <Ry, (5.42)

for infinitely many n. Changing our notation we may assume (5.42) to be
true for all z. Since the gradient line through u,, coincides with the one through
¥, we conclude from Lemma 5.2 that the set S consisting of the segments
0 < 7 < 7, of the gradient lines through u, has a positive distance from the
stationary point of A, and (for suitable m and A) the inequality

” u(T) un) - u(T) um)” < ‘ Th — Tm l/m + H Uy — Uy, H e/\e (543)

holds which is derived in the same way as the corresponding part of inequality
(5.21). (Note that the two agree for & = u,, uy = u,, .) Since 7, = h(u,)
and since the #,, converge (see (5.38)) it follows from (5.43) that y,, =u(0, u,,)
converge. Let y, be the limit. Then A(y,) = 0 since A(y,) = 0; moreover
R, =lyoll = ne by (5.42). It follows that u(ry, .)€ Z(R,, €} for any
R, > R, . We will now arrive at a contradiction by showing that u(z, , ¥,) = %,
which is in C*(€) by assumption: by Lemma 5.2,

u(TO s yo) = }gg u(TO ’ yn)
= lim u(Tn )yn) + lim(u(TO :yn) - u(Tn !yn))

Here the second limit is zero since =, = A(u,)— 7o = h(u;). Moreover
U1y s Vo) =, . Thus u(ry, y,) = limu, = u, (see (5.38)). This contra-
diction proves (4.1).

This finishes the proof of (5.39). We now turn to the more general assertion
that (5.38) implies (5.37). Let then o be a given positive number. We have
to exhibit a positive integer. 7, such that

| 8(u,, , o)l < o, for n > n,. (5.44)
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We choose 7, in such a way that for » > #, the inequalities (5.45), (5.46),
(5.47) below are satisfied.

d(u,, 1) < of2. (5.45)
This choice is possible because of the limit relation (5.39) just proved.
[l A(un) — hluo)ll < h(u)/2. (5.46)

This choice is possible on account of (5.38) and on account of the fact
(already mentioned in the line below (5.39)) that A(x,) > 0.

1>a, >1—2¢/3rg (1 = h(u,y)), (5.47)
where ¢, is a positive number such that
C(a/2, ;) C B(o). (5.48)

(Such ¢, exists by Lemma 2.1).
In addition we require that for n > n,

#, € C(Ry , ¢). (5.49)

This is possible since #, is contained in the set C(R,, €) which is open
(Lemma 2.1).

To show that with the above choice of n, the inequality (5.44) holds for
n > n, we note first that by (5.46)

0 < A(uy)/2 << h(uy,) << 3h(u,)/2. (5.50)
From (5.49) and (5.50) we see that
either (i) u,e€ Ct(e), or (i) u,€Z(R,,e) (5.51)
In both case by (3.4)
up, @) = ul(r,(1 — an), ) (70 = hl(un)). (5.52)
Now by (5.47) and (5.50)
Tl — o) < 7, 26,/37 < €.
1t follows that (5.44) will be proved once it is shown that
| (7, w,)| < o, for 0<7<e;. (5.53)

Now in case i of (5.51): u(r, u,) € Ct(ex) C C(a/2, ;) for 0 <7 < e, . By
(5.48) this proves (5.53).
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In case ii of (5.51) we see from (5.45) that «(0, u,) = (»,, 1) € B(s/2)
i.e., | #(0, u,)|| < o/2. But this implies that u(r, 1,) € C(o/2, ¢;) for 0 << 7 < ¢y,
and (5.53) follows now from (5.48).

Case B. uye C(e) U C(e), 0 < oy < 1. Again it will be sufficient to
consider the case that u;e Ct(e). It is clear from definition (3.4) of our
deformation that we have to deal with gradient lines through #, and
“neighboring points.” Let & be a number for which

a < k< 1. (5.54)

We consider the segment of the gradient line u(r, u,) through %, determined
by the interval

To(k — ap) < 7 < (79 + €)/2. (5.55)

(The motivation for the choice of this interval will become clear later on.)
This compact segment does not contain the point 6. Consequently for =
in the interval (5.55) the inequality (5.13) holds for some positive p << R.
We now define S; as the set obtained from (5.14) by taking the union over the
7 in the interval (5.55). Let now m, , A, , be two constants playing the same
role for .S, as m, A for S. If then in the arguments following (5.14) we replace S
by 8;, m by my, A by A, and the interval | 7| < e by the interval (5.55)
we arrive at the following conclusion: if p is a constant such that (5.15)
and (5.16) hold then (cf. (5.21))

Lu(r, @) — ulry, tg)| v — Tofmy - [lu— uy i €' (5.56)

for {| # — uy || < p and for = in the interval (5.55).
In order to use (5.56) for the proof of the continuity of § we subject « to
the following additional restriction:

ol — k) e— g

(D — o) 2 ’

and restrict « to the interval | o — o | << (1 — k)/3. With these restrictions
7 = (1 — «) lies in the interval (5.55) as may be verified by an elementary
computation.

From (3.1), from (5.56) (with + = #(1 — «), and from the second part
of Lemma 5.1 we obtain the inequality

1 8(2, ) — (g , )|
= w7 (1 — o), &) — ul7o(1 — o), wy)
<71 — o), #) — ul7o(1 — o), #)|! (3.57)
+ 1 w(ro(1 — o), #) — ulro(1 — o), )|

A1 — o) — 751 — g |fmy + |7 — 7o l/my + | T — uylle

|7 — 79| = | B(#) — h(uy)] < min

Aye
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which obviously implies the continuity of 8(%, o) at (#,, «,) since ¥ = h(r)
and 7, = h(1,).

Case C. uye Z(R,, ¢), 0 < oy < 1. Here the assumptions of Lemma 5.4
are satisfied. If we choose p as indicated in the proof of that lemma (see
(5.15), (5.16)) it follows immediately from (3.4), (5.21) and Lemma 5.1 that
for {|# — uy|| < p the inequality holds which is obtained from (5.57) by
replacing m, , A;, by the numbers m, A, respectively, defined in the proof
of Lemma 5.4.

Case D. uy=10,0 < oy < 1. Then 8(6, o) = 8 for 0 << oy < 1. There-
fore to given positive ¢ we have to exhibit a neighborhood N of 8 such that
| 8(, a)|| <o for@e N and 0 < a < 1. Let 0 < 0y < g, and let ¢, be such
that C(o, , &) C B(o). (Such ¢ exists by Lemma 2.1). Using (3.4) it is then
easily verified that N == C(qy , €,) satisfies our requirement.

ProoF oF THE CONTINUITY OF THE DEFORMATION (3.20)

Case A. uyc Z(R)), 0 < oy < 1. Let v be a number such that
gy <w <l (5.58)
With the notation
L =of/(l —a), =01 (5.59)
we see from (3.20) that for u, € Z(R,)
S(uy , o) — 8(uy , o) = ulty , wy) — u(ty , ), (5.60)

and have to show that the left member tends to 8 as (1, , o)) — (%, , o).
We restrict o and #, to neighborhoods of a, and #, , respectively, given by

log — ol <v—ap, g — upll <Ilosllf2. (5.61)
For later use we note that then by (5.58) and (5.59)
0 <ty <yl —wv), [ty —to| <log— gl (1 —v) 2 (5.62)

Since || u(t, »,)]| is (by Lemma 3.2) decreasing with increasing ¢ we see from
(3.4), (5.61) and (5.62) that

uts w) > ey )] = e =0l pro<i<y,
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where v, = »(1 — »)~1. This shows that the set .S of all points u(t, #,) where ¢
varies over the interval just indicated and where %, satisfies (5.61) is bounded
away from the zeros of y. Therefore there exists for S an upper bound M
and a Lipschits constant for the right member of the differential equation

~a

(3.20). Application of Lemma 5.1 then yields the inequality
[ lty , ) — ulty, wo)l| << [l u(ty, wy) — ulty, )|l +- Il wlty , uo) — u(ty » )
Sl —upll 570+ M |1y~ 1.
On account of (5.62) and (5.60) this inequality shows that 8(z; , o) — 8(ug , o)
as (y , oy) — (% , %)-
Case B. uye Z(Ry), oy = 1
Case C. uy, =10,0 <o) < 1.

In both cases 8(x, , o) = 6 by (3.20). Therefore for both cases it will be
sufficient to prove

lim 81 , o) = 6. (5.63)

(uy 39> (19,0
Now by (3.20) for u; +# 6

u(ty , 1), for0 <oy << 1,
S(ulv‘xl): 0(1 1) for (:;:1‘

Therefore by (3.7) foru, £ 6 and 0 < oy < |
18y, a)l| < 2y [ €™ (5.64)

Now in case B we note that ¢; = a;(1 — ;)™ — 00 as o — oy = 1. Thus
(5.63) follows from (5.64) since || #; || << R, .
In case C, u; — u, = 0, and (5.63) follows again from (5.64) since #; >> 0.

Proof of Lemma 4.3. Let L be a Lipschitz constant for y in B~ U #.
We will show that the assertion of the lemma is true with an «, satisfying

0 <oy < min{L, pe'(y(9)), (¥(8), € L)) (5.65)

Where e is the base of the natural logarithm and ¢’ as defined in the lemma.
Let u, = § . We want to set

(o) = — f Wua (B dB, n=12.; 0<a<o. (566)
0
To legitimize this we will prove that

#n(x) € B~ for n=1,2,... and 0 <a < o. (5.67)
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Moreover we will prove that for the #» and « indicated in (5.66)
() — s 1) < L1 [ 9(0)] - (568)

We claim first that (5.68) implies (5.67). Indeed #,(a) = Y., (#,(c) — %, _;(a)
since #, = 6. From this, (5.68) and (5.65) we see that

N un(f] < o™ (| H(O)] < e || y(O)l < p. (5-69)
This implies that u,(«) € B,. To establish (5.67) it remains to prove that
luga), €> <0 for m=1,2,... and 0 <a<<og. (570)
Now from (5.66) (with n = 1) we see that
tn(e), € = (@), € + up(e) — wy(), €1
= —a(y(0), € + {up(e) — (), €.
But from (5.68) and (5.65) one concludes easily that

(5.71)

| #nle) — wy(@)l| < Lae || p ()] < Looye | y(O)ll;
and combining this with (5.71) and using (5.65) we see that
Cttn(o), € = —of(Y(0), €5 — Loye || y(0)] < —a Iy(B), €.

Here the right member is, by assumption (4.14) of our lemma, negative
for positive a. Thus (5.70) is true, and (5.68) implies (5.67) as claimed.

Thus to establish (5.67) it remains to prove (5.68). That this inequality
is true for n = 1 is obvious from (5.66) and the fact that %, = 6. The validity
for n > 2 follows by a familiar induction procedure. Likewise the convergence
of the #, to a solution of our problem (4.15) and the uniqueness of that
solution follow by a well known procedure from (5.68).
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