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The consequences of density dependent selection on genetically heterogeneous,
diploid populations reproducing by self-mating or various parthenogenetic
mechanisms is investigated. A logistic fitness function that depends upon both
the genotype of an individual and the density of the population is used. Such
a fitness function simultaneously determines the population size and the
genotype frequencies. The equilibrium solutions to a one locus and two locus
model are given as well as some generalizations to = loci and nonlogistic fitness
functions. Conditions are found that maintain several different genotypes
simultaneously in the equilibrium population. The interaction of such selection
with the genetic mechanisms which determine mode of reproduction in par-
thenogenetic populations is also discussed.

1. INTRODUCTION

A common model of population growth is one in which the size of a genetically
homogeneous population is regulated by density dependent factors. A common
evolutionary model is one in which constant fitness values are assigned to the
genotypes found in the population and population growth is ignored. However,
it secems plausible that the forces which regulate population growth could also
affect differentially the various genotypes found in the population and thus
influence the genetic evolution of the population. The assumptions of genetic
homogeneity and constant fitness are both unrealistic in such a case, and it is
therefore of considerable interest to examine the consequences of natural
selection in genetically heterogeneous populationsregulated by density dependent
factors.

Roughgarden (1971), Charlesworth (1971) and Clarke (1972) have recently
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studied this problem in monoecious diploid populations with respect to a single
locus. However, sexual hermaphroditic populations are not alone in having
genetic heterogeneity since many parthenogenetic populations can also maintain
a large amount of genetic diversity (White, 1970). The impact of constant
selective forces on certain types of parthenogenetic populations has already
been examined by Asher (1970, 1972) and Templeton and Rothman (1973).
Their work shows that constant selective forces can maintain genetic variability
in some automictic populations. The purpose of this paper is to generalize
these results to the case where the fitness of an individual is not only a function
of its genotype, but also of the density of the population.

2. OnE Locus MODEL

A diploid parthenogenetic population with discrete generations shall be
studied which restores diploidy by any combination of the following
mechanisms

(1) Inhibition of meiosis I

(2) Inhibition of meiosis I1

(3) Central fusion of the haploid egg nuclei
(4) Terminal fusion of the haploid egg nuclei

(5) Gamete duplication (duplication of a single haploid egg nucleus
followed by fusion of the cleavage nuclei).

Details of these mechanisms are given in Asher (1970) and Templeton and
Rothman (1973). They will not be discussed here except to point out that the
genetic consequences of (1) and (3) are identical as are those of (2) and (4).

First, consider a parthenogenetic population with discrete generations
consisting of individuals differing at a single locus with two alleles 4 and a. The
transition matrix from adults to zygotes in the next generation is given by

(Asher, 1972)

Zygotes
AA aa Aa
AA 1 0 0
Adults aa ( 0 1 0 )
Ada 1 —K) (1—K) K

where

K = EY 4+ E,(1 — Y/2),
E, = the proportion of eggs developing by terminal fusion or inhibition
of meiosis II,
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E, = the proportion of eggs developing by central fusion or inhibition
of meiosis I,

E, = the proportion of eggs developing by gamete duplication,
E,+E, 4+ E; =1,
Y = the probability of recombination between locus 4 and its centromere.

Sexual populations reproducing by self-mating are a special case in which
K = } for all loci, although K can take on values other than one-half if segrega-
tion distortion is present (Karlin, 1968).

In order to study the impact of density dependent selection on this system,
an absolute fitness will be assigned to each genotype which represents the
expected number of offspring of all posible genotypes produced by a zygote with
a specific genotype. It is convenient to use a logistic growth model of fitness as
Roughgarden (1971) did which defines the fitnesses of the genotypes as

Genotypes Fitness

A4 1 4+1— (’5"‘ N
AA

aa raa-{—l—%N

" 4a
Aa g + 1 — C.. N

where N is the total population size. The 7 + 1 terms represent a density
independent or intrinsic component of fitness for each genotype while (r/C)N
is a density dependent component of fitness. Throughout this paper both r
and C are always assumed positive.

Letting

S; = the number of AA4’s at generation i,
Q; = the number of aa’s at generation i,
R; = the number of A4a’s at generation i,
Ni :Si+Qi+Ri7

one obtains the following recursion formulas:

Sigr = [Si + 31 — K)R] (rqa+ 1 — (r44/C44)Ny),
Qi+1 = [Qz + %(1 - K)Ri](raa + 1— (raa/Caa)Ni),
Ry = KR{(145+ 1 — (7 40/C 46)Ny).
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Hence,

48 =[S+ 1 — K)RJr 44 (Cus — S —Q — R)/C) + (1 — K)R,
40 =[0 + 31 — K)R]r40 (Coe — S — Q — R)/Cyp) + (1 — K)R, (1)
AR = KRr1f(Cro — S — QO — R)[C ) — (1 — K)R.

In the special case when only 44 individuals are present, (1) reduces to
A48 = St (Caa— S)Cas
and similarly when only aa individuals are present

AQ = Qraa(caa - Q)/Ctm .

The meaning of r,, , 74, , C4,4 and C,, is now clear. The r’s correspond to the
intrinsic finite rates of increase and the C’s to carrying capacities for mono-
morphic populations of the two types of homozygotes. C,, and 7, receive a
similar interpretation in the special case of K = 1 which occurs when diploidy
is restored by central fusion or inhibition of meiosis I and the locus is absolutely
linked to the centromere. Otherwise 7 4, represents the intrinsic finite growth
rate of heterozygotes at one generation to all other genotypes produced by them
in the next, and C,, represents the population size at which heterozygotes
contribute just enough genes to the next generation to replace all the genes they
carry.

When the population consists of only the two homozygotes, (1) reduces to

A4S = Srg(Cua— S — Q) Casu,
AQ = Qraa(caa e Q)/Caa .

This system of equations corresponds to the Gause model of ‘“‘interspecific”
competition with competition coefficients of unity. The system behaves as an
interspecific one because the two homozygous genotypes are genetically isolated
from one another. Since the competition coefficients are one in this case, the
above equations imply that at equilibrium the population will be either entirely
AA (which is stable when C,, > C,,, 744 <2C,,/(Cyy — Cqo) and 7,4, < 2)
or aa (when Coy > C, 144 <2C  J(Coo — Cu,) and 7,y << 2).

When all three genotypes are present the equilibrium solution is obtained by
setting the equations in (1) to zero to obtain

Nog = Seq 4 Qeg + Rog = Cua[l — (1 — K)/(K7 45)] = Cpae »
Seq = =31 — K) Rog(Waa + 1)/ Waa,

Qeq = —3(1 — K) Roo(Woo + 1)/ Wea

Req = Caaef[K — 3(1 — KY(1/Waa + 1/Wo0)),

@

©)
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where

Was = 144(Cus — Cuao)[Cau
Wau = raa(Caa - CAae)/Caa y

and C,,, is defined as the effective carrying capacity for a population containing
heterozygotes at equilibrium.

The case in which R,, > 0 is of primary interest for otherwise this case will
reduce to (2). First, P,, >0 and Q,, > 0 implies that —1 < W,, < 0 and
—1 < W,, < 0. This means that the absolute fitnesses, W, , + 1and W,, + 1,
of both homozygotes must be less than one at equilibrium so that both homo-
zygotes do not replace themselves. The additional homozygotes needed to yield
stationary numbers come from decay into the homozygote classes from the
heterozygote class. Also note that N,, is determined solely by the fitness param-
eters of the heterozygote and the parameter K while the fitnesses of the
homozygotes determine how the population is partioned among the genotypes.

The condition R,, >0 also requires that Kr,, > 1 — K. The quantity
K7 4, can be thought of as the net intrinsic finite growth rate for heterozygotes
from one generation to heterozygotes in the next since 74, is the intrinsic growth
rate to all possible genotypes and K is the proportion which are heterozygotes.
Similarly, 1 — K is an intrinsic decay rate from the heterozygote class into the
homozygote classes. Hence in order to get R,, > 0 the net intrinsic growth
rate of heterozygotes must exceed the intrinsic decay rate. Another way of
stating this inequality is to define the effective intrinsic finite growth rate of
heterozygotes as

Tgae = KrAa - (1 - K)

Therefore, to have heterozygotes at equilibrium their effective intrinsic finite
rate of natural increase must be greater than zero.

Since it is biologically meaningless to have the expected numbers of offspring
W4+ 1and W,, + 1 negative, the W’s may be redefined as

W — rAA(CAA_CAae)/CAA when —1 << WAA:
A4 —1 when —1>W,,,
W = zr a(caa - CAae)/Caa when —1 < Waa ’
e T {1 when —1>=W,,.

The conditions that yield R,, >0, S,, > 0 and Q,, > 0 are now

T 4qe > 0,

@
CAae > CAA and Caa .
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The effect of K, the probability of a heterozygote giving rise to a heterozygote,
on (4) is given in Figs. 1 and 2. As can be seen, increasing the value of K broadens
the possible range of values of C,,, C,, and 7, that yield R,, > 0. In this
sense factors which increase the value of K enhance the maintenance
of heterozygotes.

It is also important to investigate the local stability of the solution given by (3)
and (4). It is convenient to make the following transformation:

5 =S-S5,
23 =0—0,,
23 =R—R,.
Cacl
e ~
J Req =0 J
b £
< Y
: :
s Rea>0 | 3
% ey 1
K

Fic. 1. The effect of K, the probability of a heterozygous adult giving rise to a
heterozygous zygote, on the range of values of C44 and Cy, that yield R,, > 0 given Cyq

and 744, > 0.

Req>0

Rgq=0

05— et K — "

Fic. 2. The effect of K on the ranges of values of r,, that yield R,, > 0 given
max(CAA 3y Caa) < CAas .
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At equilibrium all the 2’s are zero. The difference equations for the 2’s are
calculated by substituting S ==z, + S,, and so forth into (1). A linear

approximation for these equations in the neighborhood of the equilibrium
is obtained by a Taylor’s series expansion as

dz = Az
where
2
g = (22),
23
WAA _,_ YAA YAA %(1 - K)(WAA + 1) + YAA‘
A= Yua Waa + Yaa %(1 - K)(Waa + 1) + Yaa ’
_KrAaRea —KrAaRea _KrAaReq
CAa CAu CAa

Yia =1 — K)Roy 14/ QW 4.C 1),
Yaa = (1 - K)Rearaa/(ZWaaCaa)'

-

will be stable if the eigenvalues of the matrix 4* = 4 4 I where I is the
identity matrix all lie in the unit circle in the complex plane with center at the
origin.

A necessary prerequisite for this stability condition is that the eigenvalues of
A must all have negative real parts. The characteristic equation of 4 is

The solution

B4+ aX+ar+a;=0

where

al - ~_"(WAA + Waa + YAA + Yaa - KrAaReq/CAa)y

— (l — K) 7aaWaa 744Waq
‘12 —1 WAAWGG + Req ; 2 ( CaaWaa + CAAWAA)

— e (BB Was ot Waa 42— W~ W),

ay = W aWoo(Kr 4o — (1 — K)).
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By the stability criterion of Lienard and Chipart (Gantmacker, 1959) the roots
of this equation will have negative real parts when

a; >0,
a; >0,

aqa, — a; > 0.

The conditions that yield R,, > 0 also yield 4, > 0 and a3 > 0. The last
inequality can, after some algebraic manipulations, be rewritten as

¥ g0 << WAA + Weo + YReq (5)

where

— _1_ . Ta4 Taa 7 4a
y=— 50— K) (G + ) +KGE

_l_ _ rauWAA - KrAaWAA rAAWaa, _ KrAaWaa
+ :2 (1 K) ( CaaWaa CAa + CAAWaa CAa )

_ K(1— K)ru

X
CAa

+ K G Waa o+ Wao)| % {1W g+ 1/Was

R (30— K) [+ ] — K L)

The conditions that yield R,, > 0 insure that y > 0 and in general yR,, will be a
large, positive number. Since W,, +- W,, can only vary from 0 to —2, the
number W, + W,, + yR,, will also in general be a large, positive number.
In realistic situations 7 ,,, will be small, (probably little more than one or two at
the most) so that inequality (5) will add no additional restrictions in most
situations.

It now remains to be shown that | A 4 1| < 1 for all the eigenvalues, A, of 4.
Unfortunately, all attempts to prove in general that the eigenvalues of 4 satisfy
this inequality have proven unsuccessful. However, some insight into the
additional stability restrictions needed can be obtained from studying the
special case in which both homozygotes have the same fitnesses. Substituting
Yag =Py ="y, Cys=0Cua=0C, and X* =) — 1 into the characteristic
equation of A yields the characteristic equation of A* for this special case to be

(Wh + 1 = M)W, + 2V, + 1 — XYL — Kr44Rp/Cus — A¥)
- ZKTAa Rea[%(l - K)(Wh + 1) + Yh]/CAa,;
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where
Wy, = r(Ch — C00)|Ch »
Yy = (1 — KR/ (WyCy).
One eigenvalue of A* for this special case is therefore A;* = W}, + 1 which is

always less than one in absolute value under conditions that yield R,, > 0. The
other two eigenvalues are the roots of

ML 4 a, =0
where
a = (KReqrAa/CAa) —2— Wh - 2Yh
ay = 1+ W, + 2V, — (K2Rt 4o( Wi + 1)/ Coa)-

The inequality | A* | < 1 will be satisfied for both roots when (Goldberg, 1958)

14a+a>0
l—a,+a,>0
1—a,>0.

These inequalities will be satisfied only when the previously discussed stability
conditions hold and in addition when

n S (214:;;,1) ( c,,(ffi C, )

< () (E2A0) i

Therefore, additional restrictions upon the magnitudes of the finite rates of
increase must be made. These additional restrictions are needed because if the
r’s are too large, population growth need not be smooth, and oscillations in
population size could occur that lead to local instability. These oscillations arise
in a discrete model because the population may overshoot its carrying capacity
in the intervals between application of the density-dependent control.

3. Two Locus MoDEL
The results of the preceding section can be extended to two loci with two
alleles at each locus. The general form of the transition matrix from adults to

zygotes for a parthenogenetic population reproducing by any combination of the

653/5/2-7
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mechanisms previously discussed and for a self-mating sexual population is
(Asher, 1972)

Zygotes
AB[AB AbjAb aBlaB ablab ABlaB Ablab AB[Ab aBlab ABlab AbjaE

AB[AB f 1 0 0 0 0 (] 0 0 0 0
AblAb 0 1 0 0 0 0 0 0 0 0
aBlaB 0 0 1 0 0 0 0 0 0 0
abjab 0 ] 0 1 0 0 0 0 0 0
1-K’ 1-K’
ABlaB 7 0 5 0 K’ 0 0 0 0 0
1-K’ 1-K’
Abfab 0 3 0 5 0 K’ 0 0 0 0
1-K" 1-K"
AB|Ab 3 5 0 0 0 0 K’ 0 0 0
1-K” 1-K"
aB/fab 0 0 0 0 0 K" 0 0
2 2
AB/ab oy oy oy oy oy oy oy oy o o
AblaB L ® oy oy ay oy oy oy oy A o

The actual values of these parameters are given in Table I in terms of E, , E,,
E; and the map distances between the loci and between a locus and itscentromere.
The coefficients of coincidence are assumed to be one, so the recombination
frequency is given by

r = 31 — e2%)
where

r = the recombination frequency,

x = the map distance,
and the probability of recombination Y is given by (Barratt et al., 1954)

Y = (1 — e3),
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Define
X, = the number of AB/AB individuals;

X, = the number of A4b/A4b individuals;
X, = the number of aB/aB individuals;

X, = the number of ab/ab individuals;
X; = the number of AB/aB individuals;
Xg = the number of 4b/ab individuals;

= the number of AB/Ab individuals;
= the number of aB/ab individuals;

= the number of 4BJab individuals;
X0 = the number of Ab/aB individuals.

2

The fitnesses for the various genotypes will be

i 1= @/CON  i=1,2,.,10

10
N=3% X,.
i=1
The fitnesses of the cis and trans double heterozygotes are assumed to be equal,
sory =rgand Cy = Cy .
The set of fundamental difference equations is

K 1 - K’

— C,— N
4x, = (Xl + _‘Q_X5 + P X7+ Xy + "‘2X10) Ty '
4X, =

¢

— K’ 1— K"

+ X; +

X, + Xy + 0, X5,

2 2

- K - K C,— N
C,

X + Xe + X; 4 Xy -+ °‘1Xm) Ty

2 2

KX+1_2K

(
+
(X:x + 2Kl X5 + ! —;KII Xy + Xy + ale) £
_|_
o=

5 Xy + Xy + Xy,

Cy— N
Cs

— K’ l1-K

X5 + X + Xy + X5y,

2 2

1—K 1—- K"

Xg + G- N

G

X, + Xg + X, +°‘2X10) 4

2 2

1 - K’ 1 —- K"

+ 3 Xg + 3 X+ 0‘1X9 + O‘zXlo ’ (6)
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C.— N ,
AX; = (K'X; + Xy + ayX10)7s 505 — (1 —K)X; + a( Xy + Xip),
’ Cﬁ - N ’
= (K'Xg + 05Xy + a3 Xi9)76 C — (I — K') X + o5( Xy -+ Xo)s
N 4
4X, = = (K"X; + a,Xg + 0‘4X10)"7 C’ — (1= K"X; + ay( Xy + Xio)s
” 8 — N ” |
AXy = (K"Xg -+ Xy + 4, Xyp)rg C, — (1= K") X, + a(Xy + Xy),
C,—- N
AXy = (a5Xg + 4 X;0)7g 909 — (1 — a5) Xy + Xy,
C N
AX15 = (g Xy + 45 X10)1g + 04Xy — (1 — o Xyp). (6)

The outcomes of competition among various genotypic arrays in which
double heterozygotes are mot present is given in Table II. When the double
heterozygotes are present in the population, the equilibrium solution obtained
by setting (6) equal to zero is:

N,, = C, [1__1___“5___%] = C,,,

(25 + ag)ry
Xy = Xy,
e ey
Ko )
X = Kz'agX!fu(q J: 1I)c)
SO (R G B U LRSS NUE R [ LS
X, — [(1 —K)_<:¢3((II/IE -I;;’)l) L3 —K”)angs +- )1) (g - o )] (W, ;IL/:)XQ ’
- (A S D ]

Y]
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- K - K" X,
X, = [(1 Jos(Ws5 +'1) +(1 - Jou( W5 +”1)_(al X %)] W, + 1) Y
W.-(1-K) KW, (1—-K) W,
C
X 9e
o (2 — 20uby — 205b
Wy+1 Wy+1 Wy+1 W1+1)
=+ o) [P+ S+ S+ ]
TABLE II
Outcomes of Competition with the Two Locus Model When
Double Heterozygotes Are Not Present
Competing Equilibrium
genotypes population Stability Conditions
Xi' ZZ]) 2) 3’4 Nszlda:CI CI>CZI CarC4
(two locus X,=01:i=2,3,4 ¥y <2
homozygotes) r,<2C/(C,—C)) i=2,3,4
X, i=1,.,8 Nea Xlea_cl C >0y, Gy, C4
(two locus X,=01=2,..,8 Ci>C;,=Ci[1—(1—K")|(r;K")] j=5,6
homozygotes C,>C,=C,[1—(1—-K")/x,K")] u=17,8
and single r <2
locus 7, <2C/(C,—C)) i=2,3,4
heterozygotes) r;<(1+K)C;/[K(Cy—Cy)] j=5,6
7. <(1+KYCHK(C,—C)] u=7,8
X;1=1,...,8 N,,=Cs, C5,>C,,C,,Cs,Cs, Co,, Cop, Cs,
(two locus Xioq=Cs./M @ r; <2C;(Cs5,—C)) i=2,4
homozygotes Xi10,=Gi? i= 7 <(1— K)X50/[2+ Wi)(Cs.— Ca)] ¢
and single X,=01i=2,4,6,7, 8 rs<(1+K)Ce/[K'(C5,—Cy)]
locus r.<(1+K"NCJK(Cs5,—C,)] u=7,8
heterozygotes) 0<ry=K'r;— (1 -K)Y<W+W;+y; X;. ¢
. AW, +Y,
T5e <C‘5 w_(l_K')c
Koeo | +K'(Wi+1)
¢ M=K’ — 31 —K")(1/W,+1/W;) where W, =r,(C,— C;,)/C, and Wy=1r4(C5— Cs,)/Cs.

* G=—3(1—K) X5 W, 4+ )W, .

¢ Stability has only been shown whenr, =r,=7r,, C; =C; =

and Yy =(1—K) X, (CaW).

2y, is defined in a manner analogous to the one locus vy.

Cr s Wa=n(Ch—Cs.)]Cx
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where
Wi = r{C: — CaIC:,
b= K”WSMEZ 1_ Q) [1 —(1—-K") (W‘IW—: 1 . W:;/V_L_ 1)]
W, +1 o w
e e )
= 10 (e

Ws + 1 Wi+ 1 W1—|—1)].

TRW, — (1= K) [1 - =& W, T W,

Once again the total population size is determined only by the fitness of the
double heterozygotes, while the partitioning of the population among the
various genotypes is determined by the fitnesses at equilibrium of all the other
genotypes.

The case in which X, and X, are greater than zero is of primary interest
for otherwise this will reduce to one of the cases given in Table II. The conditions
that yield X, , X;, > 0 at equilibrium are solved from (7) as

7ol + ag) — (1 — a5 — o) =79, >0,
CQe>Cz‘)Cjea i:],213a4a j:5’6:7’8-

These conditions are analogous to those given in the one locus model since
a5 + o is the probability of a double heterozygote giving rise to a double
heterozygote; therefore, ro(ay + o) represents the net finite intrinsic growth
rate for double heterozygotes, 1 — ay; — o the intrinsic decay rate and r,,
the effective finite intrinsic growth rate of double heterozygotes. Similarly, C,, is
of a form completely analogous to C,,, in the one locus model. Thus the biologi-
cal meaning of these conditions is identical to the meaning of (4).

Unfortunately, it has not been possible to determine the stability of this
solution. However, the close similarity of the mathematical and biological
meanings of the conditions that result in a nontrivial equilibrium in this case
to those of the one locus case strongly suggest that this is also a stable equilibrium.

4. ExTENSION TO 7 Loct
Let gn represent a genotype that is heterozygous at n loci. A proportion,

1 — P, , of the zygotes produced by an adult with genotype gn will lose heter-
ozygosity at one or more loci while P, of them will retain heterozygosity at all »
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loci. Finally, let gn be in a population consisting of several genotypes, but in
which gn is the genotype with maximum heterozygosity. Zygotes with less
than 7 heterozygous loci could be produced either by adults with identical
genotypes in the previous generation or from decay from the more heterozygous
genotypes. However, no other genotype can decay into gn, so all gn individuals
must have been produced by a gn adult in the previous generation. Hence, if
the fitness of gn is 7, + 1 — »,N/C, where N is the total population size, then

AX, = P X7, (Co — N)ICp) — (1 — P)X,
where X, is the number of gn individuals. Thus at equilibrium
Neg = Co(1 = (1 = P)[(ruP0)) = Cpe .
The above quantity will be greater than zero only if
P, — (1 —P)=r,,>0.

I must now consider how gn interacts with the other genotypes in such a
manner to yield X,, > 0 at equilibrium. For those genotypes that are genetically
isolated from gn, i.e., those that gn cannot decay into, the competitive exclusion
principle tells us that such genotypes will become extinct if the equilibrium
population with them present and gz absent is less than C,,, . For those genotypes
into which gn can decay the following situation holds.

First, since some of the zygotes produced by gn individuals will be of these
alternative genotypes, it is obvious that an equilibrium with X,, > 0 cannot occur
unless the fitnesses of the other genotypes are such that at equilibrium these
genotypes do not completely replace themselves. The additional members of these
other genotypes needed to yield stationary numbers come from decay from the
more heterozygous genotypes. This can be expressed mathematically by letting
P; be the proportion of zygotes with genotype 7 produced by an adult with
genotype 7. Consequently 1 — P; of the zygotes produced by genotype i are of a
different genotype and represent an intrinsic decay rate for 7. The stipulation that
at equilibrium the fitnesses must be such that the 7th genotype does not replace
itself is

Pai(C; — C)/C; <1 =Py,
Cpe > C(1 — (1 — P)/(Pry)) = Cy, .

This definition of C,, is applicable even when ¢ represents a totally homozygous
genotype for in that case P, = 1,50 C;, = C,and r,, = 1, .
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5. ExTensiON 10 NonNrLocistic FiTness FuncTions

In this section the absolute fitness of genotype 1 is assumed to be
1 + W(N) (8)

where W{N) is a function of the genotype ¢ and of the population size V. In
order to impose a limit on population growth, it is further assumed that W,(N)
is a strictly decreasing function of N, as was done by Charlesworth (1971) for a
one-locus model of a random-mating population.

As before, let gn be a genotype heterozygous at # loci, and let gn be present
in a population in which it represents the genotype with maximum heterozygosity.
Then, using (8),

4X, = P,X, W, (N)y— (1 — P))X, .
At equilibrium,

Nea :fn[(l - Pn)/Pn] = Cy, (9)

where f, represents the inverse function of W, such that f,[W,(N)] = N.
Because f,[(1 — P,)/P,] represents the final size of a population in which gn is
present at equilibrium, it can also be thought of as an effective carrying capacity.
Note that, just as in the logistic case, this effective carrying capacity is deter-
mined solely by the fitness function for genotype gn and by P, .

Necessary conditions for X, > 0 at equilibrium are

Cre = 1a{(1 — Pp)[Py} >0,

Cr. > fi{(l — P)/P;} = Cj, for all other genotypes j.
The first inequality reduces to 7,, > 0 in the logistic case, while the second
inequality insures that the fitnesses of all other genotypes j are such that they
do not completely replace themselves at equilibrium. This last inequality shows
that, just as in the logistic case, the equilibrium population consists of that
ensemble of genotypes which maximizes population size. Thus, the qualitative

aspects of the logistic fitness model are true whenever fitness is a decreasing
function of density.

6. Discussion

As can be seen for the situations discussed in this paper, the following is true:
Ny = Cyy
C,. > C, for all other genotypes 7, (10)
Tne > 0,
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where

I—Pi)

Cie = G (1 TP,

for all genotypes,

Tie =1 P — (1 — P)) for all genotypes,

P, = the proportion of zygotes of genotype
1 among all zygotes produced by an
adult of genotype 7,

and 7 is the largest number of loci for which a genotype is heterozygous in the
equilibrium population. This equilibrium solution is very similar to the equi-
librium solution in a model of interspecific competition within a common niche.
If a group of species was competing within a common niche, at equilibrium only
one species, say y, would survive such that

Nea = C’.l/ L]
c, > C,; for all other species 1, (1)
r, >0,

where C and r refer to the carrying capacities and intrinsic growth rates of
genetically isolated and homogeneous species. As can be seen, (11) is identical
in form to (10). Thus, the complexity of the genetically heterogeneous popula-
tion which involves segregation, recombination and mode of reproduction can
be summarized in the parameter P, . Then C;, and r,, which are functions of P;
and the logistic fitness parameter reduce the problem of competition in a
genetically heterogeneous population to an equivalent case of competition
between genetically isolated, homogeneous populations with respect to the
equilibrium solution. In this sense, C;, and r,, play a role similar to that of N, ,
the effective population size, in population genetics. All reduce complicated
situations to an equivalent ideal case with respect to certain parameters of
interest.

However, it should be emphasized that this analogy is valid only with respect
to the equilibrium solution since the “type” of equilibrium population which
corresponds to the “‘species” in the analogy becomes meaningful only at equi-
librium. For example, it is erroneous to say that a population of 44, ea and
Aa individuals is competing against a population of A4 individuals. Obviously
the true competition is between the individuals of the various genotypes and
not between types of equilibrium populations. Also, once at equilibrium there
will in general still be competition between genotypes since the equilibrium
population can be genetically heterogeneous.

In all cases where heterozygotes were present at equilibrium the fitnesses
were such that there was heterosis as manifested through the effective carrying
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capacities. In the absence of heterosis, heterozygotes will become extinct. This
extends the conclusions of Asher (1972) based on constant fitness models and
selection in changing environments that ... heterozygostiy in automictic
parthenogenetic and self-mating populations may only exist as a consequence
of selection.” Thus, the very presence of heterozygotes in such populations can
be regarded as evidence for heterosis.

In this model, “heterosis” is manifested through the C},’s and occurs when
populations with heterozygotes are larger than those without heterozygotes
since selection operates to maximize population size by choosing that ensemble
of genotypes with the largest C,, . Heterosis in this model also means that the
genotype with maximum heterozygosity has the highest relative fitness at
equilibrium since the fitness of any given genotype, say 7, relative to the maximum
heterozygote is

(1 + WiNe)/(1 + Wi(Ney))

which is less than one for ¢ 5 n whenever C,, > C;, .

In all cases this largest C;,, can be written as f,{(1 — P,)/P,} and in general
P, <1 for heterozygous genotypes. As can be seen from (9), increasing the
value of P, will increase the value of N, since W, is a decreasing function of N.
Therefore, population size can be further increased if P can be increased through
the action of selection. Such increases in P would be favored under the model
considered here if heterosis were present since the highest ranking heterozygote
has the largest relative fitness. Furthermore, as P, goes to one, W,(N,,) must go
to zero so that the relative fitnesses of all the other genotypes go to 1 + W,(N,,).
As P, gets larger, N,, becomes larger and W,(N,,) decreases. Consequently,
the fitnesses of all other genotypes relative to the fitness of the maximal
heterozygote decreases as P, goes to one. As these relative fitnesses decrease,
the selective forces driving P, towards one increase. Thus, such populations
represent a system which, if primed with an initial amount of heterosis, tends
to become locked in on a heterotic strategy and evolves more and more heterosis.!
A consequence of such “P” selection is that certain types of automictic parthe-
nogenetic populations can exploit the microevolutionary advantages of heterosis
more efficiently than sexual populations, but with perhaps the long term dis-
advantage that they tend to become locked into a single, adaptive strategy.

As can be seen in the one and two locus cases were the P’s are explicitly
stated, the P’s are functions of the frequencies of the diploid restoring
mechanisms and the linkage relations. These relations are shown graphically for
the one locus model in Fig. 3. Both the method of restoring diploidy and linkage
relations can be theoretically modified. For example, parthenogenetic strains

1 A more rigorous proof of this and similar effects will be the subject of a subsequent
paper.
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of Drosophila mercatorum restore diploidy by gamete duplication and central
and/or terminal fusion (Carson et al., 1969). Since gamete duplication produces
only homozygotes, the greater E;, the proportion of gamete duplication, the
smaller will be the P’s for heterozygous genotypes. Thus, given some initial
heterosis, any genetic change which decreases E; will be favored. It is therefore
important to see if E; can be modified genetically. Carson (personal com-
munication) has recently shown that the value of E, varies from 999, to 789,
in various strains of D. mercatorum. This suggests that E, is under genetic
control to some extent and that genetic variability with respect to this trait
exists. Consequently it would be possible to modify E; in this species through
selection favoring heterozygous genotypes.

A possible example of this type of P-selection may be found in the naturally
occuring parthenogenetic fly Drosophila mangabeirai. Drosophila mangabeirai
reproduces primarily by central fusion (Murdy and Carson, 1959) which in
general results in the highest P values for heterozygous genotypes (see Fig. 3).

1-E,

KZE\Y+ E,(1-Y/2 )= E,+ Y(2E,-E,)/2

E, =0

F1c. 3. A graphical representation of the dependence of K, the probability of a
heterozygous adult giving rise to a heterozygous zygote, upon linkage to the centromere
(Y) and the proportions of the diploid restoring mechanisms (E, , E, , E,).

As Murdy and Carson point out, D. mangabeirai has a meiotic spindle orientation
which increases the probability of central fusion and which differs from the type
reported for other species of Drosophila. Therefore, they concluded that ... the
system has presumably evolved under natural selection.”

The other mode of P-selection is through modification of linkage relations and
recombination values. This may have occured in the two natural parthenogenetic
dipterous species Drosophila mangabeirai and Lonchoptera dubia. L. dubia, like
D. mangabeirai, also most likely reproduces by central fusion (Stalker, 1956).
As can be seen by letting E, = 1, E, = E; = 0 in Table I or in Fig. 3, P in-
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creases for heterozygous genotypes as the recombination frequencies between the
loci involved and their centromeres decreases. Hence, if the heterozygous
genotypes are superior one would expect selection for factors which decrease
recombination frequencies. Indeed, it is found that D. mangabeirai has many
inversions which function as crossover suppressors and make whole blocks of
genes effectively absolutely linked to the centromere. Thus P is close to one
for a large number of heterozygous genotypes, a condition Carson (1962, 1967)
has termed “‘permanent heterozygosity.” A similar situation exists in L. dubia
(Stalker, 1956) which is characterized by inversion heterozygosity and the
absence of adult structural homozygotes in wild populations. Both of these
species’ chromosomes and fusion mechanisms might well be an example of
P-selection. However, increasing the falue of P is only an advantage when
heterozygotes have superior fitness, so if P-selection really is a factor in the
evolution of these two species it must also be concluded that heterosis plays a
very important role in maintaining the fitness of individuals of these two species.
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