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INTRODUCTION

Let K be a field of characteristic 0, let R be a finitely generated reduced
K-algebra, and let P be a prime ideal of R. The Zariski-Lipman conjecture
asserts that if Derg(R,, Rp) (which may be identified with (Derg(R, R));) is
Rp-free, then Rp is regular. It is known that if Derg(R, , Rp) is Rp-free, then Rp
is 2 normal domain [5], and in the case where either R is a hypersurface [7, 8]
or else R is a homogeneous complete intersection and P is the irrelevant ideal [6]
(also, [4]) the conjecture has been verified. Our main objective here is to prove
the conjecture in the case R = @,_, R, is graded by the nonnegative integers N,
R, = K, and P = m, where m = @, , R, is the irrelevant maximal ideal.
{We do not require that R be generated by its one-forms.)

The paper concludes with a section containing several remarks about the
inhomogeneous case, including a criterion for the freeness of the module of
derivations of a two-dimensional local complete intersection which we feel
may lead to a counterexample.

1. THE GRrADED CASE

In this section R denotes a finitely generated reduced K-algebra graded by N,
where K is a field of characteristic 0, such that R, = K, and m denotes the
maximal ideal @;_, R; .

Let @ = Derg(R, R). We assume, for the rest of this section, that 2, is free.
We represent R as S/I, where S = K[X, ,..., X,] is a polynomial ring in which
the X; have positive integral degrees d;, where d; <d, < -~ < d,, and
IC(X],..., X,)2S is homogeneous. Our main result is then:

TreEOREM. Under the hypotheses above, I = (0). In other words R = S is a
*polynomial ring. ’

This theorem establishes the Zariski-Lipman conjecture in the graded case.

* The author was supported, in part, by a grant from the National Science Foundation,

411
Copyright © 1977 by Academic Press, Inc.
All rights of reproduction in any form reserved. ISSN 0021-8693



412 MELVIN HOCHSTER

Proof. We denote by #, ,..., x,, the images of X, ,..., X,,, respectively, in R.
Thus, R = K[x, ,..., ¥,]. We let F ,.., F,, € S be a minimal system of homog
geneous generators for . We may inject ¢: & — R by ¢(D) = (D(xy),..., D(x,,)).
Let — denote reduction modulo I (i.e., X;~ = #,). Then ¢ maps & isomorphically
onto the R-relations on the columns of the matrix | = ((0F,/0X;)7). If we
grade R" by assigning degree —d; to the jth free generator (i.e., R* = R(d;) ©
- R(d,), where, if E is graded, E(t) denotes the graded module such that
E(t); = E,,;), then @ o $(Z) C R* may be regarded as a homogeneous sub:
module of @; R(d,) and thus has an inherited grading. Since 2 is graded and
2,, is R-free, & itself is R-free.

Our hypothesis and desired conclusion are unaffected by tensoring, over K,
with an algebraic closure of K. Thus, we may assume that K is algebraically
closed.

Now, it is easy to check that if F e Sisaform, ¥, ; (0F/2X,)(d,;X;) = (deg F)F,
and it follows that there is 2 unique derivation D, € & such that Dy(n) = (deg u)
(u) for each form u € R. Thus, Dy = ¢ dyxy .., dp¥y)-

We next reduce, by induction on # (or on Krull dim R), to the case where
the degree 0 form D, of & is part of a minimal homogeneous basis for &. For
assume that D, is not part of such a basis. Then it can be written S ub,,
where u, ,..., u, are nonzero forms of positive degree and &, ,..., b, is part of a
minimal homogeneous basis for &. Then dyx, = Dy(x,) = 3y by (x,) and
since each u; €m and x, ¢ m? (or else X, & (Xj,..., Xy + 1 = (X 5000y X)),
some by(x,)¢m. ie., there is a homogeneous derivation De 2 such that
D(x,) e K — {0} (i.e., D = b,); it follows that deg D = —d,,. Suppose that
deg x,, = -+ = degx, = d, while degx; <d, if j <m (possibly, m = n).
If j < m we must have deg D(x;) = d; — d,, < 0 or D(x;) = 0, and the former
is impossible. Thus D(x;) = 0 for j <<m while for m <j <<n, D(x;)e K.
After a linear change of variables involving only #,, ,..., %, (the variables of
biggest possible degree d,), we can arrange that D(x;) = 0 for j <<» while
D(x,) = 1. It follows that I is closed under the action of ¢/0X,, . Let I, =
In K[X,,.., X, 4]. We claim that I = I,S. For if F were a form in I — [,S
of lowest possible degree ¢ in X,, , then 0F/0.X,, is of lower degree in X,, and in 7,
and hence in 1,S, while F — ¢ 1X,(0F/8X,) is also of lower degree in X,, and
in I, and hence in 7,S. Thus, F = ¢ 1X,,(0F[0X,) + (F — ¢ X (0F|0X,,)) € I,S:

But then R = (K[X, ,..., X,,_1}/I) [X,), where X, is an indeterminate over
R, = K[X, ,-, Xn1]/ly, and it easily follows that Derg(R,, Ry) is Ry-free:
hence, by the induction hypothesis, I, = (0), and then I = (0).

Henceforth we assume that D, is part of a minimal homogeneous basis for &,
and since @ is R-free, this basis is free, so that the exact sequence of graded
R-modules and degree 0 maps given by

0—>R 29 T —0, (*)
where T = Z|RD, , is split.
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It is convenient to assume from now on that the subsemigroup {i € N: R; = 0}
contains all sufficiently large positive integers: this is true after passing to a
constant multiple of the original grading.

Let X = Proj(R). We know from the results of [5] that R is a normal domain,
and so X is a normal variety. We regard X as the patching together of open
affine subvarieties X,, = Spec([R,]y), where # 7= 0 is any form and R, = R[1/u].
Then the {X;} = {X, } are a cover. As usual, each graded module E of finite
type over R gives rise to a coherent sheaf £~ on X suchthat I'(X,, £~) = [E,], .
A degree 0 map of graded modules induces a morphism of sheaves functorially,
and so the exact sequence (x) gives rise to a split exact sequence of sheaves:

0—-0y—2~—T~—0. (**)

0y is the structure sheaf on X. Let R denote the graded K-algebra whose
ith graded piece is Ry; , i.e., R = @;-, Ry; . Then we may choose g, a positive
integer, such that R@ is generated by R{?, and we may also regard X as
Proj(R). This gives an (arithmetically normal) projective embedding of X.
The sheaf L = R‘9(1)~ is a very ample invertible sheaf on X.

The rest of the argument is devoted to establishing the following facts:
T~ is the tangent sheaf 0 (the sheaf of germs of K-derivations) on X and is
locally free. Let £2, be the cotangent sheaf on X (germs of Kihler differentials)
and let * = Homy, ( , 0x). Then we may identify

Ext} (T~,0y) = Ext} (6, 0y) == H(X, 6,%) = HY(X, 27).

Let @4* be the sheaf of germs of units of @ . There is a map of sheaves O, * — 2,
given locally by logarithmic differentiation (o> o' do, where « is a local
section of Ux*), and this map induces a composite map

f: Pic(X) = HY(X, 0,*) — H{(X, Q,) — H{(X, 27).

Now L corresponds to an element of Pic(X) and we show that the element
of Ext}gx(T~, Oy) == HY(X, 23") represented by (xx) is ¢71f(L). Since (xx*) is
split, it follows that f(L) = 0. But it is quite easy to show that when X is normal
f: Pic(X) — HY(X, £2%") cannot kill an ample sheaf. We give a short proof of
this fact below by reducing to the well-known classical case where X is a non-
singular projective curve.

It remains to verify these assertions. We first note that there is a natural map
p: @~ — 0y, induced by restriction. On the open affine X, corresponding
to a form u, I'(X,,2~) = [Derg(R, R)),]o = [Derg(R,, R,)],, and the
grading is such that derivations of degree & shift degrees by 6. If
4 e [Derg(R, , R,)]y, then since 4 shifts degrees by 0, 4 | [R, ], € Derg([R,],
[RJ]o) = I'(X, , 0x). These maps patch to give the map p: 2~ —8y. We
compute Ker p. From the definition of p, on X, we have I'(X,, Ker p) =

481/47/2-13
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[Dergg ) (R, Ry)lo. Now, an element of the module of derivations
Derig 1 (R, , R,) is completely determined by how it maps [R,], = I'(X,,, L),,
and if it has degree O it restricts to an [R ],-linear map of [R,], to itself, i.e.,
to an element of Hompy ¢ )(I'(X,, L), I'(X,, L)). Thus, patching, we have
an injection )

Ker p ©—> Hom(L, L) ~ 0y,

where the last isomorphism identifies the global section 1 of @4 with the identity ~
map id; on L (we get this isomorphism because L is invertible). Moreover,
g 1D, is a global section of Ker p and, in fact, for each u its restriction to X,
induces the identity map on L. Thus, the element of Hom(0,, Ker p) ~
I'(X, Ker p) represented by ¢=1D; is an inverse for Ker p — @, and we have
the following commutative diagram of maps of sheaves with exact rows:

DO

92~ T~ 0 (x*) |

0 Ox
0 Oy g~ 4, #)

It follows that there is an induced injection {: T~ — 8y . Since T is R-free,
T~ is a locally free sheaf on X. 7~ and 6, are, moreover, both torsion-free of
torsion-free rank equal to dim X = dim R — 1. It now follows that { is an
isomorphism. To see this, we note that Coker {, if nonzero, is supported at
a height one prime P of I'(X,, , €y) = [R,], for some open affine X, , since T~
is locally free, 8,/T~ is torsion, and X is normal. But if I/ is the stalk of 0y
at P, V is a discrete valuation ring, and (R,)), = V[¢, t71], where ¢ is any element
of [R,]; — {0}. But then, passing to stalks at P, we can see easily that p, is
surjective, which implies at once that {, is an isomorphism. ‘

Thus, the diagram above yields an isomorphism { of T with 8, and so we
have that 8y is locally free and that the sequence

D, o

g~ Oy 0 #

0—> 0y

is a split exact sequence of locally free sheaves. This sequence represents an -
element of Extg (6y , Ux), and since 8y is locally free

Ext}, (6, ,0,) = HY(X, Hom, (0 ,0,))-

By tracing back definitions we next make an explicit computation of Cech
1-cocycle in HY(X, 8,~) which represents the extension (#): this computation
is made from our knowledge of p. (Then we use the “fact” that the extension is
trivial.)

First, choose forms % ,..., u, € R, — {0} such that X = {), X, . Let X, — X,
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Recalling the definition of L, we have that ; spans I'(X;, L) >~ R, , and we can
fhoose unique elements o;; € [R,,,'_uj](’,'< (D* denotes the invertible elements of D)
such that

ujzotﬁu,; on Xian,0<i<s,0<j<s,

i.e.,, ¢g = ((4, j) > ;) is a Cech l-cocycle which represents L. Consider the
map f: Pic(X)— HY(X, 23") (= HY(X, Homg (0y, Ox)) described earlier,
induced by logarithmic differentiation. We establish that the Cech 1-cocycle
q7f (¢) represents the element of H*(X, Homy, (0, Ox)) = Ext} (9y, Ux) which
corresponds to the exact sequence

0—>0x 2% @~ — 8, 0. (#)
First note that ¢~f(c), by definition, is given by
(& ) = M D = D) ouys),
where D represents an element of

F(Xz nNX;, BX) = DerK([Ru;u,»]o s [Ruiuj]o)'

On the other hand, we can obtain a Cech 1-cocycle which represents (#) by
first applying Homg, (6x , ) to (#), second, on each X; choosing a lifting of the
identity map in Homp)(fx,, 0x) to Hompy)(6x, 2~ |x), and then con-
sidering the Cech 1-cocycle

(4,7) = 4;; = (the lifting on X;) |x,~x, — (the lifting on X) |x,~x, ;

this is just a matter of tracing definitions and identifications.
We pick an element 4; of

Homxy(0x, , 27 |x,) = Homg, 3 (Der([Ry Jo , [(Ry)]o)s [Der(Ry,, Ry,)]o)

which lifts the identity as follows: For convenience, let » = u;. Given
D e Der([R,] » [Ru]o), there is a unique element k(D) € [Der(R, , R,)], which
extends D and vanishes on # = u, . [To see that a derivation exists, first pick
D, € [Der(R, , R,)], such that D, extends D. This is possible, since the map of
sheaves @~ —» 0 is already known to be surjective and X, is affine. Then
D,(u) € R, has degree ¢, and we can write D,(u) = rqu where 7y [R,], . Then
D, — (1/g) oDy extends D and kills . If D, , D, are two derivations which
extend D and kill %, then D; = D, — D, kills [R,], [#, 1/u], and each form
of R, has its gth power in this ring. Since R, is a domain and gq is invertible,
D, kills R, .] Clearly, the map 4, taking D to k(D) lifts the identity.
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Thus, the cocycle
G4y =h; |x,-nx,- — By Ixinx,-

corresponds to the exact sequence (#).

We compute 4;; on D € Der([R,, , Jo» [Ry 4 Jo): We know that 4,,(D) has the
form Ap(Do |x,nx,), where Ap € (X, n X;, (U;), and then the required cocycle
has the form

(& ) (D= Ap)

(where D> Ap € Homyg, (8y , Oy)). The derivation 4;,(D) is completely deter-
mined by its value on %, [y,~y, . Now, with everything restricted to X; N X;,
as necessary, we have, on X; N X,

A;(D)ui) = hy(DYus) — hy(D)ws)
= 0 — hy(DXe;'u;)  (by definition of ;)
= —h(D)(o; Yy
= —D(oj;')u;  (by definition of ;)
= —(—az?) Do)y == o D{et;;)(oiz, 1)
= (Do) fovis);
while on X; N X, Dy(u,) = qu, .
It follows that A, = ¢~'D(w;;)/e;; and the cocycle is
(0, j) = (D — 7 D(0i;)]s5)

which 1s ¢~1¢; , precisely as claimed.

Now, on the one hand, we have already shown, using the hypothesis of the
Zariski-Lipman conjecture, that g%, represents 0 in HY(X, £2%"), and hence
so does ¢; .

But, on the other hand, the following lemma asserts that this is nof the case,
and completes the proof of the Zariski-Lipman conjecture in the graded case.

LemMa . Let X be a normal reduced and irreducible projective variety over
an algebraically closed field K of characteristic O, and let L be an ample sheaf on X.
Then the image of L under the map

Pic(X) — HY(X, 2}")
induced by logarithmic differentiation is not 0.

Proof. If X is a nonsingular curve, i.e.,, a Riemann surface, this is truly
a classical fact: in fact,

HY(X, 93) = HY(X, Q,) o HYX, 0,) =~ K,
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and the map described under a suitable identification of HY(X, 23*) with
KD Z, maps each line bundle to its Chern class or degree. In this case, L is
ample if and only if it has positive degree, and the result is clear. [See the
Remark following this proof.)

But the general case can be reduced easily to the case of a nonsingular curve.
Let S be the singular locus of X and let U = X — S. We can choose a closed
reduced and irreducible curve ZC X such that ZN S = &, ie, ZCU.
(X is normal and so if X = Proj(R), S is defined by a homogeneous ideal
I of R height 2 or more. Hence, there exists a proper ideal | generated by
(dim R — 2) or fewer forms such that I 4 [ is primary to the irrelevant ideal,
and we may take Z to be the curve defined by any homogeneous prime of
coheight 2 which contains J.) Let ¥ be the normalization of Z. Thus, ¥ is a
nonsingular curve and we have a finite morphism Y — X (the composite
Y —» Z — X), where Im(Y) = ZC U i.e., we have

Y—->U—->X,

where the second map is an open immersion. Since Y, U are nonsingular, we
have canonical isomorphisms 2y ~ 27" and 2, = Q25”. We thus obtain a
commutative diagram:

Pie(Y) = HYY, 0,*) —— HYY, Q,) —— HYY, 2}")

T d

Pic(U) = HYU, 0, *) —— HYU, 2,) —— HY U, 2}")

] | d

Pic(X) = HYX, 0,%) —— HY(X, 2,) —— HYX, 2}").

The arrow 8 is induced from o by the isomorphism, while y is induced by the
open immersion U — X. (Note that if we have a morphism ¥ — X, we do not
get an induced map HYX, 23™)— HY(Y, £2%") in general, although we do if
Y, X are nonsingular or if the map is an open immersion. This is why we must
be careful in choosing ¥ — X so that (Im Y) C U.) Thus, we get a commutative
diagram:

Pic(Y) — Y HYY, 27)

Pic(X) —*— HY(X, Q)

where fy, fy are induced by logarithmic differentiation and the left vertical
arrow by pullback. If L is ample on X, its pullback to ¥ will be ample (Y — X
is finite, and Y is a smooth curve), and hence the pullback of I maps to a nonzero
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element of HY(Y, £2;7). It follows that fy(L) 3 0. Q.E.D. for both the Lemma
and the graded case of the Zariski-Lipman conjecture.

Remark. The following proof of the Lemma in the classical case was supplied
by Lipman, who remarks that the steps are justified in [9, Chap. 2]:

A divisor on a curve C over K is given by a family of ““local equations’’ (i.e.
a “repartition”) (fp)pec , where fp # 0 is in the function field K(C), and
Jp €0c p for almost all P. Similarly, an element of HY(C, 2¢') can be specified
by a family of differentials (wp)pec With wp€ 2k, and wp € 2}, for almost
all P. Now the d.log map takes a divisor [given by] (fp)rec to the element
of HYC, 2¢") given by (dfp/fp)pec . Moreover, the standard identification
HY(X, 2x") — K is given by “sum of residues”. But resp(dfp/fp) is just the
order of the zero of fp at P (<0 if fp has a pole). Hence Xp resp(dfp/fr)
is nothing but the degree of the divisor ( fp). Q.E.D.

(Thus in char. p, the d.log image of an ample divisor is zero if p divides the
degree.)

2. REMARKS ON THE NONGRADED CASE

Remark 1. The graded case of the conjecture is not as special as it seems,
since it has the following:

CoROLLARY. Let (R, m) be a complete reduced local ring with residue class
field K C R, and suppose char K = Q. Then R is regular if and only if:

(1) Derg(R, R) is free and

(2) there exists a derivation D: R — R such that D(m) C m and the induced
map m{m? — m|m? is the identity.

Proof. The key point is that (2) is equivalent to assuming that R is the
completion of a finitely generated graded K-algebra R’ generated by its one-
forms. But then, since Derg(R, R)is the completion of Derg(R’, R'), Dery(R’, R')
is free, and R’ is a polynomial ring.

To see that (2) is equivalent to assuming that R is the completion of a graded
ring generated by its one-forms, first suppose R = R’, where R' = &®; R;".
Define D by D'(3; ;) = 3., if; (where f; € R/").

Now suppose D is as described in (2). Let R = gr,,R = @, mijmit. It is
easy to see that D induces a map R, — R,’ for all 7 and that this map is multi-
plication by i. We show that for every ¢ and € R, there is a unique element
hiu) e m* such that k(u) =u modulo m*+' and D(h(u)) = ih,(u). We first
define T, : m* — m’ as follows:

Given o, € mt, let v, be defined recursively by

Ve = v — (1/t) (Do, — ivy), =1 (*)
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Then the o, satisfy

Ty, == vy mod mit, (1)
v; = v; mod mitl, 29
D(,) = iv, mod m**t, (3,

for all ¢, as is readily established by induction. The hardest part is to deduce
(Bi4a) from (1), (3;), and (x). Let w = Dov, — iw, . By (3;), w e m*+* = Dw —
(i + 1) we mitt+L, But v,,; = v, — (1/t)w so that

D(v411) — 10 = D(v, — (1/t)w) — iw, — (1/t)w)
= Duv, — (1/t) Dw — iv, + (ift)w
= (Dv, — 1v;) — (1/t) Dw + (ijt)w
=w — (1/t) Dw -+ (i/tyw = —(1]t) (Dw — (i 4 tyw) € m+t+l,
as required.
Thus, {v,} is a Cauchy sequence (by 1,)) and we may let

T{v,) = li%n v, Em',

It is easy to check that

(a) T;is K-linear,

(b) Ti(vy) = v, mod mit! (by 2,)), and

() D(Tyvy) = iTwy) (from 3,)).

Moreover, one can easily check that if 2, e mi*l, then v, e mi*t for all ¢
whence T{v;) = 0, so that T kills mit! and so induces a K-linear map
h;: R/ = mm*tt — mt

such that
(m* —> mimi*tt) o by = idg . #)

To establish our earlier claim, we must show that if v € m?, v = ¥ modulo mi+!
and D(v) = fv, then v = h(u), i.e.,, v = Ty(v). But it is immediate from (x)
by induction on ¢ that v, = v for all ¢ in this case.

Now, if ue R/, «' € R/, then y = hu) h;(u’) has the properties

y = ux’ modulo miti and D(y)=0G+7)y.

Thus, h; (uu') = h(u) b;(u'). It follows that the A; together yield a K-homo-
morphism % of rings

R’ 13

It is easy to check that 4 induces an isomorphism R ~R. Q.E.D.
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Remark 2. We simply want to make explicit the observation that if there
is a Cohen—Macaulay counterexample to the Zariski-Lipman conjecture, there
is also a Gorenstein counterexample. In fact, when R is Cohen-Macaulay
normal of finite type over K (say char K = 0), and dim R = d, then (2§ ;)**
(where x is Homg( , R))is a canonical module, and this is canonically isomorphic
with (AYQ%x))** == (A((R%/x)*))* =2 (A*Derg(R, R))*. For all P such that
(Derg(R, R)); is free, we have that

((Q%/x)**)p == Rp
so that R, is Gorenstein.

Remark 3. We record the following observation (see [1]) of Becker and Rego.
If R is, say, an analytic local ring, and Der¢(R, R) is free, then the ring of higher
order derivations is free as an R-module and generated by the 1-derivations
Der¢(R, R). Hence, Nakai’s conjecture (generation of the ring of higher deriva-
tions by the 1-derivations = regular) implies the Zariski-Lipman conjecture,
(The Becker-Rego result is proved thus: let D, ,..., D; be a free basis for
Dere(R, R). Let Z,, be the set of higher derivations of order <(n. Let F be the
free module on the basis of all d-tuples (i ,..., ;) of nonnegative integers with
3, i, < n, and map F— Z, by (i, ,..., i) > D% --- Dis. One checks easily that
this map is an isomorphism off the singular locus. Since R is normal, the singular
locus has codimension 2, and F, 2, are reflexive, it follows that F — &, is an
isomorphism for all n. Q.ED.

Remark 4. Probably, the next case of the conjecture one should attack is
that of a two-dimensional complete intersection. For simplicity, let us assume
that R is a reduced complete intersection which is a complete local ring of
dimension 2 and embedding dimension #». We may assume 7 2= 4, since the
result is known for hypersurfaces. Moreover, we later assume that R is normal
(has an isolated singularity). We also assume, for simplicity, that the residue
class field is CC R.

We want to give criteria for Derg(R, R) to be free. We have in mind the
possibility of giving a counterexample to the Zariski-Lipman conjecture (and,
hence, also, to the Nakai conjecture).

We fix some notation.

Let S = C[[%; ,0r., 2,]], let m = (%, ,..., %,)S, let f; ..., f_s be an S-regular
sequence in m?, let I = (fy ,..., fr_2)S, let ~ denote reduction modulo I, and let
R = § = S/I. If R is to yield a counterexample to the Zariski-Lipman con-
jecture, it must be a normal domain. Hence, assume also that [ is prime and
that R is normal. Since R is a complete intersection and, so, Cohen—Macaulay,
this is equivalent to assuming that R has an isolated singularity at #, i.e., that
the (n — 2)-size minors of

J = ((ofifx;)7)
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generate an ideal Q in R primary to #. Thus, we know depthoR =
depth, R = 2.
We have an exact sequence:

0 —> Derg(R, R) —> R —%»> Rn—2
where, as indicated, the map R? — R%~2 has matrix |. We have a map

Jb 1 (Ro2y% — (R™Y*,
and hence
An-2(Rn-2)* > An-2(Rn)*

znT lnz (#)

R AY(R)

This determines an element of A%(R"), unique up to multiplication by units of R.
(The isomorphisms R ~ A™-#(R"-%}* and A*~%(R™)* o~ A%(R") are not canonical:
“the second is determined by a choice of generator for A”(R?) ~ R.)

CrrteriON. Derg(R, R) is free if and only if the element of A (R") determined
in this way is decomposable, i.e., has the form A, where A, p € AY(R").

Proof. Der(R, R) has rank 2. Hence, it is free if and only if thereisa2 X »
matrix M over R such that

0—> R2—M, Rr I, Rt

is exact. The results of [2] assert that this sequence is exact if and only if M ] = 0

.and depth I,(M) > 2. The conditions on A, u imply that we may take M = [1].
The coordinates of A A p in the usual basis for A2R” are the 2 X 2 minors of M
(up to sign), and hence these are the same (up to sign) as the (n — 2) x (n — 2)
minors of J, i.e., I,(M) = Q has depth 2.

On the other hand, given the existence of M = [], the results of [3] yield
at once the indicated element of A2(R") (constructed in (#)) is a multiple of
A A p; since depth O = 2, the multiplier must be a unit, which can be absorbed
into . Q.E.D.

Remark 5. We retain all the notation and hypotheses of the fourth paragraph
»f Remark 4, but we now want to specialize the preceding remark to the case
n = 4. Let

N = (offox;),

so that N = J, and let 4,, be the determinant of the 2 by 2 submatrix of N
formed from the pth and gth rows if p << ¢ (4,, = —4,,). Using the bases
already chosen to make identifications, we see that Im A%(J?) is generated by
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a = Yy dye* A e*. Of course, o is a priori decomposable in A2(R%)*. But
the corresponding element 8 in A%2R* under the identification induced by
AR ) AR — A'R1~ R (where ¢ Ae; Aeg Aggt>1) is Y, (—1)H#1
A, ; A e; where for each i < j, p, q are chosen so that p < g and {3, j, p, ¢} =
{1, 2, 3,4}. Change bases: let f; = ¢,, fo = —¢;, fs = —é&,, fy = &5. Then

B = Z_Zp.afi Afis
1<
where
pg=23,4 if 4,7=12,
pg=12 if 7,7=3,4,

Pqg=17 in all other cases.

The decomposability of this element 8 obtained by switching 2 “‘complementary”’
Pliicker coordinates in the decomposable « is not easy to decide, with one notable
exception: if 4,y = 4, , then, evidently, the decomposability of « implies the
decomposability of 8. Hence:

CoROLLARY. With the notation and hypetheses of Remark 4, fourth paragraph,
with n = 4, if Ay, = A, , then Der(R, R) is free; i.e., if

Sy s SI(Oxy 5 x3)) = O(fy 5 f)(Oxs , %)) modulo (fy, fo),

then Derg(R, R) is free.

Thus, if f,, f, are an S-sequence in m? the Zariski-Lipman conjecture
implies that if S/(f; , f,) has an isolated singularity at the origin then

fy s L0y s %)) 7 8(fy , f)/(O(xy 5 %y))-

I do not know whether even this is true.
Finally, we give one criterion for the freeness of Derg(R, R) intermediate
between the corollary above and the decomposability of B.

Proros1TION.  With the notation and hypotheses of Remark 4, fourth paragraph,
with n =4, if r;e R, | <i <<j <4, give a relation 3 ;;r,;4,; — O which is
“nondegenerate’’ in the sense that r = r,,ryy — Tyg¥ay -+ 14703 &= O modulo i, they

Derc(R, R) is R-free.
Proof. Let C; be the column
of,/0x;
s/ 0x;
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Let E;;, i <j, be the 2 X 4 matrix whose ¢th column is C;, whose jth column
is —C;, and whose other columns are 0. Let E = Y ,, r,,E;; . We show that
the sequence

0 R_E,p_ L, R

is exact. By [2], it suffices to show that E] = 0 and that I,(E) (the ideal generated
by the 2 x 2 minors of E) is equal to I(J) = Q.
Let U = [§ ~3]. Then E;;J] = 4,,U, whence

E] =% ryE;] = (Z rifjii) U =0U=0.

It remains to show that I(E) = I(J). Let D, be the 2 X 2 minor of E
formed from the 7tk and jth columns, 7 <j.

Define r,; = 0 and r;; = —ry;, so that 4 = (r;;) is skew-symmetric, Then
the ith column E; of F is
Z riscs ’

whence

F = Z Tyl el st
8,1

i Z (risrse — ritr:is)Jst .

<t

or

We can view this as a system of six linear equations in six unknowns. The
matrix is A24, whence the determinant is det(A24) = (det A)" and det 4 =
(719754 — T1a¥os + TraPes)’ 1€, det(A24) = r8. Since r ¢ 7, we can solve for the

4,, in terms of the D;; , and, of course, conversely. Q.E.D.
The earlier corollary is the special case r;, = —rg = 1, r;; = 0 otherwise.
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