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PREFACE TO VOLUME I1 

The work r e p o r t e d  i n  t h i s  volume was comple ted  unde r  

c o n t r a c t  number 1 -35715 .  H o ~ ~ e v e r ,  t h e  r e s u l t s  r e p o r t e d  i n  

e i t h e r  Volume I o r  Volume I1 can  b e  u n d e r s t o o d  w i t h o u t  t h e  o t h e r  

volume. The t i r e  s h e a r - f o r c e  r e p r e s e n t a t i o n  methods ,  which a r e  

d e s c r i b e d  h e r e i n ,  were  n o t  u sed  t o  o b t a i n  t h e  f i n d i n g s  p r e s e n t e d  

i n  t h e  f i r s t  volume. 

The p u r p o s e  o f  t h i s  volume i s  t o  p r o v i d e  a comprehens ive  

d e s c r i p t i o n  of  t i r e  s h e a r  f o r c e  pe r fo rmance  f o r  u s e  i n  h i g h l y  

advanced s i m u l a t i o n s  of  combined s t e e r i n g  and b r a k i n g  p a s s e n g e r -  

c a r  maneuvers .  Two app roaches  a r e  p r e s e n t e d :  f i r s t ,  an  ex t ended  

t i r e  model ;  and s econd ,  a ma thema t i ca l  method ( c a l l e d  " the  

s i m i l a r i t y  method1')  f o r  f i t t i n g  t i r e  d a t a .  

T h i s  work was c a r r i e d  o u t  p r i m a r i l y  by Hans P a c e j k a .  
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SECTION 1 

ANALYTIC SOLUTION FOR BRUSH-TYPE TIRE MODEL 

The model employed c o n s i s t s  of one o r  more rows of  e l a s t i c  

s t u d s  ( t r e a d  e lements )  which a r e  inbedded i n  t h e  r i g i d  r o t a t i n g  

wheel.  Over a  c e r t a i n  l e n g t h ,  Za, t h e s e  e lements  make c o n t a c t  t o  

t h e  road s u r f a c e .  For s i m p l i c i t y ,  uniform p r e s s u r e  d i s t r i b u t i o n ,  

9 2 ,  and c o n s t a n t  e l a s t i c  p r o p e r t i e s ,  k , a r e  assumed throughout  
x tY 

t h e  c o n t a c t  a r e a .  The c o e f f i c i e n t  of f r i c t i o n ,  v ,  i s  r e p r e s e n t e d  

by a  l i n e a r l y  decaying f u n c t i o n  of t h e  s l i d i n g  speed ,  V s .  

When t h e  response  t o  p u r e l y  l a t e r a l  o r  l o n g i t u d i n a l  s l i p  i s  

s t u d i e d ,  o r  when equa l  l a t e r a l  and l o n g i t u d i n a l  s l i p  s t i f f n e s s e s  

a r e  c o n s i d e r e d ,  t h e  t r e a d  elements  d e f l e c t  i n  t h e  same d i r e c t i o n  

a s  t h e  d i r e c t i o n  of t h e  s h e a r  f o r c e  a c t i n g  a t  t h e  t i p  of t h e  

elements  i n  t h e  s l i d i n g  range .  Consequent ly ,  t hey  d e f l e c t  o p p o s i t e  

t o  t h e  d i r e c t i o n  of s l i d i n g  speed of t h e  e lements  w i t h  r e s p e c t  t o  

t h e  ground. I n  t h e s e  s imple  c a s e s  a l l  t h e  e lements  throughout  

t h e  c o n t a c t  range d e f l e c t  i n  t h e  same d i r e c t i o n .  I t  i s  assumed 

t h a t  t h e  e lements  i n s t a n t a n e o u s l y  assume t h e  new e q u i l i b r i u m  p o s i t i o n  

a s  soon as  t h e  s l i d i n g  range i s  e n t e r e d .  Due t o  t h e  uniform p r e s s u r e  

d i s t r i b u t i o n  t h e  d e f l e c t i o n  remains c o n s t a n t  i n  t h e  s l i d i n g  r ange .  

Also ,  due t o  the  uniform p r e s s u r e  d i s t r i b u t i o n  and t h e  s imple  con- 

s t r u c t i o n  of t h e  model ( c a r c a s s  d e f l e c t i o n  ze ro  o r  uniform) t h e  

s l i d i n g  speed i s  known f o r  each element  i n  t h e  s l i d i n g  range and 

i s  equal  t o  t h e  s l i p  speed ,  V c ,  of t h e  lower p o r t i o n  of t h e  wheel .  

F igure  1 i l l u s t r a t e s  t h e  s i t u a t i o n  under  combined l a t e r a l  and brake  

s l i p  f o r  equa l  l o n g i t u d i n a l  and l a t e r a l  s t i f f n e s s e s  of t h e  e l emen t s .  

slip speed speed of t r s v e  \ 

a 1 

I 
I+-- I s l i d i i ~ g  -I* a d h e s i o n  
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Figure  1. a )  The b r u s h  type  t i r e  model under  combined 
l o n g i t u d i n a l  (b rake )  s l i p  and l a t e r a l  s l i p  
i n  case  of e q u a l  l o n g i t u d i n a l  and l a t e r a l  
s t i f f n e s s e s .  

b )  The l i n e a r l y  decaying  f r i c t i o n  c o e f f i c i e n t .  

I n  c a s e  of unequal  s t i f f n e s s e s  t h e  d e f l e c t i o n s  of t h e  e lements  

remain e q u a l l y  d i r e c t e d  a long t h e  c o n t a c t  l i n e  a s  long  a s  t h e  

e lements  remain adhered  t o  t h e  ground. I n  t h i s  adhes ion  r a n g e ,  

t h e  s h e a r  f o r c e s  have n o t  t h e  same d i r e c t i o n  as  t h e  d e f l e c t i o n s  and 

consequent ly  d e v i a t e  from t h e  d i r e c t i o n  of t h e  s l i p  s p e e d ,  V c .  

I n  t h e  s l i d i n g  r e g i o n ,  however,  t h e  s h e a r  f o r c e  w i l l  be d i r e c t e d  

o p p o s i t e  t o  t h e  s l i d i n g  speed  which ,  when e q u i l i b r i u m  has  been  

r eached ,  e q u a l s  t h e  s l i p  speed  of t h e  wheel ,  V c .  A p i c t u r e  a s  

shown i n  F igure  2 i s  expec ted  t o  occur .  

/,didin9+ad hes ion-4 

Fi;::re 2 .  Fx-:ei ted deflection in c a s e  o f  unequll l  stiffnesaes. 



An e x a c t  d e s c r i p t i o n  of  t h e  v a r i a t i o n  of t h e  d e f l e c t i o n  i n  

t h e  s l i d i n g  a r e a  i s  d i f f i c u l t  t o  o b t a i n .  We w i l l  p r e s e n t  h e r e  an 

approximate express ion  f o r  t h e  s i d e  f o r c e  and t h e  l o n g i t u d i n a l  

f o r c e  by assuming an approximate v a r i a t i o n  of t h e  d e f l e c t i o n  of 

t h e  t r e a d  element i n  t h e  s l i d i n g  r e g i o n .  We might assume t h a t  a t  

e n t e r i n g  t h e  s l i d i n g  zone an i n s t a n t a n e o u s  drop of t h e  d e f l e c t i o n  

t o  the  e q u i l i b r i u m  o r  s t e a d y  s t a t e  d e f l e c t i o n  t a k e s  p l a c e .  Th i s  

may occur approximately when s u f f i c i e n t  damping is p rov ided  i n  t h e  

rubber  elements  s o  t h a t  s l i p - s t i c k  i s  j u s t  suppressed .  I n  t h e  

cases  of p u r e l y  s i d e - s l i p  o r  p u r e l y  l o n g i t u d i n a l - s l i p  o r  when 

the  s l i p  s t i f f n e s s e s  a r e  e q u a l ,  no d i f f i c u l t y  a r i s e s  when adop t ing  

t h i s  assumption.  In  t h e  case  of unequal s t i f f n e s s e s  and combined 

i n p u t s ,  t h i s  assumption may l e a d  t o  an u n r e a l i s t i c  t r a n s i t i o n  

from j u s t  adhesion t o  s l i d i n g .  Consider  F igure  3 which shows t h e  

s i t u a t i o n  a t  t h e  t r a n s i t i o n  p o i n t  when i n s t a n t a n e o u s  t r a n s i t i o n  

t o  the  s t e a d y  s t a t e  d e f l e c t i o n  i s  assumed and t h e  element  s t i f f n e s s e s  

i n  y -  and x -  d i r e c t i o n s  ( k x ,  k ) a r e  unequal .  The r a d i i  of t h e  
Y 

c i r c l e  and e l l i p s e  c o n s t i t u t e  t h e  d i r e c t i o n s  of f o r c e  and d e f l e c t i o n  

r e s p e c t i v e l y .  

-. 

deFLect ion yl 
(braking)  

7- 1 . i:>~:;:::;::r:~c~.-!.: tl-:!~;siti.c-. fro:? acl : ;c~;ion t o  
C c ;  !:: . l .  i l.!:rir~:.\ (~t~ln .~ . ! . ! -  s t : ! tc )  c " > i ' l c c t i o n  ( 1 - h 3 )  . 



A t  p o i n t  1 t h e  adhes ion  boundary i s  reached (u=po) .  I n  c a s e  

u would be  a  c o n s t a n t  and equa l  t o  v 0 ,  t h e  t i p  of t h e  e lement  

must f o l l o w  t h e  e l l i p s e  f o r  t h e  s h e a r  f o r c e  t o  remain t h e  same. 

I n  p o i n t  2 we have a s h e a r  f o r c e  d i r e c t i o n  o p p o s i t e  t o  t h e  s l i p  

speed ,  V c ,  which i s  t h e  same as  t h e  s l i d i n g  speed  of t h e  e l emen t ,  

vs ' i n  c a s e  e q u i l i b r i u m  has  been reached and no f u r t h e r  change 

i n  d e f l e c t i o n  o c c u r s .  I n  p o i n t  3 t h e  s h e a r  f o r c e  i s  reduced t o  

a  va lue  which cor responds  t o  t h e  lower c o e f f i c i e n t  of f r i c t i o n  

The f i g u r e  shows t h a t  t h e  t i p  h a s  moved from p o i n t  1 t o  p o i n t  

3 i n  a  d i r e c t i o n  which i s  f a r  from compat ib le  w i t h  t h e  d i r e c t i o n  

of t h e  s h e a r  f o r c e  (ql)  (= d i r e c t i o n  A O ) .  

In  r e a l i t y  (assuming p c o n s t a n t  and equal  i n  a l l  d i r e c t i o n s ) ,  

t h e  s l i d i n g  speed i s  d i r e c t e d  o p p o s i t e  t o  t h e  s h e a r  f o r c e  and 

i n i t i a l l y  w i l l  be d i r e c t e d  accord ing  t o  m. Subsequen t ly ,  t h e  

s l i d i n g  speed  w i l l  t e n d  a s y m p t o t i c a l l y  t o  t h e  s t e a d y  s t a t e  d i r e c t i o n  

(m equa l  t o  t h e  d i r e c t i o n  of t h e  s l i p  speed ,  Vc ( c f .  F i g u r e  4 ) .  

As an approximation of t h e  a c t u a l  p a t h  of t h e  t i p  of t h e  

element we t a k e  f i r s t  a  s t r a i g h t  l i n e  i n  t h e  i n i t i a l  s l i d i n g  d i r e c t i o n  . 
and second t h e  asymptote shown i n  F igure  4 ,  I n  t h e  f i r s t  p a r t ,  

which w i l l  be c a l l e d  t h e  t r a n s i t i o n  r e g i o n ,  t h e  d e f l e c t i o n  w i l l  

be assumed t o  va ry  l i n e a r l y  from t h e  d e f l e c t i o n  i n  t h e  t r a n s i t i o n  I 

p o i n t ,  where s l i d i n g  s t a r t s ,  t o  t h e  s t e a d y  s t a t e  d e f l e c t i o n  i n  t h e  

p o i n t  where t h e  asymptote i s  reached and ,  presumedly,  t h e  s t e a d y  

s t a t e  d e f l e c t i o n  commences. F igure  5 i l l u s t r a t e s  t h e  approximate 

v a r i a t i o n  of t h e  d e f l e c t i o n .  ? 

Although i n  r e a l i t y  t h e  p i c t u r e  becomes much more compl ica ted  

i n  t h e  c a s e  where p depends upon t h e  s l i d i n g  speed ,  we w i l l  assume 

a s i a i l a r  ap2rox ixa te  v a r i a t i o n  f o r  t h e  d e f l e c t i o n .  The adhes ion ,  

t r a n s i t i o n ,  and s t e a d y  s t a t e  r e g i o n s  a long  t h e  c o n t a c t  l e n g t h  of 

t h e  t i r e  model may be found a s  f o l l o w s .  



$01 lo& in 9 
one trend element 
* r h i l ~  t r a ~ ~ l  inp 
throuqh the 
conkact t o x e  

Figure  4 .  The v a r i a t i o n  of t h e  d e f l e c t i o n  of a  t r e a d  element  
w i t h  unequal h o r i z o n t a l  s t i f f n e s s e s  a f t e r  t h a t  
s l i d i n g  has s t a r t e d .  

adhesion t ran2itibn steady 

/ 

q~ 

Figure  5 .  Approximation of v a r i a t i o n  of F igure  4 .  



F i r s t  we d e r i v e  t h e  components of  t h e  d e f l e c t i o n  i n  t h e  x-  

and y -  d i r e c t i o n s  i n  t h e  t r a n s i t i o n  p o i n t  ( ua ,  va)  and i n  t h e  s t e a d y  

s t a t e  range  ( u s ,  vS)  a s  i n d i c a t e d  i n  F i g u r e  6 .  They c o r r e s p o n d  

t o  p o i n t  1 and p o i n t  3 of  F i g u r e  3 r e s p e c t i v e l y .  

F i g u r e  6 .  The d e f l e c t i o n s  (u,, v ) and (u  vS )  a t  beg inn ing  
and end of t h e  t r a n s i t a o n  r e g i o 2 1  

We d e f i n e  t h e  components o f  t h e  speed  of t r a v e l  and t h e  s l i p  

speed  : 

IT = V cos a ,  
X 

V = V s i n a  
Y ( 1  1 

w i t h  

s  = V / V  . =  t a n  a 
Y cy X 

where s x  and s a r e  t h e  l o n g i t u d i n a l  and l a t e r a l  s l i p s ,  r e s p e c t i v e l y .  
Y 

As u s u a l ,  t h e  s l i p  a n g l e  i s  deno t ed  by a .  The speed  of r o l l i n g  

i s  d e f i n e d  a s  

The d e f l e c t i o n s  i n  t h e  adl les ion r e g i o n  become ( a  = h a l f  c o n t a c t  

l e n g t h )  : 

u  = -(VCx/\ ' r)  ( a - x )  = - s  ( a - x ) / ( l - s x )  = - s ;  ( a - x )  
.'i 1 





I adhesion 
& A  
r -  

a - X ,  

Figure  7 .  Graph ica l  c o n s t r u c t i o n  of t h e  t r a n s i t i o n  l e n g t h .  

The ang le  $ i n d i c a t i n g  t h e  d i r e c t i o n  of i n i t i a l  s l i d i n g  

( c f .  F igure  7 )  i s  g iven  by t h e  d i r e c t i o n  of t h e  i n t e r n a l  s t r e s s  

t a n  $ = uakx/v k 
a  Y 

With t h e  i n t r o d u c t i o n  of a  f a c t o r  i we have ,  according  t o  F igure  7 :  

(hu, - us ) / (hva  - v,) = t a n  + 
With t h e  a i d  of t h e  e x p r e s s i o n s  f o r  t h e  d e f l e c t i o n  ( 9 )  and (13) 

and f o r  xa ( 8 )  we o b t a i n  

!J (kx+k 1 h = d d m  o x y c  

F o r  the transition length, t, we have according to the above figure: 

t = ( - 1  ( v  co tan  a + u,) = ( A - l ) ( a - x a )  

which r e s u l t s  i n :  

I t  may be n o t e d  t h a t  t i n c r e a s e s  wi th  dec reas ing  v a l u e s  of I' cx 
and V as  a  r a t i o  t o  t h e  r o l l i n g  s y e e d ,  V r .  A t  wheel lock  we have 

c  Y 
V - 0  and,  c o n s e q u e n t l y ,  a v jn i sh i i lg  t r a ~ l s i t i o n  r e g i o n .  11; t h e  
T 

latter s n e  tile st:sdy s t a t e  d c l l e c t i o n  occurs  over  t h e  \<hole 

cor:::!;t ic:l;t!?. T?le r c j ~ ! l t i . n ~  siicnr i o r c e  then  opposes tile d i r e c t i o n  

of t h e  speed  V = V c = V S .  Thc s - ~ c o r ~ l i n ~ ~ e  i,;hcre t h e  s t e z d y  s t a t e  

slidins t-c;:icn be;ins re:!:$: 

S 



which w i t h  ( 8 ) ,  ( 1 6 ) ,  and (17) appears  t o  become 

Let us  c o n s i d e r  t h e  v a r i a t i o n  o f  t h e  v a r i o u s  r eg ions  w i t h  

i n c r e a s i n g  s l i p  speed ,  Vc ( c f .  F igure  8 ) .  Below a  c r i t i c a l  va lue  

of s l i p ,  which r e s u l t s  from e q u a t i o n  (8 )  f o r  xa = - a ,  complete 

adhes ion  will occur  i n  t h e  e n t i r e  c o n t a c t  range - a < x < a .  When t h e  

s l i p  i s  i n c r e a s e d  beyond t h i s  c r i t i c a l  v a l u e ,  a  s l i d i n g  r eg ion  

w i l l  a r i s e  a t  t h e  t r a i l i n g  edge. The t r a n s i t i o n  r e g i o n  may ex tend  

beyond t h e  c o n t a c t  l e n g t h .  Only t h e  p o r t i o n  i n s i d e  t h e  c o n t a c t  

range i s  of impor tance .  When t h e  s l i d i n g  r e g i o n  becomes s u f f i c i e n t l y  

l a r g e  t h e  s t e a d y  s t a t e  r eg ion  may emerge. 

For t h e  t i r e  model w i t h  uniform p r e s s u r e  d i s t r i b u t i o n  t h e  adhes ion  

r eg ion  and w i t h  t h e  t r a n s i t i o n  r e g i o n  w i l l  van i sh  only i n  case  

of wheel - lock  (Vr=O) . This  obv ious ly  a l s o  occurs  when a=90°. 

The s t e a d y  s t a t e  d e f l e c t i o n  extends  then  over  t h e  whole c o n t a c t  

l e n g t h .  

steady s t  a t e  ( locked wheel) 

F i g u r e  8. The \-,:rious r c c i o n s  in t h e  c o n t a c t  a r e a  a t  incre,?sil?:  
v n i c ~ s  oC s l i p .  

9 



For t h e  computat ion of t h e  r e s u l t i n g  s h e a r  f o r c e s  and t h e  a l i g n i n g  

moment i t  i s  n e c e s s a r y  t o  c o n s i d e r  t h r e e  r anges :  

Range 1 : xa - < - a  (complete adhes ion)  

Range 2 :  xa > - a  and xS < - a  (adhes ion  and t r a n s i t i o n  r e g i o n s )  

Range 3 :  xS - > - a  ( adhes ion ,  t r a n s i t i o n  and s t e a d y -  
s t a t e  r e g i o n s )  

For a  r e c t a n g u l a r  c o n t a c t  a r e a  w i t h  l e n g t h  2a we have t h e  

fo l lowing  g e n e r a l  e x p r e s s i o n s  f o r  t h e  f o r c e s :  

Fx = Zb ia q d x ,  - a  x 

We may c o n s i d e r  a  pure  t r a n s l a t i o n  of t h e  base  l i n e  of t h e  

t r e a d  e lements  due t o  t i r e  c a r c a s s  l o n g i t u d i n a l  and l a t e r a l  f l e x i -  

b i l i t y .  With c a r c a s s  s t i f f n e s s e s  Kx  and K we o b t a i n  f o r  t h e  
Y 

r e s u l t i n g  moment about  t h e  v e r t i c a l  a x i s  through t h e  wheel c e n t e r  

( c f .  F igure  9 )  : 

where 

F i a u r e  9 .  The b a s e  l i n e  of  t h e  t r e a d  e lements  t r a n s l a t e d  
according  t o  s i m p l i f i e d  r e p r e s e n t a t i o n  of c a r c a s s  
f l e x i b i l i t y .  

In  t h e  adhes ion  r eg ion  we have : 

9, = k X ~ ,  

with  

u = u,, ( a - s )  / (2.-s, ) , 
( L  'l = v 3 ( 3 3 )  / ( 3 - S ,  L l  ) 



I n  t h e  t r a n s i t i o n  r e g i o n  we have:  

4, = kXu,  q~ = k v  Y 

wi th  

u  = [ (xa-x)us  + ( x - x s ) u a l / t  

v  = [ ( x a - x ) v s  + ( x - x s ) v a l / t  

In  t h e  s t e a d y  s t a t e  r e g i o n  we have :  

G e n e r a l l y  v a l i d  e x p r e s s i o n s  f o r  t h e  f o r c e s  and t h e  moment 

may be d e r i v e d  a f t e r  t h e  i n t r o d u c t i o n  of t h e  q u a n t i t i e s  d e f i n e d  

OW. 

RANGE 3 
( ~ f  A l s o  

Steady State 
Region Occurs ) 

x ,> -a ,  

\ 

Xa 

Xs 

Ua 

) (29) 
va 

Us 

v s 

/ 
i 

RANGE 1 RANGE 2 
!/ ( I f  O n l y  1 ( I f  A l s o  

Variable 

xg= 

XL = 

uH= 

vg= 

ug = 

v l  - - 
5 . 

/ I  / - ( x S - + a ) v , ] 1 t ~  

Adhesion 1 Transition 
Regon Occurs) 

x _ < - a ,  x s < - a  

- a  

- a 

2 a u a / ( a - x a )  

2ava l (  a - x , )  

0 

I 

I 

Region Occurs) 

x ,> - a ,  x ,< - a  

Xa 

- a  

*a 

va 

[ ( x a + a ) u s  

- ( x , + a ) u a ] l t  

I o 1 [ ( s ,+a )v ,  1 i 



We ob t a in  sums over  t h e  adhes ion ,  t r a n s i t i o n  and s t e ady  s t a t e  

regions  : 

- 
Fx - Fxa + F x t  + Fxs 

where 

F = bk u t  (a-xh)  
xa x a 

Fx t = bkx(uk + u;) (x; - x i )  

F = 2bkxu; (a  + x;) 
X S 

Fya = bk v f  (a-x6) 
Y a  

F = bk (v '  + v t )  (x; - xi)  
Y t  Y a  S 

F = 2 b k v t ( a  + x i )  + 

YS Y S  

The express ions  f o r  t h e  moment a r e  complicated and a r e  no t  r ep ro -  

duced he r e .  

For van i sh ing  s l i p  (st+O x and sf+O) we may l i n e a r i z e  and ob t a in  
Y 

t h e  r e s u l t  f o r  t he  case  o f  complete adhes ion:  

MZ = (413) a3bk s  ' = CMas; = Cblasy = CMa t a n  a ( 4 1 )  
Y Y  

wi th  C s ,  C a ,  and CMa denot ing t he  s l i p  s t i f f n e s s e s  : 



COMPUTED CHARACTERISTICS 

For t h e  same parameter  v a l u e s  of  t h e  t i r e  model a s  employed 

i n  Ref.  [ I ]  t h e  f o r c e  and moment response  t o  combined s i d e  and 

1 o n g i t u J i n a l  s l i g  has  been c a l c u l a t e d .  I n  t h e  subsequent  F igures  

10 through 1 3 ,  Swo s e r i e s  of r e s u l t s  a r e  shown. The f i r s t  (shown 

a t  t h e  top  of  t h e  page) f o r  a  r e l a t i v e l y  l a r g e  l o n g i t u d i n a l  s l i p  

s t i f f n e s s ,  C S ,  and t h e  second (bottom f i g u r e )  f o r  a  r e l a t i v e l y  

low va lue  of C S .  The fo l lowing  parameter  va lues  were used:  

C a = 10 I F ,  I ( I b l r a d )  , Cs = 40 / F, I o r  5 / F, I ( l b / u n i t  s l i p )  

Note: t h e  va lues  of FZ and a a r e  no t  r e l e v a n t  s i n c e  t h e  responses  

a r e  computed and shown i n  t h e  fo l lowing  non-dimensional  form: 

The c a l c u l a t e d  r e s u l t s  a r e  q u a l i t a t i v e l y  s i m i l a r  t o  e x p e r i -  

mental  f i n d i n g s .  An impor tant  r e s u l t  i s  t h a t  according  t o  t h i s  
i 

a n a l y s i s ,  t h e  d i f f e r e n c e  i n  t h e  F  - a  cu rves  due t o  a  v a r i a t i o n  i n  
Y 

l o n g i t u d i n a l  s l i p  s t i f f n e s s ,  C S ,  i s  i n s i g n i f i c a n t .  I n  t h e  FX-sX 

diagrams the  s l o p e  a t  t h e  o r i g i n  reduces  i n ' v a l u e  due t o  a  lower 

va lue  of C S .  The F - F  curves  of F igure  1 2 ,  c a l c u l a t e d  f o r  s x  
Y X  I 

va lues  va ry ing  from - 2  t o  +1 (=wheel lock)  a t  c o n s t a n t  va lues  of 

a ,  t u r n  out  t o  change t h e i r  shape when Cs i s  v a r i e d .  The end 

p o i n t s  a t  wheel lock  remain a t  t h e  same l o c a t i o n ,  a s  should  be 
-. expec ted .  l h e  moment biz v s .  a curves  do n o t  show t h e  n e g a t i v e  

p o r t i o n  beyond a  c e r t a i n  s l i p  a n g l e ,  a s  o f t e n  occur s  i n  p r a c t i c e ,  

This  d i sc repancy  has  been expected  and i s  due t o  l i m i t a t i o n s  of 

t h e  model. The b lZ-F  curves  show marked changes due t o  v a r i a t i o n s  
X 

of C . The e f f e c t  o f  i n t r o d u c i n s  c a r c a s s  comnliance ( f i n i t e  K 
S X 

3y.J :< 1 is ~ * ? T I ~ C C ~ Z ~ I : =  ;:l7;G 1-1~5 
!" . . :L rC5Lllt ii?; '1-  c u r l - ~ s  n r e  q u a l i t a t i v e l y  
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F i g u r e  1 0 .  S i d e  f o r c e  a s  a f u n c t i o n  o f  s l i o  a n g l e ,  
i n f l u e n c e d  by l o n g i t u d i n a l  s l i p  s ,  f o r  

l o n g i t u d i n a l  s l i p  s t i f f n e s s  C s  equa l  t o  
P O  1 F z  1 ( n b o v e )  and 5 1 F,. - / (be lo r : ) .  



1 . 0 0 1  I 1 
- 3 . 0 0  - 2 . 0 0  - 1  - 0 0  0 . 0 0  1 . O O  

LOMGITUDINAL S L I P  s, 

D r i v i n g  

F i g u r e  1 1 .  L o n g i t u d i n a l  f o r c e  a s  a  f u n c t i o n  o f  
i o n g i  t u d i n a l  s l i p  i n f i u e n c e d  by s l i p  
a n g l e  ci f o r  s a m e  p a r a l i i e t e r s  a s  F i g u r e  
1 n 

I 
B r a k i n g  1 

1 



TRACTIVE FORCE r, 

TRACTIVE FORCE F, 

F i g u r e  1 2 .  L a t e r a l  f o r c e  as  a f u n c t i o n  o f  l o n g i t u d i n a l  
f o r c e  f o r  d i f f e r e n t  v a l u e s  o f  s l i p  a n g l e .  
Same p a r a m e t e r  v a l u e s  as i n  F i g u r e  1 0 .  

I 

Dri v i  n g  

- 5 

I 

B r a k i n g  

- 

0. I 
-1  . O  - 0 . 5  0 0 . 5  



TRACTIVE FORCE T, 

T R A C T I V E  F O R C E  T, 

F i g u r e  1 3 .  A l i g n i n g  t o r q u e  a s  a  f u n c t i o n  o f  l o n g i t u d i n a l  
f o r c e  f o r  d i f f e r e n t  v a l u e s  o f  s l i p  a n g l e .  
Same p a r a m e t e r  v a l u e s  a s  i n  ~ i g u r e  1 0 .  

4 

I 

B r a k i n g  

- 0 . 5  0 0.5 

I 

D r i v i n g  

1- - 

0 1 ,  



SECTION 2 

SIMILARITY NETHOD 

The o b j e c t  o f  t h i s  method i s  t o  e s t a b l i s h  a  mathemat ica l  

d e s c r i p t i o n  o f  t i r e  s h e a r  f o r c e  and a l i g n i n g  moment c h a r a c t e r i s t i c s  

f o r  any combinat ion  o f  l o n g i t u d i n a l  and l a t e r a l  s l i p  and of  

camber, a t  any v e r t i c a l  l o a d  and speed  o f  t r a v e l ,  w i t h i n  r anges  

covered by exper imen ta l  d a t a .  The method makes u s e  o f  a  s e t  o f  

measured c h a r a c t e r i s t i c s  f o r  l o n g i t u d i n a l  f o r c e ,  Fx '  l a t e r a l  

f o r c e ,  F  and a l i g n i n g  moment, a,, a s  a  f u n c t i o n  of  s l i p  a n g l e ,  
Y' 

a ,  l o n g i t u d i n a l  s l i p ,  s ,  and camber a n g l e ,  y ,  a t  d i f f e r e n t  v a l u e s  

of v e r t i c a l  l o a d ,  FZ, and v e l o c i t y ,  V .  From t h e s e  d a t a ,  b a s i c  
cu rves  and o t h e r  b a s i c  r e l a t i o n s  a r e  d e r i v e d .  I n  e a r l i e r  work, 

t h e  method was developed f o r  t h e  c a s e  o f  d r y  r o a d  c o n t a c t  and 

f o r  l o n g i t u d i n a l  f o r c e  r a t h e r  t h a n  l o n g i t u d i n a l  s l i p  a s  t h e  i n p u t .  

The r e l a t i o n s  o b t a i n e d  a r e  r e l a t i v e l y  s imple  ( c f .  Chap. 7 . 5  of 

C l a r k ' s  Mechanics -of Pneumatic T i r e s ) .  I n  t h e  f o l l o w i n g  work, 

t h e  b e h a v i o r  on wet r o a d s ,  w i t h  h i g h l y  s l i d i n g  speed  dependent  

s h e a r  f o r c e s ,  r e s u l t i n g  i n  decaying  c h a r a c t e r i s t i c s  f o r  t h e  

f o r c e s  v e r s u s  s l i p ,  i s  g e n e r a t e d  by a  s e t  o f  mathemat ica l  formu- 

l a t i o n s .  I t  s h o u l d  be no ted  t h a t  t h i s  t h e o r y  does n o t  a t t e m p t  

t o  model t h e  p h y s i c s  o f  t i r e  b e h a v i o r .  I t  mere ly  t r i e s  t o  
d e s c r i b e  ma themat i ca l ly  t h e  s h e a r  f o r c e  g e n e r a t i o n  o f  a  t i r e  

based on measurements of t h i s  t i r e  on a  s p e c i f i c  road  under  s p e c i f i c  

c i r cums tances .  

Wet T r a c t i o n  

On d ry  s u r f a c e s ,  where p i s  l e s s  dependent  on s l i d i n g  speed  

t h a n  on wet su r faces ,  F may h e  a  s i n g l e  v a l u e d  f u n c t i c n  of  F 
Y X 

f o r  a  g iven  s l i p  a n g l e ,  a .  Experiments on wet s u r f a c e s  show a  
d i f f e r e n t  p i c t u r e  a s  i l l u s t r a t e d  on t h e  f o l l o w i n g  page:  



I n  o r d e r  t o  cover  t h e  e n t i r e  curve ,  we must adopt  an i n p u t  

v a r i a b l e  d i f f e r e n t  from Fx. For t h i s  purpose ,  we choose t h e  

l o n g i t u d i n a l  s l i p ,  s ,  a s  t h e  i n p u t  v a r i a b l e .  I t s  d e f i n i t i o n  i s :  

where Vx denotes  t h e  l o n g i t u d i n a l  speed component of t h e  wheel 

c e n t e r  and R t h e  r evo lv ing  speed of  t h e  wheel about  t h e  s p i n  

a x i s  and Reo t h e  e f f e c t i v e  r o l l i n g  r a d i u s  a t  f r e e  r o l l i n g .  

Obviously,  s=O a t  f r e e  r o l l i n g  and i s  100% when t h e  wheel i s  

locked.  Under t h e  a c t i o n  of  d r i v i n g  f o r c e s  s becomes n e g a t i v e .  

An o u t l i n e  of t h e  success ive  s t e p s  t o  be t aken  i n  o r d e r  t o  

a r r i v e  a t  t h e  f o r c e  and moment f u n c t i o n s  of v a r i a b l e s  a ,  s ,  y 

and parameters  V and F Z  i s  given below. 

Inf luence  Speed V 

1. Take t h e  liieasured curves  f o r  (Fx-s)  and ( F  - 2 )  a t  
Y 

nominal load  ( - F z O )  and f o r  d i f f e r e n t  speeds V .  1nt;oduce new 
- 
5 s l i p  n o t a t i o n s :  s = - x 1 0 0  ' sY = s i n  a .  



2. Transform these curves to basic curves F and FxB 
YB 

(one for F -a, one for Fx-s) so that by proper multiplication 
Y 

with factors, which are functions of V, the original curves are 
approximately obtained. 

Three types of multiplication are required: 

(1) vertical multiplication with a factor @,,, which 

approaches unity when s+O and a+O. This factor 

brings about the decay of the curves due to 

increasing sliding speeds without effecting the 

slope in the origin. 

( 2 )  radial multiplication with a factor hv being a 

function of V which causes a change in the total 
level of the curve. 

( 3 )  horizontal multiplication with a factor q V  being 

a function of V which brings about a change in 
slope at s=O and a = @ .  



The l a t t e r  two m u l t i p l i c a t i o n s  may be  a p p l i e d  t o  a range  

of  t h e  b a s i c  cu rves  beyond s i n  a = 1 and s = 100%.  I n  o r d e r  

t o  g e t  proper  r e s u l t s ,  t h e  s l o p e  of  t h e  b a s i c  cu rves  a t  s = 100% 

and s i n  r = 1 should  be s e t  equal  o r  c l o s e  t o  z e r o .  The r e s u l t i n g  

formulae f o r  Fx and F r e a d :  
Y 

- F  = m,, hxV F~, (X,)  - %v s - w i t h  x F - -  
X 

hxv - 5 Sx 

rl rl 
* FyB(yF) 

‘,y =  my^ yV w i t h  yF h y ~  G y  = Z s - j n a =  Y V ~  

(The a c t u a l  f u n c t i o n s  f o r  t h e  d i f f e r e n t  f a c t o r s  appea r ing  i n  

t h e s e  equa t ions  a r e  g iven  on pages 24  and 2 5  ) .  

In f luence  V e r t i c a l  Load / F ?  I 

3. Take t h e  measured cu rves  a t  nominal speed (Vo) and a t  

d i f f e r e n t  v a l u e s  of  v e r t i c a l  l o a d  I FZ I , 

4 .  Transform t h e  curves  which a r e  not  measured under 

normal c o n d i t i o n s  ( F Z O ,  Vo) t o  t h e  curve  f o r  FZ = F Z O  



This  may be  done by s u c c e s s i v e l y  m u l t i p l y i n g  i n :  

a )  r a d i a l  d i r e c t i o n  w i t h  a  f a c t o r  h F  which changes t h e  

l e v e l  w i thou t  e f f e c t i n g  t h e  s l o p e  i n  t h e  beg inn ing .  

I t  has been observed ( e s p e c i a l l y  w i t h  t h e  Fx curves)  

t h a t  t h e  r e l a t i v e  change i n  l e v e l  i s  n o t  on ly  a  

f u n c t i o n  of  F Z .  E s p e c i a l l y  a t  h igh  l o a d s  t h e  f a c t o r  

may i n c r e a s e  w i t h  s l i p .  There fo re ,  h F  w i l l  be  a  

f u n c t i o n  of  bo th  l o a d  and s l i p .  We may choose ,  f o r  

i n s t a n c e ,  a  l i n e a r  f u n c t i o n  f o r  hxF:  

where f a c t o r  hxFo t a k e s  c a r e  of  t h e  l e v e l  a t  low s l i p  

v a l u e s  (nea r  peak) and hxF1 a t  v a l u e s  n e a r  t h e  locked 
c o n d i t i o n .  

b )  h o r i z o n t a l  d i r e c t i o n  w i t h  f a c t o r  nF changing t h e  s l o p e  

a t  t h e  o r i g i n  a s  a  f u n c t i o n  of v e r t i c a l  l o a d .  

A t  t h i s  s t a g e ,  we have f o r  t h e  i n f l u e n c e s  o f  V and IFZ I 
combined: 

A 
-F x = d l x V  ' A x  FxB (xF) w i t h  xF = - Sx  

-Fy = myV h Y F YB (y F ) w i t h  yF = f s 
Y Y 

where 



A p o s s i b l e  i n t e r a c t i o n  between V and 1 has  obv ious ly  been 

d i s r e g a r d e d .  I t  i s  t h e r e f o r e  i m p o r t a n t  t h a t  t h e  nominal 

c o n d i t i o n s  V o ,  lFzol  a r e  c l o s e  t o  t h e  ave rage  o p e r a t i n g  cond i -  

t i o n s  of  t h e  s i m u l a t i o n .  

I n f l u e n c e  Small  Camber Angles y 

5 .  Take t h e  camber f o r c e  c h a r a c t e r i s t i c s  f o r  d i f f e r e n t  

speeds  V and l o a d s  IFZ I . Determine t h e  camber s t i f f n e s s  C a s  
Y 

a  f u n c t i o n  of  V and Fz .  

The camber s t i f f n e s s  may be t a k e n  a s  a  p r o d u c t  of  a  f u n c t i o n  of  

on ly  t h e  l o a d  and z f u n c t i o n  o f  o n l y  t h e  speed .  

6 .  S h i f t  t h e  F (a )  c u r v e s  found i n  4 ove r  t h e  d i s t a n c e  ( t o  
Y 

t h e  r i g h t )  

which g i v e s  r i s e  t o  t h e  e q u i v a l e n t  s l i p  a n g l e  



The cornering stiffness Ca follows from the slope of the basic 

curve CUB by multiplication with factor q Y 

The argument yF  reads now: 

with the equivalent sideslip: 

Interaction Longitudinal and Lateral Slip 

7 .  The complicated interaction process of longitudinal 

and lateral slip is a difficult matter. A more or less precise 

generation of the forces as a function of s and sx would require 
Y 

a large number of manipulations. A relatively simple repre- ! 

' sentation which appears to work satisfactorily will be given here. 1 
Use will be made of the curves at (V, F,) as 'computed before 

for either pure s or pure s (see the figure on the following 
Y X 

page) 



o 5 = sin seq t 
I 

Next, the variation of the initial slope due to interacting slip 

is taken into account. The corresponding stiffnesses CaqsFV 

and 's , ~ F V  may be found from the measured variation of these 
stiffnesses at nominal speed Vo and load F Z ,  The latter stiff- 

nesses are denoted by Ca,soo and 's,aoo . The variations of 

these quantities with slip are as shown below. (The actual curves 
derived from the initial slopes of measured characteristics should 

be determined very carefully.) 



The stiffnesses under different conditions may approximately be 

obtained by considering the changes which occur with Ca at 

s=O and 100% and with Cs at a=O. (The value of Cs will tend to 

zero for sin a = 1, anyway.) A multiplication factor q for 
YS 

Ca which varies linearly with sx is employed so that the experi- 

mentally found changes with FZ and V are fulfilled at s=O and 100%. 
A factor nxa is employed for representing the changes in Cs. 

L a,oFV L 

with - and r? - - a,lFV 
- Ca,000 ysl Ca,loo 

where CaPoFV and 's ,oFV and 'a, lFV are functions of FZ and V. 
They may be approximated by a product of a function of FZ and a 

- 
function of V. From before 

The indices after the comma denote the values of the slip sx 
9 Y 

(o=zero) , the load (o=nominal) and the speed (o=nominal), 
respectively. After the slip stiffnesses have been established, 

the (Fx - sX) and (F - s ) diagrams will be multiplied in verti- 
Y Y 

cal direction in such a way that the initial slope produces the 

required stiffness. Moreover, the Fv curve- should approach a 
/ 

straight line with slope representing the stiffness Ca,lFV at 

Sx -1. The FX curves approach the abscissa at s,-1. In case of 
J 

the Fx curves, the multiplication factor should be taken as a 

function of s . In general, it appears that the multiplication 
X 

factor (@X,) is a strongly nonlinear function of sx which may be 

sufficiently represented by a fourth degree function of sx. 

(See figure belori.) For the multiplication factor of the F 
Y 

curve, we did not attempt to make it a function of a as only 

relative1:- small values of s = sin a are considered. >' 



The multiplication factors, finally, will have the following 

form: 

's , oFV cos a - eq Cs, ~ F V  
1.. = [I - cos a - I  cos aeq 

's, oFV eq 

How these factors are used in the final equations is shown in 

the following. 

Complete Functions for Fx and Fy 

8 .  The proposed final equations for Fx and F as influenced 
Y 

by FZ, V, s and a read: 



w i t h  

F , ~  (YF) = b a s i c  f u n c t i o n  of yF FxB(xF) = b a s i c  f u n c t i o n  of  xF 

= B~ if l f i y l  i 1 X~ < 1 
Y F  = 8, if I B , ~  - 

F = sgn  8  Y i f  l B y l  > 1 X~ = sgn 8, if /8,1 > 1 

- llyv ' "F - s - - q x ~  ' 'XF 
B y  A ' A  Y 8, l x v  IXF Sx 

YV YF 

and i 

' ~ > S F V  - ' Q , ~ F V  's ~ o ~ ~ ~ ~ ~ ~ e ~ - ~ s  FV 4 I - - = I -  
mxa (1-sx)  coscl 

$YS 'cl,oFV - C a , l ~ ~  's ~oFVCoSa eq e 

- - S - - - s  = s i n a  = s i n  aV Sv - -  
Y eq 7 'YV sx 1 0 0  y S x ~  1 0 0  

Note: sXV and s a r e  i l l u s t r a t e d  i n  t h e  f i g u r e  on page 2 8 .  
YV 



The various slip stiffnesses are found as follows: 



PROCEDURES 

For the mathematical description of shear force generation 

(Eqs. ( I ) ,  ( 2 ) ,  ( 3 ) ,  (4)) to be useful, it must be applied to 

the measured characteristics of an actual tire. A proposed way 
to arrive at the final equations is given below. 

General Force Functions 

Arguments 

- 
X~ - 8~ if 1 ~ ~ 1  5 1 

XF = sgn B, if I B ~ /  > 1 

The various subfunctions appearing in these shear force formulae 

are found in successive steps starting with the original curves 

for different V and nominal load 1 F L  I . 



1. F i r s t  c o n s t r u c t  t h e  b a s i c  curve  FB by e x t r a p o l a t i n g  

t h e  V-curves t o  a  cu rve  which would ho ld  f o r  a  speed  V=O.  Then 

( i f  necessa ry )  m u l t i p l y  t h e  V+O curve  w i t h  a  f a c t o r  i n  h o r i z o n t a l  

d i r e c t i o n  s o  t h a t  i t s  s l o p e  a t  t h e  o r i g i n  becomes equal  o r  

a lmost  equa l  t o  t h e  s l o p e  of  t h e  s t e e p e s t  cu rve .  We c a l l  t h e  

curve  thus  o b t a i n e d  t h e  b a s i c  curve  FB which, through t h e  above 

man ipu la t ion ,  w i l l  n o t  need t o  ex tend  beyond a  s l i p  v a l u e  equa l  

t o  one.  

The s l o p e  a t  t h e  o r i g i n  of t h e  b a s i c  curve  i s  g iven  by t h e  s l i p  

s t i f f n e s s  CB. The s t i f f n e s s e s  of t h e  o t h e r  (V) cu rves  a r e  

d e s i g n a t e d  w i t h  CooV (Note t h a t  s u f f i x e s  s ,  y ,  a and s have 

been omi t t ed  h e r e . )  

2 .  Replace o r i g i n a l  V-curves by cu rves  which d e v i a t e  from 

them a t  l a r g e r  s l i p  va lues  i n  t h a t  t h e  tendency t o  end i n  a  

concave manner i s  a b s e n t .  The new curves  should  t e n d  t o  i n c l i n e d  

s t r a i g h t  assymptotes  of  which t h e  s l o p e  (E )  p r e f e r a b l y  changes 

l i n e a r l y  w i t h  V .  The d e v i a t i o n  ( A )  o f  t h e  o r i g i n a l  cu rves  from 

t h e  assymptotes  shou ld  p r e f e r a b l y  vary  q u a d r a t i c a l l y  w i t h  V .  



The slope of the assymptote of the basic curve should be zero or 

small. Determine the slip value where the top of the nominal curve 

(V=30  mph) is reached. Half this value is called sv and a,. 

Draw a vertical line thyough a = av and s = Sv . All the assymptotes 

intersect this vertical line at different distances 6 above the 

point of intersection of the B-assymptote with the vertical line. 

This latter point is located a distance FBo,above the horizontal 

axis. 

The original V curves may be approximately obtained from 
the besic curve (B) by first multiplying B with a factor 
1 - - - -  in horizontal direction so that the slopes at 0 coincide. 
nv Coov 
Then rnulti?lying v i t h  fector - "V - (FBo + 6)/P Bo in radial direction 

so that the slope doesn't change but the level of the point of 

intersection of assymptote and vertical line is made approximately 
equal to the level of that point of the V-curve. Finally, 
multiplying icith the .i\. factor rihich must be equal to 1 for 



van i sh ing  s l i p  va lues  ( a  o r  s )  and f u r t h e r  must produce t h e  s l o p e  

which ( l i n e a r l y )  v a r i e s  w i t h  V and t h e  concave p o r t i o n  which 

( q u a d r a t i c a l l y )  v a r i e s  w i t h  V .  The v a l u e  1 i s  r e a l i z e d  by 

assuming t h a t  t h e  d e v i a t i o n  from t h e  B-curve due t o  t h i s  $V f a c t o r  

s t a r t s  on ly  a t  a  s l i p  v a l u e  halfway t o  t h e  va lue  where t h e  nominal 

curve  becomes maximum. (This i s  an assumption which may be c l o s e  

t o  r e a l i t y  a s  t h e  i n f l u e n c e  of s l i d i n g  speed ,  which mV t r i e s  t o  

e x p r e s s ,  on ly  s t a r t s  t o  a c t  over  t h e  e n t i r e  c o n t a c t  p a t c h  when 

f u l l  s l i d i n g  beg ins ,  which assumedly occur s  nea r  t h e  top  of  t h e  

cu rve .  ) 

2 2 $V = 1 - AsVb + BsVb f o r  lbl  0 o r  $,= 1 f o r  lbl  < 0 

w i t h  b t h e  1 s l i p  va lue  1 minus t h e  halfway v a l u e :  b  = Isxsy I - S x , y v a  
The v a l u e  of AS fo l lows  from t h e  s l o p e  c(=ASV + E ~ ) ;  BS fo l lows  from 

2 7 d e v i a t i o n  A(=BsV beMFBeAV) a t  b=be ( s e e  F igure  on page 2 8 ) .  The 

f a c t o r s  As and BS a r e  he re  t r e a t e d  a s  c o n s t a n t s .  The f a c t o r s  

qv and hV may be g iven  an a p p r o p r i a t e  f u n c t i o n a l  r e l a t i o n s h i p  w i t h  

v .  
3 .  The changes i n  s l i p  s t i f f n e s s e s  C a ,  Cs due t o  v e r t i c a l  

l o a d  v a r i a t i o n s  a r e  expressed  by t h e  f a c t o r s  q F .  This  f a c t o r  

i s  d e f i n e d  a s  t h e  r a t i o  between t h e  s l i p  s t i f f n e s s  a t  c e r t a i n  

IFZ I and t h e  s l i p  s t i f f n e s s  a t  nominal load  I F Z o  1 bo th  a t  nominal 

speed V o .  



Through horizontal multiplication of the original curves with 

this factor, all the slopes become equal at zero slip. By sub- 

sequent multiplication with factor hF in radial direction, the 

level of the top (at relatively small slip values, hF = AFo) and 

at large values of slip near 1 where the curves have an almost 

horizontal tangent (AF = hF1) can be attained approximately. We 

have 

A 

where F and F1 depend on  IF^ I . Some functional relationship of 

'IF' h ~ o  and AF1 with FZ may be established. 

4. The interaction of slip is mainly determined by the 

factors $ and $,,. These factors reduce the portion of the F 
YS 

value that is left after subtracting from the original curves 
- 

-F  the linear functions C,,lFV. s and CSslFV sx (=O), 
Y?X Y 

respectively. The formulae given before indicate how the factors 

are determined. 

The functions Ca,soo and CS ,a00 result from the original inter- 
action curves at nominal speed and load (FZo, Vo). The slope 

variation of the Fy VS. sy curves at the origin yields the function 
A. -. t 

C (sy). The initial slope of the constructed F vs. s curves ! 
s,aoo Y Y 
for vari.0~1~ fixed values of s serves for the determination of x 
the function C a ,  soo (sx) . For a-90° (s -1) we have CS ,Goo 

Y 
+ O .  For 

s+100% (sx-1) we have Ca,soo = C a , l ~ o  ' 



The f u n c t i o n s  Ca,lFo(FZ) and C a , l o V  (V)  may be o b t a i n e d  from t h e  

v a l u e s  of  t h e  o r i g i n a l  F  i n t e r a c t i o n  c h a r a c t e r i s t i c s  a t  sx = 1 
Y 

(wheel - lock)  f o r  d i f f e r e n t  v a l u e s  o f  a ,  1 ~ ~ 1  and V ( s e e  F i g u r e ) .  

A p p l i c a t i o n  

The method a s  d e s c r i b e d  b e f o r e  has  been a p p l i e d  t o  t h e  H - 5  

t i r e  on wet a s p h a l t .  I n  graphs  I ,  I 1  and I11  t h e  o r i g i n a l  F and 
Y 

Fx cu rves  a r e  g iven  f o r  d i f f e r e n t  speed  V and l o a d  1 ~ ~ 1 ,  I n  t h e  

graphs  I and I 1  t h e  b a s i c  FB curves  a r e  shown. I n  graph I we a r r i v e  

a t  F by e x t r a p o l a t i o n .  The d i f f e r e n c e s  i n  s l o p e  a t  0 a r e  sma l l  
YB 

so t h a t  a h o r i - z o n t a t  m u l t i ? l . i c a t i o n  does n o t  seem n e c e s s a r y ,  s i n c e  

we a r e  i n t e r e s t e d  o n l y  i n  r e l a t i v e l y  sma l l  s l i p  a n g l e s  (.: 2 0 ° ) .  

However, t h i s  \$as needed i n  ~ r a p h  11 f o r  F . There,  t h e  FxB cu rve  
X 

should  ex tend  beyond s  =1 i f ,  f o r  i n s t a n c e ,  t h e  curve  f o r  V = 3 0  mph 
S 

i s  t o  b e  d e r i v e d  from t h e  b a s i c  FIB c u r v e .  I n  o r d e r  t o  s ave  s p a c e ,  



we have m u l t i p l i e d  t h e  FxB curve  w i t h  a  c e r t a i n  f a c t o r  s o  t h a t  

i t s  s l o p e  e q u a l s  t h e  s l o p e  o f  t h e  30 rnph c u r v e .  To de te rmine  t h e  

p o s i t i o n  o f  t h e  '~assympto tes"  i n  o r d e r  t o  have t h e i r  s l o p e  v a r y  

l i n e a r l y  w i t h  V and t h e i r  d e v i a t i o n  from t h e  o r i g i n a l  cu rves  a t  

h igh  s l i p  v a l u e s  (shaded a r e a )  change q u a d r a t i c a l l y  w i t h  V ,  i s  

r e a l l y  more an  a r t  t h a n  a  s c i e n c e .  We expec t  t h a t  t h e  s i m u l a t e d  

cu rves  w i l l  be a l l  r i g h t  a t  s m a l l  s l i p  v a l u e s  and a t  l a r g e  s l i p  

v a l u e s .  The t r a n s i t i o n  r ange  may show d e v i a t i o n s  i n  c u r v a t u r e .  

For i n s t a n c e ,  t h e  F  cu rve  a t  50 mph shows a  r e l a t i v e l y  s h a r p  
Y 

c u r v a t u r e  n e a r  i t s  maximum v a l u e .  I t  seems imposs ib le  t o  d e r i v e  

such a  c u r v a t u r e  from t h e  r e l a t i v e l y  smooth b a s i c  c u r v e .  The same 

may ho ld  f o r  t h e  50 mph Fx c u r v e .  However, i t  would n o t  be s u r -  

p r i s i n g  i f  t h e  e r r o r  l i e s  w i t h i n  t h e  range  o f  inaccuracy  of  t h e  

measurements.  I n  o r d e r  t o  be a b l e  t o  d e s c r i b e  t h e  d e v i a t i o n  from 
2 t h e  a s sympto tes  a t  sx=l  ( s=100%)  (Graph 11) i n  terms o f  V , t h e  

30 mph c u r v e  was r e p l a c e d  by t h e  shown s u b s t i t u t i v e  c u r v e ,  

The approximate  f u n c t i o n a l  r e l a t i o n s h i p s  f o r  CooV and hV 

a r e  shown i~ Graphs I  and 11. 

Graphs I  and I11  show t h e  i n f l u e n c e  of  changing t h e  v e r t i c a l  

l o a d .  A s  t h e  F v a l u e s  a r e  g iven  o n l y  f o r  r e l a t i v e l y  s m a l l  s l i p  
Y 

v a l u e s  ( s  ) ,  i t  i s  s u f f i c i e n t  t o  u s e  a  A f o r  sma l l  and f o r  l a r g e  
Y YF 

v a l u e s  o f  sx. The hxFo ( sma l l  sx, n e a r  peak) and t h e  A x F l  

( a t  s x = l )  o b t a i n e d  a r e  shown g r a p h i c a l l y .  Also ,  t h e  v a r i a t i o n  of  

t h e  s l i p  s t i f f n e s s  C a , o F o  w i t h  1 a t  V=Vo=30 mph i s  shown. 

I n  Graph IV, t h e  measured i n t e r a c t i o n - c u r v e s  have been shown. 

The s o l i d  s t r a i g h t  l i n e s  a r e  t a n g e n t s  t o  t h e  Fx-curves i n  t h e  o r i g i n .  

From them we o b t a i n  C S , a O O  (a)  a s  shown i n  Graph V .  The dashed 
cu rves  i n  Graph IV a r e  F  -a  c u r v e s  f o r  d i f f e r e n t  v a l u e s  o f  s l i p  % 

Y 
( i n d i c a t e d  a t  o r i g i n  of  dashed c u r v e s ) .  They a r e  o b t a i n e d  from 
t h e  F  - s  c u r v e s .  From t h e  t a n g e n t s  t o  t h e  dashed c u r v e s  a t  t h e i r  

Y 
o r i g i n s ,  we o b t a i n  t h e  C a , S o o  ( s )  v a l u e s  shown i n  t h e  same Graph V .  

I n  Graph I V ,  a l s o ,  t h e  F v a l u e s  a t  sx= l  f o r  d i f f e r e n t  v a l u e s  o f  
Y 



load and speed are shown. From these data we find Ca,loV (v) 
and Ca,JFo (Fz) ' 

A collection of formulae and constant values are listed on 

the next pages. The functions FxB(xF), F (y ) are shown on 
YB F 

Graph VI. 

Calculations have been carried out in order to check the 

validity of the method. For a number of combinations of a values 

(2O and 16O), s values (lo%, 30%, 70%) and V values (30 mph and 
50 mph) the results are shown on the last two diagrams VII and 

VIII in comparison with the original measured curves. A reasonable 

agreement appears to occur. A better choice of constants may give 
rise to results which are closer to the experimental data. 

Sub-Functions (For main functions, see formulae (1) and (2) on 
pages 23 and 24). 

(V in mph, C a , . . .  
in lbs/rad, cs,.., inlbs/-, F . . .  in lbs) 

F = sin a eq S y ~  
= sin u 

Y Y 





- - -  1 8 0  1 4 0 { 1 . 1  - ( v - 3 4 1 ~ 1 0 . 4  x C s , o o v  = 16(6+V)  (62-V) 
C a ) o o v  7T 

- - - 1 8 0  1 1 5 7  - 1 1 9 ( f , - 1 . . 1 5 ) 2 ~  C s , o ~ o  = 22700 f , ( l - 0 . 1 8 9 f z )  Ca ,  OF0 'IT 

C a , l o ~  = 4 2 5  + 3V 

C a , l ~ o  = 5 1 5  f z  

C y ,  o o v  = 1 0 0 0  f Z  

C y  $ 0 ~ 0  
= 1 0 0 0  f z  

s o 0  = C a , s o o  (sX) 

C o n s t a n t s  

A = 0 . 0 2 3 5  
SY 

B s ~  
= 0 . 0 0 0 7 2  

a  = +- syV = 0 . 0 7  v 

CaB = 8000  

C = 8850  a , o o o  

C a )  l o o  = 5 1 5  

C = 1 0 0 0  f7 y , C " 0  - 
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