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1. INTRODUCTION

We consider the mixed problem for the system of equations
v — Uy =0, u + p(v); =0, (h

where p(v) = K2, y =1+ 2 €220, K = const >0, in regions (a)
x >0, ¢ > 0, and in regions (b) 0 < x << 1, £ > 0. In both cases we prescribe
initial data

(v(x, 0), u(x, 0)) = (2y(*), uo(x)), ()

where 0 < v < v,{x) << ¥ < +0. In regions (a) we also prescribe boundary
data of the form

u(0, t) = uy(2), t =0, 3
while in regions (b) we prescribe boundary data (3) and
u(l, t) = uy(t), t>=0. 4)

Systems of the type (1) describe one-dimensional motion of an isothermal gas,
in Lagrangian coordinates, in the absence of dissipative effects. Here v denotes
the specific volume (the reciprocal of the density p), and # is the velocity of the
gas. The mixed problem (1)~(3) is sometimes called the “piston problem,” and
the function u,(¢) denotes the velocity of the piston. The problem (1)—(4) can be
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NONLINEAR CONSERVATION LAWS 245

called the “double piston problem” (although we also allow “rigid walls,”
#, = 0 and/or u, = 0).

We always assume that each of the functions vy, %, , %, , and u, are bounded
and have finite total variation. We set

Ty, = TViw,} + TViug} + TV{u},
T, = Ty + TV{u,}.

We first show that the problem (1)-(3) has a global solution defined for all
t > 0 provided that €T is sufficiently small. The case where ¢ == 0 is considered
in [4], and for the case where the variation of the data is sufficiently small, see [3].
Qur result is related to our paper [5], where we considered the pure initial
value problem. The piston problem is more complicated, due, mainly, to the
reflection of shock waves at the boundary ¥ = 0, whereby the strength of the
reflected shock is usually greater than the strength of the incoming shock.
Our technique is to use Glimm’s method [2], however, we must modify his
functional in order to take care of the reflections of shock waves on the boundary
x = 0. Such a procedure requires an estimate of the strength of the reflected
shock wave in terms of the strength of the incoming shock, together with the
contribution of the boundary data at the point of reflection. This estimate is
obtained by showing that if the incoming shock impinges on the boundary
x =0 at a point of continuity of u; , then this reflection can be reduced to a
problem of interacting shocks for a free (i.e., initial value) problem.

For the “double piston” problem, (1)~(4), the existence of a solution is much
more delicate due to the continued reflection of shock waves across both
boundaries x = 0, and x = 1. We first present an example which shows that the
problem cannot have a global (in time) solution without some additional
restrictions on the data. We give a fairly careful analysis of this example which
points out just where the difficulty lies; namely, it is necessary to put conditions
on the data which prevent the pistons from coming together in a finite time
(p = + ), and also prevent the vacuum (p == 0) from appearing. These
“physical” conditions are made precise in inequality (14). In order to handle the
problem of multiple reflections of shock waves off the boundaries x = 0 and
x = 1, we employ the generalized Riemann invariants introduced by DiPerna
in [1]. Measured in terms of these coordinates, the strengths of the reflected
shock waves do not increase, modulo contributions from the boundary data.
Thus, we can again use Glimm’s method, where we now employ a functional
analogous to that used in [1] (which, however, is supplemented by additional
terms needed to take boundary interactions into account). The desired decrease
of our functional is obtained only if €T, is sufficiently small and the approximate
solutions lie in the region in which the generalized Riemann invariants are
defined. This requires a short detour; namely we first fix 7, to be sufficiently
small and then take ¢ to be sufficiently small. We thus get a weak solution defined
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246 NISHIDA AND SMOLLER

n0 <t<t,0 << < 1, which is L'-continuous in £. It therefore satisfies the
above “physical” conditions on the data in this time interval. Thus using this
a priori bound, we can take as new “initial data” the functions (v(x, £,), u(x, t,)).
We then proceed to solve the problem locally and repeatedly in regions
ntg <t < (n+ 1ty, 0 << e << 1, where n = 1,2,.... This then yields the
desired global solution.

2. PRELIMINARIES TO THE PI1sTON PROBLEM

Solutions of nonlinear hyperbolic systems are usually discontinuous; thus, by
a solution of (1)~(3), we mean a pair of bounded measurable functions
(v(x, 1), u(x, t)), which satisfy the two equations

£>Of(0¢t—u¢x)dxdt—|~ft=ofvo¢dx+f wpdt =0, SeCp,

z=0
20

f} f(u¢,+p(v)¢x)dxdt+f_ ugpdx =0, JeCy, $(0,8) =0, t=0.

20
We recall from [5], that a pair of Riemann invariants for (1) may be taken as

r—u— Ky — D), s = u+ Ky — Dfe].

In these coordinates, we can solve the simplest piston problem, i.e., the analog
of Riemann’s problem for the mixed problem.

LemMa 2.1. Consider the system (1) with data v(x,0) = v, u(x,0) = u,,
and u(0,t) = u_, where v, , u, , u_ are constants, and v, > 0. This problem has a
piecewise continuous solution in x = 0, t = O satisfying the estimates

r(x’ )= r(‘v(x’ t), u(x, t)) = r(v+ s u+) =14,
s(x, 1) = s(v(x, 1), w(x, 1)) < max[s(v, ,u) =5 ,2u —r],
As < 2 max [0, u_ — u,] = 24u,
where ds is the variation of s across* S, in the solution.

Remark. The term 2u_ — 7, is new to the mixed problem, and is due to
shock waves, reflecting off, or coming out of, the boundary x = 0.

Proof. We consider two cases: u, < u_, or u, > #_. Suppose first that
1, < u_. The solution to our problem is given by a shock wave of the second
kind coming out of the origin (see Fig. 1).

1S, denotes an 7 shock, and R; denotes an ¢ rarefaction wave i = 1, 2 (see [5]).



NONLINEAR CONSERVATION LAWS 247

Using Fig. 2, weseer_ >, ,and since s = 2u_ —r and s, = 2u, —7r,,
we have
As =s_ — 5, < $g— §; = 2u_—r1, — (Qu, —r.) = 2du,
S_ < Sqg=8, -+ (Sg—58) <Qu,—r)+2u.—u)=2u_—r,.

AN
t ~ As
AN
N AN
(v_,u_) AN
u \‘(-—— ZAU —————>\
- N N
(v, ou,) \\ res=r_+5_=2u_
v, ,u) X r+s=r vs =2u,
Ficure 1 Ficure 2

If we consider the case where u,. > u_, we must, of course, exclude the case
where p = 0 (i.e., v = ) so we must assume here that?

s_—ry > u, — ul) — Ky H2e).

2 To see this, we consider the equation s — r = 2Ky /?[(p¢ — 1)/e], together with
Fig. 3. Note that p = 0 corresponds to s — r = —2Ky!/%/¢, while p > 0 corresponds to
s —r > —2Ky'?le. Since s_ — s, = 2(u_ — uy), we have s_ —r, = (s_ —s,) -+
(54 — 1) > —2Ky'?e.

r+s = 2u_
\
\
Ficure 3
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In this case, we can find an s_ <C s, such that s, — s_ = 2(u, — u_). Hence the
solution to our problem is given by an R, coming out of the origin (see Fig. 4).
Using Fig. 5, wesee that7_ ==r_,ands, —s_ = 2w, —u_),s. =2u_—r, .

This completes the proof of the lemma.

th

(v_,u_)

(vy,u,)

ol |

(vg,u,)

Ficure 4

I

ys=u,, r+s=r++s,._=2u+

FiGure 5§

3. THE DIFFERENCE SCHEME AND INNONLINEAR FUNCTIONALS

We next consider general data #,, v, , %, , all three functions being bounded
and of bounded total variation. To handle this general case we shall use a
modified form of Glimm’s scheme. Thus, let

Y={mn):m=13,5..; n=12,3.}
A= T ((m— 1) (m+ )] x {nk}),

(m,n)ey
and choose the mesh lengths /, % to satisfy
Uk = (UKPR)IL -+ (2K )50 — r0)] (4912,
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where
ro = B0 r(@o(v), 1),
and

so = max] sup (@), uo(x)), 2 sup w(t) — 1o].

x>0 120
Let {a,:n = 1,2,..} be a random sequence of numbers equidistributed in
(~1,1), and let a,,, = (ml + a,l,nk), m=1,3,., n=12,.; a, =
(0, nh — 3h), n = 1,2,...; @y o = (ml, 0), m = 1, 3,..., be the mesh points.

We define the I curve € to be any spacelike curve joining points a,,,
(m =1, 3,5,...) and not containing points ((m + 1) [, 0), m = 1, 3, 5,..., which
lies in 0 < t << hif » > 0, and which also includes the half-ray ¢ > k/2, x = 0,
and the straight-line segment joining a,, to &, (see Fig. 6).

A
%2 |
h l<\
"4
o 4 I curve\‘
% 22 930 42 %0

FIGure 6

In order to define the I curve ], we first let ;- (respectively if%+), m = 2, 4, 6,...
be any space-like curve joining a,,_; ,, and @, , lying in (n — 1)k <t < nh
(respectively nh < t << (n + 1)h), and not passing through the point (ml, nk);
tg+ (respectively ig-) is the straight-line segment joining the points g, and
[0, nh - (B[2)], (respectively [0, nh — (h/2)]). Then the I curve [ is composed
of curves i;*, m = 0, 2, 4,... and straight-line segments joining the mesh points
A1, 300 @iy g5 (OF @y, a0d @iy noq), m = 2, 4,... on which the index m
increases to infinity, together with the half-ray t == nh - (#/2) (or ¢t > nh — (h/2)).

Next, we use Glimm’s method [2], to obtain approximate solutions to our
problem. Namely, we solve the Riemann problem in the region nh <t <
m+Dhml << (m+2), m=123,.,n=01,2,.., and we also solve
the problem (1)—(3), with constant data (see Lemma 2.1) in the region nk <C
t < (n - 1)k, 0 < » < L This is analogous to what is done in [4, 5].

In order to obtain the desired estimates on these approximate solutions, we
define certain functionals as follows. For an I curve J, we let

L(])=§:Iakl+lﬁzl+lwl,
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where o, is an ) crossing J, B, is an .S, crossing ], and
Lyl = 2duy = 2 max{0, uy(ay,;11) — w(a,s)}

for all § such that [0, j& 4 (h/2)] € J. Here | o | and | ;| denote the strength
of the shock waves o;, and 8; , respectively (see [5]). We next let

Q(]):;{Io‘klIIBZ‘+IakIIal[+%[ak|2+f“k|"}’i[} )

where oy, B;, and y; are as above. Here the term | o, | | B, | is included only if
oy, and B; are approaching (cf. [2]); the term | &y, | | «; | is included for & << and
the terms 4| o, {2 and | oy, | | y; | are included for all &, 5. Finally we set

E(]) = L(J) + KQ()), (6)
where K = O(¢) will be chosen later. Note that
F(O0) < I(0) + KL(OP < 2L(0), (7

since we may assume that KL(0) < 1, if € is small.

It is interesting to compare the F defined by (6) to the associated F of the pure
initial-value problem, defined in [5]. The new terms here are 3" | v, | in L(J) and
Slopllagl, 32 logl? 2 i o | | y; | in Q(J). These terms are due to reflection
of shocks on the boundary x = 0; see Fig. 7. That is, each y; comes from an S,

1  B'€S,

a eS,

Yj ESZ BleSZ Xak €S, YIGS'

T

Figure 7

when we solve (1)-(3). The term }| « |? is needed in order to handle the
reflections of shocks on the boundary x = 0 (o — B’ in Fig. 7). The strength of
the S, reflected wave, B, is greater than the strength of the incoming S;; i.e., a.
We will show below that |8 | <<|a| -+ |y|+ Ce|oa|? The term | o | | o; |,
k <1, goes into the term | B, | | a; | after «; is reflected at x = 0 (that is, we do
not get | o, | | o |, i.€., a new .S}, as in the Cauchy problem, but we get an S,).
Finally, | o | | ;| goes into | oy | | B;| away from the boundary; that is, y;
becomes an S, .

The interactions which do not contain reflections of shock waves on the
boundary x = 0 are quite the same as for the Cauchy problem, and for these, the
estimates in [5] are valid.
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4. ESTIMATE OF THE REFLECTED SHOCK WAVES

In this section we shall consider the reflection of a shock wave of the first kind
on the boundary x = 0, at time ¢ = nk. Thus, we suppose « is an S; coming
into the boundary x = 0; it gets reflected into a.shock wave 8’ €.S,, and our
task is to estimate | 8’ | in terms of | « | and the boundary data. We first consider
the case where the piston velocity # is constant near the point (0, n#k).

ProrosiTION 4.1. Let O < € < %, and consider the reflection o — B on x = 0,
at t = nh, where a € Sy, B’ € Sy . If uis constant on (n — 1)h < t << (n + 1A,
x =0, then

8] <laj+ Celalf (8)

where C is a positive constant independent of «, B', and <, provided that the waves «
and B’ are contained in the strip p € [p, p}, u € Rin ther, s plane.

In order to prove this proposition, we need a lemma. This lemma states
roughly, that shocks reflected off a part of the boundary in which #, is constant
may be considered as coming from a pure Cauchy problem.

LemmA 4.2.  Given o, B’ as above, there exists o/ € Sy, B € Sywith | a| = |8,
|« | =|B|suchthat B + oo + B.

Proof. Using the remark [5, p. 192] we note that the shock wave curve S,
starting at any point (r_, s_) is symmetric to the inverse shock wave curve S,
starting at (r_, s_), with respect to the line » 4+- s = r_ 4 s_. Similarly, this
symmetry is valid for S, and S,’ starting at any point (7, §), with respect to the
line ¥ + 5 = 7 - § (see Fig. ).

FIGURE 8

Given a, we construct 8', B, and «  as follows: First consider the diagram in
Fig. 9.

The intersection of the inverse shock curve S, starting at (r, , 5,) with the
line 7 + s = 7_ 4 s_ is denoted by (7 §); the shock curve S, from (7, §) to
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(r,s) r

FIGURE 9

(r.,s,) is B’; the point on the inverse shock curve S, starting at (r_, s_) with
strength | a | is (7, 5), and the shock curve S, from (7, s) to (r_, s_) is 8 where
| B] = [ a|. If we draw the inverse shock curve .S;" from (7, §), it crosses the .S,’
starting from (r_, s_), at (r, s) because of the symmetry with respect to the line
r 4 s =r_-+4 s_ =¥+ § Therefore the shock curve S; from (, s) to (7 §) is
o where | o' | = |8 ]. Q.E.D.

Proof of Proposition 4.1. From Fig. 9, Lemma 4.2 and the estimate of
[S, Lemma 4(i)(a)], we have

lo' [ =B <]a|+Celal|f]=]a]+ Ce|al’
as asserted.

Prorosition 4.3, Let 0 << € < §, and consider the reflection o — B on x = 0
att = nh, where e S, ,p €S, . Thenif |y | = 2 max(0, uy(ay ny1) — %(ag.n)),
we have

Bl <lal+]y|l+ Celaf? )
where C s a positive constant, independent of o, B', | v |, and € (see Proposition 4.1).

Proof. The reflection o — B’ is described by the diagram in Fig. 10, where
u_ = y(ay,n), & = uy(@y,5+1)-

We let (r+, s2) = (r(vs, uy), s(vs, uy)) and (7, 5) = (r(5, i), s(7, %)). First
consider the case when # < u_ . If we refer to Fig. 7, we see that the region
v -+ s < 2if lies below the line r - s = 2u_, so that the starting point of the
shock B’ lies below the line » 4 s = 2u_. Now we construct 8, o’ as in Lemma 4.2,
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Figure 10

Ficure i1

r+s =20

r+s=2u_
lal

Ficure 12

253
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and let 8” denote the S, as in Fig. 11, (| &’ | = | 8” |). Then using Proposition 4.1,
we have the estimate,

BI<ifl<lal+Celal?

so that (9) holds if # <{ u__ . Suppose now that # > u_ . If we refer to Fig. 12,
we see that

B <IBl+¢ <lal+Cejal®+ 4

But from Lemma 2.1, we have ¢ << 2(i — u_) so that (9) holds and the proof is
complete.

5. CONVERGENCE OF THE APPROXIMATING SOLUTIONS

We shall now obtain uniform bounds on the total variation of the approxi-
mating solutions using Glimm’s method. That is, if ], and ], are two I curves
with [, an immediate successor to J; , we shall show that F( J,) < F( /) provided
that ¢F(0) is sufficiently small. The interactions which do not involve reflections
of shock waves at the boundary » = 0 are quite the same as in [5]; we need only
consider the case where [, and [, differonlyona,, < 1< ay,,,;,0 < x < ay 0,
and « + ¢ — B’ (cf. Fig. 13, where y = y(nh)). For this interaction, we note that
aand y cross J; but not J, and B crosses J, but not J, . We have

L) —L(h) =[BT —lel =17

where of course, y = y(rk) is a contribution due only to the boundary data, and
O()—0() =11 leq |l —lal Yoyl — 3o —]a]]y]
— el Yyl —=lyI Xl

th

0, N+l
ay ‘Bk

nh —>
9),n 2L nnh) a3, t=nh

o,n a

Ficure 13
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so that using Proposition 4.3, where® K = 4Ce
F(Joy = F(J) = 1B | — el — 1yl — (K2) o]
+EB = 1ol =1y T ] = (171 + Ziwl)ial

< Celal~ (K[2)| o + KCe|a|?} | o]
< |« [HCe + CeKF(J1) — (K/2)}

< | o HCe(l + KF(O)) — (K/2)}
<

if KF(¢) < 1 and K = 4Ce¢; i.e., eF(00) < (4C)1. We have thus proved.

Levmma 5.1, If0 < e << &, and <F(0O) is sufficiently small, then F(],) < F(Jy),
where [, (i = 1, 2), are two I curves, and [, is an immediate successor to J, .

From this lemma, it follows that F( J) << F(0) < 2L(0) < const - TV{v,, uy, 2,},*
for any I curve J. This estimate yields a uniform bound on the total variation of
any of our approximating solutions, on each line ¢ = const > 0. We thus have
the following theorem.

THEOREM 5.1. Let the data functions (py(x), ug(x), u,(t)) eack have bounded
total variation, and be bounded; i.e., | uy(x)] + | w ()] < M, 0 < p_. < polx) <
p. << ~+o0. Then there exists a constant vy, | <y, << 2 such that for y €1, y,),
the mixed problem (1)~(3) has a global (weak) solution which has bounded total
variation on each line t = const > 0. y, depends on the total variation of the data.

We remark here that the extension to y, == 2 is considered in Section 9.

6. AN EXAMPLE

Consider the system (1) in the region 0 << x < 1, ¢ > 0, with initial data (2)
in 0 < » < 1, and boundary data

(0, t) = u,(t), u(l, t) = uy(t), t >0 (10)

Such a problem is not well posed, if one does not provide supplementary con-
ditions on the boundary data. To see this, consider the case where ¢ = 0,
(uy(1), u(t)) = (uy , uy), where u, , u, are constants with %, — u, = 1. Suppose

3 This comes from the interactions in x > a,,,, as in [5].
4+ By TV(f, g}, we mean Tot Var f -+ Tot Var g.
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U3 Sz T

Us +

% S B,

T +

Q P

S2 Uo __Lo
{vy,up) = U

x=0 0°70 0 x=i
Ficure 14

Ficure 15

further that (vy(x), #o(x)) = (v, , #4,), where v, is a constant. Using Lemma 2.1,
we see that an .S, shock wave shoots out of the corner (0, 0), and impinges on the
boundary x = 1. It is then reflected as an S, shock wave which impinges on the
boundary x = 0; this shock in turn is reflected as an .S, , and so on (see Figs. 14,
15). If welet U, = (v;, w;), 7 = 0, 1, 2,..., then we see that uy, = g, ., = 4y,
n=2012,...

We have, with p(v) = 271,

—[(®1 — 2o)(p(20) — PN = g — wy = —[(v; — B)(D(v2) — P(L)]'

so that if we square and collect terms, we get ©,°> = v,9, . Similarly, v,> = v,9;
so that oy/v; = vyf/v, = K > 1. Then vy = K-l;, v, = K20 ,...,, and in
general, v,,,, = K "v,; likewise v,, = K"z, . If we let the shock speed s,
be defined by

Sn(Vansa — Van) = —(uy — 4y) = —1,

then s, Kv, — 7vy) = —1, s, = K™v, — v;)"%. If we let o, denote the
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shock speed of the S; shocks, we have o, = K™, — v;). If 4,, and 4, are
defined as in Fig. 14, then

T=Yd4,+4d, = @—1v) Y K" =15, <.

n=0

Since v, — 0 as n — o0, we see p(v,) — 0, as n — 00. Thus, the pressure
becomes infinite after a finite time!
To analyze this example, we write the system in Eulerian coordinates

pe + (pw)g = 0,  (pu): + (pu® + plp))y = O,

and for simplicity, we assume #, = 0, #; = 1. Here ¢ is the position of the gas
particle, and ¢ and x are related by

q
x :f p(s,t)ds >0,
0
Also, oq/ot = u, 8q/ox = p~L, u, = v;. Thus,
¢
g(x, t) = q(x,0) + f u(x, t) dt,
0

s0 g(x, t) labels the g position of that point where the amount of gas between that
point and 0 is x; the piston corresponds to x = 0. The piston path is

t i
20, 1) = 9(0,0) + [ w0, 0ydt = [ wat =1.
0 0

x t p
lc:moum piston
.piston of gas ' wall
N - (u=0,9=Q)
X
alx,t) wall
x=0 x=1I 0 shock path Q q
Ficure 16 Ficure 17

If we set g(1,0) = f(l, p~H(¢, 0) d¢, then the wall is given by ¢(1, ), and we have
¢ i
a1, 1) = g(1,0) +f u(l,8)dt =0 +f u(l, t) dt.
0 0

Thus, in Eulerian coordinates, the piston moves with velocity 1, and the piston
path is given by ¢(0,t) = t; see Fig. 17. Our example corresponds to the
triangular region OPQ in Eulerian coordinates; i.e., the piston collides with the
wall at a finite time, ¢z = Q. This is physically impossible, for at this time,
p = 400, p = 400, so that the force on the piston is infinite.
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From this example, we see that the trouble is that the piston collides with the
wall. Tt is thus natural to assume that both boundaries ¢(0, ¢) and ¢(1, ¢) do not
collide in finite time. Hence, it is necessary to impose the following restriction on
the boundary data (1): Forall 2 = 0, ¢(0, ) < ¢(1, 2); i.e.,

t t
[y ds <0 + [ us) ds (11)
0 [
where Q is defined by

o= " o) dt = J " on(8) dE.

Observe that (11) fails for our example since here O = v, and (11) yields
t = (1 — ug)t < v,.

That is, (11) does not hold for ¢ > ¢, , and as we have seen earlier, blow-up
occurs precisely at time v, .

Next, we also cannot admit boundary data which allows the pistons to move
infinitely far apart from each other, since generally speaking, this will lead to
p— 0 as t > oo. For example, suppose that we consider the problem (1)-(4)
where we take p(v) = v}, u(0, ) = —1, »(l,t) = 0, and (v(x, 0), u(x, 0)) =
(1, 0). Then from (11) we see that ¢(1, ) — q(0,¢) = 1 -+ t > + 0 as t — +- 0.
Moreover, an analysis similar to that given above shows that an R, rarefaction
wave shoots out of the corner (0, 0) and impinges on the boundary x = 1. It
then gets reflected as an R, , and so on.? Here we see that v — 00 as t — @0,

5 The solution to this problem can be constructed via the methods in [6]. That is, we
can consider this mixed problem as an initial-value problem as follows (where for brevity,
we merely sketch the solution).

u=2 u=-l u=0 u=t us2
t

fad A -
-2 [ - J1 2y 3 x
U="I2 U=(I) =4 =
Py P u= se MK u=0
P=e'I/K‘ p=e-m< P u=-1

Also, we may note that for p(v) = v~{1+2€ ¢ > 0, it can happen that v = 40 for
all £ > 0 (c¢f. Lemma 2.1 in case u, > u_, s_ — r, < 2u, — u_) — [2Ky'/*/€]).



NONLINEAR CONSERVATION LAWS 259

i.e., p~> 0 as # — +00. Thus, in order to avoid p coming arbitrarily close to 0,
it is necessary to bound ¢(1, #) — ¢(0, ) from above; i.e., it is necessary that

j: wol€) dE - f: [uy(s) — ,(s)] ds < const

for all t > 0. In the next section we shall see that this condition, together with
(11) yields a global existence theorem for the problem (1)-(4).

7. PRELIMINARIES TO THE EXISTENCE THrEOREM IN 0 << x < 1

For the problem in 0 <{ x < 1, we define a solution of (1), (2), (10) to be a pair
of bounded, measurable functions #, v satisfying the pair of equations

LTLI(wt—u(ﬁx)dxdt— £=va<{>dx +.£=0-vo¢dx

+Llu2¢dt—j wmpdt =0  (12a)

x=0

for all T > 0 and for all ¢ € C, and

J;>0 Ll (why + p(v) i) dx dt + J;=0 ughdx =0 (12b)

for all ¢ € Cyl, satisfying (0, t) = (1, t) = 0 for all # == 0. Here we tacitly
assume that [,_ v¢ dx is defined for all T > 0; in fact, we shall obtain a (weak)
solution which is a continuous function in ¢ 2= 0 with values in LY(0, 1).

In order to solve this problem, we shall again use Glimm'’s method, together
with the functional introduced by DiPerna in [1], now supplemented by the
boundary terms. We assume that the initial conditions 7y(x), #y(x) and the
boundary conditions #,(f) and u,(¢) are bounded and have finite total variation;
we also assume that 0 < v < gy(x) << T < o0,

Let

o) = f " uy(w) dx -+ f " (uls) — (9)) d. (13)

From the examples in the last section, we see that in order to avoid the vacuum
(p = 0) in the solution and to avoid the collision of the boundaries (p = + o0)
for all time, it is necessary to assume that there exist constants Q, , O, such that

0 <0 <) <Qp < +ox, (14)
for all ¢+ > 0.6 In what follows, we shall actually prove that (14) is also sufficient

% Note that (14) holds in the case of “rigid walls”; namely u,(t) = u,(t) = 0.
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for global existence of a solution for the problem (1)-(4), provided that
€T, < const.

We note here that for a weak solution of (1)-(4) in 0 < < 1,0 <t < T,
Eq. (12a) with ¢ = 1 yields the equality

fo " o(t, %) dx — fo " o) d -+ fo  (4yls) — (s)) ds = O(2) (15)

for 0 << t < T. It follows from (14) and the finiteness of the total variation of u;
and u, that the following limits exist:

Veo :}i—mQ(t) < o0,

: . (16)
Up = zljfﬁo uy(t) = tl_}g}o u(2).
We let L be the following line segment in the 7, s plane:
L={r940,<v<Q:+ 10 ,u= U}y (17

where r = (v, 1), s = $(v, u) are the Riemann invariants.
We choose the space mesh length [ = 1/2M, where M is an integer; the time
mesh length £ = h(I) will be chosen later. We set

Y={mn:m=1,35.,2M —1,n=1,2,3,..},
and

A = O{(m — 1) I, (m + DI} X {nk}: (m,n)e ¥}.

Let {a,} be a random sequence in (—1, 1) as in Section 3, and let a,,,,, be the
mesh points, where a,, , = (ml + «,l, nh), (m,n)e ¥, ay, = (0, nh — }h),
n=12., ap.n= (1,00 —3%h), n=12,.., apy=(m,0), m =1, 3,..,
2M — 1. The I curve @ is any space-like curve joining the points a,, 4, m = 1,
3,...,2M — 1, and not containing points ((m + 1),,0), m = 1, 3,..., 2M — 3,
which liesin 0 < ¢t < Aif I < » << (2M — 1), and which also includes the two
half-rays ¢t > 1k, x = 0, and ¢t > 1A, ¥ = 1, and the straight-line segments
joining a; o to @y 1 and @,y (0 @5y 1 - The I curves J are defined in an analogous
manner; see Section 3 and Fig. 18.

We now recall the main theorem in [1] concerning the transformation from the
Riemann invariants 7, s to the generalized Riemann invariants ¢(r), Y(s). Let

o =2 —ty) =7r+5s—2u,,

(18)
7 = Ky 2le) pf = s — r 4 (2Ky1/2[e)
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and
Wk, 0) = {(o,n): | 0| <kn,c; < On <y}

where 1 > k>0, ® >0, ¢;, ¢, > 0 (see Fig. 19).
Let us consider the following transformation from (r, ) to (¢(r), #(s)):

7 . {0 = exp8(n + o) — exp O(n — o), (19)
87 " = exp O(n + o) + exp O0(n — o) — 2,

LY

/
I-curve J
/

"I—V
9 ne | ? %2m,n+1 X
pean O INL . Teman

°l,n c‘Z”,r\

aZM.n
x=0 x=1
Ficure 18
o=k
Af
Nw 71 =/5,/8 p=l
, p=0
o =-k7q W
7= c|/9
i’ »~r
{0,0)
u=um,o'=0
Ficure 19

505/23/2-6
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where o' =¢ 4 i, 7" = b — P givesd = (7), ¥ = J(s). For this transformation
applied to the system (1) we have the following properties [1]:

(B TWOW' = {(o,7):|0'| < ky, &y <%/ <dy}, di = dy(cy),
dy = dyfcy).

(i) 'The shock curves S; and S, in the 7, s plane, s, — s = g,(rg — 7; po)s
and ry — 7 = gy(s, — 5; p), are transformed by Ty to curves

Yo— ¢ = Gildo —bime)  and by — ¢ == Gylhy — 5 m0),
respectively. Let the shock strengths of S; and S, in terms of ¢, i be Ap = ¢y — ¢
and Ay =y — ¢, respectively. If we take k sufficiently small, ¢; = ¢;(k) and

¢, == €y(k), then the shock waves in the region W’ do not increase in strength
(measured in terms of ¢, ) after interacting with each other.

(iii) As k— 0, ¢; and d, remain finite, but
%iir& 6(k) = o0, and lkiil(l) dy(k) = 0.

In the next section we shall apply these results to our problem.

8. SoLutioN OF ProBLEM (1)-(4)

We now return to our problem. We set

Mo = N(Pw)y P = [V,
0 = [¢; + ca(R)) 27 -

(20)

The line segment L (see (17)) becomes, in terms of o, 7,
L={om):ie=00<m<n<mn<+o},
where 7, < 7, <7, and so
L' = Tol = {(o/,7):0' = 0,0 <y’ <y’ < 75’ < +o0}.
Hence for sufficiently small %, we have, using (iii) and (20), that
L'CW ={c,9):|c | <hy,dy <7 <dy};

that is, d; <7, < 7.’ <1y < d,, where (0, 7,,") = T((0, 1.,). Therefore, we
may put, for small &

S = Ydist{L’, oW’} > 0, @1
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where 0W' is the boundary of W’ and, as usual, dist{(¢,,y), (¢2, o)} =
|y — bo| + | ¢y — 3y |. Hereafter we fix & small as above.
We set

A= | Np = [esR)/2Ky12H0))
and we take the time mesh length to be
h =12,
where we note that when e is small, ® is small and has the same order as ¢ in view

of (18) and (20).
In order to define the functional F on [, we set (see Fig. 20)

it:2uit“‘um, i:l,2,
oi(t) = 2u,(t) ) @)
o/ (t) = 62 4 dy)oy(t), i=1,2.
n. A TG(Z"J'I) Tg/(0=0'2)
n'=d,

o'ldy)-o, (dy)

T“r F—Ao‘ -]

I

|

|04 (B)- /B
A

l 2. 1,
IEZ(A)'UI (A)

o '=(tanh 8a, ) 7"+ tanh b,
o ‘=(tanh 8o ) 7' +2 tanh Go,

Ficure 20

We remark that the indices 1 and 2 in the ¢ — 7 plane in Fig. 20 refer to just
the two values of o on x = 1, and are independent of those of o(t), 1 = 1, 2.
Furthermore, the two S, shock waves S, and S, having the same strength Ao
are transformed by T, into S, and Sy, respectively, which have different
strength in terms of the ¢’ coordinate.

We now define the functional F on J:

F()= )  d¢+ 3 M+ ¥ do'+ Y Aoy, (23)
5,6dn{0<z<1) S5,eIn {0<x<1 I fa=0) Jn{z=1)
where
doy" = max{0, 6,'(nh 4 } h) — o,/ (nh — } h)}

(24)
Aoy’ = max{0, oy (nh — 1 B) — oy (nh - 1 B)}.
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LevMma 8.1. Let the image under Ty of the approximate solution {v, , u,} on |
be denoted by {$, = $(vr, ),y = (o, )} If {1, i} € W', then

F(J,) <F(Jy (25)
for ], being an immediate successor of |, . Also for | = @, we have

F(0) < TV{#(, 0), (x, 0), o1'(2), o5'(t)}
< OM + TV{oy), (), m(t), ust)}, (26)
where M is a constant depending only on W',
Proof. The estimate (25) comes from (ii) and the argument in [1, 4]. Here
we must always keep in mind that the boundary conditions on x = 0 and x = 1
are given by # = u,(t), ¢ = 1, 2, and we can solve the simples piston problem, as

in Lemma 2.1 at x = 0, | and ¢t = nh with data u,(¢). But for the solution we
have the estimates

Ay < doy/ near t = nh, x=0 for S,,
and
A¢ < day near t = nh, x=1 for S,

as in Lemma 2.1. Since the solution is contained in W', the strength of the shock
coming off the boundary is dominated by 4s,” (cf. Fig. 20). For example, if we
consider an S| coming off x = 1, we have, from Fig. 21,

Ap = by — ¢y = $o, (4) — 715(4) — (o1/(A) — (D))}
= ${0,'(4) — o/'(A) + 7./(4) — 72(A)}
< Hod(4) — o/(4) + (A) — 0 ()} = 0(d) — o/'()
< ay/(dy) — 0¢/(dy) = (tanh bo,) d, 4 2 tanh bo,
— [(tanh 8e,) d;, + 2 tanh fq,]
< 02 + dy)oy — 0y) = 0(2 + d) doy = Aa,’.

Ficure 21
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(Here our notation 4o, and 4oy’ is consistent with that of (22) and (24) since we
are considering an S; shock coming out of x = 1.)

Now as soon as we know that our approximate solution {¢; , #;} on Jliesin W',
we can estimate the total variation of {¢;, ¢;} on J by F(J) as follows. Since
lim,, o, 0/(t) =0, for ¢,/ = o'(v;, w), 7/ = v'(v;, ), we have

TV{o,'} = 2(decreasing variation of ¢," on J)
J

<2} Y do'4+2 Y Up+an+ T Ao

JN {x=0} JN {0<2<1} JN {z=1}

< 4F(j),

and
TJV{m'} < TJV{a,’} < 4F()).

Hence from Lemma 8.1, we have
TIJ/{¢z iy =T 5’ {o/, m'} < 8F(]) < 8F(0). 27

It follows, then, that we must find conditions both on the initial and boundary
data and on the time interval, so that the approximate solutions belong to W' for
that time interval. This is provided by the following lemma.

Levmma 8.2, Suppose that initially {¢, , J}g C W' and that

F(0) < 8. (28)

If tn addition the approximate solution satisfies

10 <00 = [ o dr <30, s, (29)

then the approximate solutions {¢, , ;} are contained in W'.

Proof. It follows from the definition of L (see (17)) and the assumption (29)
that (Oy(2), #,.) lies on L, and that

T@(Ql(t)) uw) ELI' (30)
We set

dist{{g, L) = sup dist{{pule, 1, (e, OB L'}

(z,tyedN (0<z<1}
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Using (30) and the fact that lim,, ., ¢;'(¢) = 0, we have
dist i, ), L'} = dist {{or, m}, L'}

< TVi{e), 0/}

< 8F(J) < 8F(0) < 28.
Here we have also used (27), (28), and the hypothesis {¢, , i§;}5 C W’. Therefore
by (21) we conclude that {; , ¢}, C W’'. This completes the proof.

Now in view of {26), we can choose @ so small that for any 8,0 < 0 < 6,
we have (28). The fact that {¢;, ,}p C W’ follows from (14) at ¢ = 0, and the
finiteness of the total variation of wy{x), #g(x), #i(2), us(t), together with (16),
(20), and (21), for 0 << @ < B; ie., for 0 < e < ¢, . Hereafter, we only
consider ¢ in (0, ¢].

Lemma 83. Let O << € < &y then the mean velocity Q(t) of the approximate
solution {ov,(t, x), w,(t, x)} satisfies the inequality (29) for 0 < t < 1,, where ¥,
depends only on W’ and <, . Moreover, the following estimate holds for the approxi-
mate solutionon 0 < t < 1,

oZ:ch {r1, 53 < CyTV{wy(x), ug(x), m(2), v4(2)}, (31)

where Cy is a constant depending only on W' and <, .

Proof. When the approximate solutions {¢, , J;} are contained in W', we can
estimate the total variation of the approximate solutions {r,, s;} as follows,

using (25), (26), and (27):
0-TVir, sd < CTVigy i} < 8CF(J)

< 8CF(0) < 8COM - TV{iwy, uy, uy , ts}.
This then yields (31). Next, for » = 1, 2,... we have

[ " Lo, b+ 0) — vy(x, mk — O)) dx
0

2M-1 f(m+m | h o
- Vi@, n) — O\ X, B — x
m:é..., (m—1)1 Hm.n) « )
2M-1
< Z TVt x): (m — 1)1 < x << (m+ 1)I}- 2]
m=1

=20 TV {oft, *)}
ol

<Cl TV {r, s}

ool

L CCETV vy, Uy, thy , o).
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Since {v; , #;} is a weak solution in the strip (n — 1)h < t < nh, it follows from
(15) that

j: o, nh — 0) dx = fo "o, (n — 1) b+ 0) dx + f( ":)h {11y, 1(5) — t1y,1(5)} ds.

Therefore,

<Ct<31;Ql)

1 t
| [ ot s — [ o) de — [ faals) — ()] ds

0 0 0
for t < t, = Q,(4AC)L. Furthermore, there exists an [, > 0, such that

<t

) J: vy(x, 1) dx — Ll Tg(x) dv — fot [us(s) — uy(s)] ds

for all [ << I, because
. 1 t l
tim } [ o0.e) s+ [ [10a6) — 0.1 s

= f: vo(x) dx - f: [us(s) — wy(s)] ds.

This completes the proof of the lemma.

From Lemmas 8.1, 8.2, and 8.3, we conclude that there exists an ¢, > 0 such
that for any ¢, 0 << ¢ <¢,, the approximate solution {¢;,;} C W’ and so
TV{r,, s} < C for 0 < t < t;. Therefore Glimm’s argument for the conver-
gence of the approximate solutions yields a weak solution to the problem (1), (2),
(10) in the region 0 << ¢ << £,, 0 << x < 1. Since the limit is also ! continuous
in ¢, the equality (15) holds for 0 < ¢t <{ ¢, and so we also have

0<0, <O <0, < +0, 0<t<t, (32)

for our weak solution. We now can proceed to construct the weak solution on
1, < t < 24y, and so on. In fact, since we can assume that there exist integers
n = n(l) such that ty =nh for | =277, j =1,2,..., the new “initial” data
2(2, , %), u(ty , x) can be approximated by a subsequence of the piecewise constant
functions v,(t, + 0, x), u,(¢, + 0, x), which are given by

{vl(to +0, x)) ul(to +0, x)} = {'vl(am,n)’ ul(am,n)}
in(m— Dl <x<(m+ 1),m =1,3,..,2M — 1. The fact that the approxi-
mate solutions {¢, , ¢} are contained in W’ in 0 <C ¢ < £, gives us
F(J) = F(J:{vdty + 0, %), w(to + 0, )})
K F(J: vty — 0, x), w(ty — 0, 2)}) = F(J) < F(0).
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That is, F(J) can be considered as an a priori bound, which together with the
successive use of (32), enables us to extend the weak solution for all £ = 0. We
thus have our main theorem.

TreEOREM 8.4. Let the initial conditions vy(x), uy(x), and the boundary conditions
1(2), u5(t) be bounded and have finite total variation. Also assume 0 << v < vy(x),
Jor v = const., and let (14) hold. Then there exists a y, > 0, depending only on the
variation of the data, such that for any y € (1, y,), the mixed problem (1)~(4) has a
weak solution defined for all time. The solution has (uniformly) bounded total
variation on each line t = const. > 0.

9. THE EXTENSION TO € > %

In the previous sections, our results were only valid for y = 1 4 2¢ < 2.
That is, the piston problem is solvable if ¢7} <C C; = constant, and 0 < € << §.
The reason that we had to take € <C 1 is due to the fact that such a restriction
was needed for the estimates of [5] to be valid. We shall now show how to
remove this restriction. To see this, we note that e << { was used only on
[3, p. 188] in order to prove the two inequalities

0<(Y—IY+1t«l and (Y+1)2<<Y 2ot (33)
Here Y is defined by
Y = [ya'(e — 1)for — 1173, a>1, y=14+2 =0

Now it is a fairly straightforward calculation to check that ¥ > 1, and thus the
first set of inequalities (33) is valid. On the other hand,

o . o — 1 yor Yo — 1)—_ 1
¥+h*< ¥ T yar(a— 1) T pla— 1) —%5

so that the second set of inequalities in (33) is also valid. It follows from this that
the piston problem (1)-(3) is solvable provided that ¢T3 << C; , where e > 0. The
fact that the double piston problem is solvable provided that (14) holds and
Ty, < Cy, e > 0, follows from [1].

We must still check the double piston problem when ¢ = 0. But for ¢ = 0, the
usual Riemann invariants and our arguments in Sections 7 and 8 yield the
existence theorem. In fact, for this case, as was pointed out in [4], the interaction
of shocks of the opposite family do not increase in strength in terms of the
classical Riemann invariants.
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