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An analog of the radiation condition is found for an abstract hyperbolic
equation. When this condition holds, the uniqueness theorem for 0,(néu) —
0(po,u) + Au = fis valid. Here n, p, and A are some linear operators depending
on ¢t and r. For example, Eq. [ 4 = 0a,.(t, x) 0u) — 0,(a;;0;u) + q(t, x) u = f
is of such a type. In what follows 9, = 98/8,, & = &8/éx;, ¢, = 0/0,,
x = (%, ,..., ¥y}, | < 7,7 << N, where repeating indexes are summed. The results
obtained can be applied to the scattering theory of hyperbolic equations. They
will be used in the proof of Fock’s conjecture of uniqueness (up to the Lorentz
transformation) of the harmonic coordinate system. This conjecture has pre-
viously been shown to be valid only for g = —&, 1 v, p <3, g% == 0,
1 <v <3, g% =1, g being the fundamental tensor [1]. It follows from our
results that the conjecture is valid for an arbitrary central-symmetric gravitation
field which is Galilean at the infinity; in particular for the Schwarzschild tensor.
If a,, , a;; do not depend on #, the uniqueness theorem follows from the unique-
ness theorems for elliptic equations. In this case the radiation condition is less
restrictive than in our more general case [2,1]. In [2, II] a uniqueness theorem
for some special type of Eq. [J # = 0 with a,, depending on ¢ was announced.
In Section 1 the main result (Theorem I and a corollary) is given, in Section 2
its proof is presented, in Section 3 an application to partial differential equations
and to general relativity is considered.

1.

Let H, W,, and W, be the Hilbert spaces, W, C W, C H, and W, and W,
be dense in H. Consider an abstract hyperbolic equation in H:

Lw = 0{n(t, r) 0,2} — 8,{p(t, v) O,w} + A(t,r)w =0, M
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where #, p, and 4 are self-adjoint operator functions in H, (¢, ) e 4 = (— o0, )
X (0, o0), satisfying the following assumptions:

(1) n(t,7) and p(t,7) are bounded self-adjoint operators, strongly con-
tinuously differentiable in #, ¢, for all ¢, r with &, > p > d,l, d\1 =n = dy1,
I being the identity, and |0z | + | 8,p| < N, dy, d;, N being some positive
constants;

(2) Let A(t,r) = Ayt 7) + Q@ ), Aft,r) =0 self-adjoint, and
D(Ay(t, 7)) = W, , Ay(t, r): Wy— H, D(A) denotes the domain of 4, and Q is a
bounded self-adjoint operator strongly continuous in #, 7 such that |Q | << N,
For all we W, ve W, the equality (Ay(¢,7) w, v) == a(w, v) is valid where
a@(w, v) is a sesquilinear symmetric nonnegative form defined on W, which is a
function of ¢, . The function ae(w, v) is continuously differentiable in r Vu,
ve W, d,a(u, v) = a'(u, v) is a symmetric form defined on Wy, 7| 4'(w, #)| <
Na(u, u).

(3) 3R, (0, o), such that 2ra(u, u) + r2a’(u, u) < Oforue W, ,r = Ry;
a(u, v) = r*(Bu, Bv) + a,(u,v), #, ve W;. Here B >0 is a self-adjoint
operator defined on W, a,(u, v) is a symmetric sesquilinear form in H defined
on Wy; | ay(u, u)) < Ne2-%| Bu 2, § > 0; Vn, 1 > 0 the operator (n + 4,21
is compact; &,p =7 Q| 7| &p|+r|op| +|T—p|-+- |1 —n|<Nro.

We denote by C? the space of functions f(¢, 7) € W, with continuous first
and second derivatives inr, t, 8,f, 6,fe W, &.f, &%.f, &% fe H.

THeOREM 1. Let assumptions (1}~(3) hold, and let w € Cy? be a solution to Eq.
(1) in 4, such that

[ tawi+ (o0 + aw ) dt <N < o0 ()
and
lirrrloionffm (6wt + | 8, 12y dt — 0. (A)
Then w — 0 in 4. -

CororLARY L. The conclusion of Theorem 1 remains valid if (a) k? | @k, r)? <
k) € L,(0, ), where % is the Fourier transform of w, or (b) if jfm |&tw 2dt < N
holds and instead of (A) one of the following conditions

timinf [ {00 4 202 + | w]2) dt =0, ()
timin [~ (| o — a0 # + |20 [} dt =0 (a)

is valid.
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2.
Proof. Denote by liul? {u,v), by, v), by(1, v), b'(n, v} the magnitudes

Jotulzat, (2, (u,v)dt, [, a(u, ) dt, [©, ay(u, v)dt, and [°, a'(u, v)dt, re-
spectively. For any o, v e C? it is true that

Re f * o) (L, v dr
Ry

— [ T0l) ot 20> -+ b, ) — (i, 0) + Q) @
+ 8?¢<Parw’ 'U>] dr — (P(r) Re(p@rw, ‘Z}>1£0 — 0;

R
Re f o(r) (Lw, &,w> dr
Ry
— [ 1052l 5, 7 o ) (glr)r — 0.52,9(0)) - ble, )
Ro

— 0.57 29(r) {r?' (w, w) + 2rb(w, w)} + @(r) Re(Qw, o,w)
+ 0.5¢(r) {—<8,p0,w, 0> —+ {Omn0,w, &)} dr — 0.5¢(r)

Al M %,w |+ n 0w ||* — b(w, w)} |k, = 0. 3)

Let 0 =X <A < <A, <, A, — 00 be the eigenvalues of B2 p,
the corresponding orthogonal projectors, B* — Au, uep,H, O, = Siobis
P, =1—Q,.Choosing in (3) ¢(r) = | — e r—, e = 0,5 min(l, 8) and making
use of assumptions (3) and (A) we get (as in the proof of Theorem 1 in [3]) the
inequality .

£ r*l~s ‘ . x Bw 2
fR g {l p20,w | + | m' 20 1%} + H—r;”h

3 ;dr

W(R) o Py | o P 0l
<N ([t | B s dr o R )

+ 2B b, w) 41 9120, P P — | 0120, Py [P},
2 0 S

We note that from assumption (3) it follows that b(w, w) = b(Pyw, Pyw).
Integrating both parts of ineqiality (4) over (R, o) and then once again, making
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use of (2) with v = pyw we get as in 3], for all sufficiently large R the inequality

f 0.5 — R r-3|| Bw |2 dr + f “0.5- (r — R){[| o120, + (| n120,0 |12} dr
R R
SN, Qi ) Bl 4 o f |F 4w ) dr
+0.25 - Pyo(t, R)?

< sz ri[llw | + | Bw|? + r*[| 0,w ] dr + 0.25 - || Pyw(t, R)|?
R

+ Ny(R= || f, |* + R~ || w |[*). (5)
Multiplying (5) by 2xR®-!, integrating over (R, c0), making use of the
equality || Bw |? = | BPgw |* = A, || Pav|?, % >0, and assuming that
afoe+ 1) Qe + 1) <A, 0 < 2a < ¢, we get [ {r2*1|| P | + r2+1 | 8, |12} dr
< 0. From here and (2) it follows that [g r2=1| e |2 dr < co. If
lim inf, || Qyw ||> = 0, then from the inequality || w(?, R)|]? < f: r™il|| 9w |2 dr
-+ _[: r~ Y w|?dr, m >0, which holds if liminf. @2 =0, we get
f;: r*llw|?dr < o, 0 <k <o Let us assume that liminf, .| Qw|? =

¢, > 0. For any sequence R; —> oo and for R; > R; we have

it R) — wlt, R = [ <@t, ), , R) — wlt, Ry dr

i ) . o 1/2 (6)
<L e B ([ v e )

i

Thus the sequence w(t, R;) tends to a limit in L2(—o0, o), H],
lim, ... Qgw(t, 7) = wa(t) € LA{(— o0, 0); H], Qo = w0, + ay, | wy(t, )2 — 0,
r — 0. From (6) it follows that || @, |2 << Nr—2¢. As liminf,_ || 6w | =0, so
for some sequence R; — co we have || du(¢, R)|®— 0, j— c0. Denote ny
@y(k, 7) the Fourier transformation of Qyw. Then for sufficiently large N we have

2l

lim [~ | 0,0yt R)2dt = lim [ k2] Qiy(k, R)P d
IR 170 e

N

= lim | k| Qgg(k, R))[? dk
N

jam _
N
> ;f ) (k)2 dR > 0,
—N

if N is large enough, as ffw | we(R)|? dk = Cy > 0. Thus w,(t) =0,
f;o P w|?dr < oo, for k < a. Let m = sup{k, j‘j: r?=1lw|? dr < oo}, then
m = o0. To show this suppose 0,5« <{ m < o0, and set w,, = r™w. From the
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earlier inequalities it follows that (a) [ 7% w | + 72{b(w, w) -+ | S | +
| 8,20 |2}] dr <C oo for 0 << & << m, (b) L,w,, = Lw,, + 2mr10,w,, + mr-18,pw,,
—m(m + 1) r%pw,, =0, ¢)In > 0 such that A, <m(m + 1) < A,,. As in
the case m = 0, w,, = w we obtain the inequality
[ 105 — B2 {1 BPy, |27 — mim -+ 1) 12 | Py )
R
+ R(r — R) {m(m + 1) || Qutwy, [} — | BQyw0,, [} r~%] dr

+ [T 056 — R {1 926,00+ | 120, Qua0 |7 dr

SN [ r (g | 41 B [ 4 ) Gy ) dr 1]

mR
r2

| Puon |I* dr
+0.25 1 Ppooy, [I* + N{R'“< 1| 0,0, [F -+ R wy, [7}. (™

Using  the inequality | BP,w, & — m(m + 1)|| Paw, ? = (A —
m(m + 1)) || Ppto, %, Apyq > m(m —+ 1), multiplying (7) by 2aR®*-1 and inte-
grating over (R, o0), and assuming that 0 <C 2o << ¢, ao{ax + 1) (2ot + 4m 1+ 1) <
Any1 — m(m + 1), we obtain

f "1 Py, [ e 8y [ 4 [ 21/26,0,800 |)
R

+ (m(m 4 1) — A,) 72271 || Prawy, (B - r2 Y m(m + 1) — Ay 1) | Qpqto, [P} dr
< 0.

If m(m + 1) > X, , it follows that [ 21|/ w,, |2 dr < oo and that the assump-
tion m < co leads to a contradiction. If m(m 4 1) = A, , then as in the case
m =0, n = O we obtain _f: re1 )l g, |Bdr < 00, 0 < k < «. Since this is also a
contradiction it follows that m = co.

Taking m sufficiently large and using the equality f: 1 Ly, , 0,20, dr =0
we obtain

[T [0, 12 2m 4 1) + 2200, B (1 — Nr)
R

(m+41)m
——

— P w0, ) - 2B, )} %) (Brpttn 0] dr

+ 0.5{R¥(|| p /20,0y, |2 + || n' /8,20, |7)
+ REm(m(m + 1) | w]* — R*(w, w))|,—p)} < 0. (8)

When m(m + 1) > 2N and R is large enough, the integral on the left side of (8)
is positive. If for a sufficiently large R || w(t, R)[* > 0, then m? | (¢, R)|? >
Reb(w(t, R), w(t, R)) if m is large enough. From here and (8) it follows that
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lw(t, R)? =0, ie., ||w(,7)] =0 for sufficiently large r. Using the method
given in [3, 4] we show now that w(t, 7) = 0, 7 > 0. Set 7, = inf{R: w(t,7) =0,
r == R}. If r; > 0, then it follows from the continuity of =(z, r) that there exists
ry > 0, such that ||=(t, 7)]| >0, r, <r <#,. Denote by ¢ =3N, b=
min{0.5; c-Y(exp(cr;) — exp(cry)); (8¢?)~1}. Let 74 >r, be chosen so that
cY(exp(ery) — exp(cry)) < 0.5b. If s = cY(exp(cry) — exp(cr)), then #(s) =
¢ In(exp(cry) — ¢s), drlds = —exp(—cr), s(ry) =0, s(ry) <0.55, (0,8)C
(s(r0)s 5(r2))-

Now assume that ¢(s)e C}(—5,0), ¥(s)=1 if |s| <058, ¢(s)=0 if
s >0.8b, |dipjds | < Ny, | d¥p/ds®| < N; and consider the function u(s) =
¥(s) w(r(s)). This function is the solution to the equation 0,(idu) — 9,(F0.u) 4
Au—f(t,9), £t ) = 2p(t, () dpfds - 3, 7(5)) + expler(s)) [(dds) (cp +
opler) — (d%1ds?) p] w(t, (), At 5) = n(t, (5)) exp(—er(s)), Alt, ) =
At 7(5)) expl{—ar(©)}, plt, $) = plt, 7)) expler(s)}, B, ) = exp{—er(s)} b(', )
b'(, ) = exp{—2¢cr(s)} (cb(*, ) — b'(", *)), 0Ai/os = exp(—2er) (cn — &,m), 0p[0s
= —(cp + 0,p)- _

Assumptions (1) and (2) and the choice of ¢ imply that &(;, ) >
2N exp{—2cr(s)} b(:, -), 0p[0s <L —2Np. Setting v,,(¢,s) = s~™/Zu(t,s) and
taking into account that u(s) =0, 0 = s(ry) <<s < s(ry), we obtain ,(0) =0,
Vm. The function v,(t, s) is the solution of the equation

. . my . m(m — 2) _ m op
8,710 0) = O(0s0m) + Avy — () pOOm — —(Tl,wm 2.2
5 4s

2 o5 om
— i f(5) = gal).

Multiplying this equation by ms20,0,,(¢, s) in H and integrating over (0, 4} we
obtain

[ Re [msfl 542 - 8,0, 2 + 1| 50,0, [} — m{sb(0r, 0) + 459 (01, )
0

2 —
+ _”_1_(7118__2) <asﬁvm ’ 7)m> - —”;—s" <asp7]m ’ as‘v'm>

msH{{ 00,0y, , OV — OpOlss » OV — 2{ & » O}
— m?s | pA2ow,, 112] ds
=0. 9)
From here and the equality

b ~
f Re [sk | 31200, |12 + FB(0y, , V) — 5% || 711200, |2 — 5L - k) oDt , V>
0

T 2) i i [ S, 0> — K 0

=0 (10)

409/75/1-5
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for m sufficiently large it follows that

b . 2, —
[ fmm — oy s e 12 -+ b, ) - D) g ol

b
SN[ Slignltds, m>dy,
0
where d, does not depend on m. From this inequality it follows that
b b
[smule + hoa ) + b, wyds <b [ )i f12 s
0 0
Asf(t,5) =0, 0 < s < 0.5,
IFIP <07 INysup{li 6,0 | + i w %),  r(d) <7 <7(0.5b)
we finally establish the inequality

b/2
[ e + 1 o + bw, w)p ds
0

hm  pb/2 .
< 2 [ e+ o 4 b, ) ds
<0

bm+1

b 2
—m I
<y [ mifRas

< cupflwlt + GwlE, ) <7 <r2).

As m is arbitrary, u = 0if 0 <{s < 0.58, i.e., w(r) = 0, r & [7(0.58), 7,].
This contradiction proves that w(t,7) = 0, r > 0.

The assumptions of Corollary 1 imply assumption A of Theorem 1 since from
the equality liminf,_, || w|? =0 and either inequality (a) of Corollary 1 or
inequality (b) of this corollary if follows that liminf,  ||ow |2 =0 or

lim inf, ,, Re{8,w, 0,20> = 0.

CoOROLLARY 2. If in assumption (3) insiead of the inequality r | Q | I <L No,p,
the tnequality v | Q | << Nr~17 is valid, then for any solution w € Cy? to Eq. (1) the
inequality _[: e 2 4 || 80 |2 -+ || O |2 4 blw, w)} dr << o0 for 0 <k < ©

holds.

3.

Consider the equation

Ol = &(acolt, %) ) — 8,(au(t, %) ) -+ qt, %) u = 0.
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THEOREM 2. Suppose the following conditions hold:
(1) ay(t, x) = po(t, ) 8;; — r2a(t, x) x;%; , 8;; being the Kronecker delta.
72 =i, polt, %) alt, %), ae(t, x), gt ¥)€ CHR X (RY — Sp)), S(ry) =
{x: | x| <7y, xRV}
() >0, polt,2) — alt,x) >0, ¥ > r,.
(3) ’\91 <N087(P0—a)78rp0<0’ia| + |aoo_ (I/C)‘ + iPo“a_C|
+ 10, (pg — @) + 7| 0pp5 | < Ngr2, 8 >0, 7> Ry >ry, 0 < ¢ = const.
Let u(t, x) be a solution to Eq. (11), w = N1y, v > r,. Then u = 0 provided
that conditions («) and (A) from Theorem | are valid for w. For the function w the
assertions of Corollaries 1 and 2 hold.

Proof. Equation (11) for the function w can be written in spherical coor-
dinates:

1 o /. . Py ow .
O(@o(t, x) Ow) — 0 ((po — a) Ow) — m 0, (smN_I“] 8, ‘r'gg @]‘)
‘ N-—DWNN=3) | o -1
+ qw + (PO - a) 4r2 + (Ur(Po a)) 2 w
=0.
G = Gind, o sind =2 g, (12)

It is easy to verify that for Eq. (12) the assumptions from Theorem 1 and
Corollaries 1 and 2 are valid, H = L*S¥-1), S¥-! being the unit sphere in R¥.

From [1] it follows, that for central-symmetiic gravitational fields the theorem
of the uniqueness of the harmonic coordinate system can be reduced to the
uniqueness theorem for Eq. (11) for N = 3, ¢(¢, x) = 0. In particular for the
Schwarzschild field a = cr~22, p = ¢, a4, = ¢ Y1 + ar ™) (I — ar 1), S =
S, [1, p. 288].
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