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A generalized mixing matrix for leptons is presented based on a composite model of quarks and leptons. The mixing 
matrix is expressed in terms of one parameter, which is determined either by discussing that it is identical to that of the 
quark mixing matrix or by assuming that the observed solar neutrino flux results from neutrino oscillations. 

The problem of generations of  quarks and leptons may be viewed as indicative of  a new symmetry group (the 
horizontal group), or of  a composite model [ 1]. Despite some difficulties in the models, which are characteristic 
for an infant stage of  research, in particular the question of  the mass spectrum, both directions have been pursued 
vigorously in the last few years. 

In a composite model of  quarks and leptons, the generations are considered to be radial excited states with zero 
angular momentum. Assuming that it is a bound-state problem of two-body systems, several authors [2 -4 ]  propos- 
ed a method to calculate the mixing matrix (thereafter called the U-matrix). Recently the author [5] and Akama 
and Terazawa [6] independently calculated the U-matrix for various potentials and compared the result with the 
available experimental data. 

(a) The quark mixing matrix. The authors assumed the potential is energy and angular-momentum dependent 
and is divided into two parts, 

V(r,E, l)= V(r)+ VI(E), (1) 

a local potential V(r) and the r independent but E and l dependent part Vl(E ). By this assumption, the author dis- 
sociates the question of  the mass spectrum and the nonappearance of  orbital angular momentum excited states [5]. 
Then the U-matrix elements for quarks are expressed as overlap integrals of  the wave functions of  the up-quark series 
and the down-quark series. It is shown that the result depends on one parameter which is determined by the experi- 
mental value of  the Cabibbo angle. Among the potentials used (a harmonic oscillator, the Coulomb, and a rigid 
wall potential), a harmonic oscillator potential gives the most satisfactory result. [For a potential V(r) = ar s, the 
suggested value of  the exponent is [5] s = 2_+41! For simplicity, I will use a harmonic oscillator potential 

V(r) = ½ moo 2 - r 2 (2) 

The s-state wave functions are given by [7] 

Rn(r , k )=(_ l )n_ l {2P(n+ a)k3/p(n)[p(~)]2)l/2 exp(_~p2)F(_(n 3 2 - 1 ) ;~ ;p  ) ,  n = 1 , 2 , 3  . . . .  (3) 

where 

p = kr = x/-m~r, (4) 

and F(a; b; z) is the confluent hypergeometric function. Assuming that the up-quark and the down-quark system 
have different k values (k, and k' ,  respectively), the matrix element anl of the U-matrix is then given by [8] 
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ant = f Rn(r, k)Rl(r, k')r2dr 
o (5) 

[ ( 2 n -  1)!! (21- 1)!]) 1/2 (--1)n-1 ~(2n 2)!! (2/ 2)r! (sin 0)3/2 (cos o)n+l-2F(-(n - 1), - ( l  - 1) ;~ ; - tan20) ,  

where 

s i n 0 = 2 z / ( l + z 2 ) ,  c o s 0 = ( 1 - z 2 ) / ( 1  +z2) ,  z = k / k ; = t a n ½ 0 ,  (6) 

and F(a, b; c; z) is the hypergeometric function. The explicit form Ofanl(n, l <<. 4) is given in ref. [5]. From eq. 
(5) and (6), follow the symmetry properties 

anl(O ) = ab, (Tr -- O) = (-1)n+latn(O ) . (7) 

The U-matrix is obviously an orthogonal matrix since the solution (3) is an orthonormal complete set. We notice 
that al! has the simplest form and is given by 

al! = [(2l - 1)!!/(2l - 2)!!] 1/2 (sin 0)3/2 (cos O) l-1 , l = 1,2 . . . .  (8) 

It obviously satisfies the condition 
o o  

2 ( 2 l -  1)![(co s o]l_ 1 = (sin 0)3(I - cos20) -3/2 = 1 (9) ~ a l l  = (sin 0)3 l l  (21 - 2)!! " " /=1 = 

Equating 

a12 = (3/2)1/2 (sin 0)3/2 cos 0 (10) 

to the experimental value of the Cabibbo angle 

sin 0 c = 0.219 , (11) 

we obtain 

sin 0 = 0.983 (or z = tan ~- 0 = 0.931). (12) 

This leads to the determination of the U-matrix for quarks 

/ 0 . 9 7 4 6 \  0.219 0.0450 0.00892 i 1 

f -0.219 0.892 0.376 0.113 

U = ~  0.0450 -0.376 0.753 0.495 , (13) 

~\ -0.00892 0.113 -0.495 0.571 

These should be compared with the values obtained from the experimental data [9] 

fall I = 0.9737 + 0.0025, lalzl = 0.219 + (0.002; 0.011) lal31 = 0.06 + 0.06, (14) 

(input) 
and [10] 
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0 . 1 9 2 < 1 a 2 1 1 < 0 . 3 4 ,  l a 2 2 1 = 0 . 8 - + 0 . 2 ,  1 a 2 3 1 > 0 . 0 1 .  (15) 

(b) The observed solar neu t r ino f iux .  Studies of  the solar neutrino flux indicate that the observed flux is 0 .25 -0 .38  
times the theoretical value expected from the standard model of  the nuclear reaction in the sun [11 ]. This may not 
be definitive evidence for neutrino oscillations, since a subtle change of  the solar model  could change the expected 
solar neutrino flux. 

Let us calculate the depletion rate of  the solar neutrino flux due to neutrino oscillations defined by 

(the solar neutrino flux with neutrino oscillation) 
I -  (the expected value without  neutrino oscillation) " (16) 

The value of  I is obtained [12] from the U-matrix element for leptons, the neutrino masses m 1, m2 . . . . .  the energy 

E of  v e = a l l y  1 + a l2v  2 + ... and the distance between the sun and the earth, L;  

I - e ( v  e -~ re) (17) 

= [alnl  2 e x p ( - ~ i m n L / E  ) = ~ Laln[ 4 + 2  laln121all[ 2 cos½(m~ -m~')r/E--, ~ tal,~L 4 . 
n=I n=l  

2 _ m/2 >> (10_6 eV)2 so that the ar- Here we have assumed that all neutrino masses are smaller than 1 MeV and m n 
gument of  cos in the above equation is a large number.  [Averaging over L makes the oscillating term vanish in this 
case.] From eq. (8), it follows tha t* l  

I = ~ [aln 14 = (2n + 1)!!(cos o)4n (sin 0) 6 
n=l n=O (2n)!! (18) 

3 = F(~-, ~ ; 1; cos40) (sin 0) 6 = (2/Tr)[sin20/(1 + cos20)] E ( [ 2  cos 0/(1 + cos20) ]2) ,  

where 

~r/2 

E ( m )  = f  (1 - m  sin2t) 1/2 dt (19) 

0 

is the complete elliptic integral of  the second kind. Fig. 1 depicts the 0 dependence of  the quanti ty I.  If  one assumes 
that  the U-matrices of  quarks and leptons are identical,  one obtains 

I = (2/ lr)[s in20/( l  + cos20) ]E( [2  cos 0/(1 + cos20)]2)lsin0=0.983 (20) 

= (0.9746) 4 + (0.219) 4 + (0.045) 4 + (0.00892) 4 + . . .  = 0 .905 .  

This value is much too large compared with the observed value 

lob  s = (0.25--0.38) = average value of  0 .32 .  (21) 

¢1 We have used the identities 
F(a, b;a - b + 1;z) = (1 -+ x/~)-2aF(a,a - b + 1/2; 2a - 2b + 1; +- 4,4q(1 -+ x/~)-2), 

F(a, b; 2b; z) = 22b-1P(1/2 + b)zl/2-b(1 - z) l /2(b-a-l /2)P l /2-b t~ _ z/2)(1 - z) -1/2 
a - b -  1/2 ~'x 

and 

Pl/2(z) = (2fir)[z + (z 2 + 1) 1/2 ] 1/2E(2(z2 - 1)1/2/[z + (z 2 - 1) 1/2] ) .  

See ref. [13]. 
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• Fig. 1. I = P(u e --* v e) as a function of the parameter 0. 

In the next subsection, assuming that the observed value o f / i s  due to neutrino oscillations we determine the U- 
matrix for leptons. 

(c) An  alternative choice for  the lepton mixing matrix. From the equality 

lob s ~ 0.32 = (2/70 [sin20/(1 + cos20)]E([2 cos 0/(1 + cos20)]2) ,  

we obtain 

sin20 = 0.6 (sin 0 = 0 .775) .  

(22) 

This gives the U-matrix for leptons to be 

U= 

i 0 6 8 2  0.528 0.373 0.255 iii1 
-0 .528  0 0.289 0.395 

0.373 -0 .289  -0 .368  -0 .196  

-0 .255  0.395 0.196 - 0 . 1 2 0  

. , ,  (23) 
The vanishing value for a22 is the result of the expression 

a22 = (sin 0)3/2(1 - s cos20) ' (24) 

and the value chosen for the parameter cos20 = 0.4. Table 1 gives the values of the mixing matrix elements and the 
depletion factor I of the solar neutrinos for Various values of the parameter sin 0, Since the two choices for the 

Table 1 
The lepton mixing matrix elements anl and I [deffmed by eqs. (17) and (18)] for different values of the parameter sin 0. 

sin 0 I a l l  a12 a13  a14  a12 a23  a24  a 3 3  a34  a44  

0.983 0.905 0.975 0.219 0.0450 0.00892 0.892 0.376 0.113 0.753 0.495 0.571 
0.813 0.379 0.733 0.523 0.340 0.214 0.112 0.388 0.442 -0.343 -0.0712 -0.260 
0.775 0.318 0.682 0.528 0.373 0.255 0 0.289 0.395 -0.368 -0.196 -0.120 
0.720 0.250 0.611 0.519 0.403 0.302 -0.125 0.149 0.296 -0.333 -0.289 0.0697 
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lepton mixing matrix, eq. (13) or (23), are vastly different, we are analyzing the existing experimental data for 
neutrino oscillation and the/~ -~ e7 experiment based on either of these choices. The result will be reported else- 
where. 

It is a great pleasure to thank Vladimir Visnjic and Martinus Veltman for stimulation and encouragement and 
David Williams for reading the manuscript. The work is supported in part by the US Department of Energy. 
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