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A martingale argument is used to derive the generating function of the number of i.i.d.
experiments it takes to observe a given string of outcomes for the first time. Then, a more general
problem can be studied: How many trials does it take to observe a member of a finite set of strings
for the first time? It is shown how the answer can be obtained within the framework of hitting times
in a Markov chain. For these, a result of independent interest is derived.

Hitting times runs
sequence patterns martingale

1. Introduction

In recent years there has been an increasing interest in the following type of
questions: If letters are determined randomly and lined up in a string, how long do we
have to wait to observe a given word for the first time? Or, how long de we have to
wait to observe a member of a certain class of words for the first time, and which will it
be? For a more complete history, the reader might wish to consult [2], [4], and [6],
and the references quoted therein.

In this note, answers are given in terms of the expected value and the moment
generating function of the waiting times, for which explicit formulas are developed.
In the existing literature, mostly combinatorial arguments have been used. In
contrast, our note first presents some general results for hitting times in a Markov
chain (Sections 2 and 3) which are useful if the expected values and the moment
generating functions of the hitting times are known. This is indeed the case for the
questions at hand. In Section 4 martingale arguments are used to derive an explicit
formula for the moment generating functions, which then can be substituted in the
general results of Sections 2 and 3.
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2. Hitting times in a Markov chain
Let Xo, X1, X5, . . . be a Markov chain with stationary transition probabilities. We

denote the states by a, b, c, . . . and, for simplicity, assume a finite number of states.
Let

Ny =min{t: X, =b|Xo=a} (1)
be the waiting time for state » when the Markov chain starts at state a. Let

¢ab = E[Nas] (2)
and

gar(2)=E[z"*], 0=<z<1 3)

denote its expectation and generating function, respectively. Often we shall omit the
argument z and write g, instead of ga,(z). We assume that all states communicate
with each other. Together with the assumption of a finite state space, this implies that
e is finite for all a, b.

Let by, by, . .., b, be n different states. We are interested in the questions which of
these states will be hit first (if we start at X, = 0, say) and when will this happen. For
simplicity, we shall write j and N; instead of b; and Ny, respectively. Let

N =min{Ny,..., N,} 4)
and let
poi =P(N =N;) (5)
denote the probability that state j is the first to be hit.
By conditioning, we see that

eoi =E[N;]= E[N]+E[N,- N]=E[N]+ 21 Pojen (6)

where e;;= 0. Since
Porit:+pon=1, )]

we have a system of n + 1 linear equations for the unknowns E[N], poi, . . ., pon:

01 1---1\ /E[N] 1

1 Do1 €p1

1 Po2 |= [eo2] . (&)
. €ji . .

1 I \ Pon €on,

The entries of the coefficient matrix in row 0 and column 0 are as shown; the (i, )H)th
entryise;fori,j=1,2,...,n.
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In the special case n =2, this matrix equation can be solved readily; we find that

€01€12 1+ €92€21 — €12€2)

E[N]= 9)

e1a+en

and a formula that appears as Corollary 2, p. 65, in [1]:

€02+ €21~ €01 eo1t+e12—ep2
pp=—"T-—"—"  pp=——"—. (10)
e1nte €127 €21
Eq. (8) has a unique solution in the general case:
Theorem 2.1. The coefficient matrix of (8) is nonsingular.
Proof. Let M denote the coefficient matrix, and let
11 1--+1
€01
A= €02 . (11)
. €ji .
€on
We apply Cramer’s rule in (8) to isolate the unknown E[N], and find that
E[N]: det M =det A. (12)

We shall use this and the fact that E[N]is positive to show by induction with respect
to n that

(=1)" det M >0. (13)

First, for n =1, det M = —1. For the induction step, we assume that (13) holds for
any set of n different states and denote by M,,.; a matrix corresponding to M for
n + 1. We shall show that sign(det M, ;) = —sign(det M).

We expand det M,,.; by minors using column 0 to see that

n+1

detM,..= ¥ (-1)" det B, (14)
k=1

where the matrix By is obtained by deleting column 0 and row k in M, .. Let A,
denote the matrix that results when the kth column of matrix B, is moved to the
front. Hence det B, = (—1)* "' det A,, and (14) reduces to

n+1

detM,.;=- Y det A, (15)
k=1

Each of the matrices A, is of the same type as the matrix.4. Thus, because of (12) and
the induction assumption, sign(det A;)=sign(det M). But from this and (15) it
follows that sign(det M, ;) = —sign(det M).
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3. Generating functions

From (8) we can compute the probabilities for each state among by, . . ., b, to be
hit first and also the expected waiting time until the first hit. This computational
method is useful for only those Markcv chains for which e;; can be easily calculated.
One such example is the process of repeated experiments with sequence patterns of
experimental outcomes as the states. For this Markov chain, a martingale method for
calculating e;; is given in [6]. In the next section we shall extend this method to the
calculation of g;. In this section we derive a system of equations that allow us to
compute P(N = t) and P(N = N; = t) for any state b; and positive integer ¢ in terms of
8ij-

Let I; denote the indicator function of the event that N = N;. By writing N, =
N +(N; — N) and distinguishing according to which of the states is hit first, we see that

g0 =Elz%1= ¥ guELz"T] (16)

Note that this generalizes (6), which can be retrieved by taking the derivative at z = 1.
Combining (16) with the obvious identity
E[z"]+- - - +E[2 1= E[2"] (17)

we get the following matrix equation:

-1 1 1---1\ /E[zM] 0
0 E[z"I] go1
0 8ii E[Z.le] =| 8oz |- (18)
0 E[z"L]  \gon

Then, the coefficient of z* in the power series of E[z "I;]is the probability P(N = N, =
1).

There is a connection between the coefficient matrix M of (8) and the coefficient
matrix, say G(z), of (18). Using

d
€ij =d—z—g.-,-(2)lz=x (19)

and some well-known rules for the calculation of determinants, we find that
k

d ,

a;fdetG(z)lz=1=0 fork=0,...,n-2, (20)
dn—l

‘Tz—,,—:fdet G(2),=1=(n—-1)'det M. (21)

In other words, if det G(z) is expanded by powers of (z — 1), the first nonzero term is
detM - (z-1)"""In particular, this shows that the function det G(z) is not identical
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to zero. Therefore, (18) can be soived - at least in principle. In the special case n =2
we find that

+ — ——
E[ZN]___gOI 802 — 802821 801812

22
1-g12821 (22)
and
E[ZNII]=301“802321’ E[z"L]= o2~ Bnidz (23)
1-g12821 1-g128n

Remark. As pointed out and elegantly shown by areferee, (18) has a unique solution
for any Markov chain with countable state space, since G, = (g;), i,j=1,...,n,is
nonsingular for all #. This is obvious for n = 1. By the induction assumption G, is
nonsingular. Then the system

X181+ + Xngnj = Bn+1js (24)

j=1,...,n, has a unique solution which (because of (18) with 0 replaced by n +1)
must be x; = E,+1[z"L;]. The matrix G, ., is singular if and only if this solution
satisfies 24) forj=n+1, i.e., if

En+1[ZNI1]g1 n+e1 o +En+l[zNIn]gnn+l = Bn+1n+1- (25)

The left-hand side is the generating function of the time needed to reach b, starting
in b, ., if one first has to visit the set{by, . . ., b.}. For 0 <2 <1 its value is strictly less
than one, which is the value of the right-hand side.

4. Sequence patterns in repeated experiments

We shall use the following notation: If B =(by,...,b) and C =(cy, ..., c;) are
two ordered sequences, the symbol (B/C); stands for the condition that

bl = Citl—jse ooy b,' =Ci (26)

i.e., that the first j members of B are the last j members of C. Note that this condition
cannot be satisfied unless j <min(k, ;.

We consider an experiment that has countably many possible outcomes. This
experiment is performed repeatedly and independently. Let Z, denote the fth
observation. If B = (b, . . ., bx) is an ordered sequence of possible outcomes, we are
interested in the number of experiments it takes to observe B for the first time. We
shall also study the more general (but perhaps less natural) case, where a sequence
A=(ay,...,an)is already given at the beginning. Then it is assumed that B is not a
connected subsequence of A.

We associate to this problem a Markov chain as follows: The state space consists of
the integers 0, 1, . .., k, and the state at time ¢ is

S, =max{j: (B/ W,);}, (27)
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where W, =(ay, ..., m Z1, ..., Z;). Note that a pcsitive increment of the process
{S:} is necessarily one. Then

Nag =min{t: S, = k}=min{¢: (B/ W)} (28)

is the number of experiments it takes to observe B for the first time (if we are given A
to start with).

Before we compute the expectation and the generating function of N4p, we
introduce the following notation. First let P(x) denote the probability of outcome x
in any particular experiment. If C is another sequence of possible outcomes, we
define the function
-7

z
C+B(z)= { :ls'skandBC-], 29
@=L{555 Fay 1</ (B/C), (29)
where z #0.
It has been proved in [6] (and, for some special cases, in [2]) that
E[Nagl=B *B(1)-A = B(1). (30)

We generalize this result as follows:

Theorem 4.1. The generating function of Nag is

1+(1-2)A *B(z)

Napl—
E[z722] 1+(1-2)B * B(z)’

0<z<1,

Note that this expression is particularly simple, if no initial sequence is given (in
which case the numerator becomes one) and if the sequence B consists of identical
outcomes, i.e., where B is a ‘run’ (of successes, for example). For this case, the
generating function has been known for some time, see [3, Section XIII.7]. In [5,
Section 7.3] and in [7, appendix] it is also shown in certain cases how the generating
function can be found with a flow graph analysis combined with the method of
collective marks (or additional event m:thod).

Proof of Theorem 4.1. For j=1-m and t=0 we define M}" as follows. Set
M =1 for t<j,

[P(by) -« - P(br—j)] ™", i (B/W.)eejur,

: (31)
0, otherwise

M:i) ={
for j<t<j+k, and M =M}, _, for t=j+k. Imagine a gambler whose initial
fortune is 1, and who, starting with the jth experiment, wages his total fortune
sequentially on the cccurrence of the sequence B. Then, assuming fair bets, M'” is

the gambler’s fortune at time ¢, and it follows that {M{”, t =0} is a martingale for
every j. Thus

X, = j__ Z7MYD =0 (32)

j m
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is a martingale for 0<z <1. Since M <, where k ' = P(b;) - - - P(by), it follows
that

Xisk—, (33)

and from this that
Xo=E[X.] (34)

for any stopping time ». In the following let v = Nsp. Then

x=( e 5+ 5 )

1-m j=v-k+1 j=p+1

v v

= T 2RO POy )T B Wl

j=v-k+1

v

k .
=z" ¥ 2 {[P(b) -+ PBI]™: (B/B)}+1-

-2[B B+ —]. (35)
Similarly,
0 .
= ) ; kzl—l{[P(bE) st P(bl_,')]«ll (B/A)l_i}'{"l—i——
Pl
1
=A*B(z)+—. (36)

1-z
Finally, we substitute (35) and (36) in (34), and solve for E{z").
Now let n sequences By, ..., B, be given. Let N; denote the number of experi-

ments it takes to observe B; for the first time, and let N be the minimum among
Ni, ..., N.. We define the generating functions

p(z)= Y P(N=N,=1)z" (37)
t=1
and
p(z) = § PN =1)z'. (38)
t=1

We assume that none of these sequences is contained in any of the others, which
excludes ties. In this context we consider the following Markov chain: The state at
time ! is an n-tuple, where, as in (27), the ith component is the length of the maximal
overlap between the tail of the sequence W, and the beginning of the sequence B..
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Note that not all the n-tuples qualify as states. For example, if n =2, B, =
(a, b,b,c), and B,=(b, a), the pairs (0, 1), (1,0), (1,2), (2,1), (3,1) and (4, 0)
constitute the state space.

Applying (18) and Theorem 4.1 to this Markov chain, we obtain the following
matrix equation:

/—11 1~--1\/p(z) 0

- [m@)| [asBi@)+

I - .o (39)
. Bi*Bi(Z)
1

1=» pn(z) A*B..(Z)+1__z

A system of equations comparable to this has been derived by combinatorial
arguments, see [4, Theorem, 3.3].

If n =2, (39) can be solved explicitly. Alternatively, we can use Theorem 4.1 in
(22) and (23) to obtain formulas for p(z), p;(z), and p.(z).
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