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An analysis is made of the characteristics of internal symmetry and symmetry breaking in a
quantum field theory with generalized parastatistics, defined by either double commutation
relations or single commutation relations. The connection between the two statistics is
clarified. We develop a formalism in which statistics is viewed as a dynamical or phase
variable of quantum systems. It is shown that the types of Higgs phases possible depend upon
statistics. Relationships between physical amplitudes implied by internal symmetry with
normal statistics are violated in the case of generalized parastatistics.

1. INTRODUCTION

A physical system is described by a set of equations of motion. In quantum field
theory further appropriate commutation relations among fields are imposed as extra
conditions. While the general axioms of quantum field theory imply the standard
spin-statistics commutation relations for normal bosons and fermions, those used for
existing particles, there is no a priori reason not to have a more general set of
commutation relations appearing in nature. In fact, starting with only Heisenberg’s
equations of motion, Green proposed a general set of commutation relations known
as parastatistics [1]. In this theory the fundamental relations are double commutation
relations with fields, ¢(x), satisfying the relations, being expressed in terms of Green
components, ¢;(x), as

#{x) = ﬁ ¢:(x), p = integer, (1.1)

i=1

where each ¢,(x) satisfies canonical relations for the same index and

+ bosons
— fermions

[6:x) 6] =0, (=) (1.2)

Recently, the authors proposed a more general set of parastatistical commutation
relations as a solution of Heisenberg’s equation of motion, hereafter called
generalized parastatistics [2] or general statistics. This formulation allows the
elimination of the Green Ansatz constraint, Eq. (1.1), resulting in the identification of
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an internal symmetry index with the Green indices. In Ref. [2] it is noted that the
generalized parastatistical commutation relations are covariant under internal
symmetry transformations instead of invariant as in the case of normal commutation
relations.

In this article we show it is the covariant nature of the commutation relations
which breaks internal symmetry existing in the case of normal statistics. Starting with
a Lagrangian, symmetric under an internal symmetry group transformation of
classical fields, diffeent generalized parastatistical commutation relations can be
assumed for the quantum theory provided locality is satisfied. By locality we mean
interaction terms commuting at spacelike separation. Each set of commutation
relations breaks the symmetry existing with normal statistics in a unique manner.
This can be viewed as a new symmetry-breaking mechanism or symmertry
transmutation which, unlike the Higgs mechanism, has no classical analogue. This
formalism has possible applications to symmetry breaking in particle theory, such as
the quark—lepton generation problem or supersymmetry, as well .as in statistical
mechanical phase transitions between systems of different statistics.

In Section II we briefly recapitulate the characteristics of generalized parastatistics.
In Section III we develop the field theory for generalized parastatistics in a functional
integral form and discuss possible physical realizations of different statistics. In
Section IV we exhibit the canonical formalism for a generalized parastatistical field
theory. Section V contains a discussion of symmetry transmutation with a model
SO(N) ¢* theory. In Section VI the constraint of locality on possible interaction
terms with an internal symmetry is discussed. A general summary and discussion
follows in Section VII. In Appendices A, B, and C the most general form of statistics
allowed for real and complex scalar fields, obeying simple commutation relations, is
derived. In-Appendix D it is shown that momentum-dependent commutation relations
exist for which an SU(N) invariant interaction term is local.

II. GENERALIZED PARASTATISTICS

Starting only with the requirement of Heisenberg’s equation of motion
i[H, §,(x)] = 6;(x), (2.1a)

where j represents an internal symmetry index, and
. 1 S - - |
Ho= 3 X[ @ (16606691 + (9,00, 94,001 + m{8), 8,01 Q.10
J
one can assume general commutation relations for real parabosons,

[{6:06), §5Ce M (x| = o= = =200 —X) 3 7,/'9 (), (2.2a)
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[{8:0), $1x) s (X" = o = = 20F = F) X 7'6,(x)

n

(2.2b)
~28(E TN 71, 0)
(16:x), () XMl 1

= 2i5(%" — XY\ Ul (x) + 2i6(xX — F") N yf”{]ﬁ,,(x’). (2.2¢)
[{@:(x), 6;(x I 6" Wl 0= 04 (2.2d)

with constraints
N Vi," oy, (2.3)

and

yil=yil. (24)

Here the generalized matrix y¥' is real for neutral scalar fields 9,(x). Equations (2.3)
and {2.4) derive from Eqs. (2.2) and the Jacobi identity involving 8,(x), ¢(x ) and
d/x") at equal time, respectively. Similar equations can be assumed for parafermions
with the anticommutators in Egs. (2.2) replaced by commutators.

A special solution for y/! is gotten by assuming, in Egs. (2.2),

N
9x)= N a;;0%(x), (2.5)
j=1
where ¢4 (x) are Green components satisfying canonical commutation relations and
Eq. (1.2), and where a is an orthogonal matrix. For Eq.(2.5) substituted into
Egs. (2.2), the resulting form for y¥' is

il — \ * *
Yo = a; a_imalma nimt* (26)
m

In Ref. [2] it was proven that the form in Eq. (2.6) follows from Egs. (2.2). (2.3),
(2.4) and the symmetry relation

vat =y, 2.7

with appropriate properties of the physical vacuum. It is important to note that
different vilinear commutation relations for ¢{¢ other than Eq. (1.2) may result in a
different form for y¥' satisfying neither Eq. (2.6) nor Eq. (2.7).

The commutation relations in Eq. (2.2) are covariant in the sense that an
orthogonal transformation on ¢,(x),

9i(x) =2 474,(x), (2.8)

595/149/2-15
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induces the transformation

W'=Y AgAf A an it (2.9)
i'j'l'n’
That is, the set {¢;} satisfies Eqgs. (2.2) with y¥' replaced by (y')“. Note that the
canonical commutation relations, those associated with normal statistics, are
invariant under such transformations.
Given a set of real boson fields (an extension to complex fields is in Appendix C).
{8}, and fermion fields, {y;}, define a bilinear statistics, [o], to be a set of numbers
{Pags Pij» Piat satisfying

{Pass Pijs Piet = {1}, (2.10a)
paB:pBa’pt{jzpj{i’pr{:z:pgi’ (210b)

and
Poa=pPii=1. (2.10¢)

The corresponding fields satisfy the equations

(8a(x) $(x") = Papbs(x") 9,(3)), - o = i8(X — F') 8.5, (2.11a)
(Pa(x) 95(x") = PasBs(x’) 9a(x))—, =0, (2.11b)
W) W) + oLl () W), = 6E— 7 8, (2.11¢)
(W) wix") + pyy(x ) wix)), -, =0, (2.11d)
and
(Wilx) 9o(x") = poiba(x") wi(x)),_, =0, ete. (2.11e)

Note that fields {¢,}, {w;}, satisfying Eqgs.(2.10) and (2.11), are solutions of
Heisenberg’s equation of motion, Eq. (2.1), with H, the kinetic energy part of the
Hamiltonian.

The two types of statistics represented by double commutators which are
covariant, Eqgs. (2.2), and those by single commutators, Egs. (2.11), both satisfy
Heisenberg’s equation of motion, Eq. (1.2). Defining I, to be the set of statistics
represented by double commutators and I the set represented by single commutators,
we show the relation between I'sand I', in Fig. 1; that is, neither set is included in the
other and I';M Iy is not empty. Namely, there are sets of fields satisfying single
commutation relations but not double and vice versa. We derive a relationship

Fig. 1. Sets of theories, I'y and I';, which satisfy the double and single commutation relations,
Eqgs. (2.2) and Eqgs. (2.11), respectively.
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between {p,;} and {ya=} for statistics in the intersection (I M I'y) in the case of real
bosons, as well as a constraint on {p,,} to be in the intersection.

Assume |¢,} satisfies Eqs.(2.2) and (2.11) ([o] € ;M T,). Then, substituting
directly Egs.(2.11a) and (2.11b) into Eq.(2.2a), one has the equation for
X#EXEX, t=t'=t",

(10400, 8500} 9. (6] = (1 + pap)(1 = PauPrs)

X 6,(x) §5(x") 8, (x") =0, (2.12)
which implies the constraint
(14 pog)(l = ) = 0. (2.13)
From Eqgs. (2.10) the result is that if
Pas =1, (2.14)
then
parc:prc[} (215)

for all k. That is, if ¢, and ¢, commute at spacelike separated points, they must have
the same commutation relations (commute or anticommute) with other fields. As
shown in Fig. 2, this implies the grouping of fields into equivalence classes defined by
mutual commutivity such that elements of different equivalence classes anticommute.

In the case that Eq. (2.13) is satisfied, we derive a relation between y2°* and p,,; by
substitution of Egs. (2.11a) and (2.11b) into Eq. (2.2), yielding

yﬁBM:%(l +paB)pan53K(5au' (216)

The same equations, (2.13) and (2.16), hold for fermions with «, f, x, ¢ replaced by i,
J» 1, n. In this case the equivalence classes in I, I'y are defined by mutual anticom-
mutation between fermion fields with commutivity between different equivalence
classes. With the choice of appropriate relative double commutation relations between
bosons and fermions compatible with single relative commutators, {p/ }, an
equivalence class structure exists. In this case normal statistics exists for bosons and
fermions in each class with abnormal statistics between the classes.

Fic. 2. Equivalence class of commuting boson fields, £(¢,) = {#5|p., = 1}, with statistics satisfying
both single and double commutation relations, I\ Ty,
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In the remainder of this paper we consider mostly field theories built on statistics
satisfying single commutation relations, I',. An interesting problem is the
construction and characteristics of field theories with any statistics in I',\U T,
especially in light of the non-invariance of these statistics under unitary transfor-
mations. Due to this property, generalized parastatistics (", I'y) intrinsically breaks
an internal symmetry existing with normal statistics and assumed in the classical
Lagrangian. By intrinsic symmetry breaking we mean the relationships between
various amplitudes implied by internal symmetry, such as isospin invariance, are
replaced by a new set of relations; each depending uniquely upon the commutation
relations assumed. We will discuss this further in Section V.

In Ref. [2] an analysis was made of the statistics implied by various invariant
interaction terms due to the constraint of locality; that is, commutivity at spacelike
separation. For example, the SU(2) invariant Yukawa interaction,

& v 9%, (2.17)

where w' and ¢’ are in the adjoint representation, satisfies locality with any set of
statistics {p} including normal or maximal parastatistical commutation relations. By
maximal parastatistical commutation relations we mean equal-time commutation
relations for fields with different indices given by

[wis ;] =0, {9:,9;} =0, {vin9;} =0, (i #J). (2.18)

On the other hand, the interaction terms invariant under SO(N) or SU(N) transfor-
mations,

V7in¢ij (2.19)
and

@79, (2.20)

are local with the appropriate assignment of generalized bilinear statistics between
different fields. In particular, note that Eq. (2.20) allows arbitrary sign assignment,
{Pas}s due to repeated indices while Eq. (2.19) allows arbitrary signs among fermions
as long as ¢" satisfies commutation relations of a ‘composite-rule type {2]. In
Section VI we discuss further the locality properties of invariant interaction terms, as
well as conditions on statistics for fields which take vacuum expectation values. A
normal Higgs mechanism is defined by fields taking VEV which are real numbers. In
this case such fields must commute with all other fields for consistency.

III. STATISTICS AS DYNAMICAL OR PHASE VARIABLE
A quantum system can be described by a functional integral over field fluctuations

weighted by the exponentiated action which is called the generating functional. The
statistics of the integration variables is imposed as an extra condition in the form of
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the commutivity of field variables, external fields, and their differentiation. In light of
Section II, statistics is not determined by equations of motion nor locality and
therefore may be viewed as a dynamical variable. The observed statistics may then be
a result of physical principles such as energy minimalization.

" In order to formulate this idea consider the generating functional extended to
include statistics,

2ol 011 = 2w ) o0 | [ 000+ T 0 470 %[ 3.1

where J,, j, are external sources for spin 3 and spin 0 fields with Green index (i) and
(a), respectively. The new variable [¢] represents a set of commutation relations,
Eq. (2.11), which are consistent with locality of interactions in #'(¢, v). In other
words, each [o] represents generalized parastatistical bilinear commutation rules
which are reflected in the set of numbers {p_;, p;;. p/,} defined earlier, and is used in
the exchange of the order of differentiation:

6 6 6 ¢
—éz—aj—.ﬂ—:paﬁa-gj'a—, (3.23)
é o , 0 0
B}TSTJZ—PUEJTSZ’ (3.2b)
é 0
o _pr 0 etc. (3.2¢)

5, g,

For the Legendre transformed generating functional, I'(¢,,, v;, ,), one needs rules for
differentiation given by

o 0 o o
30, 30, ' 36, 56, (3-3a)

0 o
O g0 (3.3b)

Su; v, i3y, by,

where ¢,, y, are the expectation values of the fields. Note that the spin-statistics
relationship, derivable from microcausality and positive energy requirements, implies

Poa=Pi=1 (3.4)

The formulation, represented by Eq. (3.1), is an entirely new way of viewing the
meaning of statistics in that [o] plays the role of a dynamical or phase variable as a
state label, as well as a boundary condition. Different values of (6] = [o,]..... |0, ] all
correspond to physically allowed and available states as long as locality is statisfied.
(The latter is required for consistency of the theory.) Then the solution, |o,],
corresponding to the observed statistics in nature, is that which gives the minimum
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vacuum energy. A model SO(3) ¢* theory (utilizing the Higgs mechanism) can be
constructed in which exactly this condition determines the statistics [3].

Deferring details of the formulation to later sections, some general remarks are in
order. In the non-interacting theory all propagators are diagonal and independent of
|o], therefore the Feynman rules for interacting systems differ only in the vertex
rules. It will be shown explicitly that a choice of statistics other than the normal
canonical type leads to the breaking of internal symmetry relations such as isospin
invariance. This symmetry breaking is intrinsically quantum mechanical and
intimately related to the choice of statistics which minimizes the vacuum energy. As a
preliminary consideration the canonical formalism for bilinear generalized
parastatistics will be shown in the next section.

IV. CANONICAL FORMALISM FOR GENERALIZED PARASTATISTICS

Generalized parastatistics requires a modification of the standard operator
definitions and the LSZ reduction in the canonical formalism of quantum field
theory. For simplicity in what follows we will consider only real scalar bosons.

Given ¢,(x), a =1, 2,..., N, define the time-ordered product

T(@a(x) 65(») = 0(x° — 3°) (%) $5(¥) + Pag O(¥° — x°) 85(y) (), (4.1)

where p,; is an element of the set associated with [o] defined in the previous section.
This operator is generalized immediately,

T o) ) = X o (007 ) 0t —37) o B =2

perm. 1 n

“Pa x1) o Poxn); (4.2)

where p(‘;lsj:jz:,:) is the product of p-factors associated with each successive
permutation defining the overall permutation ( ‘;lsj : ;g:).

Due to the fact that the non-interacting theory is independent of [c], the field
operators in the interaction representation are identical to the canonical field
operators with normal statistics. Therefore, they have the same positive and negative

frequency decomposition,

Pa(x) =9, (x) + 95 (x), (4.3)

where ¢* denote positive and negative frequency parts. Define the normal-ordered
product,

10a(x) 95(¥): =02 (X) 65 (¥) + 62 (0) b5 (1) + 82 (x) 85 (1) + Papfs (¥) 925 (%), (4.4)

with obvious generalization to :¢, (x,) --* 4, (x,):
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Define further c-number functions, f, _(x,y) and f__ (x, y), by equations

Pasdd(x) 05 () =05 (») () + oS _(x,7), (4.5)
Papba(X) 85 (¥) =05 ()9, (X) + 0,5/ (X, ). (4.6)
From Egs. (2.10) it is easy to show
[r )=, (»y.x) (4.7)
Note that
0afs =Pap 0500 (4.8a)
and
T(o03) =Pas T($560), (4.8b)

with obvious generalization to an arbitrary number of fields in the product. From
Eqgs. (4.1), (4.2), (4.5), (4.6) and (2.10), one has

T(§aBs) = 10aPs: =00/, (5, 3) 0" —¥°) +/_ (1, x) 6(3° — x°)]. (4.9)

Therefore, contracting with |0),

O TP, 95)|10) = ~6 5[ £~ . (X, ) OC° = y°) + 1 . (», %) 6(»° —x")|, (4.10)
and finally,
T(9,85) =:0,8,: + (0] T(9,0,)0). (4.11)

Starting from Eq. (4.11), and following the induction proof of Wick’s theorem, we
have the generalized Wick formula:

TG, (%) b (x,)) = 16,,(x) - 8, (x,):
+ X Pl oy 10,,06,) -+ 6o () - G (X)) oo

ij

.
+ i p{ai’ Aps Qs a[}
ijki

90,(51) 0+ B0 (X)) B (X)) -+ B (6) o+ G () -+
. (4.12)

where the contractions are accompanied by the p-factor necessary to bring contracted
fields next to one another, e.g.,

oo, a;} 1—[ Paja,= rl Papa, (for a;# a)), (4.13)

m=i+1 m=i+1
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and
Ba (X1) B (X)) = O] T(4,,(x)) B (x,))|O). (4.14)

Again, due to the independence on satistics [o] for fields without interaction, the
definitions of asymptotic fields, ¢'" and ¢°**, as well as the asymptotic condition, are
the same as normal statistics. The only difference that occurs in construction of the
S-matrix is the permutation symmetry of states and the appearance of p-factors in the
LSZ reduction formula.

Defining | j, .-+ j, in(out)) to be the properly normalized in(out) Fock states, we

derive the LSZ reduction formula;
<.]1 Jn out |ll lm ll'l>
= (Jy *+* j, out a;r, (p)™ iy - iy in)

+i J d*xf, ()@, + m*)
X (Jy e Jpout|g; (x)a;(g,)in|iy - iy in)p; ; _ (4.15)
- f d*xd*yf, (x)O, + m’)

X (Jy *++ Juout] T(@; (3) ;N iy -+ by )T, + m°) f3H(p).

The first two terms on the right-hand side of Eq. (4.15) can be cast in the form

tout ,in tout ,out

<j2 .]n Out|5i1j1+(ai| aj +ai1 all
_ a;rlinai‘n) Pij, iy oo by in), (4.16)

71
which has the direct diagrammatic interpretation of partially forward scattering. For
two-body scattering this simplifies to

(jrout|d;; +al°*aj'p, , |i,in), (4.17)

1/1 1

which indicates the appearance of p-factors in the amplitude. Note that p-factors are
embedded in the non-forward part of the S-matrix, Eq. (4.15), due to the definition of
the T-product, Eq. (4.1). The appearance of p-factors in the S-matrix signifies internal
symmetry breaking because p is not an invariant object except for normal statistics.
This is shown in the next section.

Other properties of the S-matrix, such as unitarity and Bogoliubov causality, are
defined in the same manner as normal statistics and have to be investigated in each
theory separately. For example, we would anticipate the same problem of non-
renormalizability and unitarity for a massive vector meson theory regardless of the
relative statistics [o] for fields. The lowest-order diagrams in a scalar ¢* theory,
investigated in the next section, satisfy the unitarity condition in the form of cut

equations.
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V. TRANSMUTATION OF INTERNAL SYMMETRY

It has been suggested that general statistics {o] induces symmetry breaking due to
the appearance of non-invariant p-factors in the S-matrix. We show this in a scalar
SO(3) ¢* theory by deriving amplitude relations unique for each statisics. These
results are generalized in a straightforward manner to SO(N).

Consider the classically SO(N)-symmetric Lagrangian,

2 =N ((0u8)Eub) + m6,8) — 8N (8.9.)0585). (s.1)
a afB

The lowest-order appearance of symmetry breaking occurs in the four-point function
at the one loop level. We show that the counterterms preserve the original classical
symmetry which allows us to write down an all orders S-matrix element with
appropriate p-factors.

Consider the four-point function G

aBurp
Gaﬁfcu(xl ) X35 X3, X4) = 0] T(Pq(x)) ¢1}(x2) 9 ,.(x3) ¢u(x4))l0>. (5:2)

Figure 3 contains the diagrams to one loop order. From the contraction rules in
Section IV one has the following results for the I'-function corresponding to
diagrams A, B, and C in Fig. 3;

rA :g(éaﬂéxu +p085n1c5[3u + énuéﬁ;c) (533)
and

FB+C :gz((éaBélcu +p055a»c63u + 6au55x)1(k1‘ kZ’ k3’ k4)' (53b)

where k; are momentum associated with a, §, k, ¢, and [ is the Feynman integral
associated with the diagrams. As can be seen from Eg. (5.3b) the counterterm
associated with (B + C) has the same factor as the Born term. Therefore, symmetry is
not broken by counterterms. In an SO(N) theory, this property holds in higher order
regardless of the subtraction procedure because all diagrams contributing to the four-
point function have the form of Eq. (5.3b). In other theories, such as SU(N) ¢* theory
or a theory with Yukawa interactions, ¢* counterterms do not break the symmetry as
long as symmetric subtraction, are used.

Due to the all orders invariance of the counterterms and the general form of the
reduction formula for the S-matrix elements, the two-body scattering amplitude can
be expressed as

Saﬁ—ﬂcu =A5a55K“ + BpaﬂéanéBu + C5auéﬂx’ (54)
where 4, B, and C are invariant amplitudes. In the case of scalars with an SO(N)

symmetry, A =B =C, and for SU(N), 4 =0. Equation (5.4) holds with Yukawa
interactions (in the following analysis we allow this possibility by not constraining A.
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o K
K\ 7k
A) 1 3
AN
s e K i
o K
o K
k1\ ﬁk3
c)
k2, §4
CHE

Fic. 3. Diagrams corresponding to Eqs. (5.3) for SO(3) scalar theory.

B, and C.), however, locality requirements exist on {p,;, p2;}, which we will explain
in a later section. We consider only the SO(3) case with adjoint representation,
a,B,k,u={1,2,3}, in order to show how transmutation of internal symmetry
occurs. Define the physical states 7% = (¢, ¥ ig,)//2, and 7°=¢,. The resulting
two-body scattering amplitudes for arbitrary {g}, derivable from Eq. (5.4), are given
in Table L. Also included are the cases of normal statistics (p,; =1 for all a, f),
maximal parastatistics (p,; = —1, @ # ), and mixed parastatistics.
For normal statistics isospin invariance results, with

f,=B+C, (5.52)

fi=B-C, (5.5b)
and

fo=34—-B—C, (5.5¢)

where f; is the amplitude corresponding to isospin I. Also, relationships among the
amplitudes are given by
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TABLE |

Two-Body Scattering Amplitudes among Physical States
for Various Statistics

Normal Mixed statistics Maximal
statistics .= L statistics
S(A.B,C,p) Pa=pn=pu=1 pu=p,=—1 pup=pu=pa=-I
1
ptrtontnt (%ﬁ)zuc B+C B+C c
st (l—)l%pz—‘> B B —B —B
A S o C C C C
) 1+
atn ontno A+(—2LHA)B A+B A+ B A
l_
ataT saat A+(%>B+C 44C A+C A+B+C
7°n® - 7°2° A+B4+C A+B4+C A+B+C A+B4+C
nlontn
A A
(:7[0710-;7[’71 ) A A
STt ont a4+ fatn® 12y =f(ntnt s atat), (5.6a)

S o )y~ f(a* 2 5 22 =f(ntn s ntn ) —f(ntr" s w*), (5.6b)
S@tnm sntrT )+ f(rtnT o) =f (7’7 > ntn )+ £ (7°7n° - n°2%),  (5.6¢)
and

f@ 572" —f(rtn 522 =f(atnt o atnt) (5.6d)

These relations of isospin invariance are all violated for general statistics. New
relations involving p-factors exist, such as

S’ > 7t 1) + 4(p1s + pp) f(t 2’ > nn ™)
=313 + 02 )f (11’ = 2°2") — f(2°n° s w7 ), (5.7)

and three others. Note that Eq. (5.6¢) holds for all statistics. In the case of mixed and
maximal parastatistics (3(p; + p,;) = —1), Eq. (5.7) gives

f@n’s>a*tn®)—f(@*n’ - 2’nt) = —f (2’1" > 2°2") + f(z°2° > ). (5.8)

The right-hand side of Eq. (5.8) is symmetric in isospin as well as space coordinates,
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therfore it contains only even parity functions. This corresponds on the left-hand side
to antisymmetric isospin and symmetric space coordinates. Of course, this is the
result of antisymmetric commutation relations between ¢,, ¢,, and @, in these
statistics.

The breaking of isospin invariance can be shown explicitly. Defining |/,1.)
(I =0, 1, 2) states,

12,2)=|n",n"), (5.9a)
2, 1>=% (7 2% + 172" ), (5.9)

one has amplitudes,

(2,2]2,2) = ((lizf‘—z) B+C) (5.10a)
and
<2,1y2,1>=<(”‘—zgﬂ)3+c), (5.10b)

which are equal only for p,, = 1.

The replacement of the isospin invariance relations, Eq. (5.6), by a new set of p-
dependent relations, Eq. (5.7), is what we call transmutation of the symmetry. It
results from non-invariance of the p-factors under the unitary transformation
necessary to rotate to a physical basis.

Note that in the quark model the pion, corresponding to a bispinor bound state in
SU(2), must obey normal statistics independent of the quark statistics because of the
composite rule [2]. Therefore, the above example is not applicable to physical pions
but exemplifies a situation which may exist for SO(N) or SU(N) ¢* or Yukawa
models.

VI. LocaLity, COMPOSITE RULE, AND HIGGS MECHANISM
In general, locality requirements constrain the statistics allowed for various

interactions |2]. We consider the cases of (a) SO(N) ¢*, (b) SU(2) Yukawa, and (c)
SU(N) Yukawa interactions.

(a) The SU(N) or SO(N) ¢* interaction,
2 (9ada)" (6.1)

allows any statistics [o] because of the repeated index (a more detailed study of
SU(N) locality is shown in Appendices C and D).
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(b) The SU(2) adjoint representation Yukawa interaction,
e, v,0, (62)

where ¢, is a scalar or vector meson, allows any statistics {o]. In this case each term
has fields of different index and the interaction term contains all combinations of the
indices, which makes locality in these statistics obvious. Note that this is the only
invariant form for the adjoint representation in SO(N) and indicates the uniqueness
of the SU(2) triplet representation.

(¢) The SU(N) Yukawa interaction in the adjoint representation for scalar or
vector mesons,

AVEL (6.3)

requires that ¢;; satisfy a composite rule |o| dictated by the statistics of ;. In other
words, the commutation rules of ¢;; are the same as a product y,; ;. In the case of
SU(2), the composite rule results in normal statistics for the meson ¢, (i,j = 1.2)
independent of fermion statistics, as mentioned earlier. Note that with the composite
rule the diagonal element ¢! commutes with any fields.

As was mentioned in Ref. [2], generalized parastatistics can exist among Green
components satisfying a local symmetry as well as a global symmetry. In both cases
the Goldstone-Higgs mechanism can be formulated in generalized parastatistics.
However, there is a significant difference in that only scalars which commute (as
opposed to anticommute) with all other fields can have a vacuum expectation value
unless extended number systems, which contain anticommuting c-numbers, are
introduced. This means, for example, that in the standard SU(2) X U(1) model the
Higgs particles must obey normal statistics. Therefore, from note (¢) above, in
generalized parastatistics with a composite rule candidates for vacuum expectation
values are the diagonal elements of an internal symmetry tensor, ¢} or ¢7/::.

In Section Il we derived a stringent constraint on {p,;} to be in the intersection
I'cm I, ie., satisfying both double and single commutation relations. The constraint
Eq. (2.13) results in the set of equivalence classes of commuting fields described in
Fig. 2. In particular, the usual Higgs mechanism is stringently constrained by
Eq. (2.13) and the resulting equivalence class structure. A field having a vacuum
expectation value must commute with all other fields in order to shift the field by a
constant which is an ordinary number commuting with all fields. Therefore, allowing
¢, to have a vacuum expectation value implies

Pas = 1. (6.4)

for all g, which implies, from Egs. (2.14) and (2.15),
Psp =1, (6.5}

for all § and 4. In other words, ¢; and @5 commute for all 8 and J. This implies that
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only normal statistics allows a standard Higgs mechanism for the class of theories
lo] in I, Iy. This can also be seen directly from the equivalence class structure in
Fig. 2 due to the fact that the field with a vacuum expectation value, commuting with
all other fields, cannot belong to any class unless the theory contains one class only.
In a forthcoming article [3] the authors consider the Higgs mechanism with arbitrary
statistics by the introduction of new number systems.

VII. SUMMARY AND DISCUSSION

In this paper we have presented a new formulation of quantum theory in which
generalized statistics is a phase variable. The concept of generalized statistics was
introduced in an earlier paper in which its incorporation with internal symmetries
was considered. This formulation is realized by taking the generating functional to be
a function of statistics [o] as well as external fields. Given the Lagrangian, the
statistics [o,] realized in nature is decided by minimalization of the vacuum energy
as a function of statistics [¢]. This leads to the possibility of a new type of phase
transition between domains of different statistics.

This view of statistics allows the statistics realized in nature to be different
depending on internal symmetry, interaction type, and initial conditions. Statistics
may well be time, coupling constant, and/or temperature dependent.

It is an interesting possibility that the statistics of the early universe may be
different from those of the present. Another possibility is a temperature- or coupling
constant-dependent phase transition between domains of different statistics |o]. The
intimate relationship between classical statistical systems at the critical point and
quantum field theories, in particular O(N) ¢* theories, suggests this possibility.

We also defined and developed the relation between statistics of single and
covariant double commutation relations. Restricting to the case of single
commutations, a canonical formalism for quantum field theory was presented. Based
on this, it is shown how original isospin invariance is violated when the physical
basis is transformed relative to the Green—type canonical fields in the theory. New
relations among amplitudes, involving non-invariant p-factors, exist; a process which
we defined to be symmetry transmutation. This is a result of non-invariance of
arbitrary single commutation relations under internal symmetry transformations.

The usual Higgs mechanism is constrained by statistics in that fields taking
vacuum expectation values must commute with all other fields. This implies, for [o]
satisfying double and single commutation relations (I';MI,), that only normal
statistics allows a Higgs mechanism. In the case of only single commutation relations
(I's—T;NTIy)) other statistics may have a Higgs mechanism. Note, however,
because normal statistics allows more directions of Higgs symmetry breaking, that it
is conjectured that with the Higgs mechanism normal statistics is favored in the
functional integral as statistics is varied. This may explain the predominance of
normal statistics at low energies. However, special circumstances, such as in
dynamical symmetry breaking, may favor abnormal statistics.
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An open question remains of the formulation of quantum field theory in the case
where double commutators, but not single commutators (I'y — (I'; N I'y)), define the
statistics. In this case all vacuum expectation values of a given number of fields are
defined recursively in terms of vacuum expectation values of a smaller number. S-
matrix elements are then defined in terms of the y-matrices appearing in Eq. (2.2). An
interesting possibility is dynamical symmetry breaking (a la Coleman and Weinberg)
with this statistics.

Finally, it is interesting to consider possible applications of this formulation to the
generation problem of the quark-lepton system, supersymmetry breaking, and phase
transitions in statistical systems.

APPENDIX A: GENERAL FORM OF p,4

In this appendix the most general single commutation relation are derived
consistent with Heisenberg’s equation of motion and the spin-statistics relationship.
For simplicity we consider only spin 0 boson operators.

_Assume commutation relations for boson operators, A%, a=1,2...N, and
k = three momentum,

AE\‘A%’r:paB(Ela)A%\‘A%f’ (A.1)
ARAY =&, k) A A+ 6, 4055 (A2)

where p““(l?, E’) and é“"(ki E’), a,f=1,2,.,N, are complex-valued functions with
the spin-statistics constraint for bosons,

pee(k k) =&k k') = 1, (A3)

for all k and k’. Equation (A.1) and the hermitian conjugate of Eq. (A.2) imply the
equations

1

paB(]Z ]E'/ = Ad
) pﬂa(k’, k) ( )

and
f""(/a ];/) - éBa(E/’ E’)* (A.5)

From Eqgs. (A.1}~(A.5) further commutation relations result from hermitian con-
jugation,

— 1
A2AL =pP (k' ky* AL A = —— —— A% 4% A.6
F4% T R (A.6)
and
[24 1 a
AETA%:CQB(E ]_(‘r)*A%’Ak—T_éa,Bak—.lz’ (A7)
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Consider the Jacobi identity
[14F, AR ) AR+ (142, 450} A2) + |4, 42) 4% ] = 0.
Taking a # 8, # =6 in Eq. (A.8) and using Egs. (A.1)~(A.7), one obtains
éal}(]z /;I):paﬂ(]a ”r)*.
Then, from Eqs. (A.4) and (A.5),

I S, . 1 1
B, k'Y = &k k)Y =pPrk k) ——— = — |
paﬁ(k, k') éaa(k’ k')*

or

| &Pk, k) = | pP (e )] = 1.

Due to Eq. (A.11) define real-valued functions Aaﬂ(kq, k') by the equations

pa[}(la E/) - emaﬁ(k—' k"
and
éaB(E E,) — p—ifap(ks E';’
where Egs. {A.4) and {A.5) imply
AQB(I;, k')= —ABG(E’, k) + 2an, n = integer.
and
Aqalk k) =0,
Rewriting the commutation relations with Eqs. (A.12) and (A.13),
at g Bt _ LiAaplki k') 4Bt gat
A; A,;/ __elA sk k)AE’AI? ,

a g Bt _ _—iAggk k) 4BY 4a L
Ak—Ak—’ =¢€ B AE'A[+5Q.Bék.k'*

Note that for a # £ and all (k, k"), Egs. (A.15)(A.18) imply
({477, 451 41=0  (a#p),
which is required for validity of Heisenberg’s equation of motion,

i[Hy, A2) = —wpA2,

(A8)

(A.9)

(A.10)

(A.11)

(A.12)

(A.13)

(A.14)

(A.15)

(A.16)
(A.17)
(A.18)
(A.19)

(A.20)

(A.21)
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where
Hy=1 Y wgld}, ag) (A22)
ka
and
P2 2
wi=Vk'+m’. (A.23)

APPENDIX B: REAL ScALAR FIELDS

In this appendix we derive the general form of p,, for operators forming a real
scalar field. In order to have simple commutation relations at spacelike separation for
real fields, the momentum dependence of p must be dropped and, in fact, we will
show

Poag= 11, (B.1)

for all a, B.
Define hermitian ¢,(x), a = 1, 2,..., N, by the momentum space expansion

0a() = U Neldg et * 4 dFTemir) (B2)

where k x=k-x—ot, o=k +m?)'"?, and Ng=(1/2Vwp)'”. The operators A%
and 47 " are assumed to satisfy commutation relatlons, Egs. (A.15)-(A.18). Con51der
the products (a#p)

9a(x) 95(¥) (B.3a)
and

95(») 9, (x), (B.3b)
at spacelike separation, (x —y)* > 0. The product ¢,(x) ¢4(») for 1, =1, is given by
}_ [A,?A%eik-xeik’-y +A;;+A%efik~xeik’~y
k.k!
+ATAG e xe I b AR AR oK xe T Y| X NN, (B.4)
For a # f, using Egs. (A.16) and (A.17), this can be written

L [eiAaBA%A:_eik’-yeik-x

=
)

+ e~iAaﬂA%A:_’reik’-ye—(k~x
+e Mgl gag ik voik x

+ei"aBA%TA;+€_ik"ye_ik"r] XNiNg. (B.5)

595/149/2-16
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It is immediately apparent that single commutation relations of the form Egs. (2.11)
are possible only for

Aal}(lz’ E,):AQB’ (B6)

independent of (k, k'), and
eiAle — e"'/\uB‘ (B.?)

for all (a, B). This implies p,; = +1, a condition that was used in Section III to define
general statistics, [g].

APPENDIX C: CoMPLEX SCALAR FIELDS—
ANALYTIC CONTINUATION OF STATISTICS

In this appendix we derive the general form of p,, for operators forming complex
scalar fields. Again the momentum dependence may be dropped in order to have
simple field commutation relations. Consider boson operators, 4% and B, used to
form complex fields and assume commutation relations from Eqs (A. 16)—(A.19)
given by

AZT A = e g4, €1
A%Ag"f:e‘il\aaAi_TA%{»60'36,;'1:,. (C2)
AEA%=EM“BAQ,A%, (C.3)
AEﬁ-A%:e-l/\,,BAB 5a1}6kk* (C4)
By'BY = ¢t B2 B2, (C35)
BBl =e "aBYBI 46, 0rp, (C.6)
B2BS = e"!naB’i,B'i, €.7)
BE Bg_ — —t{,,gBB 5 5 (C8)
BE f_ LY F'B‘ET’ (C9)
BaAé, — A““’BASTB:‘, (C‘IO)
BT AR = eitas g2t Bt (C.11)
BEA%IQM"BA%B%’ (C12)

where, in general, A, ;= /laﬂ(lg, k), Kop = Ka,,(la k'), (o= C,,B(/E: k"), and
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AM,:A&B(E, k). The spin-statistics relationship and the results from Appendix A
(Eq. (A.14) with n = 0) imply

Aol K1) = &, (k. k") = Kol K1) = A, 0 K') = 0, (C.13a)
Ayl ') = —A g (k' k), (C.13b)
gl k) = =&y, (K, K. (C.13¢)

Note that Egs. (C.10) and (C.12) follow from Egs. (C.9) and (C.11), respectively, by
hermitian conjugation.
Taking the Jacobi identity,

|1B2. B2 ), A2 + ||BY, 4%,], B + [[45. B2} BY) =0, (C.14)
with condition « = f3, § # 4, one derives the relation
eHapk kY _ eix,,[;(lal?’)’ (C.15)
or
Agsll ') = K gk, k') + 270 (n = integer), (C.16)

Define the complex scalar field, $°(x), @ = 1, 2...., N, involving A% and B,

$*(x) =N NfAge™ *+ BT e ™), (C.17)
K

where k- x=k-%—wt and the operators, A% and BY, are assumed to satisfy
commutation relations Eqgs. (C.1}-(C.13) and (C.16). We consider the products

0a(x)05(¥) 95000 9,(x) (C.18)
and
6a()85(),  85(2) 42(x), (C.19)
at spacelike separation, (x —~y)* > 0, for a # 8. The product, ¢_(x) 65(»), yields
S Agal e Ty gapiiet e W (C.20)
b

+BE'¥A%e‘ik'Xel‘k"y +B%+B[z_j‘e_ikhxeiikl‘y] X NFN’;’!
which, from Egs. (C.1)}-(C.12), equals
E [eiAaBA%AEeik-.xeik‘-y + eingaBﬁ_;fAzkzeik-xe—ik“y
kK

+ eviKaBAi_IBEfe—ik‘xeikNy + eigaﬁBi_:i‘Bz_fe—zk-xevlk ‘]

X NN, (€.21)
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The product, ¢.(x) 8,(»), is given by (for a = B)

at 4B nx ik Cikex. ik’
Z [AE A};’e k xplk y+AE+B%Te thexg—ik’+y
k&’

+B%A£~,eik'xeik"y _’_BZ_BZE_?‘eik-xe-ik“y] X NIFNE" (C.22)
which equals, using Egs. (C.1}-(C.11) and (C.16),

N [o-iAap 4B gt —ikex,ik'ey
R [e™"es4% AT e e
k&

+ e——i;cBaBg_:tAEfe—ikure‘ik“y

+e'"as gl BT ik xelk Y

4 et BY Ba girg=i3|

X NgNg.. (C.23)

As in Appendix B, it is apparent from Eq. (C.23) that the momenturmn dependence of
A,y Cqp» and K, must be dropped in order to have simple real space commutation
for fields. Furthermore, taking

Agp=Kgo =—Ko3="=C4ps (C.24)
one has, for a # f§, from Eqgs. (C.22) and (C.23),
9°(x) 9 () = e™esg%(y) 9 (x) (C.25)

and
6°%(x) §%(v) = e~ MasgB(y) 67 H(x). (C.26)

The result is that for complex fields simple commutation relations constrain p,,,; to be
momentum independent, but not necessarily +1 as in the case of real scalar fields.
Note that (C.1)-(C.13), (C.25), and (C.26) satisfy Heisenberg’s equation of motion,
as well as make the combination

01(x)8,(x) (C.27)

commute with all fields at spacelike separation; a property used to prove locality of
SU(N) interaction terms of this form.

Note that Egs. (C.[)}-(C.13), (C.16), or the real space analogues, (C.25) and
(C.26), may be viewed as an analytic continuation of normal quantum statistics.
Unlike the case for real scalar fields, the normal statistics limit,

A~ 0, (C.28)

for all (a, f), can be taken.
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Similarly, the classical limit of general statistics can be taken by

Ay~ 0 (C.29)
and

h-0. (C.30)

APPENDIX D: MOMENTUM—DEPENDENT STATISTICS
AND EXCHANGE OSCILLATIONS

In the previous appendix we showed that complex scalar fields could carry
complex relative statistics and still be consistent with Heisenberg’s equation of
motion and locality of the SU(N) invariant interaction term. In this appendix momen-
tum—dependent relative statistics are shown to satisfy these assumptions.

Assume A¢ and BY , a=1, 2,.., N, defined with statistics in Egs. (C.1)-(C.12),
(C.16) with n_O and complex fields, ¢,(x), defined in Eq.(C.17). The SU(N)
invariant interaction term,

2
Hin(x) = (ij ¢u(x) ¢ﬂ(x>) =N 9r(x) 0,(x) 93(x) B5(x). (D.1)
a aj
is assumed to satisfy the locality condition
[HiX) Hio(»)] =0, (x—»)* > 0 (spacelike). (D.2)

A set of conditions which imply Eg. (D.1) will be used to define the relative statistics.
Define operators, O%(k. k'), i=1,2, 3,4 and a= 1, 2..... N,

03 (k. k") =A% 4%, (D.3)
03(k, k') = B:B3'. (D.4)
03k, k") = B2A2,, (D.5)
05(k, k') = AZ' B2, (D.6)

which occur in the product ¢ f(x) ¢*(x). We require the condition
(03 (k, k'), O3(k", k™)) =0, (D.7)

for a B, (,j)=1,2,3,4, and all k, k', k”, k. From the form of Eq. (D.1) it is
obvious that Egs. (D.7) imply Eq. (D.2). Equations (D.7) can be used as condition to
deduce the form of 4, &,;, and «,; in Egs. (C.1)-(C.12) consistent with locality.
From Egs. (C.1)-(C.12) and Egs. (D.3)-(D.6) we have the relations (for clarity of
notation use &; — /)
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0%(1, 2) 04(3, 4) = ¢'¥as 23 908(3 4y 02(1, 2), (D.8)
0%(1,2) 05(3,4) = eYes -2 3908(3 4) 02(1, 2), (D.9)
0%(1,2) 05(3,4) = 251239083, 4) 0%(1, 2), (D.10)
0%(1, 2) 03(3, 4) = 'Vas'1:2:3:905(3 4) 02(1, 2), (D.11)
0%(1,2) 05(3,4) = s 1:23905(3,4) 0%(1, 2), (D.12)
035(1,2) 05(3,4) = e™=s-23904(3, 4) 03(1, 2), (D.13)
05(1,2) 05(3,4) = eRas-23 9083 4) 09(1, 2), (D.14)

where the arguments of the exponentials are set to zero by Eq.(D.7). These
arguments are given by

X 5(1,2,3,4) = —A,5(2,3) + A5(1, 3) + 4,5(2, 4) — 4,5(1,4) =0, (D.15)
Unp(1,2,3,4) = ~£,5(2,3) + &,5(1, 3) + &,5(2,4) — £,5(1,4)=0,  (D.16)
Y,os(1,2,3,4) = —K5,(3,2) + K5, (3, 1) + K5, (4, 2) — K5, (4, 1) =0, (D.17)
Z,5(1,2,3,4) = K, (3,2) + k5,3, 1) + A4,5(2,4) — A,4(1,4)=0, (D.18)
Vas(1,2,3,8) = —€,5(2,3) + &, (1, 3) — Kop(2.4) + K,5(1,4) =0,  (D.19)
Wos(1,2,3,4) = =K, (3,2) + &,5(1,3) + 4,42, 4) + K,4(1,4) =0, (D.20)
Rop(1,2,3,8) = —A,5(2,3) ~ k,5(1,3) + K5, (4,2) — &,5(1,4) = 0. (D.21)

Equations (D.15), (D.16), and (D.17) are satisfied by separation of variables in A, &,
and k. Also, Egs. (C.13b) and (C.13c) are used to write solutions

Ayl k') = ay5(k) — ag, (7). (D.22)
& sl K') = cop(k) — cpq (k") (D.23)
Kaglls k) = b (k) — b2 y(k"), (D.24)
where
a,=c,,=b_=0 (i=1,2), (D.25)

from the spin-statistics constraint Egs. (C.13a). Equations (D.18) and (D.19) then
imply, upon substitution of Egs. (D.22)~(D.24),

bly=—Cops (D.26)
biﬂ: —aBa, (D-27)

With the identifications made in Egs. (D.22)-(D.27), Egs. (D.20) and (D.21) hold
automatically for arbitrary {a,;} and {c,g}.
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Summarizing, the functions A, & and x are given in terms of arbitrary vectors a
and c,, by

A (e K = (a,5(k) — a (K")). (D.28)
Eos(kn k') = (CopK) — ey (K")), (D.29)
Kop(ls k) = (=g (k) + ag, (K)). (D.30)

Equations (D.28)}-(D.30) substituted into Egs. (C.1)-(C.12) define a momen-
tum—dependent statistics for which the SU() invariant interaction term is local. The
canonical formalism for fields constructed from operators satisfying these statistics
can be developed analogous to the discussion in Section IV.
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