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In this paper we continue our earlier studies (cf., e.g., [1-4]) and consider
the nonlinear boundary value problem

Eu=Nu (1)

where N is a nonlinear operator over a real Hilbert space S and E is a linear
differential operator over a bounded domain G of R” with homogeneous
boundary conditions and possessing a finite-dimensional kernel.

The particular case when Nu =g(u) +f has been the subject of much
study in recent years and sufficient conditions in terms of g(o0), g(—o0) and
J patterned after the results of [8], have been discussed by several authors.
In these studies a key hypothesis is that

g(—) < g(c0). (2)

We have established in [1] that these results may be treated as particular
cases of a general abstract theorem [3] and have extended these ideas to the
case when E has an infinite-dimensional kernel [4].

We study in this paper the case when (2) is not true; more specifically we

assume that
g(—o0) = g(c). (3)
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Existence results for (1) when (3) is assumed have been obtained in [5-7]. In
this paper we show that these results may be once again derived as particular
cases of the abstract theorem. We obtain in the process existence results for
problem (1) when (3) is true which are not covered by the earlier work. In
particular, we do not restrict f to be orthogonal to ker E as, for instance, is
done in [5].

2.

We first recall an abstract existence theorem, and present a variant of it,
which relates to the case of hypothesis (2). Thus, let S = L,(G) be the direct
sum of orthogonal subspaces S, and §,, and let P: S — S be the projection
operator with nullspace S, and PS=S,, {—P)S=S,, Sy=kerkE,
S,=range E and E: D(E) = § - S. We assume that S, = ker E is nontrivial
so that (1) is a problem at resonance. Since E restricted to S, N D(E) is one-
to-one and onto §,, its partial inverse H: S, - S, NV D(F) is a single-valued
linear operator. We assume that the following natural hypotheses hold: (h,)
HI—P)Eu=(I—Pu, (h,) EPu=PEu and (h,) EH(—-P)Nu=
(I — P) Nu. Then (1) is equivalent (cf. [1]) to the system of equations

u=Pu+ H(I — P) Nu, PNu=0.

Since every u € S has a unique decomposition u=u* +u,, u* € S,,
u, €8,, u* =Pu, u; = (I — Pu, then the above system can also be written
in the form

u,=H(I —P)N@u* + u,), 4)
0=PN®u* +u,), )

or, equivalently, as a single operator equation
u,=H({ —P)Nu* +u,) + PN@u* + u,), u=u*+u,. 6)

Let (, ) and | -|| denote the inner product and norm in S. We shall denote by
L the norm of H(I— P) in S.
Let r, R, be positive numbers and let £2 denote the set

Q=0,X92, Qo={u*€S,, [u*|<Ro}, 2,={y, €S,, |ul<r}

Thus, by using the Leray—Schauder principle, we can state: if there are
numbers r, R such that the equation

u, =yH({I — P) Nu + yPNu =0, u=u*+u,, 0
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has no solution on 602 for any 0 < y < 1, then (1) has at least one solution
u=u*+u, in Q.

A simple set of sufficient conditions to satisfy the above is the following:
let there exist numbers r and R such that

I|HI —P)Null<r for [[u*| <Ry, [luy]| =, ®)
Nu,u*)<0  (or 20)  for [[u¥||=Rq, flu;[l <, ®

where u=u*+u,, u*€8,, u, €S,.
Then (1) has at least one solution in £2.
For the equation

Eu+g(xu(x)=f(x), x€G, (10)

where f€ L,(G) and g(x, 5) is a continuous real-valued function on G XR,
any solution u, of (7) must satisfy

uy,=yH({ — P)Nu,, PNu,=0.
Writing g =g, + &1, & € S, & € S, we have from
uy,=yH({ —P)Nu,
that
uy,=yH{I - P)[—g(u) +/]
=yH(I — P)[—g, — & +fo + /1],

and

lluy, I < L( &I + LA 1D (11)
Also, if u, = H(I — P) Nu we have
Eu, = (I — P) Nu,
or
(Euy,u)) = (I — P)Nu,u,) = (Nu, u,).
Let A, be such that (Eu,;,u,)> A, [lu,||? u, € S,. Then
Ay ”ul”2 < (—g(u), uy) + (f uy)-
Then
(Nu, u*) = (—g(u) + £, u*) = (—g(u) + ./, u) — (—g(u) + £ u,)
< (=g, u) + (fiu) — A [Juy |
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Thus, if we assume that
(—g(), u) + (f, ) <A, l|lu,|?, (12)

then (Nu, u*) < O for every u* € S,, |u*|| =R, and corresponding u, € S,
lu,| <r and u, = H(I — P) Nu with u =u* + u,.

As a corollary of the above considerations we have the following situation
from [1]: let E: D(E)c S — S, be a nonnegative self-adjoint operator in the
real Hilbert space L,(G) where G is an open bounded set in RY. Suppose that
dim(ker E)=1, and let 6+ 0 belong to the kernel of E. Let ¥V =D(E'?)
with the graph norm and let A: V' X V= R be the associated quadratic form

A(u,v)=(E"*u, E"*), u,v€V.

For every u € L,(G) we consider the linear functional /: V- R defined by
I(u) = (u,v), v € V. Then sup,., ||v|| "' |(u, v)| defines a norm on L,(G). Let
V' be the completion of L,(G) with this norm. The form (, ) extends from
V X L, to VX V' and with this pairing ¥ and V' are duals. We assume that
VN L_(G) is dense in V and the imbedding V' — L,(G) is compact. Let f be
any element of L,(G).

Let g(x, 5) be a continuous real-valued function on G X R such that

g(x, ) = lim inf g(x, s),
§-0Q0
g(x, —o0) = lim inf g(x, s),

and let us assume that
g(x,—0) < g(x, ), x€G. (13)
Further let:
for every ¢ > 0 and any continuous real-valued function
M(x), x € G with g(x, ©0) > M(x) for all x € G, (14)

there exists p > 0 such that g(x,s) > M(x)—¢ for all x€G and s>p.
Similarly if g(x, —o0) < M(x) for all xE€ G there exists p >0 such that
g(x, ) < M(x) + ¢ for all x € G and s < —p. It must be noted that as in [9],
the case g(x, ov) = o0, g(x, —00) = —o0 is not excluded.

Then it can be proved that the equation Eu + g(x, u) =f(x) has at least
one solution u € V provided

[ gt w0)drt| gCr,—0)dx>| (£0)dx>| g(x,~c0)pdx
e>0 <o G >0
+f g(x, ) dx (15)
8<0

for all 6 € ker E, 8+ 0 (cf. [8, 1, 3]).
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It can be shown that assumptions (13) and (14) imply (12) and thus (8),
whereas (15) implies (9) and this may be seen by an argument similar to the
one in [1].

3.

As remarked in Section 1, the main thrust of this paper will be the case
when (13) does not hold. More particularly we will consider the case when
hypothesis (3) is true. Before we go into the details, we first present an
existence result for the problem Eu + g(x, u) =f which will be utilized in the
following discussions. This existence result states sufficient conditions for (8)
and (9) to be satisfied when dim(ker £) < co.

LEMMA 1. Let H be compact and let the continuous real-valued function
g(x,s) on G X R be such that:

(i) there exist positive constants a, p such that

(g(x, pw), pw) > ap (16)
Jor all w € ker E with |||, = 1;
(ii) there exist positive constants ¢ and k such that
| g(x, s) <c, (17)
| g(x, s + h) — g(x, ) <k |
Jor all x€ G and for all s,h € R;
(ii) L{c(meas G)'2 + | /]l,,] <7; (18)
(iv) kr+1 /., <a (19)

Then the equation Eu 4+ g(x,u(x))=f(x) has at least one solution
UuEL,(G)withu=u*+u,,u* EkerE, u, € (ker E)*, ||u*| <p, ||u,l| <

Proof. 1t suffices to verify (8) and (9). Thus we have Nu = —g(u) + f and
with u = pw + u,, w € ker E, u, € (ker E)*, ||u,|| < r we have

I, 1l = | HT — P)[—g(x, peo + ) + £l
< L(| glx, por + ul)”L2 + ”f”Lz)
< L(c(meas G)'2 +]/11,.)

r.

#

N
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Also,

(Nu, u*) = (—g(pw + u,) + f; pw)
= (—glpw), pw) + (f, pw) — (| glpw + u,) — glpw)], pew)

< —ap +jo kluy| |pw|dx + ||| pw|

<—ap +kplluf (@l +p (/1 (T,
<—ap+kpr +p|f|
<0.

Thus (8) and (9) are satisfied with R, =p, and hence Eu + g(x, #) = f has
at least one solution.

An example to illustrate the applicability of the above lemma to the case
when g(—o0) = g(e0) =0 is the following.

ExampPLE. Consider the nonlinear differential problem
u”+u+gu)=f

20
u(0)=u(n)=0. (20)

Then Eu=u" 4+ u, G= (0, ), ker E = {sin x} and we can take w = (2/7)"*
sin x so that w € ker £ and ||w||,,= 1. Thus, meas G = and it is easy to
see that L = 1.
Let g(s)=1—cos s, s >0 and g(s) = —1 + cos s for s 0, so that c = 2.
Then we have

(glpw), pw) = r [1— cos(p(2/n)""? sin x)] p(2/%)"? sin x dx
0
=2p(2/m)\? —fn cos(p(2/7)¥? sin x) p(2/n)** sin x dx.

We now estimate the second term J on the right-hand side. It can be written
as [ =2 [7 cos{c sin x)o sin x dx where o = p(2/7)"/% Thus, setting sin x = £,

we have .

I1=20 j cos(at) (1 — 1)~ dt.
0

For ¢ large, let k,, be the largest integer with o '(k, 7 + 7/2) < 1 and let
ty,=0"'(sn + n/2), s =0, 1,.., k,,. Then

m

t km—1 1
I:Zal + ¥ j“+j Jcos(a:)z(l—ﬂ)-mdz.
0 tg ki,

=0
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Here 1,0 and 1—1, -0 as g co. Also #(1—1*)""* is an increasing
function of ¢. Thus /- 0 as ¢ —» 0. Hence,

(glpw), pw) > 20(2/7)"* — ¢ for

p sufficiently large when ¢ > 0 is given. Relations (18) and (19) now reduce
to

37 /< and IS 202/0) e

Solving the above inequalities one obtains estimates on | /|| and r. Hence, by
the preceding lemma we conclude that

u"+u+glu)=4,
u(0) = u(n) =0,

has at least one solution provided | /|, satisfies the estimate obtained above.
We conclude this example by noting that for the g(x,s) discussed here,

8(—o0) = g(0) =0.
4.

Another example where g(—)=g(c0)=0 and the problem
Eu + g(u) =f has infinitely many solutions is as follows:

u” + gu) =f(x),

u'(0) = u'(a)=0. @n

In this case ker E = {w} where w is the constant function w(x)=a""?

0<x<a, and ||w||,, = 1. We define g(s) as in the previous example so that
g(—0)=g(0)=0. Also, g(s)=0 for all s=2kn, k=0, +1, £2,..., and
| g(s)] < 2. For the function f(x) we choose a constant f;,, 0 < f;, < 2. Then, f;
belongs to ker E, and further there exists A such that g[(2k + 1)z + A] =/,
0 < 4 < =. Then the constant functions

u(x)= 2k + )m + 4, 0<x<Ka, k=1,2,..,

are all solutions of the nonlinear problem (21). Thus (21) has infinitely
many solutions u with ||u]| as large as we want no matter how small f'=f; is
in ker E with || fy| < 2a'/2

We now consider the case when in (21) f=fy+f,, fo €Eker E and
f1 € (ker E)*, both not identically zero. Also, instead of the specific function
g(s) chosen in (21), we assume now that g is any continuous bounded
function with | g(s)| < ¢, sg(s) > 0, g(0) = 0, g(s) = 0 also at countably many
points s = s,, k= +1, £2,..., with ks, > 0, s, = + o0 as kK —» + o0, and g is not
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equal to zero otherwise. Clearly the function g of (21) has all the properties
assumed here.

First, a remark concerning the eigenvalue problem 1" + Au=0,0< x < a,
with #'(0)=wu'(a)=0. The first eigenvalue A,=0 has the normalized
constant  eigenfuction v,=w(x)=a Y% The other eigenvalues
A= (n/a)* k%, k=1,2,., have normalized eigenfunctions v, =(2/a)"’
cos(nkx/a), 0 < x < a. Thus the smallest nonzero eigenvalue is 4, = (n/a)’,
and L = || H| = A =a*/n%

Now we consider the decompositions f=f, +f,, glpw +u,)=g,+8,,
fos 80 Eker E, f,, g, € (ker E)Y. From PNu =0, that is, P(—g +/)=0, we
derive f, = g,.

Again as in Section 2, we consider the equation

u, =yH{I — P) Nu + yPNu, O<y< L (22)

Let ¥=[sE€R, g(s)=0] be the set of zeros of g and let T ,=[sER,
| g(s)| € 6] where ¢ > 0. We assume that for all o > 0 sufficiently small there
are infinitely many p =p, > 0 such that dist(p,w,Z,)>d >0 for a fixed
d>0. For any u,€ (kerE)', |lu,||<r and >0, let B,=[x€EG,
|uy(x)| > B] so that

B* meas(B,) <J uldx<rh
G

Thus meas(B,) < r’f7 2. We assume r’f~* < a and then |u,(x)| < § for all
x € G — B, where meas(G — B;) is greater than or equal to @ — r’g~>.

If we now let f=d, then pw + u,(x) € X, for p=p, and all x € G — By.
Hence,

ago=| gpwru)dr=[ +

G“*BB By
> o meas(G — Bj) — ¢ meas(Bj) (23)
>o0a—orft—cr’g2
Also by (11) we have that for any solution of (22),

llu, || < L(c(meas G)'/* + (I — P)f1})

2 /2 1/2 (24)
= (a@*/n*)(ca'? + || All)-
Thus for fixed o, f =d and
r*d2<a, oa>(c+ec)rid’?, (@/n*)ca'? < r, 5)
5

Ifoll <a=*(ea— (o +c)r’d™?),  (@/n*) |fill <r—ca®?/n?
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we have
Il goll = (meas G)*/* | gy| > a~"*[oa — (o + ¢) r’d~*] > | foll,

and then (22) cannot have a solution u(x) = pw + u, for p =p,, ||u,|| < r and
any 0 < y < 1. Thus (21) has at least one solution u = pw + u, with p < p,,
|lu,)l < r provided (25) is satisfied.

In the particular case of (21) where g(s) is defined by g(s) =1—coss,
5 >0 and g(s) =—1 + cos s for s <0 and a is chosen to be 1, we can verify
(25) as follows. Here the zeros of g are 2km, k=0, +1, £2,..., and with
0<o<1 wetake p,=(2k+ 1), d=n—1, t=arccos(l —0a), 0 <7< 7/2,
and relations (25) become

rfr—1)72<1, o>(@@+2)(z—1)"*rY (/x)2<r,
IAll<lo=@+D)r*(r-07",  /m) Al <r=2/7

By choosing g, r, | fylls ||/ ]| suitably it can be shown that (21) has at least
one solution for f=f; + f;.

5.

In the proof of existence of solutions using (13), (14) and (15) that we
have sketched in Section 2, it is not restrictive to assume g(x,s) <0<
g(x, —o) for all x € G and all s, 0 > k for k suitably large so that

(Inf) sglx,s)=—u, O0<u< o, (26)
XS5

and this property is relevant in the proof.
We now assume that g(x, —o0) = g(x, c0). Without loss of generalitly we
can then assume that

gx,—o)=g(x, ©)=0, x€G. (27

It does not then automatically follow that (26) holds, e.g., consider the
function g(x,s)=—s"*(1+s)~"' for s>0, g(x,—s)=g(x,s), and then
g(x, —o0) = g(x, o) =0 but Infsg(x, s) = —oco. However, if we know that
for some k > 0 sufficiently large we have sg(s) >0 for s >k and s < —k,
then clearly (26) follows.

Thus assuming (26) and (27) as hypotheses we consider the problem

Eu+glx,u)=f(x)y x€G,[fELyG) (28)

Here we assume that E is a nonnegative operator, namely, we assume that
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A, =0 is the smallest eigenvalue and 0 <A, <A, < -+ are the remaining
eigenvalues with 4, — oo, so that

(Euy, uy) 2 Ay fluy )
for all u, € (ker E)". In place of (26) we assume
(Int; sg(x,s)>—u, OKu<w,xeG (29)
Then, as in Section 2, we consider for 0 <y <1 the corresponding
equations
u, =yH( — P) Nu, PNu=0. (30)
LEMMA 2. For any solution u=pw+u, of these equations with
0 <y< 1 we have
sl < e(p™* + 1)

where ¢ =c(d,, || f|l, # meas G).

Proof. For any solution u = pw + u, of (30) we have
Eu,=y(I —P)Nu.
Thus, by (29) and u =pw + u,, ||w| =1, we have
Al < (Buy, uy) = (0 — P) Nu, u,)
= (y(I — P) Nu, pw + u;) = (yNu, u)
=y[(—g@), u) + (fLu)]

<7 | g +uow + wyax + 171 1w

< |u meas G + [ f]| (o + [[w.[D]-

Hence,

AgllagI? =111 ey || — (u meas G +|.f1| ) <O, €2y

and this implies the existence of a constant ¢ > 0 such that for |u,| >
c(p? + 1) the above inequality (31) is not solvable and ¢ =c(d,, || fll, &
meas G).

Lemma 2 may also be seen in [9]. However, for our purpose, we can
obtain the following stronger result.
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LEmMA 3. For 0<p<p, and r> (A]'u meas G)'/? there exists 6> 0
such that u, = yH(I — P) Nu has no solution on the boundary of the ball
lu,li < rfor | f1 < 6= 0(py, Ay, 1, meas G, b).

Proof. Following Lemma 2, if #, is a solution of u; = yH(I — P) Nu then
(31) holds and this can be rewritten as

(ludt = 27" 0D — 47 AT IS + 44,4 meas G + 44, (1 fllp] < 0. (32)

If | £]| = O then we get
llu lI* —A; ' meas G < 0 (33)
and this is clearly impossible if [ju,]| > (A[ 'z meas G)"%.

Now let ||u,|| > (A 'z meas G)'/? + ¢ for some ¢ > 0. Also let 6, be such
that for || ]| <, and 0 < p < p, we have

A77HISNP + 42,1 meas G + 44, || flp] < A1 'w meas G +c?/4. (34)
For 0 < d, < ¢/2 we have
[(A7 e meas G)V* 4 ¢ — 6,]? > (A7 'u meas G)"/? + ¢/2)?
> A7 'u meas G + c*/4.
Thus, for || £l < 24,4, we have
(= 27471 FD* > (@1 'n meas G)'/2 + ¢~ 3,)°
> A7 % meas G + c?/4. (35)

We now choose || f|| such that || f]| < 6 = min[d,,24,d;] and 0 < p < p,-
Then both (34) and (35) are true for all 0 < p < p,, and hence

(lul —27'A7 I FID? > A7 'u meas G + c*/4
>4 A7 + 44,4 meas G + 44, | f]] o).

in other words, for such choice of |ju,|, (31) could not be true. Hence we
conclude that for

IF1<8,  0<p<py  r> (A7 meas G)2 +c,

there cannot be any solution of ul yH(I — P) Nu + yPNu on the boundary
of ball |ju,lj=r.
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Before we consider the existence of solutions of (28) under (26) and (27),
we examine the above estimates in the case g = 0. In this case (32) reduces
to

(u ) = 2727 1D = 47420007 + 44, 0L £l o) <. (36)

For || f| = O this reduces to ||u,||* <0, which is impossible. Now let ||u,| > ¢
for some ¢ > 0. Choose & > 0 such that for || f|| < J, and 0 < p < p, we have

A7ATIS1 + 44 11f ) < /4. (37)

Also, given ¢ >0, let 0 < d, < ¢/2.
Then we have (¢ — 6,)* > (¢/2)* and hence for || f|| < 24,8, we have

Ul =27 A7) > (e — )" > /4. (38)

Finally, for || f|| < é = min|d,, 24,d,] and 0 < p < p,, both (37) and (38)
are true so that

(usll =27"A7 TSI > /4 > 47 AT A1 + 44,1171 o],

and this relation contradicts (36). The same argument holds as before.

We now return to an analysis of (28) under hypotheses (26) and (27). For
x € G and any o > 0 let X' (x) be the set defined by

Z (x)={s € R:sg(x,5)<0, or g(x,5) <o for s >0,
or g(x,s) > —o for s < 0}.

Also, for given p>0 and w€kerE, |o|=1, let d(x)=dist{pw(x),
Z _(x)} > 0. We now assume (I): there exist positive numbers 4, 4, g, a with
0 < A < meas G and infinitely many numbers p, > 0, p, = o as k— 00, such
that for p = p,, for any w in ker E with ||w| = 1 and any measurable subset
S of G with meas S > A, we have

j d(x)dx > h, (39)

and for any measurable subset £ of G of measure >(meas G) — A we have
JsloE) dx>a.

The function g(s) of the examples discussed in the previous sections
clearly satisfies (I'). For the sake of simplicity we shall write below g(s)
instead of g(x, s).
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Now, for any L ,-integrable function u, € (ker E)* with ||u || < r let
S,={x€Gpw+ux)cxl
Then pw(x) + u,(x) € Z, and x € S, with meas S, > 4 is possible if and
only if |u,(x)| > d(x) for x€ S, and

(meas G)'/* r > (meas G)"” llu,[| > Juy(o)ldx > |u,(x)] dx

> f d(x)dx > h.
Sﬂ

This implies that for |lu,]| < A(meas G)~"> we can have
pw(x) + u,(x) € X only in a set S, of measure <A. Thus pw(x) + u,(x) € Z,
in the set G— S, and hence | g(pw(x) + u,(x))| > o in the set G— S, of
measure >(meas G) —A. Moreover in G-—S, we certainly have
glpw + u,(x))pw(x) + u,(x)) > 0, ie., glpw + u,(x)) and pw + u,(x) have
the same sign and their product is >o[pw(x) + u,(x)]. Thus

[ 8o +u () + ) dx

=Jc—s‘,+jsg

> —u(meas S,,)+af lpw + u,| dx

a

>—,u(measG)+apL S |w|dx—of6 |u,|dx

where meas(G — S,) > meas G — A. Hence,

J, 800 + 1) 0w +u) dx
> — u(meas G) + opa — o ||u, || (meas G)*”%,
Finally,
(Nu, u) =jG [—glpw + u,) +f J(pwo + u,) dx

< —opa + u(meas G) + o ||u, || (meas G)'* + || £l (o + I|u, )
=—(oa — | fl)p + ¢ meas G + (a(meas G)"* + || £1) || u, .
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Thus, we need to show that for p=p, sufficiently large, for |ju,| <
(A7 ! u meas G)'/? + ¢ for ¢ > O sufficiently small and for || f|| < &, for 8, > 0
sufficiently small, we have

—(oa —||f)p + # meas G + (o(meas G)'? + [|f]) u,]| <A, lu,|?, (40)
lu,]| < (meas G)~"* h. 4n

For u = 0 these conditions imply

lu )l <e, llu,]| < (meas G)~*/* h,
(4 |u,]| — o(meas G)' — || fID || u, | > —(oa — || )p-

These relations are clearly compatible: for one could take
€ < (meas G)~V? h, ||u,|| <&, || /]| < ao/2. Then we verify that

(—o(meas G)"/* — oa/2)e > —(oa —oa/2)p,

or

(oa/2)p > oe((meas G)'/* + a/2).

This is achieved by taking p =p, sufficiently large. Then we determine &
given by Lemma 3 for 0 < p < p, and we take || f]| < d, = min[oa/2, §].

The discussion when g > 0 proceeds similarly. Thus for u > 0 we first
ensure that

(A7 '¢ meas G)'/* < h(meas G)~'/*

or
U < A,(meas G)~2 k%

Then we choose ¢ < (measG) "2 h—(A7'u measG)'? and |u,| <
(A7 'u meas G)'? + ¢, || f|| < 0a/2. Now we have to verify that

(—o(meas G)'* — 0a/2)[(A] 'u meas G)'"* + c] > —(ca — aa/2)p,
or

(0a/2)p > o[(meas G)"* + a/2][4] 'u(meas G)'* + c],

and again this is achieved by taking p = p, sufficiently large. As above, once
p, is fixed we choose d from Lemma 3 and we take || /|| < 6, = min[oa/2, J].
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Thus we conclude that:

THEOREM. If g(x, s) is a continuous function on G X R satisfying (26),
(27) and (I') and 0 < u < A,(meas G) ~%h?, then there is some &, > 0 such
that

Eu + g(x, u) =/(x)

has at least one solution provided || f|| < J,.

6.

We conclude this paper with the related case in which

g(x, —o0) = 0=g(x, ), (42)

and there are numbers C > 0,0< a< 1, 2> 0, M > 0 such that

|glx, s) <C forall x€G, sER, (43)
g(x,0)sgno>hs™° forall M<|o|<s, s>M. (44)

We shall denote by |A| the measure of any measurable set 4. Under
assumption (43) the auxiliary equation u, = H(I — P)N(pw + u,), w € ker E,
lwll=1, p>0, u,€ (ker E)*, is solvable for every p and w, with
llu,]| KLC =r. Let us prove that there are numbers y, R, > 0 such that for
every p=R,, w Eker E, [lu,]| < LC, || f|| <y, we have

[, L8t o) + () —/ ()] peox) s > .

To prove this we shall assume that:

There is a number w, > 0 such that |w(x)| < w, for all x € G and
wEkerE, |w||=1. (45)

Given 0 < & < w, there is & > 0 such that, for every w € ker E,
fw|=1,and &, =[x € G||w(x) < &], then | Z,| < ke. (46)

We can take w, sufficiently large so that ||w| < @, and then

| rwpot) x| <poslifl
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First, for every N> 0 let X, =[x € G:||u,(x)| > N] so that N*|Z,[<
lu,][* < L*C?, and hence |Z,| < L?*C’N~2. For the sake of simplicity we
shall write g{pw + u,) for g(x, pw{x) + u,(x)). Then
sz g(pw+ul)pcodx=(J +f +f )g(pw+u,)pwdx
G G-I,~X, I, ‘I,
=I,+1,+1,.
For x€ G— X, — X, we have ¢ <|w(x) € w,, |4;(x)| < N, and hence
lpwl(x) + u,(x) <pwo+ N, |po(x) + uy(x)| > pe — N,
and for pe — N > M, we also have sgn(pw + u,) = sgn w, and
glpw + u,) sgn w > h(pwy + N)™°,
g +u,) po > h(pw, + N) ™ p
I, 21G—Z,~ X, | hpe(pw, + N)_a’

with | Z,| < L*C*N~?, | Z,| < ke. Hence
1,> (|G| — L*C*N™* — ke) hpe(pw, + N) ¢,
and for
LCN-*<47 G|,  ke<47'|G), 47)

also
1,227 |G| hpe(pwy + N) 2.
On X, we have |u,|> N, | g(s)| < C, | Z,| < L*C?N~?, and hence
11,1 <12, Cow, < Cpay(L*C*N™?).
On X, we have |w(x) <&, [g(s)| < C, | Z,| < ke, and hence
|1, <|Z,| Cpe < Ckpe?.
Thus,
I>p[2-1 |G| he(pwy, + N)~® — Cawo(L*C*N~2) — Cke?].
We shall now take
Col(L*C?N~) < 2% |G| he(pw, + N)~°, )
Cke* < 27% |G| he(pwy + N)~“.
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We must show that relations (47), (48) and pe —N > M are compatible.
First, we can write these relations as follows:

ke <47YGY, ke <27 |G| Ch(pw, + N) 2,
L*C*N~*< 471G, L*C’N72L 27| G| C'wy the(pw, + N)7°,  (49)
pe—N>M.

We shall assume
271C h(pwy + N)™ = < 1, (50)

so that of the relations (49) the second one is stronger than the first one, and
the fourth is stronger than the third one. Then the fourth relation (49) yields

L*CN72L 27 G| C g th(pwy + N) ™% - 2%k~ |G| C ' h(pwy, + N) ™
=27%1G* C 2 h*(kw,) ™" (pw, + N) ™2
or
N72L279|G? L=2C*h*(kw,) " (pwy + N) ™22,

or

(pwy + N)* <27} |G| L~ C 2h(kw,) "2 N. (51)
Thus, for 0 < a < 1, we may take pw, > N and

ke =27*|G| C 'hipw, + N) ™.
Thus, k¢ <27°|G|C AN =,
271C hpw, + N) " <27 1"2C AN e,

and we can take N sufficiently large so that this last expression is <1, and
(51) holds. Moreover

pe=2"k""|G|C 'hp(pw, + N)~*

and for any N we can take p > w;'N sufficiently large so that the last
expression is >M + N, that is, pe — N> M. Now, for 0 < a < 1, we have
satisfied all five relations (49), and

I1>i=272|G| he(pw, + N)™% p = pw,y.
For a =1 relation (51) can be satisfied only if

A=273G|L7'C 2htkwy,) " * > 1.

505/56/1-6
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Actually, under this restriction, relation (51) reduces to pw, < (4 — 1)N. If
we take

pwy = (A — 1N,

then pw, + N = AN, and relation (50) becomes 2~ 'C~'hA~'N~' £ 1, which
we satisfy by taking

N=271C"'ha~".
Finally, we take
e=2"%"11G| C h(pwy, + N) ..
Then
e=2"%""|G|C'hA"'N"!
=27%""G|CTthAT - 27 ICT AT !
=27%""|Gl,
pe=wy'(A—~1)-27'C'ha™" . 27% |G|
=wy'(A~1)-27'CThA™" 272k 2PALC R (kw,)'?
=wy (A~ 1) Ck™'Lkw,)">.
Finally, relation pg — N > M becomes
(A =1 w; ' LCk™ " (kwy)'? >27'C'hA ™' + M.
For A = wy 'LCk ™' (kwy)"?, B =27"'C"'h, this relation becomes
A4 —1A > B+ MA,
or

AA* — (A + M)A —B>0.

If A, denotes the positive root of this equation, and 4, = max|1, 4,], then for
A=273G|L'C 2hkwy) " > 4,,
all relations (49) are satisfied, and again
I1>i=2"2|G|he(pwy, + N)~' p=pw,y.

We conclude with the following theorem.
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THEOREM. Under assumptions (42), (43), (44), (45), 46)and 0<a < 1,
there is y > 0 such that for || f|| <y, Eq. (28) has at least one solution. For
a = 1, the same is true provided 273 |G| L 'C *h(kwy)~"* > A,.

Indeed, in either case, we have, for || f]| < 7.

[, g +u)po—f]pwdx>poey ~1fl sy >0

and the statement follows by [3].
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