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INTRODUCTION

The purpose of this paper is to give a self-contained exposition of the
main results of a “Standard Monomial Theory” partly proved and partly
announced in [L-M-S7,. The initial motivation of this work was to prove
the announcements (regarding what is called the “mixed case”) made in
Section 16 of [L-M-S],, since we found that the proofs we had in mind,
and which were briefly sketched in [L-M-S];, were inadequate. We found
a new approach to proving one of the main steps in the proof of the main
results (namely, generation by standard monomials), which would also
prove these announced results. Then we became aware of a serious gap'
(pointed out by V. Kac) in the work of Demazure (cf. [D],), which has
been used in [L-M-S]; in an essential manner. Fortunately, by a suitable
modification of this new method, we could avoid the explicit use of this
work of Demazure. But this has required an extensive revision of the proofs
in [L-M-S7]; and therefore we have taken this occasion to present an
exposition which does not make use of [Se],, [L-S],, [L-M-S],, and [L-
M-S87; in any essential manner. We should point out, however, that many
of the techniques of this paper are essentially the same as in [L-M-S]; and
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that the cited work of Demazure and the related one (cf. [Se],) have been
of great help. ‘

It should also be pointed out that as a consequence of our main results,
we give proof of the main results in [D],, say, when G is a classical group;
in fact, we go farther, since we prove these results in arbitrary characteristic
and even over Z.

We recall that the main goal of [Se],, [L-S],, [L-M-S],, and [L-M-
S]1; (as well as this paper) is to generalize the classical Hodge-Young
theory (cf. [H], [H-PJ]), which gives a canonical basis for the
homogeneous co-ordinate ring of a Schubert variety in the Grassmannian,
to the case of a Schubert variety in the flag variety associated to a semi-
simple algebraic group. We solve this problem completely when G is a
classical group and more generally for a Schubert variety in G/Q, where Q
is a parabolic subgroup of “classical type” (cf. Definition 2.3). Thanks to
the Borel-Weil Theorem (see [B],, for example), this paper gives, in par-
ticular, a canonical basis for any irreducible G-module, when G is a
classical group and the base field is of characteristic zero.

We recall that in [Se],, the case of a Schubert variety in G/P, where P is
a maximal parabolic subgroup associated to a minuscule fundamental
weight (cf. [Se], for the definition of a minuscule fundamental weight), was
treated. This showed the possibility of generalizing the classical
Hodge-Young theory. However, even if G is a classical group and not of
type A,, there exist maximal parabolic subgroups whose associated fun-
damental weights are not minuscule. Hence the generalization in [Se], was
not strong enough. In [L-S],, we arrived at the crucial conjectural for-
mulation of our main results, aided by the work of DeConcini and Procesi
on classical invariant theory (cf. [D-P]). In [L-M-S], the case of Schubert
varieties in G/P, where P is a maximal parabolic subgroup associated to a
quasi-minuscule weight, was treated; this case figures in the work of G.
Kempf (cf. [K]) in his proof of the generalization of the Kodaira vanishing
theorem, in arbitrary characteristic, on the flag variety, associated to a
semi-simple algebraic group. The results of [L-M-S], help in
understanding this work of Kempf. In [L-M-S],, the case of Schubert
varieties in G/P, where P is a maximal parabolic subgroup of classical type
(cf. Definition 2.2), was treated and a sketch of proof was given (in Sec-
tion 16 of [L-M-S];) for the case of Schubert varieties in G/Q, where Q is
a parabolic subgroup of classical type.

The new aspect of this paper which does not figure in [L-M-S]; can be
briefly summarized as follows: given a Schubert variety X, we choose a nice
Schubert variety Y of codimension one in X and we construct a proper
birational morphism ¢: Z — X such that Z is a fiber space over P' with
fiber Y. The main results are proved by induction on the dimension of X
and can therefore be supposed to be true on Y. This allows us to have a
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control over the geometry of Z and to prove the required theorems on Z.
Then one makes the results “go down to X.” A similar method was also
adopted by Kempf (cf. [K]). It appears likely that this method would be
effective in proving the conjectures, on a general standard monomial theory
for Schubert varieties in G/B (G being semi-simple algebraic group of any
type), stated in [L]; in fact, using this method, one gets a standard
monomial theory for the case G =G, (cf. [L]).

The proof of the main results of this paper can be divided into the
following three steps:

(i) Proof of the first basis theorem (cf. Theorem 3.15)—namely,
giving a canonical basis for H°(X, L), where X is a Schubert variety
in G/P, where P is a maximal parabolic subgroup of classical type
(cf. Definition 2.2) and L is the ample generator of Pic(G/P).

(ii) The proof of linear independence of “standard monomials” (in
the basis elements constructed in (i)) on a Schubert variety in G/Q, where
Q is a parabolic subgroup of classical type (cf. Definition 2.3).

(iii) Generation of the space of sections of a line bundle on a
Schubert variety, as in (ii), by standard monomials.

The proof of (i) and (ii) runs essentially on the same lines as in [L-M-
S1;; however, there is a serious difficulty due to the non-availability of
Demazure’s results (cf. [D],). By using the methods of [L-M-S]; and the
constructions in [D], (also [Se],) one arrives at a slighlty weaker
assertion” than (i).

In the proof of (ii) one cannot completely follow [L-M-S];, since it
makes use of the normality of a Schubert variety (a result in [D],, in
whose proof there is a gap).

The proof of (iii) in [L-M-S]; is done only for the case of a maximal
parabolic subgroup. It is first reduced to the case of standard monomials of
degree 2 and then this case is treated in an explicit way be a simple but
rather tedious counting argument (cf. Section 4 of [L-M-S];). The proof
presented in this paper is conceptually better but could be called more
sophisticated. This is based on the method of taking y: Z — X, as described
above; this also serves to overcome the difficulties, pointed above, in the
proof of (i) and (ii). The main feature in this proof is the following: In [L-
M-S],, we gave, as a consequence of the standard monomial theory, a
filtration of a canonical scheme-theoretic hyperplane section of a Schubert
variety in G/P, P being a maximal parabolic subgroup of classical type (cf.
Theorem 9.3 in [L-M-S1];). If a similar filtration could be established a
priori, then it is not difficult to see that the proof of (iit) above would be

2 We are grateful to C. Musili for helping us to arrive at this step.
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achieved. We show (cf. Section 7) that a similar filtration holds on Y as a
consequence of our induction hypothesis; this in turn yields a related
filtration on Z, using which, the “generation by standard monomials” is
proved on Z. Then the required “generation by standard monomials on X”
is deduced.

STATEMENT OF THE MAIN RESULTS AND A SKETCH OF ITS PROOF

Let G denote a semi-simple, simply-connected Chevalley group defined
over a field k. Let T be a maximal k-split torus, B a Borel subgroup, T < B,
and P a maximal parabolic subgroup, P> B, with associated fundamental
weight . Let W (resp. W,) be the Weyl group of G (resp. P) and (, ) a
W-invariant scalar product on Hom(7T, G,,). We say (cf. Definition 2.2)
that w (or P) is of classical type, if |{w, a*>| (=]2(w, a)/(a, 2)]) <2 for
every root a. For we W, let X(w)=BwP (mod P) with the canonical
reduced structure be the Schubert variety in G/P associated to w. Let
[X{w)] denote the element of the Chow ring of G/P, determined by X(w).
If H denotes the unique codimension one Schubert subvariety in G/P, then
it can be shown (cf. [C]) that

[Xon]- [H]1=Y d;[X(w)]. ;>0

where - denotes multiplication in the Chow ring of G/P and X(w,) runs
over all the Schubert varieties of codimension one in X(w). We call d, the
(intersection) multiplicity of X(w;) in [X(w)]-[H]. A pair (¢, w) of Weyl
group elements in W/W, (P being of classical type) is called an admisible
pair (cf. Definition 2.4) if either ¢ =w (in which case it is called a trivial
admissible pair) or ¢ #w and there exist {¢,}, 1<i<s, ¢, € W/W,, such
that

(1) ¢=¢]>¢2>‘”>¢s=w’
(ii) X(¢;) is a Schubert divisor in X(¢,_,) with intersection mul-
tiplicity 2 in [X(¢,_,)] - [H], 2<i<s.

If (¢,,w;) and (¢,,w,) are admissible pairs in W/W,, we write
(B1, w1) 2 (42, wa) if w, > ¢, (equivalently X(w,)2X(4,)).

Now let O =[/_, P, be such that P, is a maximal parabolic subgroup of
classical type, 1<i<r (we refer to such a Q being of classical type (cf.
Definition 2.3)). We now call (cf. Definition 4.1) a Young diagram on G/Q
of type a=(a,,.., a,), a;=20, a pair (0, §) where

0=(0,), =5,
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and
(0, 6;) is an admissible pair in W/W,,

1<igr, 1<j<a, If a,=0 for some ¢, 1 <7<r, we understand that the
corresponding admissible pair ((6, _, J, _) is empty, i.e., does not figure.

We say (cf. Definition 4.2) that a Young diagram (0, 8) is standard on
X(1), e W/W,,, if there exists a pair (a, f) which we call a defining pair
for (6, 0) such that

(1) «= (aij)’ = (ﬁf/)a A .Bi/' € W/I/VQa I<isr, 1<j<a;,
(2) each ay (resp. B,) is a lift in W/W, for the element 6 (resp. ;)
in W/Wp under the canonical morphisms W/W, —» W/Wp,

(3)

2oy zfuzanz2fnz ?am?ﬂlul?“zl?ﬁn? "'20‘m,>ﬁm,-

Then we have the following (cf. Theorem 9.6).

THEOREM. Let 1€ W/W, and let L, (or just L) = Q[_, L{ be a positive
line bundle on G/Q. Then there exists a basis {p(0,8)} for H(X(z), L)
indexed by Young diagrams (0, 6), of type a, standard on X(t) (the elements
p(8, 8) are referred to as standard monomials (cf. Definition 4.3) on X(z) of

type a).

The linear independence of the standard monomials on X(t) is proved
using induction on dim X(t) and using some special quadratic relations on
X(7) (cf. (%) in Section 5). Proceeding as in [M-S], we in fact prove linear
independence of standard monomials on a union of Schubert varieties (cf.
Theorem 5.1).

To prove the generation by standard monomials we proceed as follows:
Let us fix a maximal parabolic subgroup, say, P, containing Q. Let X(7)
(resp. X(4)) be the projection of X(z) (resp. X(¢)) under G/Q — G/P,. Let
e be a generator of the unique B-fixed line in H%(G/P,, L,) (here L, is the
ample generator of Pic(G/P,)) and let p(7) (resp. p(4)) be the Tw, (resp.
éw,) translate of e, where w, denotes the unique element of largest length
in W. Let us denote by p(7) (resp. p(4)) itself, the restriction of p(t) (resp.
p(#)) to X(t) (resp. X(¢4)). Let H(z) (resp. H(¢)) be the zero set of p(7) in
X (1) (resp. p(¢) in X(4#)). Let now o be a simple root such that 5,7 <7, in
W/W p, (and hence s,7 <7, in W), and let ¢ =s,7. Associated to «, there is
a copy of SL, in G, which we shall denote by SL(2, a). Let B, be the Borel
subgroup in SL(2, «) given by B,=Bn SL(2,«). Now for the canonical
action of SL(2, ) on G/Q (induced by the canonical action of G on G/Q)
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X(t) remains stable; and observing that any Schubert variety in G/Q is
stable under the action of B, we set (cf. Section 8; see also [D], and [Se],)

Z;.=SL(2, a) x® X(¢)

(=P,x”? X(¢), where P, is the rank one parabolic subgroup associated to
a), ie., Z4, is the quotient variety modulo the equivalence relation in
SL(2, a) x X(¢) defined by

(8 x)~(gb,b™'x);  geSL(2,a),be B,, xe X(4).
Let p denote the canonical map
p:Z,.—»P'=SL(2, a)/B,

(p is a fibration over P! with fibers isomorphic to X(¢)) and let i be the
canonical map

W SL(2, a) x® X(¢) - X(1)5 G/Q.

Now for any B,-object M on X(¢), we can associate a canonical object M
on Z,. (namely, M=SL(2, ) x® M). Now denoting by I(H(z)) (resp.
1(H(¢))) the ideal sheaf of H(t) (resp. H(¢)) in X(t) (resp. X(¢)), we prove
(cf. Lemma 9.2)

'

Y*(1(H(1))) ~1(H(¢)) ® Gpi(—n) (*)

where n= (¢(w,), a* ), w, being the fundamental weight associated to P,.
Now assuming (by induction on dim X(t)) that standard monomials on
X(w) (where dim X(w) £ dim X(r)) form a basis for H°(X(w), L), we
obtain a filtration (cf. Lemmas 7.3 and 7.4)

L=lH@) I, cl;=1(H(¢).eq)
such that
LA, = Oyy(—1) (=L X(4))
0<s<d (where I ,=(0)), X(4)'s being certain Schubert subvarieties of
X(¢#). Now using this and (*) above, we prove
dim H%Z,,,y*(L)) = dim H(H(t),eq, L)+ dim H°(X(z), L')
+ 3 dim H°(X(A), L")

(**)

where L'=L,, a’'=(a,— 1, a,,.., a,), and the summation on the R.H.S. is
over all X(4)’s such that X(4) is a maximal lift (cf. Remark 4.7) in X (1) of
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4, where (7, ) is a non-trivial admissible pair on W/W, . On the other
hand we prove (cf. Proposition 5.8) that

R.H.S. of (*x)= # {standard monomials on X(t) of type a}.
From this it follow that
dim HO(ZW, Y*(L)) = # {standard monomials on X(t) of type a}.

This together with linear independence of standard monomials on X(z) (cf.
Theorem 5.1) and the canonical inclusion

y*: H(X(1), L)s HAZ,., y*(L))

implies that standard monomials on X(t) of type a form a basis for
H°(X(z), L) (in particular it also proves the generation).

Among the several consequences of standard monomial theory we would
like to mention the following:

(1) A proof of Demazure’s conjecture (cf. [D],).

(2) A proof of “Vanishing theorems,” i.e., the result H(X(w), L)=0,
i1, L>0 (cf. Theorem 9.6).

(3) Normality of Schubert varieties (cf. Theorem 9.6).

(4) Determination of the Singular Locus of a Schubert variety (cf.
[L-S1,).

(5) A character formula for the T-module H®(X(t),L) (cf.
Corollary 9.8).

(6) Surjectivity of H°(G/Q, L) — H°(X(t), L) (cf. Corollary 9.8).

(7) Behaviour of unions and intersection of Schubert varieties

(namely, that unions and intersections of Schubert varieties are reduced)
(cf. Theorem 9.6 and Lemma 6.3).

(8) The Cohen—Macaulayness of (the multi-graded ring)
D >0y HU(X(z), L) (cf. [D-L], [H-L],, [H-L1,).

For other methods of construction of “Standard Bases” one may refer to
[B-T], [D], [L-T], [T],, [T],.

After this work was completed, the gap in Demazure’s work, mentioned
above, has been set right, just recently, due to the efforts of A Joseph (see
his preprint “On the Demazure character formula”), V. Mehta and A.
Ramanathan (see their preprint “Forbenius splitting and cohomology
vanishing”), and the second author of this paper (see the preliminary ver-
sion “Normality of Schubert varieties” of a paper to appear in the Bombay
Colloquium on “Vector Bundles,” 1984). In fact, if X is a Schubert variety
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in the flag variety G/B, associated to an arbitrary semi-simple, simply-con-
nected algebraic group G (in arbitrary characteristic), and L a line bundle
on G/B, associated to a dominant weight, it follows now that:

(i) the Demazure character formula for H°(X, L) holds,
(ii) X is normal,
(ili) the canonical map H%(G/B, L) - H°(X, L) is surjective,
(iv) H'(X,L)=0, i>0, and

(v) the Schubert variety in char. 0 “specializes well” to the one in
char. p, p>0.

Some of the arguments in this paper could be skipped (as one sees
easily) if these results are assumed; to make it very precise, if one assumes
(i) above, one may omit Proposition 3.2 in Section 3. Again, if we assume
(ii) above, then we obtain that the “special quadratic relations” (cf. (x) of
Section 5) hold on any X; the proof of this fact is on the same lines as that
of claim 1 in the body of the proof of Theorem 9.6, wherein it is proved
that assuming normality of Schubert varieties of dimension & dim X, the
special quadratic relations hold on X. For the same reasons, one need not
have the additional assumption that the “special quadratic relations” hold
on Schubert varieties for the results in Section 6, Lemmas 7.3, 7.4 and 9.2
through 9.5.

The sections are organized as follows.

In Section 1 we recall some generalities on Schubert schemes.

In Section 2 we define fundamental weights, admissible pairs, etc., and
prove some lemmas on admissible pairs.

In Section 3 we prove the first basis theorem (which is, in essence, about
the construction of a basis for H°(X(z), L,,), @ being a fundamental weight
of classical type).

In Section 4 we define Young diagrams and standard monomials.

In Section 5 we prove linear independence of standard monomials.

In Sections6 and 7 we discuss the consequences of the induction
hypothesis; ie., assuming that standard monomial theory holds for
Schubert varieties of dimension < dim X(z), we show that we get a stan-
dard monomials theory for unions (and intersections) of Schubert varieties
also and as a consequence we obtain that unions and intersections of
Schubert varieties are reduced. Further, as a consequence of the induction
hypothesis, we also obtain the filtration for I(H(¢),.q), described above.

In Section 8 we define the variety Z,, (or Z,) and prove some results
relating to Z, (required for our purpose).

In Section 9 we prove the main theorem and its consequences.

In Section 10 we explicitly write down the ideal sheaf of X(z) in G/Q and
state a conjecture regarding the defining equations of a Schubert variety.
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1. NOTATIONS AND PRELIMINARIES

Let G, denote a semi-simple, simply-connected, Chevalley group scheme
over the ring of integers Z (for many basic facts on Chevalley groups see
[St]). We fix a maximal torus subgroup scheme T, and a Borel subgroup
scheme B, containing T,. We talk of roots, weights, etc., with respect to
T, and B,. The Weyl group scheme N(7,)/T, (N(T) = normalizer of T)
is a constant group scheme and hence we talk of the Weyl group W of G.

If A is any ring, we denote the objects obtained by the base change
Spec A - Spec Z with the suffix A (unless otherwise stated), e.g.,
G,, B4, T,, etc. In the sequel, when A is a field £, we will often drop the
subscript k, €.g., Gx =G, T, =T, etc; further, we shall be mostly concerned
with Z or a field k.

Let O, be a parabolic subgroup scheme of G, containing B, associated
to a subset of the set of simple roots or equivalently a subset of the set of
fundamental weights. Let A be a weight of the form

where the set {w,}, 1 <i<r, is the complement of the set of fundamental
weights associated to Q,. Then A gives rise to a line bundle on G ,/Q, for
every ring A and we denote this by L, ,. One knows that this line bundle is
ample on G ,/Q, (relative to A) if and only if a,>0 for 1 <i<r. One
knows that if L, , is ample on G ,/Q,, it is in fact very ample as a con-
sequence of a lemma of Deodhar (cf. Lemma 5.8 of [L-M-S];). One knows
tht Pic G,/Q4 (resp. Pic G,/Q,, k a field) is isomporphic to Z,; in fact
{L,,z} (resp. {L,}) constitutes a basis.

Let e W. Then if 4 is any ring, we see that T determines an A-valued
point of G ,/B,, which we denote by the same letter . More generally, if
W, denotes the Weyl group of a parabolic subgroup Q , of G, (the Weyl
group scheme of ¢, is a constant group scheme and we talk of the Weyl
group W, of Q, for any ring 4) and te W/W,,, for any ring 4, t deter-
mines an A4-valued point of G ,/Q ,, which we denote by the same letter.
Let now k be a field and 1e W/W,. We denote by X, (t) the Schubert
variety in G,/Q, associated to t, i.e., we define X, (1) to be the (Zariski)
closure of Bt (the B, orbit through t) in G,/Q,, endowed with the
canonical reduced structure. Similarly, we define the Schubert subscheme
Xz (1), e W/W,, as the Zariski closure of Bzt in G,/Q, endowed with
the canonical structure of a closed reduced subscheme of G,/Q,. We note
that X (7) is the flat closure of Xo(t), (Q =field of rational numbers) in
G,/Q,, ie., the canonical morphism X,(t)— Spec Z is Z-flat and its
generic fibre is X (7). It is not clear that the base change of X, (1) by
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Spec k — Spec Z coincides with X, (z) for any field k. In fact, we get this as
a consequence of the main results of this paper (cf. Corollary 9.8 (d)).

Recall that we have a canonical partial order in W/W, (W/W, as
above), which is defined as follows: For 7,, 17, in W/W,, we say that
7, 21, if for some field &, X, (1,)2X, (1) (this partial order in W/W, can
also be defined in a combinatorial manner). Recall that dim X, (1) = /(7),
where / denotes the length function on W/W, (k a field).

DerINITION 1.1, Let 1,¢e W/W,, Q, being a parabolic subgroup
scheme of G, as above. Then we say that X, (#) (or X, (¢), k a field) is a
moving divisor in X4 (t) (or X, (1)), moved by a simple root a, if § =5s,7 (in
W/W,), s, being the reflection associated to the simple root «, and X7 (4)
(or X, (¢#)) is of codimension one in X, (1) (or X.(1)). ‘

We shall now recall some simple lemmas which are of basic importance.

LEMMA 1.2. Let P, be a maximal parabolic subgroup scheme of G,
associated to a fundamental weight w. Let o be a simple root and € W/W ,.
Then we have the following:

(1) Xz(4) is a moving divisor in X,(s,¢) moved by o (see

Definition 1.1), if and only if
2(p(w), a

) >0

(here (, ) denotes the W-invariant scalar product in Hom(T,, G,,)).
(il) Xz (s,4) is a moving divisor in X, (¢) moved by a, if and only if

{(P(w), a* > < 0.

(iii) Xz(s,@) is a moving divisor in X,(§) moved by a, if and only if
Xz (@) is stable under the unipotent subgroup scheme of G, denoted by
G .z, and isomorphic to the additive group scheme G, canonically
associated to the root —a (then Xz (@) is in fact stable under the SL(2) in
G, canonically associated to o).

These results follow essentially from the following

LemMmA 1.3. Let we W. Then the following are equivalent.

(a) The closed Bruhat cell B,wB, in G, is stable for multiplication on
the left (resp. right) by G_, 5, equivalently by the minimal parabolic sub-
group scheme P, 5.

(b) (s ,w)<l(w) (resp. (ws,) <I(w)).

(c) w'(x) <0 (resp. w(z) >0).



472 LAKSHMIBAI AND SESHADRI

A proof of Lemma 1.3 may be found in [L-M-S], (cf. Proposition 1.4 in
[L-M-S],). One considers the canonical map n: G,/B; — P, /B, and
expresses the condition for X, (w) to be saturated for n to prove stability
for multiplication on the right by P, ,, etc.

Remark 1.4. Note that the assertion (iii) of Lemma 1.2 is valid when P,
is any parabolic subgroup scheme of G, instead of being a maximal
parabolic one.

LEMMA 1.5. Let Qj be a parabolic subgroup scheme of G, and
pe W/W,. Suppose that X,(¢') is a Schubert divisor in Xz($) moved by a
simple root o. Then any Schubert subscheme Xz (w) of X4 (@) is of the form

(1) either Xz (Ww)S X, (¢"), or
(i) Xz(W)=Xz(s,w') for some X (w')<S X (¢).
In the latter case, X (w) is obtained by (moving by the same root «) a
suitable Schubert subscheme X, (w’) of X, (¢'). We then say that X, (w’) is

moved outside of X,(¢') by a. (Note again that the above lemma could
have been stated for a more general base than Z.)

Proof. For any reduced expression

@ =555, (mod W,,), B; € S, S=set of simple roots

¢ has the reduced expression

G=5p,855° " S, (mod W), Bo=a.

Now suppose that X, (w) is any Schubert subscheme of X,(¢). We know
that w has a reduced expression of the form

W=sg 0 Sp, (mod Wy), 0<iy < --- <i,<r.

It is clear that if wt ¢’ in W/W, (ie, Xz(w)E Xz(4')), we must have
i,=0, ie, w=s,(w') (mod W,) for some w'<¢’ in W/W,. But then
Xz(w") is a moving divisor in X, (w), moved by the same root a.

This completes the proof of Lemma 1.5.

Remark 1.6. Note that Lemmas 1.2, 1.3, and 1.5 and Remark 1.4 hold
over a general base rather than Spec Z, i., we could have taken X ,(¢),
etc., instead of X, (¢), etc., 4 being any ring.
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2. CLASSICAL FUNDAMENTAL WEIGHTS AND ADMISSIBLE PAIRS

Let P, be a maximal parabolic subgroup of G, containing B,, whose
associated fundamental weight is w. For 1€ W/Wp, let us denote by
[X.(1)] (k a field) the element of the Chow ring, Ch(G,/P,) of G,/P,,
determined by the Schubert variety X, () in G,/P,. Let H, denote the uni-
que codimention one Schubert subvariety of G,/P,. It can be shown that

[Xk(f)]'[Hk]=zdf[Xk(¢,~)], d,>0 (1)

where - denotes multiplication in G,/P, and the summation on R.H.S.
runs over the set of a/l Schubert subvarieties of X (t) of codimension one.
By a formula of Chevalley (cf. [C]), the d; is expressed in the form

2(w, ;)

= ap)) =[R2

where (, ) stands for the wusual W-invariant scalar product in
Hom(T,, G,,) and «; is given by ¢, =75,

DeriNiTION 2.1. We call d; the multiplicity of X,(¢;) in X,(z) and
denote it by m(¢,, 7).

DEFINITION 2.2. A fundamental weight o (or equivalently the associated
maximal parabolic subgroup scheme P, or P,) is said to be of classical type
if

2w, &)
(2, @)

If w is of classical type, by the formula of Chevalley referred to above, it
follows that d;<2 in (1) above. It can be seen easily that conversely, if
d; <2 for every te W/W,, then P is of classical type. Note that if G, is a
classical group, every maximal parabolic subgroup of G, is of classical type
(and conversely). Note that for an arbitrary G, there exists always a
maximal parabolic subgroup which is of classical type. For a simple G,, a
list of all the fundamental weights of classical type is easily written down.
Recall also (cf. [Se],) that the property d,<1 for all te W/W, is
equivalent to w being minuscule (i.e., |[{w, a*>| <1 V root «).

<2 Y root o.

|<w,a*>|=’

DErINITION 2.3. A parabolic subgroup scheme @, of G is said to be of
classical type if every maximal parabolic subgroup scheme P, containing
Q7 is of classical type.
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DEFINITION 2.4.  Let P, be a maximal parabolic subgroup scheme of G,
of classical type. Then a pair of elements (1, ¢) in W/W, is said to be an
admissible pair, if either 1= ¢ (in which case it is called a trivial admissible
pair) or there exists {1,}, 1 <i<s, ;€ W/W,, such that

() t=1,21> - 21,=4,

(i1) X(r;) is of codimension one in X(z,_,) and the multiplicity of
X(t;)in X(z,;_,) is exactly 2 (for 2 <i<s) (note that in the minuscule case,
every admissible pair is trivial).

In the rest of this section we prove some results on admissible pairs (to
be used later).
Given an admissible pair (1, ¢), a chain

Ho=T> > " >u,=¢

with X(y;) being a double divisor in X(u,_,), 1 <i<n, shall be referred to
as an admissible chain for the admissible pair (1, ¢).

LEMMA 2.5. Let X,(¢) be a moving divisor in X (1) (in G/P) moved by
the simple root o and Xz (w) be any other divisor in X4 (). Let X7(0) be the
divisor in Xz($) which is moved out to X,(w) by a (c¢f. Lemma 1.5). Then
multiplicity of Xz(w) in Xz(1) is equal to that of X4(0) in X4 (¢).

Proof. Xz(w) being a divisor in X, (1), there exists a root § such that
w=sg1 (cf. [D],).

0

Now m(w, t), the multiplicity of X,(w) in Xz(t) is given by (cf. [C])
m(w, 1) = |{t(w), B*>|. Also ¢=s,7 and O=s,w imply that ¢ =s5,5;5,0
and hence m(0, ¢)=|{d(w), 5,(B)*>| =<{s.(w), B*>| = {t(w), B*}|

(since T =s5,¢)=m(w, 7).

LEMMA 2.6. Every double divisor is a moving divisor.

Proof. Let X,(w) be a double divisor in X (tr). We shall prove the
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result by induction on dim X(t). Let X (u) be of least dimension such
that X, (r) has a double divisor X, (4). If X,(4) is not a moving divisor,
let us fix a moving divisor Xz (4') in X(u), moved out by «, say. Let
X, (0") be the divisor in X, (4’) moved out by a (cf. Lemma 1.5).

Then by Lemma 2.5, we obtain that X,(6') is a double divisor in X (4")
contradicting the minimality assumption on dimension of X (u).

Now fix a moving divisor X,(¢) in X, (1), moved out by a, say. Let
X, (6) be the divisor in X, (¢) moved out to X (w) by a.

T

Now in view of Lemma 2.5, we have
m(0, ¢)y=m(w, 1)=2.

Hence X,(8) is a double divisor in X,(¢) and hence by induction
hypothesis Xz(0) is moving in X,(¢), say, ¢ =s,6 where y is simple. Let
m(¢, 1) =p and m(6, w) = q. Then we have

2y +pa=28+ qu; ie., 2=2y+(p—q)a.

Hence we obtain p = ¢ (mod 2) and hence in fact p = ¢ (since both p and
g are <2). Now this yields that =1y, proving that X,(w) is a moving
divisor in X, (7).

LEMMA 2.7. Let (t,u) be an admissible pair and t=p,>
Wy 1> " > o= p be an admissible chain, i.e., u;_, is a double divisor in u,,
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1<i<n; further let p;=syp; ., 0<i<n—1, where B, is simple (cf.
Lemma 2.6). Then

(a) If for any simple root a, {u(w), a*> =1, then {u,(w), a*>=1,
1<ign.

(b) If for any simple root a, {(t(w),a*>=—1, then
Cui(w),a*>=—-1,0<i<n—1.

Proof. Note that (b) follows from (a).
(a) Now {u (w),a*)=1-2<fo, a*) (since u (w)= po(w)—28,),
from which it follows that {(f,, a*>=0. Thus {u,(w),2a*>=1 and the
same argument yields that (u;(w), a*>=1, 1 <i<gn.

LEMMA 2.8. Ler X, (¢) be a moving divisor in X, (1) moved by a; further
let {$(w), a*)>=2.

(a) Let (@, A) be a non-trivial admissible pair such that p=s,A> A
Then (z, 4), (1, u) are again admissible pairs.

(b)Y Let (¢, A) be an admissible pair such that s, = A. Then (t, A) is an
admissible pair (note that the proof of (b) is trivial).

Proof. (a) The proof of the assertion that (z, 1) is an admissible pair
is trivial (since (1, ¢) and (¢, A1) are admissible pairs). It remains to prove
that (z, s,4) is an admissible pair. The facts that

(p(w),a*>=2  and (w), a*> >0

(since 5,4 > A) imply that {A(w),a*>=2. Let ¢=A,>4,_,> "+ >Ao=14
be an admissible chain defining the admissible pair (¢, 1) and let
Ay =58p A, Ay =s5g4,4,, etc. Suppose B, =a, then 4, =s,4 and hence (4, s5,4) is
an admissible pair. From this, it follows that (z, s,4) is an admissible pair
(since (1, ¢) and (¢, s,A) are admissible pairs).

If B, #a, then

(A (), a* ) = (sp,A@), a*)
= (Mw)—2p,,a*> (note that {(A(w), ¥ =2)
=2-2{B;,a*> (since {A(w), a* > =2).

Hence, if {(f,,a*)>+#0, then {(i,(w),a*>>4 (note that {(f,,a*><0,
since they are both simple roots). This is not possible, since w is of classical
type (cf. Definition 2.2). Thus (A, (w), a* > =2. To complete the proof, we
use induction on the length of the admissible chain. If the length of the
admissible chain is 1 ie., if Xz(4) is a double divisor in X,(¢), then we
obtain that X, (s,4) is a double divisor in Xz(t) (cf. Lemma 2.5) and the
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result follows in this case. Let then the length of the chain > 1. By the
induction hypothesis, we obtain that (z, s,4,) is an admissible pair. Also
(s,A;,5,4) is an admissible pair (cf. Lemma 2.5). Hence (z, s,4) is an
admissible pair, as asserted. This completes the proof of Lemma 2.8.

LEMMA 2.9. Let X;(¢) be a moving divisor in Xz (t) moved by «; further,
let {$(w),a*>=1. Let (¢, 2) be a non-trivial admissible pair such that
u=35,A>A Then (1, u) is an admissible pair.

Proof. Let¢=4,>4,_ > >2A,=242 be an admissible chain defining
the admissible pair (¢, A). Now the facts that {(#(w), a*>=1 and
{i(w), a*>>0 (since s,A>A) imply that {A(w),a*>=1 and hence
(A (w),a*>=1, 0<i<g<n (cf. Lemma27). Hence A,<s,4,; further
X (s,4;_,) is a double divisor in X(s,4;) (cf. Lemma 2.5). Hence we
obtain (s, ¢, s, 1), i.e,, (1, ) is an admissible pair.

COROLLARY 2.10. Let (¢, 4i) be an admissible pair such that
{d(w)+ Aw), a*>>0. Then (s, 9, s,A) is again an admissible pair. If
{2(P)w) + Mw)), a* > =2, then (s, ¢, 1) is also an admissible pair.

Proof. The hypothesis that <{¢(w)+ i(w),a*>>0 implies that
{$(w), a*> and {A(w), a* > are both >0 (since w is of classical type). If
{$(w), a*> >0, then the result follows from Lemmas 2.7 and 2.8. If
{$(w), a*> =0, then this implies that {A(w), * > =2 and we proceed as in
the proof of Lemma 2.8 to conclude that (s,4, s,4) is an admissible pair
(note that if {¢(w), a*)> =0, then s,¢ = ¢).

COROLLARY 2.11. Let (¢4,1) be an admissible pair such that
{(w)+ Aw), a*> <0. Then (s,¢, s,) is again an admissible pair.
Proof. We first claim that

(4, 4) is an admissible pair if and only if (wg4, weé) is an
admissible pair, w, being the element of largest length in W. (*)

To prove the claim, it obviously suffices to prove it when X(4) is a double
divisor in X(¢). Let them ¢ =s, 4, where y is simple (cf. Lemma 2.6). Now

Woh =SsWol
where 6 = i(y), i= —w,, is the Weyl involution. Further,
[{wod(w), 6% | = [{(w), y* | =2.
Thus X(w,¢) is a double divisor in X(w,4). This completes the proof of the
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claim (») above. Now, denoting ff=i(a), i= —w,, the Weyl involution, we
have

(wolw) + wod(w), f* ) = — {$(w) + ), a* ) >0.

Hence (in view of Corollary 2.10) we obtain that (s;wg4, s;weé) is an
admissible pair ie., (wys,4, wys, @) is an admissible pair. Hence (s,¢, s,4)
is an admissible pair (cf. (*) above). This completes the proof of
Corollary 2.11,

COROLLARY 2.12.  Let X (w,) be a moving divisor in Xz(w) moved by
the simple root o. Let (0, p) be an admissible pair on X ;(w,) such that

5,0> 6, (1)
(O(w) + p(w), a*> > 0. (2)

Then (s,0,s,p) is an admissible pair on Xgz(w);, further, if
G(O(w)+ p(w)), a* > =2, then (5,0, p) is also an admissible pair on Xz (w).

Proof. Case 1. (3(8(w) + p(w)), a*)> =2. This implies (H(w), a*> =2 =
{p(w), a*>. Now, we have s,p > p; hence taking ¢ =6 and 1=p, in (a) of
Lemma 2.8, we obtain that (s,0, p) and (s,0, s,p) are admissible pairs;
further, they are admissible pairs on Xz (w) (since w, > 6, we have w > s5,0).

Case2. <{i(0(w)+ p(w)), a*>=1. In this case, we have the following
two possibilities:

Blw)a*y=2,  <(plw),a*)>=0

B(w), a*) =1 ={p(w), a*).

If the former possibility holds, then taking ¢=6 and A=p, in (b) of
Lemma 2.8, the result follows. If the latter possibility holds, then taking
¢=0 and A=p in Lemma 2.9 (note that s,p > p), the result follows. This
completes the proof of Corollary 2.12.

LemMa 2.13.  Let X,(¢) be a moving divisor in Xz (t) moved by a. Then
for any admissible pair (t, u), we have (§, 1) is an admissible pair, where 2 is
the smaller of {u, s,u} (note that ¢ = A (c¢f. Lemma 1.5)).

Proof. (By induction on d=codim of X, (u) in X (1).) If d=1, then
denoting by X,(6) the divisor in X,(¢) moved out to X (u) by o, we
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obtain (cf. Lemma 2.5) that X,(6) is a double divisor in X (¢) (since
m(6, ¢)=m(u, t)=2). Thus ¢ >s,u and (4, s,u) is an admissible pair.

T

8

Let now d> 1. Since {t(w), a*> <0, we conclude that {u(w), a*> #1 (cf.
Lemma 2.7). Now we discuss the remaining possibilities for {u(w), a*>.

Case l: {p(w),a*>=2. Let us fix an admissible chain p,=1>
Uny> "t >po=p, further let p,=sgp;,,, 0<Lig<n—1. Now
{(w), o*y =2 implies that (t(w), «*) is even and is in fact —2 (since
{t(w), a* )y < 0).

Now

Cui (@), a* ) =2 2By, a*).

Hence we obtain that either §,=a in which case {y,(w), a*)=—2 or
{Bq, a* > =0. Now since {(t(w), a*> = —2, we find that f, =« for at least
one i, 0<i<n—1. Hence we obtain u,,,=s,u, (for that particular i).
Now applying induction hypothesis to (z, g, ), we conclude that (¢, p,) is
an admissible pair (note that ¢ > u;) and hence also is (¢, u).

Case2: {up(w), a*>= —2. Now (1, u) and (u, s,u) are admissible pairs
and hence (t, s, 1) is an admissible pair with {s,u(w), a*> =2. Hence by
Case 1, we obtain that (¢, s, 1) is an admissible pair.

Case 3: {u(w}), a*> = —1. This implies <{t(w),a*>=—1 and hence
(fixing an admissible chain as above) {(u;(w), a*>=—1, VO<i<n (cf.
Lemma 2.7). Now considering

Hy

i+l

SaHi+1

481/100:2-12
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we have m(s,p;,q, Septi) =m(p;, 1, ;) (cf. Lemma 2.5). Thus {s,u,,
Sulby_ 15 St} 18 an admissible chain and in particular (¢, s,p) is an
admissible pair.

Case 4: {u(w), a*>=0. Now, in this case ¢ = u (necessarily). Fixing an
admissible chain as above, we have

g (w),a*>=—=2(B,0*)=0or 2.

If {p,(w),a*>=0, then applying induction hypothesis to (z, u;), we
obtain that (¢, u,) (and hence also (¢, u)) is an admissible pair). If
{uy (), a*> =2, again induction hypothesis applied to (t, #;) gives that
(4, uy) (and hence also (¢, 1)) is an admissible pair.

This completes the proof of Lemma 2.13.

LemMMa 2.14.  Let ¢, t be as in Lemma 2.8. Any admissible pair (z, u) on
X, (1) is uniquely of the form (a) or (b) of Lemma 2.8.

Proof. Let 1= the smaller of {u, s,u}. Then by Lemma 2.13, (¢, 2) is
an admissible pair. If s,4=4, so that u= 4, then (z, p) is the admissible
pair as given by (b) of Lemma 2.8. If s,4 > 4, then (z, u) is the admissible
pair as given by (a) of Lemma 2.8.

LEMMA 2.15.  Let ¢, 1 be as in Lemma 2.9. Any admissible pair (t, ) on
X, (1) is uniquely of the form as given in Lemma 2.9.

Now <{1(w), a* > = —1 implies that {u(w), a*> = —1 (cf. Lemma 2.7).
Hence p>s,u and Lemma 2.13 implies that (¢, s, 1) is an admissible pair.
Thus (t, u) is the admissible pair as given by Lemma 2.9.

LEMMA 2.16. Let X, (w,) be a moving divisor in Xz (w) moved by o. The
admissible pairs on X (w) are those on X,(w,) and those of the form
(5,0, s,p) or (5,0, p) for (8, p) as given in Corollary 2.12 with w, % s,0.

Proof. We have only to prove that if (y, ¢) is an admissible pair on
Xz (w) with w, 3 n, then (5, ¢) is as mentioned in the Lemma. Now w, *
implies that w, > s,n (cf. Lemma 1.5) and # > s,5. The result now follows
from Lemmas 2.14 and 2.15. (One takes ¢ =s,7, etc.)

Remark 2.17. Given an admissible pair (4, ), any chain
A=Ag>A(> >, =u
where X(4,;) is a Schubert divisor in X(4,_,), 1 €<i<n, is an admissible

chain, i.e., X(4,) is a double divisor in X(4;_,), 1 <i<n. For a proof of
this, the reader may refer to [D-L].
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3. FIrRsT BasIS THEOREM

In this section, we prove the first basis theorem. Notations being as in
Section 1, let U denote the enveloping algebra of Lie Go—the Lie algebra
of Go. Let Uz (resp. U7, resp. Uz ) denote the canonical Z-form of U, ie,
the Z-subalgebra of U spanned by X%/n!, « a root (resp. o, a positive root,
resp. a negative root) where X, denotes the element in the Chevalley basis
of Lie G corresponding to a. Let U, (resp. U, z) denote the Q-vector sub-
space (resp. Z-submodule) of U (resp. U,) generated by X7 (resp. X7/n!).
Let G, or just G, (resp. G, ) denote the unipotent subgroup scheme
isomorphic to G, q (resp. G, z) of By (resp. Bz) corresponding to a. We
see that Lie G, o~ QX,.

Let V be a finite-dimensional Q-vector space which is also a Go-module.
Then a lattice V', in V is said to be an admissible Z-form if any of the
following three equivalent conditions are satisfied.

(i) Vg is Ug-stable.

(ii) Vzisa Gz-Z module, i.e., for every commutative ring D (with 1)
Vs ® 2D has a G (D)-module structure (here G (D)= group of D-valued
points of G,) which is functorial in D.

(iii) Vg is stable under X”, ,/n!, « a simple root and ne N.

We observe that if V, D, etc., are as above, then for de D,

Xn
exp(dX,)=2d" ¢

defines an automorphism of the D-module V', ® ;D. When we identify
G, z(D) with D, the action of d on V, ® D is given by exp(dX,). If 4 is any
ring, we set

UA:UZ®ZA7 Ua.A:Um,Z®ZA

and the above definitions made for Z can be generalized to A.

For a dominant weight w, let ¥, or just V denote the finite-dimensional
Q-vector space which is the irreducible G-module with highest weight .
Fix a highest weight vector e=¢,, in V,, (determined uniquely up to a non-
zero factor in Q). For 1€ W/W,, we write

Ve(t)=Uje,, where e, =1 ¢

(t can be represented by a Z-valued point of N(Tz) and we see that e, is
well-determined up to a factor +1). We write

Vz(we)=Vy,
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w, being the element of W of maximal length. One knows that
VZ ® Q = V

and that V5 is a Ug-stable Z-submodule of V or, equivalently, a G, —Z
module. We see that

Vea=Uze=Uje,,
If A is any ring we define
Va(t)=Vz(1)® 2 4; Va=Vz® 4.

We observe that Vo=V and that V, is a G4 module. Also, e is a
primitive element in V', ie., Ze is a direct summand in V,. Consequently,
every e, t€ W, is a primitive element in V.. For the rest of this section, we
shall assume that w is a fundamental weight of classical type (cf.
Definition 2.2).

Let Z[N] denote the group ring of the multiplicative group exp N,
where

exp N={exp //Ae N}, N=Hom(7, G,,)}.

For a simple root «, let L, be the linear operator L, :Z[N]— Z[N]
defined by

exp A —exp s, (4)
1 —expa

AeN

L, (exp )=

(cf. [D],). Let M, be the operator defined by
M, Z[N]—-Z[N]
M, (exp 1) = (exp p) L, (exp(Z — p))

{p being half the sum of positive roots). For te W, fixing a reduced
EXPIEssion T =1s,, """ S,,, let M. be the operator M. =M, - -+ <M, It can
be easily seen that M _ is independent of the reduced expressmn chosen for
t (for example, this follows from Theorem (2) of [D],;) and that
M. (exp A)=exp p- L .(exp(1l—p)), e N. Now we have the following

PROPOSITION 3.1.  With notations as above, we have for any we W/Wp,
M. (exp(—w)) =Y exp[L(A(— )+ u(—w))]

where the summation on the R.H.S. is over all admissible pairs (A, p) such
that t = A
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Proof. (By induction on dim X(t).) If dim X(7) =0, then 7 =1d and the
result is trivially true. Let then dim X(z) = 1. Let X(¢) be a moving divisor
in X(z) moved by a, so that t=s,¢. Let

I,= {all admissible pairs (4, u)/¢ = A}.

For simplicity of notations, let us denote an admissible pair (4, u) by just &
and let §(+w) denote $(A(+w)+ p(+w)). Let us partition I, into the
following four subsets:

PP={del/{d(w),a*)=0}
I-={8el/{d(w), a*) <0}
It ={del,/(é(w),a*)>0and ¢ >s,4 where d = (4, p)}
*={del,;/{d(w), a*>>0and ¢ # 5,4 where 6 = (4, ) }.
Let us define

F'=Y expd(—w); F =) expd(—w)

self del”

Ft=3 expd(—w); F= ) expd(—w)

delr Sere
By the definition of the operator M, , the following can be checked easily:
M, (expA)=expi+exp(A+a)+ - +exp(A+na) if n=—{4a*>=0
=0 if —<{4,0*y=—1
= —[exp(A —a)+exp(4—2a)+ -+ +exp(d—qa)],
if g=dda*>—121ie, —{(La*>< -2

for any Ae Hom(7, G,,). From this, we deduced easily the following: For
any A€ Hom(7T, G,,),
(i) M, (expi)=exp4,if (1, a*>=0.
(il) M, (exp A+exp(s,A)) =exp A +exp(s, i)
Using (i) we obtain M, (F°)= F° and using (ii) we claim that

M, (Ff+F )=F"+F". (*)
To prove () we first observe that the map (4, u)r (s, 4, s,u) define a

bijection of I* onto I~ (in view of Corollaries 2.10 and 2.11; note that if
)+ ww), a* > <0, then {A(w), a*> <0 so that 5,4 <1< ¢ and hence
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if (A, u)el™, then (s 4, s,u)el*). Further (s, A(®)+ s, p(w),a*>=
— (M) + p(w), a* . Claim (*) now follows using (ii) above.
We next claim that
M, (F)= )  exp(d(—w)). (xx)

Sel ol —1Iy
To prove this, we proceed as follows. For d e [, say, 6 = (4, u), let n(d) =
({Aw), a*>, {u(w),a*>). If deI°, the possibilities for n{d) are (2,2),
(2,0), (1, 1) (note that ¢ # 5,4 in particular implies that s,4 > A and hence
{Aw), a*>>0). Now we have

r

M, (exp(d(—w))) = Z exp(d(—w) +ja)

j=0
where r=—{6(—w),a*). We shall now evaluate M, (expd(—w)})
explicitly (where 6§ = (4, u) e I°).

(1) Let n(d)=(2,2), so that r=2. In view of Corollary 2.10,
O, =(s,4, u) and 6,=(s,4, s,u) are again admissible pairs and they are
both in I, — I, (since ¢ # s5,4). Further ,(—w)=48(—w)+ia, i=1,2.
(2) Letn(d)=(2,0)or (1, 1), so that r= 1. In view of Corollary 2.10,
n=(s,4, s,1t) is again an admissible pair. Further #(—w)=4(—w)+ .
On the other hand, by Lemma 2.16, every é' = (4, u')el, —1I; is (uni-
quely) of the form (4, u') = (s,4, u) or (s, 4, s,u) for an unique (4, u)eI*.
This completes the proof of (+x). Now the proposition follows from (*),

(**), and the induction hypothesis. (One also uses the fact that
M, (F°)=F°).

ProrosiTiON 3.2. (cf. [D],). Notations as before, we have
Mwo(exp( - 0))) =ch Vi(a))

where V., is the irreducible G-module (in characteristic zero) with highest
weight i(w), i( = —w,) being the Weyl involution.

Proof. Recall the operator L, : Z[N]— Z[N],

exp A —exp 5,(4)

L, (expi)= , Ae N=Hom(7, G,,).

1 —expa
Also recall (cf. [B],) the operator J=3,, . (—1)*w. We have (cf. {S],)

_ J(expli(w) + p))
ch Vi(w)—_m—— (1)
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(where p =1 sum of positive roots). We first claim (cf. [D],)
L,,=exp(—p)(J(exp(—p))) V. (*)
To prove (*), we first observe that for a simple root «, we have
L L, =L,.

From this it can be easily seen that

L,L =L, fws, <w
and

L,L,=L, if s, w<w.
In particular, we obtain

L, L,=L

Sa T WQ wo

for all simple roots «. From this we obtain
s,L,,=expa-L,, (2)
for any simple root o. Now set

A=expp J(exp(—p)) L,,. (3)
In view of (2), we have
s, A=—A
(one also wuses the fact (cf. [B],) that J is anti-invariant, ie.,
wJ = (—1)"J, we W). Hence we obtain

wA=(—1)"4. 4)

On the other hand, proceeding as in Lemma 3 in [D],, we obtain

L,=(—1)*]] Q—expa) 'wo+ Y a(w)w' (5)
x>0 w’ % wg

where a(w’) e quotient field of Z[ N] and ¢ = # {positive roots }. Using (3)
and (5) we obtain that the coefficient of w, in A4 is
=(—1)?exp p Jlexp(—p)) [Tuso (1 —expa)~'=(—1)? (for J(expp)=
[la>0 (exp(a/2) — exp(—a/2)) = exp(—p) I1.-0 (exp a —1)). Hence
Zaso(l—expa)'=((—1)?exp(—p))/(J(expp)) and J(exp(—p))=
(—1)J(exp p) (since J is anti-invariant, wyJ(exp p) (=J(exp(—p)))
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=(—1)™)J(exp p) = (—1)%J(exp p)). Now this together with the fact that
A is anti-invariant (cf. (4) above) implies that 4 =J (cf. [B],). From this
(*) follows immediately. Now
M, (exp(—w))=exp p- L, (exp(—w —p))
= (J(exp(—p))) 'J(exp(—w — p))
_J(exp(~w—p))

J(exp(—p))
_ J(exp(—wo(w) +p))
J(exp p)
_ Jlexp(ilw) +p))
= Tpp)—_— =ch V)

(cf. [S],). This completes the proof of Proposition 3.2.
Remark 3.3. In view of Propositions 3.1 and 3.2, we have
(@) chVi(w)=% exp[3(A(—w)+pu(—w))]

where the summation on the R.H.S. is over all admissible pairs (4, u) on
G/P. In particular, we obtain

(b) dim V,=dim V,,,= # {admissible pairs on G/P},
(c) for any weight y in ¥V, and any root «,
[<x(w), a*>1 <2
(note that |{t(w), a* )| <2, for e W and any root a).
LeEmMMA 3.4. Let ¢, 1€ WP, (=the set of minimal representatives of

W/Wpin W (¢f. (L-M-S1,)) and let ¢ =s,1, I(t)=U@) + 1, where s, is the
reflection associated to the simple root a. Then we have

U_0zVz(9)=Vz(2) (*)
(in particular Vz(¢)< V,(1)).
Proof. We first observe that
X,e,=0; X_,e.=0. (1)

For, if X, e;#0, then it is a weight vector (for the Tz-action) of weight
d(w)+a. Also since o moves X(¢), we have {(d(w), a*>>0 (cf.
Lemma 1.5). Hence {¢(w)+a,a*>>3. But this is not possible (see
Remark 3.3(c)). Thus X, e, =0. Similarly, X _,e. #0 leads to a contradic-
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tion. This proves (1). Now (1) implies that e4 (resp. e,) is a highest (resp.
lowest) weight vector for the three-dimensional subalgebra of Lie(G)
isomorphic to s/(2) associated to «. Then by the well-known s/(2)-theory
(cf. [S],), we obtain

tems,ee=X e, il (P()a*>=1 )
St i gnany =2

Similarly, we have
te,=s5,e.=X,e, if (t(w),a*>=—1

(2"
—X;e i (o(w),a*>=—2.

Now V(z) and V,(¢) are both T, —Z modules and hence are stable
under the operators (%¢), fe A*, the set of positive roots (see [St] for the
notation (“). Since T, normalizes the group scheme G, ,, we conclude
immediately that the LHS of (x) is also a T',-Z module, so that the L.H.S.
of () is stable under the operators (“#), fe A™. To prove Lemma 3.4, we
make use of the following

SUBLEMMA. (i) Let aeA™. Then we have

@) XX, TN Xy (Hu—m—n+2j) Xy

m nl S (n—))! J (m—j)!
(b) Xxm, Xn  minlmn) xn- (H_a~m—n+2j> X/
mi ol Sy (n—j) j (m—j)t

{(i1) Let o be a simple root and B a positive root such that B # a. Then
the subalgebra of U generated by X ,/m! and X}/n!, m>20, n>0, can be
written as an integral linear combination of terms of either of the following
forms:

(a) =L..."E piedt, 1<igr

X
—x_fL... & Bed*, 1<i<gr

(b)

Proof of Sublemma. The assertions (a) and (b) of (i) are just those of
Lemma 5 in [St]. The assertions (a) and (b) of (ii) can be deduced from
Lemma 8 in [St] as follows.
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Let R be the set of roots which can be expressed in the form iff — ju,
i20, j=0. Since « is a simple root and fe 4™, we see easily that

ifyeR,y# —a, then yed™*
and
if yeR, then —y¢ R

Then the assertions (a) and (b) of (ii) are obtained from Lemma 8 of [St]
by taking the set S of Lemma 8 (loc. cit.) as R.
Returning to the proof of Lemma 3.4, we now claim the following

R.H.S. of (*) is stable under U _, 5. (3)

This claim, in particular, would imply that the R.H.S. of (x)2L.H.S. of (*),
for, it is clear from (2) that V,(¢) < V(1). The claim (3) is proved by the
following inductive argument. Let

Xm1 ny
~tTe =F,  my> 0, m,>0 (4)
1-

be an expression representing an element of V(7). We call (im;+ -+ +m,)
the degree of F. We now show
Xn
—XFe V(1) (5)

by induction on the degree of F and this would prove (3). Suppose
deg F=0, ie, F=e,. Then by (1), (X" ,/n!)e,=0 and thus (5) follows in
this case. Suppose then that deg F >0 so that we can suppose that m, > 0.
Consider first the case y,#a. Then by (ii)(a) of Sublemma,
(X7 /n!)- (X71/m,!) can be expressed as an integral linear combination of
sums of type

Yo, XX p g T

nt! ! m v !

e XYI e‘[ (6)
my! m,!
so that deg Fy=m,+ -+ +m,<deg F. Hence by induction hypothesis
(X7, /m!) F, eV,(t) and since B, e 4™, it follows that the elements in (6)
are in V(7). This proves (5) if y, # o. Suppose now that y, =a. Then by
(iXb) of Sublemma, (X" /n!)(X7/m,!) can be expressed as an integral
linear combination of sums of type

Xc[!‘l (fo—ll _12> Xlia
0! j 5L

,20,0,20.
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Hence (5) can be expressed as an integral linear combination of sums of
type
Xm o X
Fy=—2-—e, (7)
m,!  m,!

I -] — 2}
& Ha {l 12 anz F1,
7! j !

so that deg Fi=m,+ --- + m,<deg F. By the induction hypothesis
(X2 JI,!) Fy € Vz(z). One knows that (*~/1=") can be expressed as an
integral linear combination of sums of type (%) and as V,(t) is stable
under expressions of type (“+) it follows that the elements in (7) are in
V4 (7). This concludes the proof of (5).

Remark 3.5. 1n proving the assertion (3) we have in fact shown that
U 2 V(1) EVe(1) ift>s,1.

Now to conclude the proof of Lemma 3.4, it suffices to show that

R.HS. of (*)< L.H.S. of (x). (8)
Now by (2), we have

e, € LHS. of (%)
so that to prove (8), it suffices to show that
L.H.S. of (x) is U} -stable 9)

and then the proof of Lemma 3.4 would be complete. To prove (9), we
have to show that an expression of type

D.¢D G
“I-<F,  Bed*, FeVy () (10)
belongs to the L.H.S. of (x). Now we express (X’ B/n(X™ /ml) as an
integral linear combination of expressions of type as in (i)(a) of Sublemma,
in case f=a, and (ii)(b) of Sublemma otherwise. Then using the fact that
Vz(#) is stable under

H X4
4 and —2. yed*, p>0,¢g>0
p g!

we see immediately that an element in (10) can be expressed as an integral
linear combination of sums of type
Xs

SF. FeVa()
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which shows that the elements in (10) are in the L.H.S. of (*). This proves
the assertion (8) and the proof of Lemma 3.4 is now complete.

LeEMMA 3.6. Let ¢, t be as in Lemma 3.4. Suppose the Z-module V;(§)
has a basis {Q(4, u)} indexed by admissible pairs (4, 1) on X(§) having the
following properties:

(1) Q(4, u) is a weight vector of weight
(@) + p(w)).

(2) If W(8) denotes the L-submodule of V(@) spanned by all Q(4, p)
such that ¢ =02 A, then

W(0)=V_,(0).

Let now (A4y, u,) be such that ¢=4,, {A(w)+p(w),a*>>0, and
¢ % s, A If GlA(0) + py (@), a* ) =1, set
(a) Q(l, P’)=X7:1Q(’{l’ #1)’ (;['7 .u)__‘(sa'{l’sauul)'
If GOy (@) + py (o)), 0% > =2, set
(b) Q4 p)=(X2/2!) Q(4y, 1), (A, ) = (8441, Suty),
(C) Q(Sa'{l’ ﬂ1)=X,aQ(A,1,/11)-
We call the Q(4, u) defined in (a), (b), (c) as the new basis elements (relative

to ¢, t). Consider the set of all Q(A, ) above, ie., the new basis elements as
well as those given by the hypothesis. Then we have the following.

(A) {Q(4 u)} is a basis of the Z-module V,(t) and is indexed by
(distinct) admissible pairs on X(t).
(B) Q(4, pn) is a weight vector of weight

M) + u)).

(C) If W(0) denotes the Z-submodule of V(1) spanned by all Q(4, 1)
such that 024, ¢ =20, then

W(0)=V_,(0)
(we call these Q(4, i) the basis elements of W(0)).

Proof. That {Q(4, 1)} is indexed by distinct admissible pairs on X(t)
follows from Lemma 2.16. The assertion (B) follows from the way
{Q(4, p)} has been defined.
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Let
1. (4, p)1s an admissible pair on X(¢)
I5= (4 p) 2. (Mo)+pw),a*>>0
3. 9Fs,A

and let ¥, = V,(¢) denote the Z-submodule of V', (¢) spanned by {Q(4, p),
(4, w)eI5} and let V,=V,($) denote the Z-submodule of V,(¢) spanned
by {Q(4 u), (4, u)¢15}. We have therefore V,(¢)=V,®V,. We claim
that

Va(t)y=U_,2V i+ 7V, (1)
On account of Lemma 3.4, to prove the claim (1), it suffices to show that

(4, u), an admissible pair on X, and

(1)
(A p)¢ I, thenU_, , Q4 p)csU_, 72V, +V,.

Suppose now that d{i(A(w)+ p(w)),a*><0. Then we claim that
X_,0(A4, n)=0. For otherwise, the weight of X_,Q(4,u) is
1(A(w)+ w(w)) — o and we have

GMw) + pw)) =, a* ) < =3

which leads to a contradiction (cf. Remark 3.3(c)). Suppose now that (4, u)
is an admissible pair on X(¢) such that ¢>s,4i. Then we have either
Azs,dor¢g=20=s,A2A If 1>=5,4, then we have (cf. Remark 3.5)

U_ oz Vz(A)SVz(4)  and  Vz(A) S Vz(9).
If > 0=5,A> 4, then again we have (cf. Remark 3.5)

U_.z Vz(0)SV,(0) and  Vz(0)< V()
Thus in this case, we have indeed

U_,2Q4 sV, +V,

so that, in particular, (1’) follows in this case. Thus to complete the proof
of (1'), it remains only to prove it for the case {}(A(w)+ p(w)), a*> =0.In
this case, we set

U= XaQ()'a lu) € VZ(¢)
We observe first that if « =0, then X_,Q(4, ) =0. For, at first Q(4, u) is a
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highest weight vector for the s/(2) associated to « and since the weight of
Q(4, p) is 3(A(w) + p(w)) where (3(A(w)+ p(w)), a*> =0, by the standard
sl(2)-theory (cf. [S],), we see also that X _,Q(4, u)=0.If X __Q(4, u)=0,
then the assertion (1') is immediate. Let then u #0. We now claim that

X?
5T 4=X .04 p). (2)

Let us first show how (2) completes the proof of assertion (1’). For this, it
suffices to show that

X\aQ()"’ ﬂ)EUfoz,ZVl_‘" VZ (3)
and hence by (2), it suffices to show that
X2
2;“ UG U,a,z * Vl + V2. (3/)

Since ue V,(¢) and {weight of u, a*> =2, we can write

u= Zaﬂ,a Q(O’ 0)9 aB,a € Z

4
(8, o) admissible pair on X(¢), {weight of (8, ¢), a* > = 2. @

Now (0, o) being as in (4), (0, ) either €14 or ¢ I5. In either case, by our
discussion above
U*&,ZQ(07 O')E U*&,Z ‘ V] + Vz.

Now (3') and hence (3) follows immediately and consequently (1) also
follows. Thus to complete the proof of (1), it just remains to prove (2) and
we proceed as follows:

X X, Q4 p)=X,X_, 04 p)
(since H,Q(A, u) =0, as {weight of Q(4, u), a*> =0)
X X

27!‘1”:77“ (X71X1 Q(is #))

(XT A@) X 00 )

XX X QA )+ X, 004 p)
( X X, X, X , H,
sice =

o Ha A
: 5 +7and7(Xﬂ Q(4, u))

=X_, Q04 ),

since {weight of (Q(4, u), a*> = 0).
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Also,
X2, 004 p1)=0

for otherwise (weight of X% Q(4, u), «*> = —4 and this leads to a con-
tradiction (cf. Remark 3.3(c)). This proves assertion (2) above and thus the
proof of assertions (1’) and (1) is complete.

We now claim that

X, 004, m)=0, (Lpel. (5)

This is immediate, since, if X,Q(4, u)#0, then (weight of
X, 04, p), a* ) =2+ {weight of Q(4, u), a*) >3, since (4, u)el;. Now
from (5), by standard s/(2)-theory, it follows that U_, ; Q(4, u) is spanned
as a Z-module by X_, Q(4, u) or by X_, Q(/4, ) and (X2 _/2!) Q(4, u)
according as (weight of Q(4, u),a*>=1 or 2 ((4 u)elj). Thus (1)
together with this observation shows that V', () is spanned as a Z-module
by {Q(4, u), (4, ) an admissible pair on X(z)}.

Linear Independence

We prove the linear independence of {Q(4, u), (4, 1) an admissible pair
on X(t)} by proving the linear independence of {Q(4, u) (4, u) an
admissible pair on G/P} (P being the maximal parabolic subgroup
associated to the fundamental weight w). To be very precise, starting with
{O(4, 1), (4 p) an admissible pair on X(r)}, and fixing a chain
To=T<T,<T,< - <1,=w,, where X(t,) is a moving divisor in X(z,, ),
0<ig<n—1, we follow the above construction and arrive at the set
{Q(4, p), (4, 4) an admissible pair on G/P}, which gives a set of generators
for the Z-module V,. Now {Q(4, u), (4, u) an admissible pair on G/P}
generates the Q-vector space V=V, ® Q (note that by our notations,
V=V¥,, the irreducible G-module with highest weight ®). The linear
independence of {Q(4, ), (4, u) an admissible pair on G/P} follows from
the fact that dimgV = # {admissible pairs (4, 4) on G/P} (cf.
Remark 3.3(b)j (since {Q(4, u), (4, p) an admissible pair on G/P}
generates V,,, by our construction). Hence we conclude that it is in fact a
Q-basis for V,. This in particular implies that {Q(4, u), (4, ) an
admissible pair on G/P} is linearly independent over Q (and hence also
over Z). In particular {Q(4, y), (4, #) an admissible pair on X(z)} is Z-
linearly independent. This concludes the proof of the assertion (A) of
Lemma 3.6.

To conclude the proof of Lemma 3.6, it remains to prove the assertion
(C). Let then 0 W/Wp be such that 7> 6. Consider first the case ¢ > 0.
Then because of the hypothesis on {Q(4, u), (4, p) an admissible pair on
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X(¢)} as well as the new Q(4, u) which have been defined, we see
immediately in this case that W(6)= V,(8). Suppose then that ¢ # 0. Then
we have 0, € W/W,, 5,0,=0 such that ¢>6, (cf. Lemma 1.5) so that
W(6,)=Vz(6,). By Lemma34, we have U_,, V,(0,)=V,(0) and
hence

U_ ..z W(0,)=V,(0) (6)
The relation (6) implies that
V2(0)= U sz Vi(0,)+ W(o,)

where V', (8,) is the Z-submodule of V';(6) generated by Q(4,, u,) such
that (4, u;) € I5, (the proof being the same as that of assertion (A)). Sup-
pose now that (4,, u,) € Ig is such that (4, u,)€l5. Then by the way in
which the new basis elements (relative to ¢ and 1) have been defined, we
see that U_,,QO(4,, u,)<= W(8). Suppose on the other hand that
(A1, uy) € Iy is such that (4, u) ¢ I§. This means that ¢ > A where 1=s,4,
(note that X(4,) is a moving divisor in X(4) moved by «). By hypothesis,
we have V,(4) = W(4); further, since A > s,4=4,, we have, by Remark 3.5,
that

U_,z Vz(A)eVz(4)

Further, Q(4, ;) € Vz(A)) = W(i,) € Vz(i) = W(1) = W(8). Hence
U_, 7z Q(4y, uy) < W(8). Thus we conclude that U_, - V,(8,) € W(0) and
since W(8,)< W(6), it follows that V,(8)< W(0#). Thus to show that
V,(8)= W(8), it finally remains to be shown that W(8)< V,(8). Let then
QO(4, u) be a basis element of W(6). Suppose that ¢>=0, then
O(4, p) e V4 (A), since by hypothesis Q(4, u)e W(A)=V,(A). But we have
Vz(A) < Vz(B) since 8= 4, so that Q(4, p)e V,(#). Suppose on the other
hand that ¢ # 4, then if 1, =s,4, X(4,) is a moving divisor in X(1) moved
by « and ¢ = A, (cf. Lemma 1.5). Further by the construction of the new
basis elements, we have

Q(’la ﬂ)eUfa,Z.Q('ll’ ,ul)a ()‘1’ /“I)EI;

where Q(4,, u,) € W(6,). The relation (6) implies then that Q(4, u) e V2(9).
This proves that W(#)< Vz(8) and thus we conclude that V,(0)= W(0)
and the proof of Lemma 3.6 is now complete.

COROLLARY 3.7. Let 1€ W/Wp. Then there exists a basis {Q(A, u)} of
the Z-module V ,(t) indexed by admissible pairs (A, p) on X(t) having the
following properties:
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(B) Q(A4, n) is a weight vector of weight
H(AMw) + p(w)).

(C) If W(B) denotes the Z-submodules of V,(t) spanned by all
{O(4, )} such that 6= 4, >0, then W(0) =V ,(0). In particular V,(0) is a
direct summand in V(7).

This corollary is an immediate consequence of Lemma 3.6.

Remark 3.8. We would like to remark that once a choice of the
extremal weight vectors Q(u) has been made, the construction of the vec-
tors Q(4, pt) (as given by Lemma 3.6) is in fact canonical; to make it very
precise, we shall now prove the following: Let (4, ) be an admissible pair
on X(t). Then the vector Q(4, 1) (as constructed in Lemma 3.6) is given by

QA p)=X o X, Qp) (*)

where A=A¢>A,> - >4,=u, X(4;) is a divisor in X(4,_,), and
Ai_1=5,4; 1<i<n. In particular, Q(4, ) is uniquely determined by the
admissible pair (4, u) (and does not depend on the path from X(4) to

X(p)).
To prove (*), we proceed as follows. Having fixed a moving divisor X(¢)

in X(r) moved by « (as in Lemma 3.6), let X(w) be another Schubert
divisor in X(t); further let m(w, 7) be 2 (cf. Definition 2.1). Let w=s,, 1, so
that «, is simple (cf. Lemma 2.6). Let X(¢#,) be the divisor in X(¢) moved
out to X(w) by a. Now we claim that

(a) ¢r1=s,

(b} s,ands, commute (**)

(c) multiplicity of X(¢,) in X(w) = multiplicty

of X(¢) in X(7).
Proof. Let ¢, =554 where B is some positive root (possibly non-
simple). Now
T=s:x¢:susﬁ¢l

and

T=8,W=25,5.P.

481/100/2-13
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Hence s,,s, = 5,54 (taking 1, ¢, ¢,, w, etc., to be minimal representatives),
ie.,

adoaPa

which implies that

ﬁ:Sa(al)'

If 5, and s, do not commute, let s,(x;)=a, +na where n is a nonzero
positive integer. Now

(Sa’t(ﬂ)), al)
(o5 )

{Pw), af) = {s,T(@), af>=2

= (t(@), s,(a1))

2

(oy, 0y)

(t(w), a, + na)

(o, o)

= o) o+ o)

nt(w), a*>

where a={¢(w),a*)> (note that @>0 (cf. Lemma 1.2) and that
{t(w), of>= —2). Thus we obtain that {@(w), af > < —2 which is not
possible (since o is of classical type). From this it follows that s, and s,
commute. This proves (b) of (xx). Now (b) implies that f =« (since, from
above, f=ys,(x,)) and from this (a) follows. The assertion (c) of (xx*)
follows by interchanging the rolls of ¢ and w and using Lemma 2.5. This
completes the proof of (*x) above.

Now we return to the proof of (*). We prove (*) by induction on
dim X(t) so that it is enough to prove (x) for 2=1. Given any chain
A=2A¢>A;> - >4,=p (where X(4;) is a Schubert divisor in X(4,_,),
1 <i< n), we first observe that X(4,) is in fact a double divisor in X(4,_,),
1<i<n (cf. Remark 2.17). Hence, if A,=s5,4, |, then «, is simple (cf.
Lemma 2.6). We now distinguish the following two cases.

Case1: <{1(w),a*>= —1. Let X(¢,) be the divisor in X(¢) moved out
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to X(4;) by a. Then by (c) of () (taking w=4,) we obtain that
(Ai(w), a*> = —1. Thus continuing we obtain a path

O°°/OA -
r
(DI‘

bo=9¢>¢,>¢,> - >¢,=0 such that ¢,=5,4;, ¢, |, =5,¢,, and mul-
tiplicity of X(¢,) in X(4,_,) is 2, 1 <i<r. Further 5, commutes with s,,
1<i<r (cf (b) of (xx)). Now, by our construction, X_,Q(¢, 0) = O(t, u)
(where 0=¢,=s,u1). On the other hand Q(¢,80)=X_, ---X_, Q(0) (by
the induction hypothesis) Now X_, X_,---X , Q(u=X ,
X_,X_,00) (since <Bw)a*>=1, X ,00)=0Q)) =X X _,
X_., 00)=X_,0(¢, 0) (since s, commutes with s,, we have X X _, =
X _,X_,, 1<i<r). Thus we obtain

Xow X oo, Q) =X _,Q(d, s,1). (1)

Now from (1) it follows that Q(r,pu)=X ,--X_, Q(u) (since
X_,0(4,0)=Q(z, u)). We also obtain from (1) that for any two paths

T=A>A> >4 =pu Ai 1 =S8,4,
and
T=A>w,> " >w,=q W, =Spw,
we have
X o X, Q) =X 4 X_5 O(p) =01, p). (2)
This completes the proof of () in this case.

Case2: (t(w),a*>=—2. In this case, we have the following two
possibilities. Either a# «,, 1 <i<r, in which case, denoting by X(¢,) the
divisor in X(¢,_,) moved out to X(4;) by «, we obtain a chain of double
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divisors (using (*%)), ¢ >¢,> -- >¢,=0, or a=ua,, for some i, | <i<r.
In the former case, we have, by our construction,

X’
0(r, 1) =5 0(4.6)

(note that 6 = s, u). Now using the facts that s, commutes with s, , 1 <i<r
(cf. (xx) above) and Q(4, 0)=X _, --- X _, Q(0), we obtain

X2
O W) =57 X 0 Xy X, 000)

=X7a1X7a2"'Xva,%Q(9)

=X X X L, 00

(note that Q(u)= (X% /2!) Q(8), since {H(w), a* > =2 and pu=s,0). In the
latter case, let m be the smallest integer < r such that «,, =« Then again,
we have (cf. (»*) above) that s, commutes with s,, 1 <i<m—1. Also, we
have ¢,, | =4,,

Now

X_ oy X o X o Q=X X o X o X o X, Q)

=X_,0(8, 1)

_al.
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(note that o, = and s, commutes with s,, 1 <i<m—1). On the other
hand, by our -construction X_,Q(¢4, p)=0(t,u). Thus Q(r, p)=
X_,, X _, O(u). This completes the proof of (*).

Let us recall that

P(V3)(Z) = {direct summands of V', of rank 1}.

If ve V, is such that Zyv is a direct summand in V,, we denote by v the Z-
valued point of P(V%) defined by Zv. We observe that Ze is a direct sum-
mand in ¥, (this is, for example, a consequence of the assertion (C) of
Corollary 3.7).

PROPOSITION 3.9. Let e be the Z-valued point of P(V}) defined by Ze.
Then the isotropy subgroup scheme of G4 at é is P,. We obtain therefore a
canonical closed immersion

J:G2/Pz > P(VZ).

The pull-back by j of the tautological line bundle on P(V}) is the ample
generator Ly of Pic G,/P,. In particular L4 is very ample.

Proof. Let H be the isotropy subgroup scheme of G, at e. (Note that
Pz < H.) In order to prove that P, is the isotropy subgroup scheme of G,
at &, it is clear that it suffices to show that

Lie(P, ® k)=Lie(H® k), for every field k. (1)
Since

Lie(G, ® k)= (Lie B, ® Lie(B; ))® k

where (B )" is the unipotent part of the Borel subgroup scheme B
opposite to B, to prove (1) it suffices to show

Lie((H 0 (BZ)")®k) < Lie((Pn (B2 )) ®k) (2)

for every field k (since B, = P, < H). Now observing that H~ (B )" is the
isotropy subgroup scheme of the unipotent group scheme (B )* at the Z-
valued point of Spec S(V'}) represented by ee V,, we see that if e®1
denotes the image of e under the canonical map V,— ¥V, ®k, then the
subalgebra of Lie((B;)*®%k) which annihilates e® 1 is precisely
Lie((H n (B3 )*)® k). Thus, to prove (2), it suffices to show that

Annihilator of e® 1 in Lie((Bz )*®k)=Lie((B; )*nP,)®k). (3)
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Now
Lie(((Bz )N Pz)®k)=k-span of {X_, ®1}, aedy

where 47 is the subset of 4™ (= the set of positive roots) spanned by the
set of simple roots S, associated to P. Hence, to prove (3), it suffices to
prove

(X_.®1)e®1)#0in (V; ® k) for every field k, @

equivalently, X _,e is unimodularin V forae 4t — A4} .

The proof of (4) follows from the following

LeMMa 3.10.(Deodhar). Let V', be the irreducible G-module with highest
weight A and let e be a highest weight vector in V,; let V,=U, e. Let
Bed™. If X ze#0, then X _ge is primitive in (the Z lattice) V, (here A
could be an arbitrary dominant weight).

Proof. The proof of the Lemma is quite easy and may be obtained by
using the properties of root systems and some commutation relations in
Lie(G,) (for details of proof of Lemma 3.10 we refer the readers to Sec-
tion 5 of [L-M-S];).

Let k& be a field and let e W/W,. Since we have

Xz ()k) e P(VZ) k) =V, — (0)/k*

where V,=U,e, e being a highest weight vector in the irreducible G-
module (over Q) with highest weight w and V, =V, ® zk, we can talk of
the k-linear subspace of ¥, generated by X, (7)(k). Also note that we have
a canonical k-linear map

jk: Vk('[)z Vz(‘[)®k_> VZ ®k: Vk‘
We have

PROPOSITION 3.11.  Let w be a fundamental weight of classical type. Then
(1) Jji is an injection,
(i) V(1) is the subspace of V, generated by X, (1) Rk,
(iif) char(V,(z))* = M. (exp(—w))
(M, being the operator as defined in the beginning of this section).

Proof. Part (i) follows form the fact that ¥, (1) is a direct summand in
Vg (cf. (C) of Corollary 3.7).
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(i1) To prove (ii), we shall more generally prove the following.
Let

r
A=Y aw, a;>0
i=1

be a dominant weight. Let Q=(3/_, P, and X(r) a Schubert variety in
G/Q. Now since

X(t)eP(V)=(V; = (0))/k*

(where V; =V, , ® k) we can talk of the k-linear subspace of V; generated
by X(r). We have a canonical map

Vi(t)=V(1):z ®k— Viz Rk=V,.

We denote by Im V,(7) the image of the above map. Then we have (cf.
[Sel,)

LemMA 3.12.  Notations being as above,
Im V(1) = k-linear subspace of V', generated
by X(1).

Proof. (by induction on dim X(z)). When dim X(t)=0, V, z(1)~Ze (a
direct summand of V, z; here e is a highest weight vector in V, ; ® Q
(which is unique up to scalars)) and X (t)~Spec Z and the lemma is
immediate. Now let dim X(z) > 1 and let X(¢) be a moving divisor in X(1)
moved by o. We see easily that it suffices to prove the lemma when the field
k is algebraically closed. Let ge V', z(4) and ¢ the canonical image of ¢ in
V.(¢). Now V,, is a G_, 2 or equivalently U _, ,-module and V), is a
G _,-module or equivalently U_, module. The element ¢- 4, when we iden-
tify ¢+ with an element of G _,(k)=~k, is given by

Xn
t-q=exp(tX,a)q=<1+tXu+"'+t"ﬁ>q (*)

(where we choose n such that (X"*!/n+ 1) g=0). Since k is algebraically
closed, we can find 1,,.., t,, ; €k such that the Vandermonde determinant
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Set

7 6,

X g :
A __“q =1 (n+ 1 x 1 matrix)
X" .q 0

n

where 6, € subspace of V, generated by X(t) (by induction hypothesis
Im V,(¢) is the subspace of V', generated by X(¢) and X (1) is stable under
G_,, etc.). Hence

an S q Hn +1
From this we conclude (using Lemma 3.4) that
Im V(1) < k - linear subspace of V', generated by X{(z).

It remains to prove the inclusion in the other direction. It is not difficult to
see that the image of the map

G_.xX(¢)— X(7)

contains a non-empty open subset of X(t) (since te image contains X(¢)
and 7, etc.). Hence the k-linear subspace of V; spanned by X(z) is the k-
linear subspace of V', spanned by G _, - X(¢). We have

G X(@)<G _,(V,2(4)®k)
It is clear (see (*) above) that the R.H.S. is contained in

(Ufrx,Z. Vz,z(¢))®k= V;L,Z(T)®ko

This completes the proof of Lemma 3.12. Now Lemma 3.12 together with
(i) proves the assertion (ii) of Proposition 3.11. The assertion (ii), follows
from Proposition 3.1. To make it very precise, the vector space ¥ (t) has a
basis {g(/, 1), (4, #) an admissible pair on X(t)} where g(4, n) is a weight
vector of weight 3(A(w)+ p(w)) (cf. Corollary 3.7; here g(4, p)=
Q(4, p)®1). Hence

c¢h Vi (1) =X exp[ (M) + p(w))] (1)

where the summation on the R.H.S. is over all admissible pairs (4, 1) on
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X(7). But then by Proposition3.1, the RH.S of (f) is precisely
M (exp(—w)). Hence we obtain

ch Vi (1) = M (exp(—w)).

This completes the proof of assertion (iii) (and hence also of
Proposition 3.11).

Remark 3.13. Now, we have a canonical isomorphism

H°(P( Viz) Liz)= V¥,

Lemma 3.12 says that the smallest projective subspace containing X(t) is
(Im V,(z))*. Hence the above canonical isomorphism induces a canonical
k-linear map

Jes (Vi(n)* —» HO(X(f)a L;)

and the image of this linear map can be canonically identified with
(Im V,(t))*. In particular, taking A=w, we obtain (in view of
Proposition 3.11(i)) an injective k-linear map

,,,,,, 2

Jet (V(0))*s HY(X(z), L)
(here V(1) =V, 2(0)®k, L=L,; ®k, etc.)

Remark 314, Taking X,(1)=G4/P,, we obtain that the map j, in
Remark 3.11 is an isomorphism for all fields (using the well-known fact
that jo is an isomorphism and the vanishing theorem (cf. [A], [Ha], or
[K])). Thus we obtain the following commutative diagram:

Vi xHG/Py, Ly)
l J' (restriction map).
(Vi(1)*s HYX, (2), L,)
THEOREM 3.15. (First Basis Theorem). There exists a basis {P(4, u)} of

H%G,/P,, L,) indexed by admissible pairs (A, u) in W/W, having the
following properties:

(i) P{4, u) is a weight vector (for the T,-action) and is of weight

—3(A(®) + p(w))
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(i1) the canonical rational morphism
Gz/Pz~ P(HO(GZ’ Lz))

is a closed imersion.

(iii) Let k be any field Set p(A, u)=P(A p)® 1, p(4, u) being the
canonical image of P(, u) in HY(Gz ® k/P; ® k, Ly ® k). Then the restric-
tion of p(4, u) to Xo(t)® k is not identically zero if and only if 12 A

Proof. The module V, has a basis {Q(4, u)}, indexed by admissible
pairs (4, u) in W/Wp as in Corollary 3.7. We now set { P(4, u)} to be the
basis in V% dual to {Q(4, p)} (note that V%= H°(G,/B,, Ly)—f.
Remark 3.14, for example). The assertion (i) is an immediate consequence
of property (B) of Corollary 3.7. The assertion (ii) is just Proposition 3.9.
To prove assertion (iii), first, it is clear that the kernel of the canonical
homomorphism V*, — V, (1)* contains all p(4, ) such that 73 1. Hence
the proof of assertion (iii) would be complete, once we show that if 7> 4,
then the restriction of p(4, u) to X, () is non-zero. But this follows in view
of the injectivity of the map

Vi(t)*s HY(X, (v), Ly)

(cf. Remark 3.13). This completes the proof of Theorem 3.15.

Remark 3.16. (i) For any te W/W,, the set {p(4, u)/t> 1} is a basis
for (V(1))*. In particular, the set {p(4, u)/t> A} is a linearly independent
set.

For, we have V(1)* is generated by {p(4,u)/t>A} and further
dim V(1)* =dim V(1) = # {admissible pairs on X(7)} (cf. Corollary 3.7).

(ii)) We observe that the basis { p(4, )} is in fact canonical. For this,
we first note that the elements p(t) = p(, 7), being the extremal weight vec-
tors, are uniquely determined up to +1 (in view of (iii) of Theorem 3.15).
From this the uniqueness of p(4, u), (4, #) being a non-trivial admissible
pair follows (cf. Remark 3.8).

(iii) It should be remarked, however, that the properties (i), (ii), (iii)
of Theorem 3.15 do not characterize the set {p(4, u)} (cf. [L-M-S7];,
Remark 5.117).

We shall now prove some lemmas which are for later use.

LemMa 3.17. Let ¢ € W/W . Then the Z-submodule, V, of the B; module
H®(X7(#), L., 7z) generated by all elements of the form P(¢, 1) is By stable.

Proof. We observe that any Fe V vanishes on all the Schubert sub-
schemes of codimension one or equivalently every Schubert subscheme
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X2 (0) such that 6 < ¢. Since obviously every Schubert scheme is B stable,
we deduced that if V' is the Bz-submodule of H°(Xz(w), L, ), which is
the B, span of V, every element G € V’ vanishes on every X, (6) such that
0 < ¢. Suppose that Ge V' is of the form

G= Z aiP(j'ia Hi)9 aiEZ’ ai¢0’

i=1
(4, p;) are distinct admissible pairs and say ¢ >4, and 1, is a
minimal element among {4,}.

We observe now that G| X, (4,)#0, which leads to a contradiction. This
proves Lemma 3.17.

LEMMA 3.18. Let ¢ W/W, and a be any simple root. Then in the By-
module (or equivalently the U} -module, where U} denotes the enveloping
algebra associated to Lie(Bz)) H°(X,(¢), L, 2) we have the following
relations:

(a) X,P(¢,A)=aP(¢,p)acl.

Furhter, if a#0, we have necessarily the following:

Syh=p with p> 2 and {(Mw),a*>=2, ie, Xz(A) is a double
divisor in Xz (1) moved by o

(b) X.P(¢)=0,
(c) X;P(¢,2)=0.
In the above relations X, denotes the usual element of U associated to a.

Proof. By Lemma 3.17 it follows that

X.P6. )= aPbu). aeZ

where we can assume that u; are distinct. We see that

weight of P(¢, u;)# weight of P(4, p;), p,#

using (1) of Theorem 3.15. We see also that X, P(¢, 1) is a weight vector.
Hence we conclude that

X, P(¢, A)=a P($, p). (1)



506 LAKSHMIBAI AND SESHADRI

Then if a# 0 we have
weight of X, P(¢, 1) = —i(d(0w) + Aw)) +a
= weight of P(¢, u) = — 3(¢(w) + u(w)).

This gives
Hlw)=Aw)—-2a ifa#0in (1). (2)

This implies that
(u(w), a*) = (M), o) — 4. (3)

Since one knows that |<{w, * >| <2 for any positive root (consequence of
the property of @ being a classical fundamental weight, cf. Definition 2.2),
we have in particular

[{ulw), a*>| <2 (4)
Then one sees easily that (3) can hold only if

(Aw), a* ) =2. (3)
In this case we get

s, M) =Aw)— {Aw), a* ) o= Aw)—2a

which gives

Hw) = (s,2) (). (6)
By the property of extremal weights, (6) gives that

H=S,A

The fact that u>s,A follows from the fact that {(A(w),a*)> >0 (cf.
Lemma 1.2). This completes the proof of the assertion (a) above.
The assertion (b) is an immediate consequence of (a); for

X,P(¢)=X,P(¢,¢p)=a P($,4), acl

and if @ # 0, by (a) we get that 1> ¢, which contradicts the fact that ¢ > 4
((¢, A) is an admissible pair). Hence a =0 and the assertion (b) follows.
To prove (c), we observe that if

XzzP(¢"1)=aP(¢aﬂ)’ a;:‘_-O
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then we get that
(), a*) = —2.
Hence we have necessarily (using (5) above) that
X, P(¢g, n)=0, ie., X2P(¢, 4)=0.

This completes the proof of Lemma 3.18.

COROLLARY 3.19. Let ¢ € W/W . Then the minimal B -submodule of the
By module H*(X7($), L., 7) containing P(¢, 1) consists of elements of the
following form:

ZaiP(¢a .ui)’ a[EZ and '[1,12,{

Proof. This is an immediate consequence of Lemma 3.18, for P(¢, 1)
being a weight vector of the submodule U} . P(¢, 1) of the U module
H°(X,(w), L, 7) is the Z span generated by elements of the form

n n
X X
nt  n!

P(¢, 1)

where the a, occurring above are simple roots. Now Coroliary 3.19 follows
immediately from Lemma 3.18.

Remark 3.20. Note that the relations in Lemma 3.18 take place on the
Schubert scheme X, (4), i.e., in the B,-module H°(X,(#), L,, ;) and not in
H(G4/Py, L, z). For example, it follows that Z- P(¢) is stable under B,
and this cannot be true in H%(G,/P, L,, z), for then P(¢) would be the
highest weight vector. Note that H°(X,(¢), L,, z) is a quotient and not a
submodule of H*(G,/P, L., 2).

4. YOUNG DIAGRAMS AND STANDARD MONOMIALS

Let O stand for a parabolic subgroup scheme of G, of classical type
containing B, (cf. Definition 2.3). Choose any arbitrary ordering, say, P4,
1<i<r, of the set {P,,} of the maximal parabolic subgroup schemes con-
taining Q5. Let w;, 1 <i<r, be the fundamental weight associated to P, ;.
We have

Qz= m Pi,Z'

1<igr
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For any ring A, we denote by L, , the line bundle L, , on G ,/P; ,. Note
that for 4 =7 or a field k, L, , is the ample generator of Pic G 4/P, ,. Let
a=(a,,.., a,), a; € Z. Then we denote by L, , the line bundle on G ,/Q , (or
G ,/B,), defined by

L%;n@L%Aaz@ ®Lr,@31a,'

Note that L, , is the line bundle, denoted by L, , (in Section 1), where 1 is
the weight A="7_, a,0,.

In the sequel, unless otherwise stated Q5 will always stand for a parabolic
subgroup scheme of Gz of classical type and P.,, L,,, etc, will be
understood to be as above. Note that we have also chosen an ordering of the
maximal parabolic subgroup schemes containing Q.

DEFINITION 4.1.  Let a=(a,,..,a,), a;€Z™. Then a Young diagram of
type a or multi-degree a in W/W,, (or on G,/Q,) is a pair (0, 6), where

0=(0,;), 0= (0,), 1<i<r, and (6, 8,;) is an admissible
pair in W/W,, 1<j<a,.

If a,=0 for some ¢, 1<¢<r, we understand that the corresponding
admissible pair (0, _, d, ) is empty, i.e., does not figure.

DErFINITION 4.2, A Young diagram (6, ) as above is said to be standard
if there exists a pair (a, §) which we call a defining pair for (6, §) such that

(1) a=(ay), f=(B;), a;, Bye W/Wy, 1<i<r, 1<j<a,
(2) each a; (resp. f;) is a lift in W/W, for the element §; (resp. ¢,)
in W/W, under the canonical morphism W/W, - W/W,, and

(3) anzBuzanzhnz 20 ,2hha>0n2pu=2a,,>0,,.

We say that the Young diagram (6, ) is standard with respect to te W/W,,
if in addition to the conditions (1), (2), and (3) we have also

(4) t=a,, in W/W, (often written as 72> a).

Note that the notion of a standard Young diagram depends upon the order-
ing (fixed above) of the maximal parabolic subgroup schemes containing

Qz.

DEFINITION 4.3, Let (6, §) be a Young diagram in W/W, of type a. To
this we can associate the following element of H(G,/Qz, L, 2):

P(911,511)P(Blz,élz)"'P(em,a 5ru,)' (*)

This element is called a Young monomial and we denote this by P(6, d). (To
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be precise, P(0, ) is an element of H(G2/Qz, L, z), indexed by the Young
diagram (6, 8).) If (6, &) is standard with respect to te W/W,, we call
P(0, 8) a standard monomial on X, (). If k is a field, we denote by P, (8, 9)
or just p(0, ) the canonical image of P(6, §) in H°(G,/Q,, L, ) and call it
standard on X, () if (6, 8) is standard with respect to 7.

LEmMMaA 44. (Deodhar). Let Q, be a parabolic subgroup scheme of G
and let W€ be the set of minimal representatives of W/W, in the Weyl
group W. Then given 6, ¢’ € W° such that ¢’ <o and we W/W ,, there exists
a unigue w' =n(o’, o, w) such that o'w' <ow and w' is maximal for this
property, ie., for any w" € W, such that ¢'w" < ow, one has w" <w' in W.

Proof. The proof is by induction on I/(g). If /(c)=0, then 6 =0¢'=1d
(identity element) and it is clear that w'=w is the required element. Now
let /(¢) > 0. Choose a simple root « such that s, <g. Set s=s,. Note that
so € W2 (this follows from the facts that 1€ W2 <> ¢(8)>0 for all fed}
(the set of positive roots associated to Q) and that given a simple root a, s,
leaves 4 — {a} stable). Now we distinguish the following two cases.

Case 1: so'<a’. In this case we have again so’'e W2 (for the same
reasons as above). We have also s¢’ < so (cf. Lemma 1.5). Hence by induc-
tion hypothesis n(so’, sa, w) is defined. Call it 7. Now we claim that w’
exists and is in fact t". For, we first note that for any t in W,

c'1<ow<s6'T < sow (*)

(since under the hypothesis ¢ >so and ¢’ >ss’, we have ow>sow and
o't >sa't). Now if ¢'w” <ow, then we obtain from (x) that so'w” < sow
and hence w” <1'; also, from (x) we obtain ¢'t' < aw (since so't’ < sow).

This proves the required claim.

Case2: so'>oc¢'. In this case ¢’ <so. Henc by induction hypothesis,
n(a’, sa, w) is defined, call it t’. We claim that w’ exists and is in fact 7.
For, we first note that for any r in W,

ow=2o'tsow>=0o't (xx)

(in view of the facts that ¢’ <s¢’ and so < g, we have that if 6’7 < 6w, then
a't <sow; conversely, if o't<sow, then o't <ow, necessarily (since
sow < ow)). Now, if 6'w” < ow, then from (**) we obtain that o'w” < sow.
Hence w” < 1'. Further ¢'t’ < sew implies (in view of (x*)) that ¢'t" < ow.

This proves the required claim.

CoROLLARY 4.5.  Let (8, 8) be a standard Young diagram on the Schubert
subscheme X,(¢) of G2/Qz, ¢ W/Wy. Then we can find a unique
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maximal defining pair (A%, u*) for (6,8) on X,(), ie., if (A, u) is an
defining pair for (0, 8) on X, (¢), we have

320 and pt e ie, if A=) H=(), AT =(),
TR =(ﬂ;), AI;ZA'U and,u,;.r 2 Wy

Proof. This is an immediate consequence of the above Lemma. L«
(4, 1) be a defining pair for (6, 6) on X, (¢) and

A= ()“:j/')’ u= (Nij)a 0= (aij)a 0= (50‘)-

We define 4% = (4, ) and u™ = (u;) inductively as follows: We have ¢ > 4,
and the image of A;, under the canonical map W/W,—-" W/W, is 0,
Hence by Lemma 4.4, we can find a unique maximal element 4;; such the
¢ >}, and the image of A}, under y is 0,,. Clearly A}, = 4,,. Now choos
u[; to be maximal within A}, such that the image of u{; (under 5} is é,,, et
This completes the proof of Corollary 4.5.

Lemma 4.4 and Corollary 4.5 admit dual versions as follows.

LeEmMMA 4.4’ (Deodhar). We follow the notations of Lemma 4.4. Then give
og,0'e W and we W, with o' > 0, there exists a unique w' = p(c’, o, w) i
W, such that ¢’'w’ 2 ow and w' is minimal for this property, ie., for an
w'e Wy, if a'w" 2 ow, then w" 2w in WP

COROLLARY 4.5".  We follow the notations of Corollary 4.5. Then we ca
find a unique minimal defining pair (1, u ) for (8, 8) on Xz(9), ie., .
(4, ) is any other defining pair for (0, 6) on X,(¢), then

AT <A and o<

Remark 4.6. Note that the minimal defining pair (A ,u") ¢
Corollary 4.5’ depends only on (8, §) and is independent of the choice ¢
any Schubert scheme X, (¢) on which (6, §) is standard. In particular, not
that if (6, 6) is a Young diagram on G,/Q, then it is standard on
Schubert scheme X,(¥) if and only if ¥Y>4;,, where (A7, u") is th
minimal defining pair for (6, §) on G,/Q;.

Remark 4.7. Given we W/W, and 1€ W/Wp,, such that w> 1 (where 1
denotes the image of w under the canonical map W/W,— W/Wp), let
denote the unique maximal element in W/W, such that w> 4 and 4 prc
jects to A (which exists by Lemma 4.4). We shall often refer to 4 as the un.
que maximal lift of 1, less than w, and to X7 (1) as the unique maximal lij
of Xz(4) in X (w). It is clear that a standard Young diagram (6, 0) o
Xz (w) remains standard on X, (4).
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The following technical result will be used only in Section 5, but we give
it here as its proof uses the ideas of this section.

Lemma 4.8. Let X7 (¢) be a moving divisor in X, (1), moved by a simple
root o, where ¢, 1€ W/W, (Qg being as usual). We denote by @, etc., the
image of ¢, etc., under the canonical morphism W/W ,— W/W p . Suppose
that § (=s,%) <7. For any Xe W/W p, such that X< ¢, let A be the maximal
lift of 7 less than ¢ (see Remark 4.7). Then we have the following:

(1) if T<s, X, A (resp. s,A) is also the maximal lift of 7 (resp. s, A) less
than 1,

(2) if A=s,4, the bigger of the two elements ) and s, is the maximal
lift of 7 less than .

Proof. Let u be the maximal lift of 1, less than 7. Then obviously u > 4.
Let s,4> 1. In this case, we claim that

(i) A is the maximal lift of Z, less than t, ie., g =4, and
(ii) s,4 is the maximal lift of 5,4, less than .

We shall first prove (i). If us 4, then we obtain that y> A Now u>1
implies that u < ¢ (since =1 and 4 is the maximal lift of 4, less than ¢).
Hence p=s,v for some v<¢ (by Lemma 1.5). Now v=s,u implies that
Vv=s,fi=s,4 This, in turn, implies (under the hypothesis s,4>1) that
Xz(v) has a bigger projection in G,/P, , than that of X,(u), which is a
contradiction (since p>v). Thus we obtain u= 4 as claimed in (i). (Note
that as a particular case (with 2= ¢), we obtain that ¢ is the maximal lift of
& less than 7.) Now to prove (ii), let <t be such that 8 =s,4. Then s,6
projects onto 4 (under the canonical map W/W, — W/W ). Hence by (i)
above,

S0 < A<s, A

Now X (s,A) is stable under the canonical action of the group scheme
G _, 7 associated to a (see (iii) of Lemma 1.2) or equivalently stable under
the action of the minimal parabolic subgroup scheme P, , associated to «
and hence for any w<s,4 (in particular for w=s,60), we have s,w<s, 4
Thus 8 < 5,4, which proves (ii) above.

Let now 5,4 = 4. Then taking v to be the bigger of the two elements 4
and s, A, we have v= 1. Hence v < p. On the other hand, if 8 is the smailer
of the two elements u and s,u, we have 8§ < ¢ (see Lemma 1.5). Further
=1 and hence 8 < 4. Thus 6§ <v and hence 5,0 <v (since X, (v) is stable
under the action of the minimal parabolic subgroup scheme P, ,, etc.).
This, in particular, implies that x4 < v. This, together with the fact that v<
(which was proved above), implies that u=v = bigger of the two elements
A and s, A. The proof of Lemma 4.8 is now complete.

481/100/2-14
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5. LINEAR INDEPENDENCE OF STANDARD MONOMIALS

Let Q be a parabolic subgroup of classical type. Let P be a maximal
parabolic subgroup containing Q, with associated fundamental weight .
Let e W/W, and let X(w) be the projection of X(t) under G/Q — G/P.
Suppose the following relations hold on X,(w).

(1) P(w, 8)*= £ P(w)- P(0).
(2) Conversely, if FeH%Xz(w),L,z) 1is such that

F? = P(w) P(0), then either F=0 on X-(w), i.e, w % 0, or

(w, 8) is an admissible pair with F= +P(w, 0). (*)
(3) P(w, 8,) P(w, 0,)= +P(w)F, where F>= P(6,) P(0,).

In the sequel, we shall refer to these as “special quadratic relations.”
For the rest of this section, we shall assume that (%) holds for any X(t)
that is considered in this section. Let Y be a union of Schubert subschemes of

G2/Qz, say,
Y=Xz(d)u - vXz(p,), e W/W,, 1<i<s.

Let (0, 6) be a Young diagram in W/W, of type a (see Definition 4.2). We
say (0, 0) is standard with respect to (¢,,.., ¢,) if (8, ) is standard with
respect to at least one among the ¢,, 1 <i<s. For any field &, if p,(6, §) is
the Young monomial associated to (8, 3), we call it standard on the union of
Schubert varieties Y, if (8, 8) is standard with respect to (¢,,..., ¢,)

THEOREM 5.1. The set {p. (0, 5)}, where (8, ) runs over distinct stan-
dard Young diagrams with respect to (§,,..., §;) of type a, is a linearly
independent set (over k) in H(Y,, L, ), Y, being the union of Schubert
varieties X, (¢,)u - VX, (é,) in G/Q, (for the notation L,, see the
beginning of Section 4).

Proof. Let a=(a,,.., a,). The proof is by a double induction argument
on a, and r. The proof for the case r =1 is contained in the proof of the
general case. Suppose that a, =0. If r=1, again it is immediate. Suppose
then that r=2. Let Q. =Py, --- NP, (recall Q, =P, 20 NP, z).
We have a canonical morphism =n: G./Q,— G./Q; and let X, (w’'),
w'e W/W ., be the image of X, (w) under n. Now a standard monomial of
type (0, a,,..., a,) on X, (w) can be identified as the pull-back by = of a stan-
dard monomial of type (a,,..., a,) on X, (w') (to be precise, we identify the
line bundle Ly on X, (w), b= (0, a,,.., a,), as the pull-back of the line bun-
dle L, on X,(w') and what we mean is the pull-back by 7 of a section of
Ly, on X,(w'), identified as a section of L,, on X,(w)). Now linear
independence is preserved under this pullback since 7: X (w) - X (w') is a
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dominant morphism. By our induction hypothesis on r, standard
monomials on X,(w') of type (a,,.., a,) are linearly independent. Thus
standard monomials on X,(w) of type (0, a,,.., a,) are linearly indepen-
dent.

Suppose now a, > 1. Set a’ = (a, — 1, a,,..,, a,). Let P, (8", 6"), 1 <I<1,
be a minimal set of linearly dependent standard monomials on Y, of type a.
We shall show that this leads to a contradiction, which would prove the
theorem. Let (a, B”) be a defining pair for (81, ), 1 <I/< 1. We write

O0=(0), 3 =(6P) A= ()

BO=(BL), 1<i<r, 1<j<a,.
Recall that (61, 6!7) is an admissible pair in W/W, = W/W, (P, 4 being the
y ki L. i 8
maximal parabolic subgroup schemes containing Q7). We have the follow-
ing relation on Y,:

Yicic POV, 8)=0, ek, ¢,#0 for every I, 1 <I<t
(because of the minimality property above) and (8, ') are
distinct Young diagrams. (1

Let A be a minimal element of elements {6/, } and I the subset of {1,..., ¢}
defined by

I={l160{)=A1<I<1}.

Let Z, be the union of the Schubert varieties defined by

Z,= U Xi(a).

lel

Since, by hypothesis, P,(6", ) is standard on Y, =) X,(¢,), 1 <i<s,
we see that every af) <some ¢,. We deduce that Z, = Y,. We note also
P(8Y, 6) is standard on X,(2{}). We can write

Pk(e(“’ 5“)) = Pk(0(111)’ 5(111)) F,
where F, is a standard monomial not only on Y, but in fact on X, (B8{}).

Now restrict the relation (1) to Z,. Then we obtain the following relation
on Z,:

Z C[Pk(jv, 5&11))F[=0, C/#O \7/161‘ (2)

lel

Let x be a minimal element of the set {5{)|/e I'}. Without loss of generality
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we can suppose that p=J{). Then multiplying the L.H.S. of (2) by
P, (4, 6{)) we obtain (using (x)) the following relation on Z,:

Pu(A) Y el Pilp) Pu(6))2F,=0, ¢, #0VIel (3)
lel
We observe that as P,(4) does not vanish identically on every X, (a{?) for

lel, we can cancel P, (4) in the relation (3) and obtain the following
relation on Z,:

Y. el Pilp) Pu(8)))PF,=0,  ¢,#0, Viel (4)

lel

Let Z, be the union of the Schubert varieties defined by

Z,=J X)),  where J={l|lel, 6{)=u).
leJ

Now restrict the relation (4) to Z,. Because of the minimality nature of
u=20%), we obtain the following relation on Z,:

Py {Z c,F,}=0, ¢, #0Vield (5)

leJ

We can cancel P,(n) in the above relation since P,(u) does not vanish
identically on every X,(f{?), /e J. Thus we obtain the following relation on
Z,:

ZC[F["}éO, C]#O VIGJ (6)

leJ

As we observed above F, is standard on X,(B{)) and so it is standard on
Z,. We note also that F, are distinct standard monomials of type a’ on Z,.
Hence we obtain a contradiction to the inductive hypothesis that the set of
standard monomials of type a’ on a Schubert variety in G,/Q, is a linearly
independent set. As we observed above, this completes the proof of the
theorem.

COROLLARY 5.2. Let Y be the scheme-theoretic union of a finite number
of Schubert schemes

Y=XZ(WI)U"'UXZ(W5)’ wW; € W/WQ.

Note that Y is reduced since Xz(w,) is reduced. Let Sz(Y, a) be the Z-sub-
module of H(Y, L, z) generated by standard monomials of type a. Then
Sz(Y, a) is a direct summand in H(Y, L, ;).
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Proof. 1t suffices to show that the canonical homomorphism

jI:SZ(Y,a)®Zk—>H°(Y, L,7)®zk

is injective for every field k. We have obviously a canonical k-linear map
(with Y, =X (w)u - X (w,)):

Ja: HO( Y, La,Z)®Z k — HO( Yy, L.,k)-

By Theorem 5.1, it follows immediately that the k-linear map

Jaoji:Sz(Y,a)®k - H(Y,, L,,)

is injective for every field £. This implies that j, is injective for every field £,
which proves Corollary 5.2.

DEerFINITION 5.3. Let X be a union of Schubert varieties in G,/Q, (with
the usual notations). We set

S«(X,a) (or simply S(X,a))=the k-linear space of standard
monomials on X of type a (1)

s(X, L,)=s(X,a)=dim S(X, a). (2)

(Note that in view of (x), we have linear independence of standard
monomials.)

PropOSITION 54. Let Y., Y, be respectively unions of Schubert varieties
in G/Q«. Then we have

S(Yl Y YZ’ a):s(Yl’ a)+S(Y25 a)_s(()ll N YZ)red’ a)'

(Observe that the underlying reduced scheme of the scheme-theoretic intersec-
tion (Y,nY,), ie, (Y,NY,)q, is a union of Schubert varieties on G, /Q.
Of course, the scheme-theoretic union in Y,V Y, is always reduced as one
sees easily.)

Proof. 1t is seen easily that we have only to show that if P.(6,45) is a
standard monomial on Y, as well as Y,, then it is standard on
(Y, N Y,)eq. By definition, P,(6, 6) is standard on some irreducible com-
ponent X, (@) of Y, as well as some irreducible component X,(¥) of Y,. If
(4, 1) denotes the minimal defining pair of (6, 35), then we have (see
Remark 4.6)

$=24in,  ie, Xi(@)2X,(A5)
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and
Y=g, e, Xi(Y)2X(4)

Obviously this implies that there is an irreducible component X,(u) of
X (¢) N X (¥) such that X,(4;;) € X (u)- This means that P,(0, J) is stan-
dard on X, (u). Now one observes that X, (z) = (Y, N Y;).q, Which implies
immediately that P.(6, d) is standard on (Y, N ¥,) eq-

DEFINITION 5.5. Let we W/W,. We set
H(w) = the scheme-theoretic intersection X (w) N { P, (w)=0}

where w denotes as usual the canonical image of w in W/W, (and we
denote by the same p,(w) its pull-back by the canonical morphism
n: G /Qr — G,/P,). It can be seen without much difficulty that H(w) is a
union of Schubert varieties (set-theoretically). This is a consequence of the
fact that H(w) = X(w)nr~'(H(w)) (set-theoretically) and the following

LEMMA 5.6 (cf. [Se],). Let P be any maximal parabolic subgroup of G
(note that we do not assume P to be of classical type). Then the zero set of
p(L) in X(1) is (set-theoretically) the union of all codim 1 subvarieties of
X(A).

Proof. Let X, be the zero set in G of fe H(G/P, L,), where f is a
generator of the unique B-fixed line in H(G/P, L,,) (here we identify f with
a regular function on G—recall that H*(G/P, L,)= {F: G— k/F(gh)=
F(g) w(b), g€ G, be B}). Let Y, denote the image of X, under G/B — G/P.
(Note that Y, is nothing but the unique codimension one Schubert divisor
in G/P.) It can be easily seen that for any he G,

zero-set of ho f=hX,.

In particular, we have, for Ae W/W,,

zero-set of p(A) = Awy X,

(note that p(A) is the Awg-translate of f—for example, by weight con-
siderations). Now the following can be easily proved:

(a) X(w)sAwgyoif A € w,

(b) X(w) & Awg yo if A< w,

(c) BAPNAwgXy= .
(Parts (a) and (b) can be proved using the axioms of the Tits system; proof

of (c) is fairly straightforward, for example, one can show easily that
BAP M Awy X, # & would imply that wy e X, which is not true.) Thus we
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obtain that the zero set of p(1) in X(4)=union of all codimension one
Schubert subvarieties of X(4). This completes the proof of Lemma 5.6.

Remark S.7. Note that the proof of Lemma 5.6 implies that for
we W/W,

X(w)= () zero set of p; (set-theoretically).
wE
For, if Z denotes the RH.S, then X(w)c=Z (cf. (a) in the proof of
Lemma 5.6). Now, for any ¢ e W/W,, we have

B@P nzero set of p, = &

(cf. (c) in the proof of Lemma 5.6).
Hence Z< |, ., B4P. But then |, ., B4P is nothing but X(w). Thus
Z = X(w), as asserted.

ProPOSITION 5.8. Let we W/W,,. Then we have

(X (w), a) =s(X,(w), a') + s(H(W),q, 2) + Z $(X, (4),a") ()

where in the R.H.S. of (t) 4 runs over all elements having the following
properties:

(i) A is the maximal lift less than w of 7, where as usual 7. is the image
of 4 under the canonical map WiW , — WiW, .

(i) (%, A) is a non-trivial admissible pair in W/W, (as usual
a=(d,,.,a,)and a' =(a,— 1, a,,.., a,)).

Proof. We have the following:
S(Xi(w),a)=8,0S8,uS,; (disjoint union)

where S, is the subset of S(X,(w),a) consisting of standard monomials
beginning with P.(w), S, is the subset of S(X,(w) a) of standard
monomials beginning with P,(w, 4), where (w, 4) is a non-trivial admissible
pair in W/W,, and S, is the subset of S(X, (W), a) of standard monomials
beginning with P, (u, v), where (u, v) is an admissible pair in W/W, such
that w > u. It is clear that dim S, = s(X,(w), a’) and dim S, = the last term
on the R.H.S. of (*) of Proposition 5.8 (see Remark 4.7). We have only to
show that dim S; = s(H(w).q4,a). Now if an element of S, is of the form
P.(u, v)F, since w > p, if v is a maximal representative of u less than w, we
see that X, (v)< H(w),.s (by the description of H(w),.4 given above). We
see now easily that we have in fact S,=S(H(w).q,a). The above
proposition now follows.
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6. UNIONS AND INTERSECTIONS OF SCHUBERT VARIETIES

We shall now prove some lemmas whose motivation is explained in
Remark 6.4 below. In this section, again we assume that the special quadratic
relations in (*) of Section 5 hold for the Schubert varieties considered here,
so that we have linear independence of standard monomials (cf.
Theorem 5.1).

LemMa 6.1. Let Y, Y, be respectively unions of Schubert varieties in
G/Q (with the usual notations and dropping the subscript k). Let p be the r-
tuple p=(1, 1,.., 1). Note that L, is an ample line bundle on G/Q. Suppose
that (see Definition 5.3)

(Y, Ly,) =5(Y,, m,), m>»0, i=1,2

(ie., standard monomials on Y, of type mp give a basis for H(Y,, L,,,),
i=1,2). Then we have the following:

(a) the scheme-theoretic intersection Y, Y, is reduced,

(b) hO(YIUY23 me)=S(Y1UY29mp)9 and hO(YleZ’me)=
(Y, nY,, mp) for m>0.

Proof. We have the following exact sequences (as sheaves of O -
modules):

0_)(QYIUYZﬂ@)’l@(QYZ—)QYU‘\YZ_’O,

where we follow the usual convention of denoting the structure sheaf a
scheme Z by ¢, and Y, n Y, (resp. Y, u Y,) denotes the scheme-theoretic
intersection (resp. union). If F is a coherent sheaf on G/Q, we denote by
F(m) the sheaf F®L,,, (here L,, denotes the sheaf associated to mp).
Then tensoring the above exact sequence by L,,, we obtain the exact
sequence

0- (9)', o Yz(m) - @Y.(m)@ (Qyz(m) = Oy, yz(m) - 0.

Writing the cohomology exact sequence and using Serre’s vanishing
theorem (cf. [S];) we get
ho( Yl a YZ’ me) = hO( YI H me) + ho( YZa me)
—h(Y,u Y, L,,) for m>0. (1)

Now by Theorem 5.1, we have

hO(Y1UY2ame)>S(Y1UY2, mp). (2)
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Hence we obtain for m>0

RHS. of (1) <s(Y, mp)+s(Y,,mp)—s(Y,vY,, mp).

Now by Proposition 5.4,
R.HS. of 3)=s5((Y, N Y3)eq, mp).
Thus we conclude that
(Y " Y, L,,)<S(Y10 Y 3)1ea, mp), m> 0.

On the other hand, if ¥, Y, is not reduced, we see easily that

(Y, Yy, L,,)>h((Y,0 Y))ed, L)
Further, by Theorem 5.1, we have

R(Y10 Ya)reas Linp) 2 5((Y1 0 Y)rea, mp)-
Thus (6) and (7) imply that

(Y, nY,, L,,)>s((Y10Y3)eq, mp)

which contradicts (5). Hence it follows that Y, n Y, is reduced.
Now by Theorem 5.1, we have

hO(Ylm Y29 me)ZS((Ylﬂ Y2), mp)’ m>0-
Hence from (8) and (5), we get

hO(YleZ’me)=s((Yln YZ), mp)’ m>0

519

(6)

(7)

(8)

9)

which proves the second part of the assertion (b) of Lemma 6.1. Then from

(1), we get (for m>0)

hO( Yl (% Y23 me) zhO( Yl’ me)+ hO( Y2, me)—ho( Yl . YZ’ me)

=S(Y17 mp)+S(Y2, mp)—s(Yl N Y2’ mp)
=s(Y,vY,, mp) (by Proposition 5.4).

This proves the first part of the assertion (b) of Lemma 6.1 and the proof of

Lemma 6.1 is complete.

Notation 6.2. Let Schub(z) denote the set defined as follows: A member
of Schub(¢) is a subscheme of G/Q, which is the scheme-theoretic union of

Schubert subvarieties of G/Q of dimension <.
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LEMMA 6.3. Suppose that for every Schubert variety X e Schub(d), we
have

s(X,a)=hr"(X, L,), a=(a,,.,aqa,), a=0ie, a,20, 1 <i<r. (%)

Then we have the following:

(i) for any Y,, Y,eSchub(d), Y, Y, is reduced,
(ii) the assertion (x) holds for any X € Schub(d).

Proof. Suppose that Y e Schub(d). Then by induction on the number of
components of 7, it follows, by an immediate extension of the argument of
Lemma 6.1, that h%Y,L,,)=s(Y,mp) for m>0. Then again by
Lemma 6.1, the assertion (i) above follows. Thus, it remains only to prove
the assertion (ii) above.

We observe that (ii) obviously hoids for Schub(0). We now prove (ii) by
induction on ¢, ie, let r<d and suppose that (ii) holds for every
XeSchub(/), /<t; then we shall show that (ii) also holds for every
X e Schub(t). We make another inductive argument; namely, if C(X)
denotes the number of irreducible components of X e Schub(¢), we suppose
that (ii) is true for X e Schub(¢) such that C(X)<(r—1). We now take
X e Schub(t) such that C(X)=r, and will show that (ii) holds for X. This
would prove the lemma. Let then

X=X,u - ulk,
where X, are the distinct irreducible components of X. We set
Y1=X1U"'UX,,1, Y2=X,..

By (1), Y, n Y, is reduced and we get the following exact sequence of (-
modules (if F is a coherent sheaf on G/Q, we denote by F(a) the sheaf

F®L,):
0_’(Ox(a)_’(gyl(a)(‘a@)’z(a)“’@ylmyz(a)""o (1)

We see that Y, nY,eSchub(z—1), since X, are the distinct irreducible
components of X. By our inductive hypothesis, (ii) holds for Y,, Y, and
Y, nY,. This implies that

Y, nY, L)=s(Y,nY,, a)

ie, H(Y,nY,,L,) has a basis formed of standard monomials on
Y, nY,. This implies that the canonical mapping

HO(@yl(a) ® @Yz(a)) - Ho((oym r{2))
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is surjective. Writing the cohomology sequence of (1) we get then

(2) ho( Yl’ La) +h0( Y2, La):ho(Xa La) + ho( Yl N Y2’ La)'

We have on the other hand

hO(Yi, La)zs(YUa)a l=1,2
(Y ,nY,, L)=s(Y,NnY,,a).

Hence, from (2) we get

hO(X’ Ln)=s( Yl’ a) +S( YZ’ a)-S( Yl N YZ’ a)
=s(Y,uY,,a) (by Proposition 5.4).

Hence, we get that
(X, L) =s(X, a) (note X=Y,0Y,).
This proves Lemma 6.3.

Remark 6.4. We are interested in proving that

H°(X, L,) has a basis given by standard monomials on X of
type a ()

for any Schubert variety X in G/Q. This will be done by induction on the
dimension of X. Let us assume then that (x) holds for any Schubert variety
X in G/Q of dimension <7 and then we would like to prove that it holds
for a Schubert variety of dimension (¢+ 1). In the course of carrying out
this inductive proof we shall require the fact that () holds for any X in
Schub(z) and that scheme-theoretic intersections of members in Schub(¢)
behave well. The Lemmas 6.1 and 6.3 achieve this purpose.

Remark. 6.5. In Lemma 6.3, if in addition to (), we suppose also that
for every Schubert variety X in Schub(d) we have

H(X, L,)=0, i>0
we see that the same proof gives, in addition, that
H(X,L,)=0, i>0 VXeSchub(d).
LEMMA 6.6. Suppose that for every Y € Schub(d), one has

ho(Y, L,)=s(Y, a), a=(a,.,a,), a=0.
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Let we W/W, and X(w) e Schub(d). Let H(w) be the closed subscheme ¢
X(w) defined by H(w)= X(w)n {P(w)=0} (cf. Definition 5.5). Then w
have

hO(X(W)’ La) = hO(X(w)’ Ln') + hO(H(W)red9 La) +Z hO(X(A)a La') (*

where A is the R.H.S. of (%) and runs over all elements A such that (i) A is th
maximal lift of 1 in w and (ii) (W, 1) is a non-trivial admissible pair i
W/Wp,.

Proof. This is an immediate consequence of Proposition 5.8 (which i
just the relation (*) above with h° replaced by s) and Lemma 6.3 fron
which it follows that

hO(H(w)red’ La) = S(H(w)red’ a)'

7. FILTRATION FOR THE IDEAL OF H(w)

We keep the convention as stated in the beginning of Section 4.
One known that the ample line bundle L, on G/P,; is in fact very ampl
(cf. Proposition 3.7). Let us denote by

G/P,cP™

the projective embedding defined by H°(G/P,, L;). Since we have
canonical immersion

G/os [16/P,

we get a canonical immersion of G/Q (or more generally a Schubert variet:
X(w) in G/Q) in a multi-projective space as follows:

X)sG/Qs [ G/Pis [] P™

i=1 i=

DerFINITION 7.1. Let we W/W,,. Then we define the multi-graded rin;
R(w) as follows:

Rw)=@® H(X(w), L{'® - ®L¥),  a=(a,..a,), a;>0.
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We write
R(w),= H(X(w), L} ® - ® L}
R(w),=0 if a=(a,,.., a,), a,e Z with at least one q;, a,<0.

When wye W/W,, is the unique element of maximal length we write
R(wy)=R, ie,

R=@® HG/Q, L{'® -~ @ L).

Given b= (b,,.., b,), b,e Z, we define the multi-graded ring R(w)(b) as
follows:

R(w)(b)a=R(W)a 1 -

If Fis any graded R(w) module, we can associate to it canonically a sheaf
of Oy, -modules, which we denote by F. When F= R(w)(b), we write

F = (QX(W)(b)’

We see easily that Oy, (b) is the sheal associated to the line bundle
L5 ® -+~ @ LY on X(w). (These assertions can be seen, for example, if we
use the above immersion of X(w) in a multiprojective space. We see that
Ox(.(b) is the restriction to X(w) of the sheaf Opm(b)® >+ & Upn(b,) On
P x .-+ x P™, where (pm(b;) denotes the usual sheaf in the sense of Serre

(cf. [S11))

DeFiNITION 7.2, Let we W/W,,. Recall that (cf. Definition 5.5) H(w) is
the scheme X(w)n {P(w)=0} (w=image of w under the canonical map
WiW,— WiW,). We set

I(H(w)) =the (multi-graded) ideal P(#) R(w) in R(w).
Let M, be the subset of W/W, defined by
M, = {4|(w, 1) is an admissible pair in W/W, }.
We take a total order in M, (written ord 4, A€ M) such that
(codim fi = codim A)=ord i>ord (4, jie M,).

Then we write the elements of M, as 4y, 4,,..., Ay such that ord 4, = i. Note
that 1,=w. We now define the ideals (multigraded) in I, 0< /<N, in
R(w) as follows:
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I_ =0
Iy=1I(H(w))= P(w) R(w)
I, = P(w) R(w)+ P(w, A,) R(w)

L= Y P(w 1) R(w)

Iv="Y  P(W, 1) R(w).

(Note that /; is B-stable, 0 < j< N (cf. Corollary 3.19).)
We have Iy I, -- =1, and define

I;=ideal sheaf in @y, associated to I;, 0< /< N.
LEMMA 7.3. Suppose that we have the following:
(a) For every X e Schub(d) (cf. Notation 6.2)
h(X, a)=s(X, a), az0.

(b) Let Q' be any parabolic subgroup which contains Q properly. If Y
is any Schubert variety in G/Q’, we have

h%(Y,a)=s(Y, a), a=0.

(c) For X(w)e Schub(d) the special quadratic relations in (*) of Sec-
tion 5 hold.

Then, if I, be the ideals of Definition 7.2, we have the following:
(1) Let Fe R(w), such that a,>0. Then we have

Fe Iy< F vanishes on HW),oq.

(2) We have a canonical homomorphism of multi-graded modules (of
degree (0, 0,..., 0)):

S /L = R(A)(—1), 0<j<N (note I_,=(0) and io=w)

where 1, is the maximal representative of 1; less than w. Further, f; induces
isomorphisms:

ai (L )a = (RON=1))a  for a, 22



GEOMETRY OF G/P—V 525

(3) Iy and L/I; | have canonical B-module structures (of course
R(A,)(—1) has a canonical B-module structure). Let y; be the character of T
(i.e., an element of Hom(T, G,)) which defines the 1-dimensional T-module
{kP(W, 4;)}. We can consider this canonically as a B-module through the
homomorphism B — T = B/B* (B* = unipotent part of B) and denote by the
same j; the corresponding element of Hom(B, G). Then we have the
following:

b fix)=x,(b) " f(b.)

ie., f; is a homomorphism of B-modules up to a twist by a character of B.

Proof. (1) Let Fe R(w), with a; >0 and F vanish on H(w).4. In view
of hypothesis (c), Theorem 5.1 holds for any X e Schub(d) and hence in
view of hypothesis (a), standard monomials on X of type a give a basis for
H°(X, L,). Hence we can write

F=3Y c.p(a, B) F c;ek, ¢;#0 (%)

where P(&,, B;) F, are distinct standard monomials on X(w) and (&,, f,) are
admissible pairs in W/W,,. We can suppose without loss of generality that
&, is a minimal element among {&,}. It suffices to show that &, =w (note
that w > &,). Suppose that this is not the case, ie, w>&,. Let a, be the
maximal representative of a, less than w. We see that X(o,)c H(w),4 and
hence F vanishes on X(«,). Now restrict (*) to X(a,). Now on the R.H.S. of
(*) all the terms such that «;s «, drop out and the remaining terms are
standard on X(«,) and are distinct. We therefore get a contradiction. This
proves the assertion (1) of the above Lemma.

(2) Let F be an element of I,/I,_, represented by an element of /; as
follows:

Then we set
JAF) = F;| X(4)).
We will now show that this defines a well-defined homomorphism of

I/, , into R(4;)(—1). For this purpose we have only to show that if
Fel;,_, then F;| X(4,) is zero. Suppose then that (on X(w))

Y PWwi)F,= Y PWA)G.

0<i<j o<i<j—1
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Multiplying throughout by P(w, ;) and cancelling P(w), this equation
gives

Z (P(Zz) P(zj))l/z + P(zj) Fj= Z (P(Zz) P(zj))l/va
0gig<j—1 O0<ig<j—1
Since 4, * 4, for 1<i<(j—1), the restriction of the above equation to

X(4;) gives that
P(A)F;=0 on X(4)).

Since P(4;)#0 on X(4,), we get that F;| X(4;) =0. This proves the existence
of the required homomorphism f;.

To prove the required isomorphism concerning (f;),, we see that it suf-
fices to prove the following:

(i) FeR(w),, a,>1 and {FIX(4;)=0}=P(w, 1)) Fel,_,.

Write F as

(i) F=3) ¢, P, B,)F,, c,ek, c,#0 (on X(w))

where P(a,, B,) F, are distinct standard monomials on X(w). We claim that

(i) 4 *a, Vs ie, P,f)| X(4)=0, Vs

Suppose this is not the case. Then we can suppose without loss of
generality that 1,2 a,. Then restrict (ii) to X(4,). Then all the terms on the
R.H.S. of (ii) such that 4, * &, drop out, ie., only the terms such that
4;> &, remain and there is at least one such term. Since F| X(4;) =0, we get
a contradiction. This proves the claim (iii) above. Thus we see that to
prove (i) it suffices to prove the following:

(iv) P(w, 1) P(& P)el,_, if 4, %a

Since P(w, ;) P(&, f) vanishes on H(W),.4 (see Definition 5.5) by the same
reasoning as in the proof of the assertion (i) above, we see that on X(w) we
have

I3

(V) P(w’ Z1) P(&, B) = Z CiP(W, ﬁ:) P(ﬁi’ Si)a c,-;éO,

i=1

where in the R.H.S. the summation runs over distinct standard monomials
on X(w)c G/P,. It suffices to show that

(viy ;=4 and A for every i, 1<i<t.
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This assertion is a consequence of Lemma 7.1 of [L-M-S1,; however, this
is easily proved in the following way. Multiply (v) throughout by P(w, j,),
then cancelling P(w,) (using hypothesis (¢)) and restricting to X(j,), we
obtain the following relation on X(j,):

(vii) (P(,) P(4)))2P(@, B)=c\ P(iy) P(3,,8,) + -~

where the R.H.S. is a sum of distinct standard monomials on X(g,). The
R.H.S. is not zero on X(jz,) so that the L.H.S. is not zero on X{(j,), which
gives

(viil) f,=1, and iy =d
If fi, = 4, then we deduce that 1, > &, which contradicts the hypothesis that

4; * @ and this completes the proof of (2) above.

(3) The fact that /; and I,/I; | have canonical B-module structures is
an immediate consequence of Corollary 3.19. The above isomorphism f; is
“formally” taking x e I;/I;_, and dividing it by 0, where 6 is the image of
P(w, 4)) in I/I,_,. Now the one-dimensional space generated by 6 is a B-
module and the action of B is given by the character y, (by Corollary 3.19).
Thus in a formal manner we can write

which gives

(bx)

b flx)=1,(b) " == 1, (b) S (b)

ProOPOSITION 7.4. We assume the hypotheses of Lemmal.3. Let
we W/W, such that X(w)e Schub(d). Let 1, denote the sheaves of Oy,
modules of Definition 1.2. Then we have the following:

(1) We have canonical isomorphisms (as Oy, modules)

ﬁ:Ij/Ij—l—’(QXU-,) ('_1, O,.u, 0), OngN

4; being the maximal representative of 1 less than w.

(2) We have canonical B actions on I,/I, |, 0<j<N. For be B, we
have

Jilbx) =y (b)(b- f{x))

where y; is the element of Hom(B, G,,,)~Hom(7, G,,), associated to the

481./100/2-15
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weight of Pi(W, 4,) (= —H(w(w,)+ A{w,))). One can express this by saying
that

@X(;Vj)( -1,0,.,0)~ Xfl L/ _,,
or
Ij/Ijrl >y ® (Oxuj) (-10,..,0)

where the isomorphisms are B-isomorphisms and y; represents the 1-dimen-
sional B-module canonically associated to the T-module {kP,(w, 1,)}.

(3) The ideal sheaf WH(W),oq) in Oy, associated to the closed sub-
scheme H(w)..q of X(w) is precisely 1.

Proof. The homomorphisms (f;), of Lemma 7.3 are isomorphisms for
a; sufficiently large. Hence by an easy generalization of the classical results
of Serre (cf. [S],) to the multi-projective case, it follows that f; induce
isomorphisms at the sheaf level and that 1,=I(H(w),q). Thus
Proposition 7.4 follows immediately from Lemma 7.3.

8. THE VARIETY Z,

Let Q be any parabolic subgroup of G.
Let X(¢) be a Schubert divisor in a Schubert variety X(z), moved by a
simple root a with ¢, te W/W,. Set

B,=BnSL(2,a)

where SL(2, «) is the “SL(2)” associated to the simple root a. One knows
that for the canonical action of SL(2, «) on G/Q (induced by the canonical
action of G on G/Q), X(t) remains stable (cf. Lemma 1.2). Of course, any
Schubert variety in G/Q remains stable under the action of B,.

For any line bundle L on G/Q, we denote by the same L its restriction to
a subscheme of G/Q (in particular a Schubert variety) when there is no
confusion. We observe that SL(2, «) acts on L consistent with its action on
X(z). Similarly, B, acts on L consistent with its action on X(¢).

DErFINITION 8.1. Let ¢, 7, o, and L be as above. We set:

(i) Z,.=the fibre product SL(2, ) x? X(¢), i.e., Z,_ is the quotient
variety modulo the equivalence relation in SL(2, a) x X(¢) defined by

(g x)~(gb,b7'x); geSL(2,a), beB,, xe X(¢).

Sometimes we shall denote Z,,, by Z,, also or just by Z,, when there is no
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room for confusion. Note that if we define the action of B, on
SL(2, a) x X(¢) by

(g x)ob=(gb,b™'x)

then this action is a free action and Z; is the orbit space (SL(2, a)x
X(¢))/B,.

(ii) p is the canonical morphism
p:Z,—>P'=SL(2, a)/B,.

Note that Z, is the fibre space with fibre X(¢), associated to the principal
fibration SL(2, «) —» SL(2, «)/B, with structure group B,.

(iii) ¥ (or ¥, if one wants to be precise) is the canonical morphism
V:Z,- X(t)sG/Q
defined by
(& x)—gx, geSL(2, a), xeX(4)
(note that this map is well-defined since
Y(y)=¥(2), y~z (equivalence relation in (i) above)).

(iv) L is the line bundle on Z,, associated (in the sense of fibre
spaces for the principal B, fibration SL(2, «) —» P') to the B,-line bundle
L| X(¢), with its canonical B,-action, i.e.,

L=SL(2,a)x? L.

More generally, let F be a coherent Oy 4-module with a B,-action com-
patible with the action of B, on X(¢#). We set

F=SL(2, a)x®F.
Let g,, g, be the canonical maps

q::SL(2, ) x X(4) = X(¢),  q,: SL(2, ) x X(¢) > Zy,

then g¥(F)xq¥(F), ie., Fis the sheaf on Z; to which the sheaf ¢¥(F) on
SL(2, ) x X(¢) (having a B,-action) descends. An important example is
when F is an ideal sheaf or the structure sheaf of a subscheme Y of X(¢)
which is B,-stable. Then ¥ is a subscheme of Z,. It is easily seen as a con-
sequence of the above remarks that if ¥, Y, are subschemes of X(¢) which
are B, -stable, then ¥, nY,= Y, ¥, (scheme-theoretic intersections on
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Z,). Further if Y is a reduced B,-stable subscheme of X(¢), we see that ¥ is
also a reduced subscheme of Z,.

(v) & denotes the point of P' corresponding to the coset eB,
(e =identity of G).

(vi) For any ie W/W such that ¢ > 1
Z,=SL(2, a)x® X(A).

Note that we can identify X(¢) as the fibre of p over e. Then ¥ induces
an isomorphism of this fibre with X(¢)s X(z). We see also that Z,5Z,
and we have the following commutative diagram:

z, C z,
ol

P |3

where the same p denotes the canonical morphisms Z; - P’ and Z, — P’
(P'=SL(2, a)/B,).

PrOPOSITION 8.2. With notations as above, we have
Lxy*(L).

Proof. Recall the following general fact on fibre spaces. Let H be a
group, K a subgroup, and e the point of H/K representing K. Let W be a
space on which H operates and p: W— H/K a map which is an H-
morphism. If W, denotes the fibre of W over e, we see that H operates on
W,. Then we see that the canonical map H x* W, defined by (h, w)h, w
(he H, we W,) is an isomorphism.

We now observe that ¢ is an SL(2, «)-morphism, i.e., y commutes with

the canonical actions of SL(2, ) on Z, and X(t).
Hence we get a canonical action of SL(2, «) on ¢*(L) compatible with the
SL(2, a)-action on Z,. On the other hand, ¥ induces a B,-isomorphism of
L|p~'(e) with L|X(¢), which proves (by the above generalities on fibre
spaces) that ~¢*(L)zthe object on Z, associated to the B,-object L|X(¢),
i.e., y*(L)=~ L. This proves Proposition 8.2.
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DErINITION 8.3. Let M be a line bundle on Z, or more generally Z,
(with notations as above, especially Definition 8.1). Then we set

M =M® p*(Gpi(m)), mel

where (p1(m) denotes the line bundle on P! in the sense of Serre (cf. [S],).
We are especially interested in the case M = ¥*(L)~ L.

ProprosITION 8.4.  With the above notations (especially Definition 8.1), we
have the following:

(1) If X(A) is moved by a, ie.,

A<s,A=p in W/W,

Y. maps Z; onto X(u).

(ii) If X(A) is not moved by a, ie, A=s,A in W/W,, then X(1) is
stable under the canonical action of SL(2, o) on G/Q. Then ¥; maps Z, onto
X(A). In this case, the fibre space p: Z, — P! splits (ie.,xP'x X(1)) and
Y*(L) can be identified with the pull-back of L (rather L|X(A)) on the fac-
tor X(1) of Z;). Further for any L as above, one has

(a) H(Z,, (¥*L)~1")=0, for all i,
(b) H%Z,, ¥*(L))~H(X(1), L).

Proof. The assertion (i) is immediate. In the assertion (ii) it is well
known that X(4) is stable under the action of SL(2,a) on G/Q (cf.
Lemma 1.3). It is also a well-known fact (and proved easily) that if one is
given an SL(2, o) action on a variety Y (in particular B, acts on Y) and we
take the fibre space, associated to the B, -principal fibre space SL(2, o) —
SL(2, a)/B,, then the corresponding fibre space splits. It follows also that
¥*(L) comes from the factor X(4). Using this and the fact that

Hi(Cpi(—1))=0, i>0

the assertion (a) of (ii) follows by using the Kiinneth formula. The asser-
tion (b) of (ii) is immediate (for example, again by the Kiinneth formula).

LEMMA 8.5. Any fibre of y:Z,— X(7) is either a point or P' (set
theoretically).

Proof. This is a fairly known result. For the case of completeness, we
sketch a proof in the case Q@=B. Let e(f) be the point of X(1)
corresponding to 8, 6 < 1. Because of T-equivariance, it suffices to show



532 LAKSHMIBAI AND SESHADRI

that ¢ ~'(e(8)) is either a point or P! (set theoretically). Now it is easy to
see that

(i) SL(2,a)e(8)~SL(2, a)/B,~SL(2, x)/B
(ii) we have two possibilities, either

~P!

-

(a) SL(2,a)e(8)c X(¢) or
(b) SL(2, a) e(8) n X(¢) = one point.

From this it follows that

Y~ e, 6))=P! if (ii)(a) holds
= a point if (ii)(b) holds.

From this the lemma follows.

PrOPOSITION 8.6 (cf. [C]). Schubert varieties are non-singular in
codimension one.

Proof. Tt suffices to show that given w, w’e W such that w' <w and
Iw")=Il(w)—1, X(w) is smooth at the point e(w’) of X(w) corresponding
to w’. We prove this by decreasing induction on dim X{(w). If there exists a
simple root a such that w=s,w’, then taking a lift »n, in N(T) for
s, € W= N(T)/T, multiplication on the left by n, defines an automorphism
of X(w) which maps e(w) to e(w'). (Note that, since /(s,w) <Il(w), X(w) is
stable for multiplication on the left by elements of the minimal parabolic P,
(cf. Lemma 1.2).) Hence the results follows in this case (since X(w) is
smooth at e(w)). In the other case, let § be a simple root such that
w' <sgw'. Then wis <syw (for w>s,w would imply w > szw’ which is not
possible, since [/(w)=I(szw’) and w#sw’). Let t=s5;w and
Z,=SL(2, B) x® X(w). By induction hypothesis X(7) is smooth at e(sgw’).
Further, since SL(2, §) e(w') & X(w), we have that y ~'(e(szw’)) is a point,
namely, the point (s;, e(w’)) (cf. Lemma8.5,  or y, being the map
¥ Z,. - X(1)). Hence by Zariski’s main theorem s induces an isomorphism
in a neighborhood of (s;, e(w})); in particular, (sz, e(w')) is smooth on Z,.
This implies that the fibre, say, Y, of Z,, — P' through (s4, e(w’)) is smooth
at (sg, e(w’')). Now multiplication by s, induces an isomorphism of X(w)
onto Y under which e(w’) is mapped into (s4, e(w')). Hence we obtain that
X(w) is smooth at e(w’). This completes the proof of Proposition 8.6.

The notations ¢, 1, Z,, etc., being as above, let us denote X(7) (resp.
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X(4)) the projection of X(f) (resp. X(4))} under G/Q — G/P,. Let us recall
(cf. Definition 5.5) that

H(¢)=X($)n { p(¢)=0}
H(t)= ( N {p(7)=0}
H($)=X($)n {p(4)=0]}
H(t)=X(%)n { p(7)=0}.

With these notations, we have the following:

LemMa 8.7. Let X(0)<= H(1),eq, 0€ W/W . Then one of the following
alternative holds:

(1) either X(0) < X(¢), or
(ll) 0=Sa/1, X()')QH(¢)red'
If (i) does not hold, X(1) is a divisor in X(8), moved by «.

Proof. By Lemma 1.5, if (i) does not hold, we can find ie W/W such
that 8 =s5,4 and X(A) < X(4). Observe that X(1) < X(&). To prove (ii), it
suffices to show that X(4) is strictly contained in X(¢), for this will show
that X(1) € H(#),.q (one knows that (cf. Lemma 5.6) the union of all the
proper Schubert subvarieties of X(¢) is H(¢),.q) and by definition H(¢),q
is the inverse image (set theoretically) of H(4#)..s under the canonical
morphism X(¢) —» X(4). Suppose then that X(1)=X(4), ie, A=4¢ in
W/W, . Then we have 8=s,4. By our choice of ¢, s,§ =7 so that we
would get §=1. But by our choice X(0)< H(1),eq, i€, 0<T (and §#7).
This leads to a contradiction. Thus 4 < ¢ and this proves Lemma 8.7.

DeriniTiON 8.8. If D is any closed subscheme of X(¢#), we denote by
1(D) the sheaf of ideals on X{¢), defined by D, and we employ this notation
in a more general situation, for example, on Z,, X(1), etc., Recall that if D

is a closed subscheme of X(¢), which is B -stable, D (resp. i(\ﬁ)) denotes
the subscheme on Z, (resp. ideal sheal on Z,), defined by (cf.
Definition 8.1)

D=SL(2,0)x* D, 1(D)=SL(2, a)x* D).

We now set H(Z) to be the closed subscheme of Z, whose ideal sheaf
I(H(Z)) is given by I(H(Z))=1(H(¢))® M where M is the mth tensor
power of I(X{(¢)), m= {(g(w), a*>. (Here we identify X(¢) as the closed
subscheme p~'(€) of Z,, ie, the fibre of p over the point & of P',
€ =coset eB,, ¢ being the identity element of SL(2, «).)
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LEMMA With notations as above, we have

Y~ (H(z))=H(Z)  (set theoretically).

Proof. We have

Zy=P,x" X(¢)

where P, is the minimal parabolic subgroup associated to «. Further,
y:Z,- X(1) is P,equivariant. The subscheme H(t) of X(r) being the zero
set of p(7) in X(z) is locally principal and hence  ~'(H(t)) is the underly-
ing set of a locally principal closed subscheme of Z,. Hence we conclude
that the irreducible components of y ~!(H(t)) are of codimension one in
Z,. Now we have

H(t)=X(¢)u S (set theoretic)

where an irreducible component of S is of the form X(u) where X(u) is P,-
stable (an easy consequence of Lemma 1.5). In particular S is P,-stable and
hence y ~!(S) is also P,-stable. Since Z, is the fibre space associated to the
principal fibration P,-» P,/Bx~P' we deduce easily that ¢~ !(S)=
where T is a closed B-stable subset of X(¢) of codimension 1. Hence
T< H(4) (note that for an irreducible component X(4) of T, 4 s #; for
1=¢ would imply s,1=7, which in turn would imply Y(X(1)) & H(z),
which would contradict the fact that y(T) < H(z)). Now, it is not difficult
to see that y ~*(X(¢)) is the union of X(¢) and all A/’(\f) where 4 is such that
X(4) is of codimension one in X(¢) and X(4) is stable under SL(2, «) (cf.
Lemma 8.5). Hence ¢ ~}(X(¢)) is = H(Z) and thus ¢ ~'(H(t)) < H(Z). On
the other hand it is clear (using Lemma 8.7) that y maps H(Z) onto H(t).
This completes the proof of Lemma 8.9.

LemMma 8.10. With notations as above, we have:

(1) I?(T;),ed is a reduced subscheme of Z; so that H(Z),q=
X(¢) U H(@)ea. The irreducible components of H(@)..q are distinct from

X(4).

(i) 0% " ~I(X(¢)) (here X(#) is considered as a subscheme of Z4 as
mentioned above).

(iii) I(H(¢))$ed”~l(H(Z)md)-
(Note that (i) implies that WH(Z)) = I(H($))" ™, m = {$(w), a*>.)
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Proof. The assertions (i) and (ii) are immediate. We have only to prove
(iii). Let us write

'

Ji=1(H($)ea),  J2=1(X(9)).

Now (iii) would follow if we show that I(H(Z),.4) =J,J,. This is a simple
consequence of the fact that J, is locally principal. First of all, it is obvious
that J,J, < I(V). Hence we have only to show that I(H(Z),.q) =J; J,. Now
if fe (H(Z),.q), we can write locally

f =0g, 0 defines X(4) locally,

g a section of ¢, locally.

By the fact that X(¢) is distinct from the irreducible components of

— —

H(¢),eq, it follows that g vanishes on H(¢),.q, i.€., g€ J,. This proves that
fed,J, so that I(H(Z),4)<J,J,. This proves (iii) and the proof of
Lemma 8.10 is complete.

LemMA 8.11. Let T be a closed B,-stable subscheme of X(¢). Then we
have T X(¢) =T (scheme theoretically), X(¢) being canonically identified
as a subscheme of Z,.

Proof. This is simple and can be seen as follows: We have
(SL2, ) x TYn (B, x X(¢))=B,xT (scheme-theoretic). (*)

Also,
SL2, 0)x®T=T B, x*X(¢)=X(¢), B, x»T=T.

The equality (*) is preserved by taking quotients modulo B, and thus we
get the required assertion. We shall later need the following result.

LeMMa 8.12.  Notations being as above, suppose that X(t) is normal.
Then we have the following:

(a) ‘l’*(@z¢) = Ox(rs

(b) RY,(0z,)=0, i>0,

(¢) H'(X(r), M) H(Z,, y*(M)) is an isomorphism for all vector
bundles M on X(1).

Proof. We observe that (c) is an immediate consequence of (a) and (b).
Further since X(t) is normal, assertion (a) is also clear. Hence we have
only to prove (b). To prove (b), we claim that it suffices to prove that

H(Z,, y*(L")=0, i>0, n>0 (+)
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where L is an ample line bundle on X(t). To see this, we first observe that
the Leray spectral sequence

H?(X(z), R (0z)® L")
=H?(X(1), R (Y*(L")y=H""9(Z,, y*(L"))
degenerates for n>0 (since H'(X(t), R (02,)® L") =n>0) (by [S])).
Hence
HY(X(2), R (O2,)® L")~ HY(Z 4, y*(L")),  n>0.

Hence if (*) holds, then we would obtain
HY(X(1), RN (0 )®L") =0, n»0, ¢>0.

Now this implies that R ,(02,)=0, ¢>0. This proves the claim that it
suffices to prove (*) above. To prove (*), we first observe that

HO(X(¢), L") =(V,o($))*,  n>0

where 6 is the (dominant) character associated to L. This is because we
have (cf. [S],) that for >0 canonical map

(V.o(@))* > H°(X($), L") is surjective (%)
and that
H'(X(¢), L")=0.

This in particular implies that dim H°(X(¢), L") is the same in all charac-
teristics for n>0. Now denoting Im(V 4(¢4)), the image of V,52(¢)®zk
under V4 2(¢) @ k > V,4 ., ® k, we have (cf. Lemma 3.12) that the image of
the map (**) above can be identified with (Im(V,4(¢)))*. Hence we obtain
dim Im(V 4(¢)) is the same in all characteristics; in particular, we obtain
that V,, z(¢) is a direct summand in V4 , and hence the map (**) above is
in fact an isomorphism. Now we consider the morphism p: Z, —» P!, whose
fibres are ~ X(¢). Hence for n> 0, we have

HY(Z(¢), y*(L"))~ H'(P', p,(y*(L"))

(since H'(X(¢), L")=0, n>0) (cf. [S],). Also, p,(y*(L")) gets identified
with the vector bundle F on P! associated to the B-module H°(X(¢), L")
and for n>0, H(X(¢), L")~ (V,¢(#))* (as observed above). Denoting by E
the bundle on P! associated to v¥%,, we have that E is trivial (since V%, is an
SL(2, 2)-module). Considering the exact sequence of vector bundles on P!

0-K—>E->F-0 (t)
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(K being the kernel of E— F). We have H'(P', E)=0, H'*(P',K)=0,
i > 1. Hence writing down the cohomology exact sequence of (1) we deduce
that H'(P', F)=0 (n>0) which proves that H(Z,, y*(L"))=0, n>0. This
completes the proof of Lemma 8.12.

ProposITION 8.13. Let w be a fundamental weight of classical type (cf.
Definition 2.2). Further, let te W/Wp and X(¢) a moving divisor moved by a.
Suppose

(a) H(X(¢),L,)=0,i>1,
(b) H(X(¢), L,,)=(V.(4))*

then
H(X(z), L)~ H%Z4, Y*(L,,))

(for any field k).

Proof. We proceed as in the proof of () in Lemma 8.12, namely, we
consider p: Z, - P', whose fibres are ~ X(¢), then hypothesis (a) implies

HY(Zy, y*(L,)) = H'(P', p,(¥*(L,)))  foralli (1)

Then we use hypothesis (b) (and Corollary 3.7) and obtain the exact
sequence
0->K—->E->F-0

where E (resp. F) is the vector bundle on P' associated to the B,-module
(V. (t)* (resp. (V,(¢))*). Now using the fact that F is trivial (since V(1)
is an SL(2, a)}-module) we obtain

HP. =0, i>l (2)

Now for any B-module W, we shall denote by #” the vector bundle on
P! =SL(2, «)/B, associated to the principal B,-fibration SL(2, «) — P' and
we shall denote

x(#)=char H*(P', ") — char H' (P!, %)

(where for any T-module M, char M denotes the character of M). Taking
W= (V,($))* we have

2(W)=char H(P', (¥,,($))*) (3)
(in view of (2)). Now we claim that
for any finite-dimensional B module 4)

1(#")y= M, (char W).
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For this, we first observe that it is enough to prove the claim (4) in the case
of a 1-dimensional B-module (since any finite-dimensional B-module W
has a filtration by B-submodules such that its associated graded is a direct
sum of 1-dimensional B-modules and y is additive with respect to exact
sequence, ie., given an exact sequence 0> W, > W > W, -0 of B-
modules, y(#") = x(#7) + x(#3) etc.). Let then the 1-dimensional B-module
W be given by pe Hom(T, G,,); then we have

M, (exppu)=expp-L,(exp(u—p)) (cf. Section 3 for the operator L)

exp(u —p) —exp(s,(u — p))
1—expa

=expp-

_ Xp p—exp(sy(#) + %)
I —expa

(since s,(p)=p —a, for a simple root «)

_exp(p—a/2) —exp(s,(u—a/2))
B exp(—a/2) —exp o/2 '

Now the expression on the R.H.S. of the last equality can easily be seen to
be char H°(P', L,)—char H'(P', L,), L, being the line bundle on P’
associated to u. From this (and the remarks made already) claim (4)
follows. Hence we obtain (using (1), (3), and (4)) that

char H(Z,, y*(L,)) = M,,(char(V,,($))*). (5)
Now, in view of Proposition 3.9(iii) we have
char(V,(#))* = M (exp(—w)). (6)
Hence from (5) and (6) we obtain
char H(Z,, y*(L,,)) = M (exp(—w)). (7)
On the other hand (again by Proposition 3.11(iii)) we have
char(V (w))* = M (exp(—w)). (8)
Hence from (7) and (8), we obtain

HYZy, y (L)) = (V())*, 9)

Now the required result follows from (9) and the injections

Ji (Vo(t)*s H(X(7), L,,)
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(cf. Remark 3.13) and
HO(X(T)5 L)GHO(Z¢,L)

(for any ample line bundle L). This completes the proof of
Proposition 8.13.

CorOLLARY 8.14. Hypotheses being as in Proposition 8.13, we have
HO(X(2), L)% (V ()%

Proof. This result follows from Proposition 8.13 and (9) in the proof of
Proposition 8.13.

CoOROLLARY 8.15. Hypothesis being as in Proposition 8.13, we have that
{p(A, p)/t =1} is a basis for H(X(z), L,,).

The proof follows from Remark 3.16(i) and Corollary 8.14.

9. THE MAIN THEOREM

DerNITION 9.1, Let
L=I(H(¢))cl,= - <1y (1)

be the sequence of ideal sheaves on X(¢) as in Definition 7.2. Let
X(¢)eSchub(d) and further let us assume that the hypothesis in
Lemma 7.3 holds. Recall that I,=I(H(¢).q) (cf. Lemma7.3 and
Proposition 7.4). With the usual conventions (cf. Section 8) we denote

70C71C"'C1N (2)

the sequence of ideal sheaves on Z, associated to (1).

LemMMA 9.2. With the above notations and assumptions we have the
following:

LA, ~PxL7Y)™Z,, O0<j<N
where

m=3{$(w,)+ iw,), a*).

(Recall that L, is the line bundle (or the ideal sheaf) associated to the

r—

fundamental weight ©,.) We identify Z, with the closed subvariety X(4))
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of Z,. Recall also that (4, 1,) is an admissible pair on X{(d), 1,=4¢, and
that A, is the maximal representative of 4, less than ¢. Further 7, and T,
are (0) and thus in particular, the lemma implies that I(H(Z))

(RI(H($))"™)=y*(L; ).
Proof. We first observe that
LT =1
By Proposition 7.4, we have

Ll =0, ® (L' X(4)))

where y; is the B-module associated to the T-module kP(4, 4;). Let
T,~G,, be defined by T, = T SL(2, «). Then the weight of P.(d, l ) with
respect to T, is

—3{d(w,) + Afw,), a*).

Now if 8¢ Hom(B,, G,,) ~Hom(T,, G,,) is the element associated to the
weight —n, then the line bundle on P' ~ SL(2, «)/B, associated to 6 (in the
sense of principal fibre spaces) is Upi(n) (in the notation of [S],). Now the
result follows by the way ¥*(L;')"™ has been defined (cf. Definition 8.3).

COROLLARY 9.3. We have the following (assumptions being as in
Lemma 9.2).

Case A: Suppose that {#(w,), a*> =2. Then {(i(w,), a*)> =2, —2, or
0 and one has the following:
(1) 1_,-/ = PHLTYPZ, 0 (Afwy), a*) =2,
In this case note that X(4,) (resp. X(4,)) is a Schubert divisor in X{(u,)
(resp. X(ji;)) moved by «, u;=s,4,.
(il) T/T_ = ¥P*L")IZy,if fwy), a*) = —

In this case X(u,) (resp. X(ji;)) is a Schubert divisor in X(4;) (resp. X(4))
moved by a, ;= 5,4;.

(iil) T/T, = ¥*L )N Z,, if (wy), a*)=0.
In this case 5s,4,=4,.

Case B: Suppose that {¢(w,),a*>=1. Then {A(w,),a*>= +1 and
one has the following:

() T/A_ =P*LYVNZ, i (Ao, a*) =1.
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In this case X(4,) is a Schubert divisor in X(u;) with p;=s,4,.
(1) 7_;'/7]‘71 = W*(Lfl”Z;v if </lj(w1)a a*y=—1.

In this case X(u;) is a Schubert divisor in X(/;), moved by «, p;=s,4;.
Besides, the above computations exhaust all the possible values for

((wy), a*) and {Aw,), a*).
Proof. Since X(¢) is a divisor in X(7) moved by «, we see that
{B(wy), a*> = {P(w,), a*> >0 (cf. Lemma 1.2).
Besides one knows that (by Definition 2.2 and Theorem 3.15)
31<() + Afw), a* )| <2
and

($(,)+ Af{w,), a*) e Z.

Hence one sees easily that the above list in the Corollary exhausts all the
possible values for {(¢(w,), a*) and {A,(w,), a*). The isomorphisms in the
Corollary are then immediate consequences of Lemma 9.2.

LemMMA 9.4. Let X(¢)e Schub(d) (assumptions being as in Lemma9.2).
Suppose that {¢(w,), a* > =2. Let us define the ideal sheaves K, and M on
Z, as follows:

My=T§2, K,=Ty0, K, =T Ky=T"

so that we have
My c Ky © Ky © K, @< Ky <0y,

I

-2 F(—-DH=F(—-1) — F(—1 R { g |
Iy?clyVcli"Veli Ve cly Ve,

Then we have the following:

My~¥Y*(LY) (sheaves on Z,) (1)
Ko/Mo~L{ ' X(g) (2)
@Zag/KN:(DH(Z)red- (3)

Further, if 1 << N, either X(4,) is a Schubert divisor in X{(ji;) moved by «
with @, =s,4;, or 5,4, =1, or X(fi;) is a Schubert divisor in X(4;) moved by
a, and one has the following computations:

K/K;  ~W¥*L)Z, (4)
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if X(4;) is a Schubert divisor in X(j;) moved by a, u;=s,4;,
K/K,_ ~PXLi)Z,  if s, h=1 ()
Kj/K'AlleI*(Lrl)(_l)lzij (6)

if X(f;) is a Schubert divisor in X(4,) moved by a, u;=s,4;.

Proof. We see that the above assertions except (2) are immediate con-
sequences of Corollary 9.3 and Lemma 8.10(iii). To prove (2), we observe
that the pull-back by p: Z, - P' of the exact sequence

0> Opr— Op(1)> 0, -0

(0, = structure sheaf of the point ¢e P') gives the exact sequence

0~ 0y, > 04) > Oxy— 0

as sheaves on Z,. Tensoring by ¥*(L') we get
0— ¥Y*Li ') P*L )" > LT X(¢) —0.

Now because of (1) above, we see that K, /Ky~ L '| X(¢). This proves (2)
and the proof of Lemma 9.4 is complete.

LEMMA 9.5. Assumptions being as in Lemma9.2, let X(¢) e Schub(d) be
such that {$¢(w,),a*>=1. Let us define the ideal sheaves K, on Z, as
Sfollows:

so that we have

KOCKICKZC e CKN.

Then we have the following:
Koy~ ¥P*(L7Y) (as sheaves on Z ) (1)
Oz, /KN Opzyy- (2)

If 1<j< N, either X(4;) is a Schubert divisor in X(ii;) moved by o with
ﬁj=salj or X(fi;) is a Schubert divisor in X(Zj) moved by o. and we have

K;/K; = ¥*(L7 ") Z, (3)
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if X(4;) is a Schubert divisor in X(j1;) moved by o, ;= s,4;.
KK, = ¥P*L) Yz, 4)
if X(f1)) is a Schubert divisor in X(4,) moved by o, y;=s,4,.

Proof. The proof of Lemma 9.5 is very similar to that of Lemma 9.4
(and in fact simpler) and of course we use the computations of case B of
Corollary 9.3.

THEOREM 9.6. Let Q=(\/_, P;, 1€ W/W,, and let L= L, be a positive
line bundle on G/Q. Then we have

(a) HY(X(z),L)=0,i=1,

(b) X(z) is normal,

(c) dim H°(X(z), L)= # {standard monomials on X(t) of type a},
(d) Vj(t)* = H°(X(1), L), where & is the character associated to L.

Proof. We prove these results by induction on dim X(z) and on r. The
proof of the results for =1 is contained in the proof of the general case.
When dim X(z) =0, assertions are trivially true. Let then dim X(t) > 1. Let
us fix a moving divisor X(¢) in X(7), moved by «, in such a way that X(¢’')
is a moving divisor in X(z') moved by « (here, X(¢'), X(t') denote the pro-
jections of X(¢), X(r), respectively, under m:G/Q— G/Q’ where
Q'=;_, P;). We first claim

The special quadratic relations given by (*) of Section 5 hold on
X(t). (1)

Proof (of claim (1)). (I) Let P be any maximal parabolic subgroup
containing Q and let X(7) be the projection of X(7) under G/Q — G/P. In
view of Lemma 5.6, we have that the zero set of p(f) in X(7) is (set-
theoretically) the union of all the codimension one subvarieties of X(7). We
now observe that p(T) vanishes on a Schubert variety X(4) of codimension
one in X(7) up to order <2; for, this order is precisely the multiplicity of
X(A) in [X(£)]- [H] (cf Section 2) which is <2 (since w is of classical
type). Denoting T by & (for simplicity of notations) we see that for an
admissible pair p(d, 8) on X(4), p(5, 6) vanishes on all the codimension one
subvarieties X(A) of X(3) (in view of (iii) of Theorem 3.15, so that p(5, 0)?
vanishes up to order =2 on all Schubert subvarieties of codimension one
in X(6)). Denoting h= p(5, 8)*/p(6), we therefore obtain (using
Proposition 8.6) that £ is regular on an open subset of X(8) whose com-
plement has codimension >2. Hence A becomes regular on the nor-

——

malization X(J) of X(d). Now fixing a moving divisor X(d’) in X(J), we

481°100:2-16



544 LAKSHMIBAI AND SESHADRI

have Zs(=Zs 5 (cf. Section 8)) is normal (in view of induction hypothesis
X(6") is normal) and hence we have the factorization

Zs — X(8) - X(9)

so that 4 becomes a regular section of ¥*(L,) on Z,. On the other hand,
we have an isomorphism

U743

(V.,(8)* > H(X(9), L,) 3 HAZ;, ¥*(L,))

(cf. Proposition 8.13 and Corollary 8.14—note that the hypotheses in
Proposition 8.13 are satisfied, since H'(X(¢'),L,)=0, i=1, and
HY(X(8'), L,)~(V,(8'))*, by the induction hypothesis). Hence
he (V,(0)* which is a quotient of V¥ (cf, Corollary 3.7). Now 4 is a
weight vector of weight —6(w), ie., its weight is extremal and hence we
conclude that &= cp(0) (c is a non-zero scalar). Taking k = Q, we get

p(3,0)>=cp(d)- p(8),  ceQ*.
We now see easily that the above relation leads to the following relation:
aP(3,0)>=bP(5)- P(0) on X,(0), a, be Z and are coprime. (A)

Suppose that a# +1. Then let p be a prime divisor of “a” and let
k=Z/(p). Then (A) gives

pi{0)p(8)=0  on X,(5).

This leads to a contradiction, since neither p,(é) nor p,(f) vanishes on
X,(0) (in view of (iii) of Theorem 3.15; note that d =0, since (5, 8) is an
admissible pair). Thus we conclude that a= +1. Similarly, if b# +1, we
get a contradiction to the fact that p,(d, 8) 0 (for a suitable k). Thus we
conclude that a= +1, b= +1, and (A) gives

P(3, 0)’ = +P(5) P(6) on Xz(d)

which proves (1) in (*) of Section 5.
(I1) Let Fe H(X,(3), L, z) such that F*>= P(8) P(0). Then if F#0
on X,(d), we can write

F=Y a,,P(i u), a,,€Z and #0 on X,4(3) (B)

(cf. Coroliary 8.15—note that hypotheses in Corollary 8.15 are satisfied in
view of induction hypothesis) where the R.H.S. of (B) runs over the distinct
admissible pairs on X;(d). We first claim that for every (4, u) on the R.H.S.
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of (B), we have 1=4. For, otherwise we have an admissible pair (4, ;)
on the R.H.S. of (B) such that 6 > A,. The restriction of F to X;(4,) is zero
since F?= P(8) P(4,) and P(8)| Xz(4,)=0 (by (iii) of Theorem 3.15). But
the restriction of the R.H.S. of (B) to X,(4,) is not zero, since the set of
admissible pairs (4, u) which occur on the R.H.S. of (B) and such that
P(4, u)] X(1,)#0 is not empty ((A;, i) is in this set) and they are linearly
independent (cf. Remark 3.16(1)). Thus we arrive at a contradiction. This
proves the required claim that § = A for every (4, u) on the R.H.S. of (B).
Now the weight of F (=./P(5) P(8)) is —3(6(w)+ 8(w)). On the other
hand, the weight of any P(4, #) on the RH.S. of (B) is —3(5(w) + u(w))
(since A =48). We thus conclude that yu(w)=6(w) for every y on the R H.S.
of (B); further, u(w) and 8(w) being extremal weights, we deduce that y=0
for every such u. Then (B) gives that F=./P(5) P(8)=aP(5,0), acZ.
Then as we did above, we deduce that a= +1.

(II1) We see that P(d, 0,) P(d, 0,) vanishes up to order =2 on all the
Schubert subvarieties of codimension one of X,(5). Hence as in (1) above,
we see that (on X, (d))

P(8,0,) P(5,0,)="P(d)f, feH'X(S), L,x)
which gives (taking £ = Q)
aP(s,0,) P(5,0,)=bP(8)F, a beZ— {0}, Fe H(Xz(d), L, z)
Again as in (1) above, we deduce that (on X,(8}))
P(3,8,) P(, 8,)= +P(3)F, Fe H(X4(5), L., 2).
On the other hand from (1) we deduce that (on X,(d))
P(6, 6,)*P(8, 0,)* = P(6)°P(0,) P(0,) = P(8)°F~

Hence F?>= P(#,) P(6,) (on X,~(8)). This proves (III) and the proof of
claim (1) is complete.

Remark 9.7. In view of claim (1), we obtain that standard monomials
on X(t) of type a are linearly independent (cf. Theorem 5.1).
Next we claim (denoting Z, by just Z) that

(A) H'(H(Z)oq, PX(L) = H'(H(t)eea, L), 20

(B) Standard monomials on X(t) of type a give a basis for
H(Z, ¥*(L))

(C) H(Z,w*(L)=0, i=1 (2)

(where, recall that H(Z),.q = X(¢) v f/I(\J)md (cf. Section 8)).
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Now we have HY(H(t).q,L)=0, i>1 (in view of induction hypothesis
(see also Remark 6.5)). Hence to prove (2)(A) we need to show

HO(H(Z)reds W*(L))zHO(H(T)red’ L)
and (3)
Hi(H(Z)red’ W*(L)):O’ l> 1

Now H(Z),.q = X($)u ITI(‘¢/),ed (scheme-theoretic) and

H(#)rea= X(2) (scheme-theoretic)

where X(4)'s are the irreducible components of H(¢),.y. Further if
u=Dbigger of {4, s,4}, then

H(X(1), ¥*(L))~ H(X(u), L),  for all i

(if s,4> 4, this follows from Lemma 8.12—note that X(s,4) is normal by

induction hypothesis; and if 4> s,4, this follows from the fact that /‘//(7/)
splits (and is ~P' x X(41))). In particular, we obtain

HI(X(D), ¥*(L))=0, i>1 "
HOX(A), P*(L))~ H(X(u), L)

(in view of the induction hypothesis H'(X(u),L)=0, i=1). Now
proceeding as in Section 6 we claim that if T=1{), X(4), where X(A) runs
over some of the Schubert subvarieties & X(¢) and if (as above) u = bigger
{4, s,A}, then

H° (U X(u), L) — H°(T, ¥*(L)) is an isomorphism
i

and (5)
H(T, w*(L))=0, i>0.

To prove (5), we first note that if 7= X(A), then T=Z, and (5) follows
from Lemma 8.12. If T={J, X(4), then we proceed as in Section 6, where
we prove similar assertions for unions and intersections of Schubert
varieties. For this purpose, we have only to observe that the functor T+— T
preserves scheme-theoretic unions and intersections; for example, the exact
sequence

0= Oxiayo x> Ox(iy @ Ox i) = Ox(ayy ~ xiy = 0
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gives the exact sequence
0 = Oxinyo w0~ Oxcn @ Oxtiy) — Oxiy - 0 — 0

Tensoring with ¥*(L) and writing down the cohomology exact sequence
we obtain

H(X(L) U X(Ay), P*(L)=0, =1
and
HO(X(3,) U X(7,), P*(L))~ HA(X(p,) U X(u,), L)

etc., and thus proceeding, we obtain (5). As particular case of (5) we have

H° (U X(u) L) 5 H(H§) s, PH(L))

and (6)
H{(H($)seq» P*(L) =0,  i>1.

Finally, we consider

0> Oizyes = Ox)® Uiies = Oriiorea > 0

e

(note that H(@)req N X(#) = H(#),.q (scheme-theoretic) (cf. Lemma 8.11)).
Tensoring the above exact sequence with ¥*(L) and using the induction
hypothesis we obtain that

HO(X($), L)@ HY(H{(@)rea» P*(L)) > HUH($) e, L)

is surjective (in view of the induction hypothesis, (c) of the theorem implies
the surjectivity of H(X(¢), L) —» H°(H(#)..q, L), etc.). Hence we obtain

HY(H(Z)ea, P*(L))=0.
The vanishing of H(H(Z),.q, ¥*(L))=0, for i>2 follows in view of (6)
(and the induction hypothesis). This completes the proof of claim (2)(A)

foriz1.
We shall now prove claim (2)(A) for i =0, namely, that the map

¥*: HY(H(t)ea, L)) > HO(H(Z)eq, P*(L))

is an isomorphism. For this we first claim that

Y’*(@H(Z)md) = (OH(T)rcd' (7
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The claim (7), of course, would prove that ¥* is an isomorphism. Let U be
an affine open subset of H(7)..q- Then we have only to show that a regular
function fon ¥~ YU) (€ H(Z),eq (cf. Lemma 8.9)) comes {from U. Now, in
view of Lemmas 8.5 and 8.9, we have that for x € H(t),.q, ¥ '(x) is either
a point or a P'. Hence we conclude that f is constant on the fibres of
¥~ !(U) - U (note that this does not necessarily imply that f goes down to
a regular function on U). Let T be an irreducible component of H(Z), 4
which is the pull-back (under ¥) of an irreducible component S of H(1),q.
By the induction hypothesis, S is normal and hence ¥, (0r)= O so that
the restriction of f to T ¥~ '(U) descends to a function on Sn U. From
this we conclude that if S, are the irreducible components of H(t),.q, then f
descends to a regular function f; on Un S, such that f;,— f, vanishes on
(UnS;nS,)eq- On the other hand, we known that the scheme-theoretic
intersection S;nS; is reduced (cf. Lemma 6.3 and the induction
hypothesis). Hence f; patch up to define a regular function on U and we see
that f goes down to this function. This completes the proof of (2)(A) for
i=0. Thus proof of (2)(A) is now complete. Next, to prove (2)(B) and (C),
we first prove them for a, =0. When a, =0, the commutative diagram

SL(2, a) x X(¢) — X(7)
SL(2, a)x X(¢') — X(7')

(where, recall, X(z') (resp. X(¢')) is the projection of X(t) (resp. X(¢))
under G/Q - G/Q’) yields the commutative diagram

Zy—————— Z,

N oA

Now H®(X(¢), L)~ H°(X(¢'), L) (when a,=0) (since X(¢') is normal,
under 7: X(¢) > X(¢'), 7,(Ox4)) = Ox4)) and hence we obtain

P(FH(L)) = p(¥*(L)).
This then implies that
H(Z,, Y*(L)~ H(Z,, ¥"*(L))

and finally when r=1 and a, =0, we have H(Z,, 0z,)=0, i=1 (since
Px(0z,) = Op1, etc.) (note that proof of (2)(B) for the case r=1, a;, =0 is
trivial). Hence we may assume a, > 1. Now, we consider either one of the
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following two sets of exact sequences (according as (¢(w,),a*> =2 or 1)
(let us denote Z, by just Z):

0->My—>0,-0,/My—>0
0> Ky/My—> O, /My— 0;/Ky—0 (I
0-K;, /K;—0,/K,—»0,/K; ., -0, 0<i<N-1

or
0-Ky—=0,-0,/Ky;—0 )
0K, /K> O,/K, = 0,/K;, -0, 0<i<N-—1

(cf. Lemmas 9.4 and 9.5 for notations, M,, K, etc.). Now we distinguish
the following two cases.

Case 1: {¢(w,),a*>=2. In view of Lemma 9.4, we have (denoting
L'=L®LM

PHLY®Mo=y*(L')  (on Z,)
PHL)® Ko/Mox L' | x,
Oz,/ Kn = Opiz),s-
Further,
PHL)@K/K, = PH(L)"| Z(4)
if X(4,) is a Schubert divisor in X(ji;) moved by « with u,=s,4; and
PHL)® K,/K,_ ~PHL')| Z(4)
if 5,4;,=4, and
YHLY®K;/K, \=¥*L) "Z()

if X(g,) is a Schubert divisor in X(4;,) moved by « with u,=s,4,. Also
H(H(Z)eq, ¥*(L))~ H(H(T)eq, L) for all i (cf. (2)(A) above). Hence,
tensoring the exact sequence in (I) above by ¥*(L) and writing down the
cohomology long exact sequence, we obtain (recall (cf. Lemma 9.2) that
I(H(Z))=Y¥Y*(Li"))

h(H(Z), ¥*(L)) = h°(H(T);eq> L) + B(X($), L) + 0, + 0,
where

oy =) h%(X(u), L)+ h°(X(2), L")
A
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where the summation is over all distinct A such that (¢, 1) is a non-trivial
admissible pair and s,A>1 and 1 is the maximal representative of 1 less
than ¢ and u=s,4 and

o,=3 h(X(u), L')
A

where the summation runs over all distinct 4 such that (4, 1) is an
admissible pair with s,1=1 and 1 is the maximal representative of 1 less
than ¢ and p is the larger of the two elements 1 and s, 4 (here for any
we W/W,, X(w) denotes the projection of X(w) under G/Q — G/P,). Also,
when 1 < 5,4 > A, by considering the exact sequence of sheaves (on Z;)

1
00z, - 0)) > O3y~ 0

we obtain (in view of inductive hypothesis and Lemma 8.12)
h(Z,, P*(L')Y)=h%(X(A), L)+ h°(X(s,4), L')). Now in view of Lem-
mas 2.8, 2.14, and 4.8, we obtain

hY(H(Z), ¥*(L)) = h°(H(t)ea, L) + 3, h%(X(2), L') (8)
A

where the summation on the R.H.S. is over all 4 such that (£, 1) is a non-
trivial admissible pair and /1 is the maximal lift less than t of 4. Now, in
view of (8) and Proposition 5.8, we obtain that H°(H(Z), ¥*(L)) can be
identified with the span of standard monomials on X(z) of type a which do
not involve p(f). In particular this implies the surjectivity of
H(Z, ¥*(L)) » H(H(Z), ¥*(L)) and hence we obtain

h(Z, W*(L))=h(Z, P*(L'))+ h°(H(Z), ¥*(L)).

Now by induction on a,, we have h°Z, ¥Y*(L'))=s(X(t),a’). This
together with Proposition 5.8 implies

h(Z, ¥*(L)) = s(X(z), a).

Now, this, in view of linear independence of standard monomials on X{(t)
(cf. Remark 9.7), proves (2)(B) in case 1. The proof of (2)(C) follows again
by considering the long exact cohomology sequence obtained by tensoring
(I) by ¥*(L) (and using the induction hypothesis).

This completes the proof of (2)(B), (C) in case 1.

Case 2. {$(w;), a*> =1. The proof in this case is very similar (in fact
simpler) to that of case 1. We tensor the exact sequences in (II) by ¥*(L)
and write down the cohomology long exact sequence and conclude as
above (using (2)(A) and Lemmas9.5, 29, 215 and 4.8, and
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Proposition 5.8) that H°(H(Z), ¥*(L)) can be identified with the span of
standard monomials on X(t) of type a not involving p(7). Then we proceed
as in case 1 and conclude

h(Z, ¥*(L)) =s(X(z), a).

Now, this together with linear independence of standard monomials on
X(z) proves (2)(B) and the proof of (2)(C) is again as in case 1. This com-
pletes the proof of (2)(B) and (C). Now linear independence of standard
monomials on X(t) (cf. Remark 9.7) implies that

dim H°(X(z), L) = s(X(t), a).

On the other hand from (2)(B) above, we obtain

dim H°(X(1), L) < s(X(t), a).

Hence we obtain dim H°(X(z), L)=s(X(t),a) and thus standard
monomials on X(t) of type a form a basis for H°(X(t), L) which proves (c)
of Theorem 9.6.

Now in view of (¢) and claim (2)(B), we obtain

H°(X(1), L) 3 HY(X, f*(L)) 9)

where X is the normalization of X(t), for the map ¥: Z,— X(7) factors as

(since Z, is normal, as X(¢) is normal by the induction hypothesis, etc.),
and H%Z,, ¥*(L))~H°(X(z), L). Now (9) implies the normality of X(z)
which proves (b) of Theorem 9.6. The assertion (a) follows from (b),
Lemma 8.12, and claim (2)(C). Finally, to complete the proof of
Theorem 9.6, it remains to prove (d). Now in view of (¢) (and Remark 9.7)
we obtain that the canonical map

H(G/Q, L)~ H(X(1), L)

is surjective. Now we have a canonical isomorphism

HYG/Q, LY~ (Vs ,®k)*
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(cf. Remark 3.14) and hence we obtain that
(Vsz®k)* > H(X(z), L) (x)

is surjective. Now in view of (c), we have that dim H°(X(z), L) is the same
in all characteristics; hence we obtain that dim Im(¥; , ® k)* is the same in
all characteristics. Now if we denote Im V(1) to be the image of the map

JeiVsz(T)®k - Vsz®k

then Im(V; ,®k)* can be identified with (Im V4(t))* (cf. Lemma 3.12).
Thus we obtain that dim Im V(1) is the same in all characteristics and
hence in particular we obtain

(i) Jj, is injective for all fields £ and

(10)
(i) Vy(t)*~H(X(z), L).

Now (d) follows and the proof of Theorem 9.6 is complete.

COROLLARY 9.8. Notations being as in Theorem 9.6, we have:

(a) H°X(z), L) has a basis given by standard monomials on X(t) of
type a.

(b) V;l(1) is a direct summand of V5 (which is Demazure’s conjec-
ture (cf. [D1],; for notations Vs z(1), refer to Section 3)).

(c) The canonical map H°(G/Q, L) — H°(X(z), L) is surjective.

(d) Xu(7)=Xz(r)®k.

() Char H°(X(t), L)= M (exp(—w)) (M, being the operator defined
in Section 3).

(f) Let o be a simple root such that s, <, let ¢ =5s,t. Then the ker-
nel K of the surjective map

(V3(1)* = (¥5(¢))* >0 (on P')

is isomorphic to F(—1) where F is a trivial vector bundle on P', where
¥v5(z) (resp. ¥5(¢)) denotes the vector bundle on P' associated to V() (resp.

Vs(8)).

Proof. Assertion (a) follows from Remark 9.7 and (c) of Theorem 9.6.
Assertion (b) follows from (9)(i) in the proof of Theorem 9.6. Assertion (c)
follows from (a).

To prove (d), we observe that since X,(t) —» Spec Z is Z-flat, if L is
ample on X,(1), then for n>0, we have isomorphisms

HXz(1), L) @k S HY (X, ®k, L, ®k)
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(by the semi-continuity theorems (cf. [M1])). Also we have the com-
mutative diagram

,n @k-———»H( (1) © k,

/

Since X (1) = (Xz(t) ® k),.q, WE see that j is surjective for n> 0 and that if j
is an isomorphism for #3>0, then X,(1)® k=~ X, (7). On the other hand, in
view of (a) we obtain that U is an isomorphism for n > 0. Hence we obtain
that j is an isomorphism for n3> 0, which proves that X, (1) = X,(t)® k. To
prove (e) and (f) we consider the exact sequence of vector bundles on P!

19 k)

n

‘{(T),L)

0 K- (¥5(0))* = (V5(¢)* >0

(¢ being as in (f)). Now V(1) being an SL(2, a) module, (#;(t))* is trivial.
Hence

H'(P', (¥5(1))*) =0, izl
and (1)
HO(P, (V3(1))*) = (Vs(2))*

On the other hand, considering p: Z, - P' we have
H{(Z,, P*(L))~H'(P', p, (¥*(L))) for all i (2)

(since the fibres of p are isomorphic to X(¢) and H'(X(¢), L)=0, i=1).
Now p, (¥*(L)) gets identified with the vector bundle associated to
H°(X(¢), L). Hence p (¥*(L))~¥3(#)* (cf. (d) of Theorem 9.6). Also, by
Lemma 8.12 (and (b) of Theorem 9.6) we have

H%Z,, ¥*(L))~ H(X(z), L) (~(Vs(1))* by (d) of Theorem 9.6).
Hence we conclude (using (2) above) that
HOPL(¥5(8))*) = Vs(1)*. (3)
This together with (1) above proves that

H'(P', K)x0, for all i
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From this assertion (f) follows. To prove (¢), as in the proof of
Proposition 8.13, if we denote

x(#) =char H*(P', w') —char H'(P!, #')

where W is a B-module and %" the associated vector bundle on P!, then
taking W= (V;(#))*, we have

x(#")=char H*(P', (V5(¢))*) (4)

(since H'(P!, (#3(¢))*)=0). On the other hand
(W)= M, (char W), for any B-module W

(cf. (4) in the proof of Proposition 8.13). Hence we obtain (using (3) and
(4)) that

char(V4(1))* = M, (char(V;(4))*).

Now the assertion (e) follows using (d) of Theorem 9.6 and induction on
dim X(z) (the result being trivially true when dim X(7)=0).
This completes the proof of Corollary 9.8.

10. BEHAVIOUR OF SCHUBERT VARIETIES
UNDER UNIONS AND INTERSECTIONS

In view of Theorem 9.6 and Lemma 6.3 we obtain that intersection of a
family of Schubert varieties is reduced (note that a union of Schubert
varieties is obviously reduced). In particular this enables us to compute the
ideal sheaves of Schubert varieties as given by Theorem 10.3 below.

Let R be the multi-graded ring defined by

R,=H*(G/Q, L,)

where L, = @®/_, L% a,20, Q=\;_, P, (Q being a parabolic subgroup of
classical type). If J is a multi-graded ideal of R, then J determines a closed
subscheme of G/Q, which we shall denote by V(J). Conversely, any closed
subscheme X of G/Q determines a multi-graded ideal I(X) of R (namely,
the ideal in R generated by all multi-homogeneous fin R vanishing on X).
Let now J;, be a graded ideal of the homogeneous co-ordinate ring
R,=® .50 H(G/P;, LT") (L, being the ample generator of Pic(G/P;)) and
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let J, be the multi-graded ideal of R generalized by J,. Now, if =,
G/B - G/P; is the canonical projection, then it can be easily seen that

ViJ)=mn"(VJ) (t)

in the scheme-theoretic sense.

LemMma 10.1. Let we W. For 1 <i<n, let X(¢,;) be the pull-back under
n;: G/B—> G/P; of n{X(w)). Let 8 W be such that 6 < ,, 1 <i<l (where
[=rank G). Then 8 < w.

Proof (By induction on /(w)). If [(w)=0, then w=1d and ¢, is nothing
but the element of maximal length in W,. Now if e W be such that
6<¢,, 1<i</ then 0 is in fact the identity element (since \!_, P;,= B).
Thus 6 =w.

Now let /(w)>= 1. Fix a simple root a such that s,w<w. Set s,=s. For
1<i<n, let 0,€ W, be such that ¢,=wo, with l(wo,)=1I(w)+(s;). We
have [(swo;)=I(sw)+ {(0,) (since I(sw)+ I(g;) = {(swa;)) and I(w)+ l(0;)=
lwo,)=Us swo;)<l(swo;)+ 1, e, l(swa,)=(sw)+(g;) (since l(w)=
I(sw) +1). Now I(swg,) = l(wa,;) — | implies that X(swo,) is the puli-back of
n(X(sw)) under n;: G/B— G/P,. Now we distinguish the following two
cases.

Case 1. For1<i</ 8<swa;. Then by induction hypothesis we obtain
that 8 <sw and hence 6 < w.

Case 2. For some i, 1<i</ 0 <« swo;, Then we obtain (by
Lemma 1.5) that for such an i s <swo,. In particular, in this case, we
obtain that 6 > sf. Hence for any j, if 6 <swg,, then 56 is also <swo; and
for any j if 0 € swo;, then again s6 is <swo;. Thus s0 <swe;, for all j,
1 <j< I Hence by induction hypothesis, s6 <sw. Now this implies that
8 <w (since sw<w). This completes the proof of Lemma 10.1. As an
immediate consequence of Lemma 10.1, we have

CoroLLARY 10.2. Notations being as in Lemma 10.1 we have, set
theoretically,

!

Xw)= () X(¢))-

i=1

THEOREM 10.3.  For a Schubert variety X = X(w) in G/Q, we have that
the ideal sheaf of X in G/B is generated by the set of all p(t;, ¢;), 1 <i<r,
such that (t;, ¢;) is an admissible pair with w; } 1,, w; being the projection of
w under W — W/Wp,.
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Proof. By Corollary 10.2, we have

X= h W (X(W))) (set theoretically). (%)

i=1
Now if J; denotes the ideal in R;, generated by

(1) (z;, ¢;) is an admissible pair
21)(‘[,-, ¢1) / (2) W,— } T,-

then we have (cf. Theorem 3.15 and (1) above)

(1y V(J)=X(w,)
(2) V(J)=nr;"(X(w,)

where J, denotes the multi-graded ideal of R generated by J,. Now as men-
tioned above, as a consequence of Theorem 9.6, we obtain that the relation
(*) above is in fact scheme-theoretic from which the required result follows
(using Theorem 3.15). Guided by Theorem 10.3, we make the following

Conjecture. G a semi-simple algebraic group and P a maximal
parabolic subgroup:

(1) A Schubert variety X(w) in G/P is defined scheme theoretically
by the vanishing of certain weight vectors f¥ e H%(G/P, L), L being the
ample generator of Pic(G/P) (note that set theoretically X(w) is defined by
the vanishing of all p;, w * i) (cf. Remark 5.7).

(2) For a Schubert variety X(w) in G/B, the ideal sheaf of X(w) in
G/B is generated by the set of all /7, 1 < j</ (/ being the rank of G), X(w;)
being the projection of X(w) under G/B— G/P,, | <j</.

(3) Unions and intersections of Schubert varieties are reduced.
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