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Introduction

Component distribution problems arise frequently in computer science and
combinatorics. In analyzing algorithms or enumerating combinatorial classes one
often needs to compute the probability that a random structure will have certain
properties having to do with size and number of components. Many results of this
sort in the literature rely on estimating growth of coefficients in generating series.
These include Darboux’s method (see Bender [2]; examples include Hanlon [7],
and Palmer and Schwenk [14] who use a special case of the method that they
credit to Polya), the saddle point method in combination with Laplace’s method
for estimating integrals (as in Hayman [9]; see Bender [2] for applications), and
the Lagrange Inversion Theorem, usually applied to classes of trees (see
[6, 8, 13)).

We present simpler, more easily applicable methods for determining the
probability that a random relational structure will have a given number of
components, and for determining the expected number of components. A
relational structure is a set together with some relations (such as edge relations,
order relations, etc.) on the set. By random we mean that structures of the same
size (i.e., cardinality of underlying set) are chosen from some set & of relational
structures. We are concerned with the asymptotic probabilities of properties as
the size of structures becomes unbounded. We consider both labeled structures
(each structure on some fixed underlying set having equal weight) and unlabeled
structures (each isomorphism type having equal weight).

We require that & be closed under disjoint unions and components. This means
that structures in & may be uniquely decomposed into disjoint unions of
connected structures in &. In [4] and [5] we investigated probabilities of general
properties for such classes. We obtain stronger results here in the restricted
domain of component distribution properties.
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Let a, be the number of labeled structures of size n in & and c,, the number of
connected labeled structures of size n in &. Then the exponential generating series
a(x) = Y,=0(a,/n)x" and c(x) = ¥ ,=0 (c,/n!)x™ are formally related by

a(x) =e® (1)

(by convention, ay= 1, ¢, = 1). If b, is the number of unlabeled structures of size
n in &, d, the number of connected unlabeled structures of size n in &, then the
ordinary generating series b(x) = Y,-ob,x" and d(x)=¥,=0d,x" are formally
related by

b)=111~-x)"*=exp 2, d(x)/i 2
i= i=1
(by convention by =1, dy = 0).

We will not prove these and other familiar combinatorial facts (see Bender and
Goldman [3], Goulden and Jackson [6], Harary and Palmer [8], or Compton [4]
for terminology and proofs). Our main results proceed from (1) and (2) and may
be viewed as findings about series satisfying these relationships.

We briefly summarize our main results.

Theorem 4 gives expressions for the probability that a random labeled structure
has precisely m components, and for the expected number of components, in
cases where these quantities exist and some higher derivative of a(x) diverges at
its radius of convergence.

Theorem 5 is the analogous theorem for unlabeled structures; there some
higher order derivative of b(x) is required to diverge at its radius of convergence.

Theorem 7 (for the labeled case) and 8 (for the unlabeled case) give sufficient
conditions for the probability of having precisely m component and for the
expected number of components to exist when the appropriate generating series
(a(x) or b(x)) diverges at its radius of convergence.

Theorems 10 and 11 give sufficient conditions (again in the labeled and
unlabeled cases) for these quantities to exist when the appropriate generating
series converges at its (positive) radius of convergence.

“Other investigators have considered related problems.

Wright, in [19] and [20], takes (1) and (2) as his starting point to find conditions
under which the probability of connectivity is 1. One of his results is that for the
probability of connectivity to be 1 in labeled structures, a(x) must have radius of
convergence 0, and in unlabeled structures, b(x) must have radius of convergence
0. In [18] he extends these results to obtain asymptotic expansions. See also
Bender [1] for sufficient conditions that the probability of connectivity be 1. Since
our results concern only series with positive radii of convergence, they are, in
some sense, complementary.

Some classes to which our results apply are different species of labeled forests,
investigated by Moon [13]; unlabeled forests, investigated by Palmer and
Schwenk [14]; and unlabeled unit interval graphs, investigated by Hanlon [7].
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Both [7] and [14] rely on Darboux’s method (see Bender [2]) or some variant to
obtain asymptotic expressions for coefficients of generating series. Our methods
are more general since they apply in every case where Darboux’s method applies
and many others.

Katz [10] and Kruskal [11] consider component distribution problems for unary
functions, and Shepp and Lloyd [17] for permutations. Our methods give only
probabilities, not asymptotic expressions when probabilities are 0, so are not
general enough to yield their results.

Mohring [12] has studied similar issues concerning the probability of indecom-
posability in relations. His techniques, however, do not seem to pertain here.

In a subsequent paper we will present some applications of the ideas here to
analysis of algorithms.

1. Preliminaries

~We shall use the falling factorial notation (n); =n(n —1)---(n —i+1). Thus,
(%) = (n);/i! and if a(x) =¥ ,-0 @,x", then the formal rth derivative is a(x) =
Yn=o (n +1),a,,.,x" (sometimes also written D [a(x)]).

Let & be a class of relational structures closed under disjoint unions and
components. (We assume throughout that all classes of structures considered are
closed under isomorphism.) Suppose X c &¥. Let ¢, be the number labeled
structures of size n (i.e., with domain some fixed set of size n) in X. Let d, be the
number of unlabeled structures of size n (i.e., the number of isomorphism types
with domain of cardinality n) in X. The exponential generating series for X is
Y n=0 (Co/n!)x"; the ordinary generating series for X is ¥, d,.x". Now we specify
that & itself has exponential generating series Y ,¢(a,/n!)x" and ordinary
generating series Y., b,x". Define u,(X)=c,/a,, v,(X)=4d,/b,, and u(X)=
lim,_,, 4,(X), v(X) =lim,_,. v,(X) whenever these limits exist.

Suppose that X is a function from ¥ to N= {0, 1, .. .}. (We assume always that
functions are constant on isomorphism classes.) Define (X =m}, meN, to be
the class of structures mapped to m by X and {X<m} to be the class of
structures mapped to an integer not greater than m. When we apply u,, v,, u, or
v to {X =m} or {X <m} we delete the braces: e.g. u, (X =m).

We define the expected value of X with respect to u, to be

EX, u,) = 2, mu,(X =m),

m=0

and with respect to v, to be

EXX, v,)= D, mv,(X =m).

m=0
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Also, put E(X, p) =lim,_... E(X, u,) and E(X, v)=lim,,.,E(X, v,,) whenever
these limits exist.

Henceforth, let C:¥— N be the map that takes a structure to the number of its
components. It is well known (see the sources cited in the introduction) that if
{C =1} has exponential generating series c(x) = X ,=o (c,/n!)x", then {C =m}
has exponential generating series c(x)™/m!. Summing over all m gives (1). (By
convention {C = 0} has exponential generating series 1.) Suppose e, = a,E(C, u).
Then

> (e./n)x" = D, mc(x)™/m! = c(x)a(x). (3)

n=0 m=0

To do the same sort of thing in the unlabeled case we require the Polya cycle
indicator function for §,,, the symmetric group on m elements.
Z(S,n; X1, X2, - - -, X,,,) i a function of m variables; it satisfies the following formal
relationship (see Harary and Palmer [8].)

exp D, Xy fi= D Z(Su;X1, X2y -+ - » X))y 4)

i=1 m=0

(by convention Z(Sy) =1). The reader unfamiliar with the Pdlya cycle indicator
function may take this as a definition.

If {C =1} has ordinary generating series d(x) = ¥,~0d,x", then {C = m} has
ordinary generating series

Z,(x) = Z(S,; d(x), d(x?), ..., d(Ex™)).

Substituting d(x) for x; in (4) we have

exp ), dx)y'li= Y, Z,(x)y™ )

i=1 m=0

If we set y=1 we have (2). If we differentiate (5) with respect to y and set
coefficients of like powers of y equal we have

mZ,(x) = ls_Zs d(x)Z,,_i(x). (6)

If we differentiate (5) with respect to x and set coefficients of like powers of y
equal we have

Z,)= 3 ¥ Z (). ™
Let f, = b,E(C, v). Then
S f= 3 mZ, ()= (3 o), ®)

by (2) and (6).
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As we noted in the introduction, computations of u(C=m), v(C=m),
E(C, u), and E(C, v) have relied on asymptotic methods such as Darboux’s
method (see Bender [2]) and Hayman’s generalization of Stirling’s formula (see
Hayman [9]). Our simpler methods are partial converses to the following simple
extension of Abel’s theorem on the value of a power series at its radius of
convergence.

Proposition 1. Suppose «(x) =YX ,=0 @,x", B(X)=L,20Bx", Y(X)= Ln=o Vux",
y(x) = a(x)Bx). If
(i) a(x) has radius of convergence R, 0< R <,
(ii)) im,_ g @(x) =, and
(iii) lim, .o v./a, =L,
then lim,_., B(x) = L.

The proof is easy and will be omitted. Proposition 1 is the logical sum of
Problems 1.85 and 1.94 in Polya and Szegé [15]. They attribute Problem 1.85 to
Cesaro.

We now state the partial converses to Proposition 1. They will be our main
asymptotic techniques.

Proposition 2. Suppose a(x)=Y, -0 a,x", ®,=0, B(x)=Y,=0B.x", B.=0,
Y(*) = Lo ¥ax" = a(x)B(x). If

(i) lim,.. ®,—,/a,=R, 0<R <, and

(ii) B(x) has radius of convergence greater than R,
then lim, .. v,/ a, = B(R).

Proposition 3. Suppose a(x)=Y,-0 a,x", @,=0, B(x)=X,=0B.x", Y(x)=
Y=o ¥ax" = a(x)B(x). If
(i) lim,.» @y—1/® =R, 0<R <, ,
(ii) B(x) is absolutely convergent at x = R, and for some real K >0 we have for
all large n and k <n that «,R* < Ka,R",

then lim,_,.. v,/ a, = B(R).

Proposition 2 is Theorem 2 of Bender [2]. He remarks that his proof is
“standard and uninteresting”. The proof of Proposition 3 is nearly identical and
the same remark applies. Proposition 2 appears as Problem 1.178 in Polya and
Szego [15]. They attribute it to Schur.

2. Main Results

Theorem 4, the first main result, tells us, under certain hypotheses, what
u(C =m) and E(C = u) must be, should they exist. Note that by the theorem,



64 K.J. Compton

whenever the hypotheses hold and u(C, m) is nonzero for each m =1, then

E(C, p)= >, mu(C=m).

m=0

Thus, it is reasonable to refer to E(C, u) as the expectéd value of C with respect
to u. If u(C=m) =0 for all m =1, we can still make E(C, u) an expected value
by taking u(C = ») =1. Thus

E(C, u)= 2 mu(C=m).

O=m=x

In the remainder of the paper an expression of the form y(R)/a(R) will be
interpreted as lim,_,r y(x)/a(x) when a(x) diverges at R.

Theorem 4. Suppose that & has exponential generating series a(x)= exp c(x),
where

(1) a(x) has radius of convergence R, 0 <R <, and

(i) for some nonnegative integer r lim,_,g a”(x) = .
For every m =1, if u(C = m) exists, then u(C =m) =c(R)"/((m —1)! a(R)). If
E(C, n) exists, then E(C, u) =1+ c(R).

Proof. Let r be the least integer satisfying hypothesis (ii). By Proposition 1, if
u(C = m) exists, then

v _ . Dc(x)"/m!]
u(€=m)=lim a@x)

If r = 0 the value of this expression is 0, which is the desired value.
If r >0, then

D’[c(x)™/m!]= D" Yc'(x)c(x)"/(m — 1)!]

= 3 (2D ey m = 1] ©)

I1<si<r

and

@) =D @al= 3 (71 )eowa ) (10)

1=<i=<r

In both these sums the only term that diverges as x approaches R occurs when
i =r. Thus, eliminating all but the dominant terms we have

cO@)e(x)" Y (m—-1)!  c(Ry"!

u(C=m)=lim cD(x)a(x) “m-1'aR)’
Now if E(C, u) exists, then by (3) and Proposition 1
D[c(x)a(x)]

E(C’ ”’) = EE?R a(r)(x)
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If r =0 this is o, the desired value. If r >0, then
D'[c(x)a(x)] = D" '[c'(x)(1 + c(x))a(x)]

=3 ((21)eo@Da +eeacol (11)
The dominant term occurs when i =r so
_ o €O+ c(@))a@) _
E(C, p)=1 O)a) =14c(R). O

The next theorem is the unlabeled analogue of Theorem 4. Once again note
that the conclusion shows it is reasonable to refer to E(C, v) as the expected value
of C with respect to v.

Theorem 5. Suppose that & has ordinary generating series b(x) = exp X, d(x')/i,
where

(i) b(x) has radius of convergence R, 0<R <1, and

(i) for some nonnegative integer r lim,_,z b”(x) = .
For every m =1, if v(C = m) exists, then v(C=m)=Z,_,(R)/d(R). If E(C, v)
exists, then E(C, v)=1+ Y=, d(R’). (Recall that Z,,(x) is given by (5).)

Proof. Let r be the least integér satisfying hypothesis (ii). By Proposition 1 and
the remarks in Section 1, if v(C = m) exists, then

(r)(x)

v(C = m)—lm 500

If r =0 the value of this expression is 0, the desired value.
If r >0, then 0<R <1 and, from (7),

ZS,’,)(x)=D”1[ > xi-'ld'(xi)Z,,,_i(x)]

1=si=m

-1 . : :

-3 ( ~)00zeR@ + 0 3 A6z 0)] 2)
<j=r 2<ism

Now when i =2, x"'d’(x’) has radius of convergence R > R. Thus if we apply

Leibniz’ rule to the subexpression D" '[...] of (12), all the resulting terms are

bounded as x approaches R; examining the sum that forms the initial part of (12)

we see that the only term that diverges as x approaches R occurs when j=r.
Also, from (2),

b(x) = D'"’[(Z xi_ld'(xi))b(x)]

i=1

-3 (]'__ l)d(”(x)b(”’)(x)+D’ 1[(2 X (o ))b(x)] (13)

1sj<r iz2



66 K.J. Compton

It is easy to show that ¥, x*~'d(x’) is analytic for |x| < R%, so the same argument
as above shows that the only part of (13) that diverges as x approaches r is the
j =r term in the first sum. Hence, by Proposition 1,

v A9 Z (X)) _ Za(R)
“m(c = m) —,\1¢—>1mR d(r)(x)b(x) - b(R)

If E(C, v) exists, then by (8) and Proposition 1
_ . D'[(Xi= d(x"))b(x)]
B(C.v)=lm bOG)
If r = 0 this is », the desired value. If r >0,

D'[(E d(x"))b(x)] - DH[(E x"-ld'(x")(i +3 d(x")))b(x)]

i=1 i=1 n=1

-3 (',“i)dm(x)z)'-f[(1+ > d(x"))b(x)]

1sjsr V] — n=1

+ D"I[(Z2 ix'~'d" (x*) + ;in‘ld’(xi) Zl d(x”))b(x)].
: i " (14)

Notice that Y.,ix'd'(x') and ¥..,x""'d’'(x’) are analytic for |x|<R? and
Yi=1d(x) =d(x) + ¥, d(x"). Therefore, if we apply Leibniz’ rule again to the
second part of (14) we see that all the terms converge as x approaches R. In the
first sum the only term that diverges as x approaches R occurs when j=r.
Consequently,

® . i .
E(C, v) = lim ) d:)(zjc’);; (igx DO _y 4 }2)1 d(R). O

Theorems 4 and 5 tell us what the probability of having m components and the
expected number of components must be when the hypotheses are met and these
values are known to exist. The remainder of the paper is devoted to establishing
sufficient conditions for the existence of these values.

First we examine conditions in the case where the appropriate generating series
diverges at its radius of convergence. The following lemma is required.

Lemma 6. Let a(x)= Xnn0 X", B(X)= LpooBux”, &, B.=0, and y(x)=
Yin<o YaX" = a(x)B(x). If
() lim, . a,_i/a,=R, 0<R <,
(i) lim,_ ; a(x) ==, and
(iii) lim, .. B,-1/B.=S =R,
then lim, ... v,-1/Y»=R.
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Proof. Since ¥, = Yo<i<n Bi%n—i

RYn ~Yn-1= 2 pi(Ran—i - an—i-—l) + RﬂnaOJ (15)

O=sisn—1

Now if we can show that the right side is o(y,), then Ry, — y,-; = 0o(y,) and the
conclusion follows. By (i), Ra, — &, —; = o(«&,—;) so for £ >0 there is an N such
that |Ra, — &,_,| < €a,,_, when n = N. Thus, (15) is bounded in absolute value
by
£ D, Piaiat >, Bu-i|lRe; — &,y + RB.a.
O<i=n—N 1=<isN

The first term of this expression is not greater than €y,,_;.

The remainder of the proof divides into two cases. First, suppose S = . By (i)
there is an M = N such that a,, > 0. Let

Yi<i<n |R@; — &;—1| + Rarg
£ay '

K=

By (iii) for large enough n,

Prnas = max(1, K).

ﬁn—M

Thus, for large n,
2 Bn—i IR®; — ;1] + RB,ap < ﬁn—-N( 2 |Re; — a; 4| + Ra’o) ,
1=<i<N 1<i<N
< B,-m(Keap) < ef,_p-10m

<E¢ 2 OB i 1S EYn_1

O=<isn-1

Therefore, (15) is, in absolute value, not greater than 2¢y,_,. By making £ small,
we see that Ry, — ¥,—1 = 0(¥,.—1). Now suppose S < . Since lim,_, B,—:/B. =S,

lim ( > Ba-ilRa—a; | + Rﬁna’o)/ﬁn <o,

n—o \<i<N

lim y,_./B,=lm D a,.(é—”—"l'—l> = oo,
n—w n—® 0<j<n—1 Bn
The latter follows from (ii). We see then that for large n,
2 Bn-i IR — ;1| + RBap < &Y,
1<i<N

as in the first case. Again, Ry, = ¥,_1 =0(y,-1)- O

Remark. Lemma 6 holds if the hypotheses are modified so that y(x) = a(x)B(x’),
i = 1. The proof requires only minor modifications.
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The next theorem combines two results: one says that when the exponential
generating series a(x) = exp,c(x) for & diverges at its radius of convergence then
u(C =m) and E(C, p) exist if the ratio test applies to a(x); the other makes the
same assertion for c(x). Often one of these series will be easier to test than the
other. The existence of u(C = m) when the ratio test applies to a(x) follows from
Theorem 6.1 of Compton [4], but we give a proof that does not require the
machinery developed there.

Notice that any series a(x) that is admissible in the sense of Hayman [9]
satisfies hypotheses (i) and (ii) of Theorem 7. Asymptotic expressions for the
coefficients of such series are obtained by saddle point integration and Laplace’s
method. Theorem 7 eliminates the need for these steps when computing
component distributions.

Theorem 7. Suppose that & has exponential generating series a(x)=
Ynzo (@,/n)x" = exp c(x), c(x) = L =0 (c./n)x". If

(i) either lim,,_,.. na, _,/a, =R or lim,_,.nc,_,/c, =R for some R, 0 <R <,
and

(i) lim,_,z c(x) = = (or equivalently, lim,_, a(x) = ®),
then for all m=1, u(C =m) =0, and E(C, u) ==.

Proof. Suppose lim, ... na,_,/a,=R and R <. Define C, to be the function
mapping a structure to the number of its components of size not greater than r.
Thus, p,(C=m)<up,(C<m)=<u,(C,<m). The exponential generating series
for the class of connected structures in & of cardinality not greater than r is

c
ce(x)= D, —"'x".

lsn<rft.

The exponential generating series for {C, <m}) is
(3 exle)it)explc) - <))

Dividing this by a(x) = exp c(x) gives

(Z catwrit)fexpeata),

i=m

which has radius of convergence «. By Proposition 2

ism Csr(R)i/i!
exp c<,(R)

Au(CrSm)=Z

Now by letting r approach « we see that 0<u(C=m)<u(C,<m)=0.
Suppose that lim,_,.na,_;/a,=R and R==. The exponential generating
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series for {C =m} is c(x)™/m!. Let c,, , be the coefficient of x" in this series; i.e.,

c(x)m/mi= 3, T

n=0

Since c(x)"*'/(m + 1)! = (c(x)/(m + 1))(c(x)™/m!), we have

Cm+1,n = 2 (n)c Cmns ‘ (16)

O=i=n m + 1
Pick r such that ¢, >0. Then

(F)erc
r)trYmn—r
an = cm+1,n = ’

m+1
from which it follows that

(1)) "+ D) _ ey

cr n—r

= U,_,(C =m).

Taking the limit as n approaches © we have u(C =m) =0.
Suppose now that lim,,_.. nc,_,/c, = R. From (16)

Cm+1,n___ 2 (ci/i!)((n)icm,n—i/cm,n).

Cm,n O<i=n m+1

Now by Lemma 6 it follows easily that the ratio test applies to c(x)™/m!; i.e.,
that lim,_..nc, ,—1/Cm,=R. Hence, lim, .. (n);Cpm —i/Cm.=R. Because
Y=o (c:/iDR’ diverges, it follows from the equation displayed above that
WMy, e Cput1,n/Conn =®. Bt (€ =m)=Cpo /8y < (Cma1,n/Cmn)”" 5O p(C=
m)=0.

If u(C=m)=0for all m=1, it is clear that E(C, u)=. [0

The next theorem is the analogue for the unlabeled case.

Theorem 8. Suppose that & has ordinary generating series b(x) = Y.,=0b,x" =
exp Xi=1 d(x*)/i, d(x) = L, =0 dx". If

(i) either lim,_,.b,_,/b,=R or lim,_..d,_,/d,=R for some R, 0<R <1,
and

(ii) lim,_, ¢ b(x) = = (or equivalently, either lim, ,pd(x)=» or R=1),
then for all m=1, v(C =m) =0, and E(C, v) = .

Proof. The proof is nearly identical to that of Theorem 7. When
lim, . b,_1/b, =R and R <» we show that {C,<m} has ordinary generating
series

(2 Z(S;dedx), . . ., ds,(x")))exp ICOEEMET

i<=m
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where d.,(x) = Yo<i<-dix'. This case proceeds as before. In the cases where
lim, ,»b,_1/b,=R and R < and lim,,_,..d,_,/d, = R, we use the identity

Zm+l(x) = 2 d(xi)Z’"‘i+1(x)

1<i=m+1 m+1

2

derived from (6), rather than the identity used to derive (16). The arguments go
through as before if we observe that the coefficients of Z,,.;(x) majorize those of
d(x)Z,,(x) and that, by the remark following Lemma 6, the ratio test applies to
Z,, .1(x) if it applies to d(x). O

Examples. Let & be the class of functional diagraphs (see Goulden and Jackson
[6]). The number a, of labeled structures of size n is n". It is easy to show by the
ratio test that a(x)=Y,.o(n"*/n!)x" (here 0°=1) has radius of convergence
R =1/e. Also, lim,,_, g a(x) = . Therefore, by Theorem 7, u(C = m) =0 for each
m =1, and E(C, u) = . This example points out the deficiency of Theorem 7.

We would like a result that gives asymptotic estimates for u(C =m) and
E(C, u). In particular, for functional diagraphs Katz [10] shows that u,(C =1) ~
(3m)in~% and Kruskal [11] shows that E(C, u,,) ~ 3 log n.

Let & be the class of acyclic diagraphs in which each vertex has outdegree and
indegree at most one. There is precisely one unlabeled connected structure of
each finite size, so the class has ordinary generating series

b(x) = exp( 3, dw)i),
i=1

where d(x) = Y., x" =x/(1 —x). Clearly the ratio test applies to d(x) to show
that its radius of convergence is 1. Also, lim,_,; d(x) = . Therefore, by Theorem
5,v(C=m)=0for m=1and E(C, v) = . To find a strengthening of Theorem 5
that produces asymptotic estimates for u(C=1) may be a formidable task
because it would give, in this example, the Hardy—Ramanujan estimate for the
partition function.

The final results of this section concern classes with generating series that
converge at the radius of convergence. They use the following technical lemma.

Lemma 9’ Let Cl’(x) = Zn?O anxn’ ﬁ(x) = ZnZO ﬁnxn’ 6(X) = Zn?O anxn’ &, ﬁrn
6, =0, and N > 0. Suppose
() lim,.90,-1/6, =R, 0<R <o,
(i) lim, .z O(x) <o,
(iii) there are constants K,,, Kg such that forn=N, a, < K,6,, B, < Kgd,, and
(iv) there is a nonnegative integer r <iN and real K >0 such that if
87(x)= D, 8, ,x",

n=0

then, forn=N and all k<n, §,  R*<K3$, ,R".
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Ifs,t>0,s+t=<r, and y(x) = Lpo YX" = a®(x)BO(x), then v, = o(0,,,)-

If y(x)=Y,20Y-X" = a(x)B(x), lim,_.«,/d,=L,, and lim,_ ... B,/8,=Lg,
then v, <K(Kza(R) + K,B(R))3’S, for n=N, and lim,_,. v,/8,= Lga(R)+
L.B(R).

Proof. Suppose y(x) = a”(x)B8“(x). Then
VYn = 02‘ (S +j)sas+j(n +t _j)tﬁn+t—j'
=<j=<n

Divide both sides by &,, and break the summation into parts 1<j<3n,
1n <j=<n. After a few manipulations we have

Yn = 2 (s+])s ﬂn+t—j6r,n+t~r—j

s+j .
6r,n 0=j<in (n - ])r—t 6, +1—j 5,,,,

+ 2 ﬁ i (t +])t ar.1+s—j 6r,n+s—r—j
t . .
O<j<in ! (n —])r—s 6n+s—j 6r,n

Now for n =N >4s, j<4in,

17)

(S+.j)s $s+j’$"'S‘-—j_—+-1——‘—S2s,
n—j)_, n—j n—j—s
(n—Jj) j—s+1

Similarly, when n=N>4t, (t+j)/(n—j),—s<2. Also, Bnir—j/0n+:—j<Kg,
sl Ot <Kas Sy vryosl8pn <KR'™, 8, 1\ 8, <KR™™¥ for large
n. Thus, if we extend the ranges of summation in (17) to 0 <j <« by adding zero
terms, the sums will be majorized by

> ¥KgKa,  ,R7™, > 2K KB, R,
=0 j=0
respectively. But «(R) and B(R) converge so these sums converge. We may apply
the Dominated Convergence Theorem (see [16]) to eq. (17) to show that
lim,, ., Yn/an,r =0 since for J fixed, (S +j)s/(n _j)r—t and (t +j)t/(n _j)r—s
approach 0 as n diverges to .
Suppose now that y(x) = a(x)B(x). Then

Yn = Z a’jﬁn—j-
O=<j=n

Divide both sides by 8, and again break the sum into two parts. After a few
manipulations we have

Yn (n)r ﬁn—j 6}' n—r—j (n)r an—j 6r n—r—j
—_—= «; — - + ﬁ - 2 .
6n Oséin ! (n - ])r 6n—j 6r,n—r 0<j2<in ! (n - ])r 6"-}' 67,'!—'

Now for n=N>4r and j<in, (n),/(n—j),<3. Also, B,_;/8,_;<Kjz,
®,—j/6,_;<K,, and 8, ,,_,_;/d, ,_,< KR; for n=N. Again we extend the range
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of summation to 0 <j < ; observe that the sums are majorized by

> 3KKsoR' =3¥KKga(R), D, 3KK.B;R =3KK.B(R),

=0 j=0

respectively. This gives the bound

< 3K (Kye(R) + KB(R)),
when n =N, which was to be proved. Applying the Dominated Convergence
Theorem as before shows that

lim 2= Lya(R) + L.B(R). O

n-—o O,

Theorems ‘10 and 11, which follow, play the same role for classes with
generating series convergent at the radius of convergence R as Theorems 7 and 8
did for classes with generating series divergent at R. The hypotheses for
Theorems 10 and 11 are somewhat stronger, but the theorems should be
considered more powerful results because they give asymptotic estimates.

Notice that any series a(x) that has a finite number of singularities, all
algebraic, on its circle of convergence, and has the dominant singularity at the
radius of convergence, satisfies conditions (i) and (ii) of Theorem 10. Asymptotic
expressions for coefficients of such series are obtained by Darboux’s method (see
Bender [2]). Theorem 10 eliminates the need for this step when computing
component distributions.

Theofem 10. Suppose that & has exponential generating series a(x)=
Y n=0(@,/n)x" =exp c(x), c(x) = X,=0 (c,/n)x". If
(l) hmn—>°° nan—I/an = R, O0<Rs= ®,
(ii) for some nonnegative integer r and real K >0 we have for large enough n
and r <k <n that (a,/(k — r))R* < K(a,/(n — r))R",
then u(C=m)=c(R)" '/((m—1)!a(R)) and E(C,u)=1+c(R). If all
coefficients a; are replaced by c; in hypotheses (i) and (ii), the conclusion still holds.

Proof. If lim, ,pa(x) =, then the conclusion follows by Theorem 7. Thus,
assume lim,_,z a(x) <oo.

As in formulas (9) and (10)

D'[c(x)"/m!]= 2, (: : i)c(i)(x)D""[c(x)"“I/(m -1,

1=<i<r

aP(x)= > (: ___ ;)c(")(x)a(’“")(x).

1=i<r
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Now in Lemma 9 put a(x)=c(x), B(x)=c(x)""'/(m —1)!, 8(x)=a(x), s=i,
t=r—i, where i<r. Then the coefficients of c®(x)D" [c(x)™ */(m —1)!]
become vanishingly small with respect to the corresponding coefficients of a”(x).
Similarly, putting a(x) =c(x), B(x)=d6(x)=a(x), s=i, t=r—i, i<r, we have
that the coefficients of c”(x)a”~?(x) become vanishingly small with respect to the
coefficients of a”(x). Therefore, in the sums displayed above only the i = r terms
need be considered when we seek to show that the ratio of coefficients of

D'[c(x)™/m!] to corresponding coefficients of a”(x) approaches a nonzero limit.
Now

(r m—1 — m—
cO@E)™ M m =D _ @)™
cO(x)a(x) (m —1)!
The series for c(x)™ ' exp(—c(x))/(m —1)! is majorized in absolute value by
c(x)" 'expc(x)/(m —1)! which is absolutely convergent at x =R. Hence,
Proposition 3 shows that
C( R)m—-l
(m-1D'a(R)’
To show that E(C, u) exists and find its value, put a(x)=c(x), B(x) =a(x),

6(x) =a(x) so that y(x)=c(x)a(x), K,=Kg=1, L,=1/a(R), Lg=1. Thus,
from (3)

wC=m)=

E(C, u) = lim v,/6, =1+ c(R).

Suppose that hypotheses (i) and (ii) are true of coefficients c; rather than a;.
Setting c(x)™/m! = ¥.,,=0 (C;n../n!)x™ and N large enough to guarantee that N = 5r
and

(mczl r)! R™< K((n inr)!>R"’

when n = N, we have by induction, using Lemma 9, that

Cmn _ (K3c(R))™
¢  (m—1)

when n =N, and

) _ C(R)m—l
Xm Con/n = o — 1)1

But a,/c, =X m=1Cmn/C,- This sum is majorized by the convergent sum
Ym=1 (K3 c¢(R))"!/(m — 1)! = exp(K3'c(R)) when n=N. The Dominated Con-
vergence Theorem is called to service once more to establish. that lim,,_,.. a,/c, =
exp c¢(R) = a(R). Now from this it follows easily that the coefficients a; satisfy
hypothesis (i) and (ii) so the conclusion follows from the earlier argument. [
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Theorem 11. Suppose that & has ordinary generating series b(x) =Y, ,.0 b, x" =
exp Yi=1 d(x)/i, d(x) = Lp<o d.x". If

(1) lim,_,b,_1/b, =R, 0<R =<, and

(ii) for some nonnegative integer r and real K >0 we have for large enough n

and r <m <n that (m),b,,R™ < K(n),b,R",

then v(C =m)=Z,,_,(R)/b(R), for all m=1, and E(C, v)=1+ Y-, d(R"). If
all coefficients b; are replaced by d; in hypotheses (i) and (ii), the conclusion still
holds. (Z,,(x) is given by eq. (5).)

Proof. If lim, , b(x) = (which is always the case when R = 1), then the result
follows from Theorem 8. Thus, assume lim, ,; b(x) <» and R<1.

The proof parallels that of Theorem 10. Rather than formulas (9) and (10) it
relies on formulas (11) and (12). The presence of sums like ¥,<,x"'d’(x’) in
these formulas poses a difficulty not encountered in the proof of Theorem 10.
However, these sums are analytic for |x| <R? so they and all their derivatives
have coefficients vanishingly small with respect to the coefficients of like powers
of x in b(x), hence may be ignored (to see this, note that by (ii) b, = K'n""R™"
for some K’ >0 and large n while coefficients of a sum with radius of convergence
greater than R must be o((R + €)™") for some &£ >0. The details in this first part
of the proof are now easily checked.

Suppose that hypotheses (i) and (ii) are true of coefficients d; rather than b;.
We know

b(x) = exp d(x)exp D, d(x')/i.

i=2

Let X,-0e,x" =expd(x), ¥,=0f,x" =€xp Li;=>d(x')/i. Then, as in the proof of
Theorem 10, e,<K.d, for large n, where K,=exp(K3d(R)), and
lim,_,.e,/d, = exp d(R). Also, since exp %;-,d(x")/i has radius of convergence
R?>R, there is a constant K, such that f, < K,d,, and lim,_,.. f,/d, = 0. Thus, by
Lemma 9.

lim b, /d, = exp d(R)exp D, d(R")/i = b(R).

n=2

Now the coefficients b; can be seen to satisfy hypotheses (i) and (ii), and the
conclusion follows. 0O

Examples. Let & be the class of rooted forests, a(x) the exponential generating
series for &, a(x) = exp c(x), where c(x) is the exponential generating series for
rooted trees. One of the oldest results in enumerative combinatorics is that
c(x) =xa(x)=xexpc(x). From this one can show that c,=n""! so that
lim, . nc,_;/c, =1/e=R and
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(k ikz)! R* s"‘((rTi"nz_)!)Rn

for some A, all large n and k <n, by Stirling’s formula. Also, c(x) is seen to be
the functional inverse of xe™ so c(R) =1. By Theorem 10

p(C=m)=1/(e(m—1)}), E(C, n)=2.

Let & be the class of unrooted forests, a(x) = ¥, (a,/n!)x" the exponential
generating series for &, a(x)=expé(x), where ¢(x)=X,0(C,/n)x" is the
exponential generating series for unrooted trees. Clearly c, = né, (c, is as in the
previous paragraph) so ¢'(x) = c(x)/x (c(x) is taken from the previous example).
Differentiate both sides of the equation c¢(x) = x exp c(x) and substitute c(x)/x for
exp c(x). We obtain c(x)/x = (1 — c(x))c’(x). Hence

c(x)= Lx A —-c@®))c'(r) ‘dt = c(x) — 3c(x)~

From these facts it follows that lim,,_,. n¢,_;/¢, = 1/e = R, that

((Tfiﬁ)zeks,q(ﬁ)-!)m

for some A, all large n and k<n, and that ¢(R)=3% By Theorem 10
u(C =m)=1/(2™Y(m — 1)! e2), E(C, p) = 2. The latter was shown in Moon [13].

Let & be the class of unit interval graphs, b(x) the ordinary generating series
for &, b(x) = exp Y= d(x')/i. Hanlon [7] shows that

2x+1

- = 171 _ :
d(x) 4(1 _ 4x2)% 4(1 4x)§‘
It follows that lim,,_,..d,_,/d, =} and that
(k)2di < A(n).d,

for some A, all large n, and k <n. By Theorem 11, v(C=m)=2Z,,_,(3)/b(3).
(Hanlon shows this when m =1) and E(C, v) =1+ ¥, d(1/4°).

Palmer and Schwenk [14] derive the expressions for v(C =m) and E(C, v) in
the cases of unrooted forests, rooted forests, and planted forests. Their methods
are general enough to apply in all cases where b(x) has a finite number of
singularities, all algebraic, on its circle of convergence, with its dominant
singularity at the radius of convergence (i.e., in those cases where Darboux’s
method works). In fact, the same generality can be obtained in the labeled case.
However, when Darboux’s method does not apply, another approach—viz.,
Theorem 10 and 11—must be used.

Let & consist of forests of rooted trees with the restriction that the root may
not occur at the centroid of a tree with 2* + 1 vertices when k = 1. (A centroid is
a vertex for which the sum of distances to leaves is minimal; in trees with an odd
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number of vertices, there is a unique centroid.) The fraction of rooted trees with
n =2* + 1 vertices having their root at the centroid is 1/n. Thus

cx)=> (0" Yn)x"— > (" %n)x".
n=0 n=2%+1
Now it is still no problem to estimate the growth of coefficients c,—in fact,
¢, ~ n""'—but Darboux’s method no longer applies to a(x) = exp(c(x)) because,
by the Hadamard Gap Theorem (see [16]), X,_x+1 (n""%/n!)x" has the circle
|z| = 1/e as a natural boundary and Y, (n""!/n!)x" has only one singularity on
|z] = 1/e so no cancellation occurs. However, Theorem 10 does apply and from it
1(C =m) and E(C, u) may be computed.

3. Conclusion

Proposition 2 is often used in combinatorial enumeration. Proposition 3 and
Lemma 9, which are not much more difficult than Proposition 2, are not often
used, even though they will work in many cases where more sophisticated
techniques fail. They will frequently shorten and simplify arguments when
generating series converge at their radius of convergence (this pertains not just to
component distribution problems).

We close with some related problems.

(1) As noted, Wright [19] shows that if u(C =1) =1, then a(x) has radius of
convergence 0. Is it true that when u(C =1) exists and a(x) has radius of
convergence 0 that u(C = 1) = 1? Is the analogous theorem true in the unlabeled
case?

(2) Can Theorems 7 and 8 be strengthened to give asymptotic expressions for
pu(C =m), etc., in terms of a(x) and b(x)?

(3) If u(C=1) exists, then does u(C =m) exist for m >1? Does E(C, u)?
What happens in the unlabeled case?
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