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We give the helicity amplitudes for the process WW — LL, and examine the validity of the
equivalence theorem by comparing longitudinal W scattering with the corresponding unphysical
Higgs scattering. We also study the production rates of fourth-generation heavy leptons and
neutrinos in the effective W approximation.

1. Introduction

The number of generations of quarks and leptons is still unknown within the
framework of standard electroweak model. More generations may exist. Hence, it
becomes important to investigate the production of possible new generations at
future colliders.

As higher energies are reached so that the parton sub-energies are much greater
than the W and Z° masses, the W * and Z° bosons can be treated as constituents
of the parton. This is named as the effective W approximation [1].

Recent studies have shown that vector-boson fusion plays an important role in
the production of heavy Higgs bosons [1,2], vector-boson pairs [3] and heavy
leptons {4]. Furthermore, the effective W approximation has been shown to be quite
accurate [4]. Hence, the vector-boson fusion mechanism will be of great interest for
future colliders.

In this paper, we present the scattering amplitudes for each helicity state for the
processes

W-W*SLL* or NN,
Z°Z° - L"L* or NN,
W-Z°> LN,
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where L™ and N are a sequential fourth-generation charged heavy lepton and its
associated neutrino, respectively. We consider the case that N might be massive. The
amplitudes, which have not previously appeared in the literature, can be used in
future calculations. Cross sections are shown for some choices of VS and possible
lepton and Higgs boson masses. Then, we compare the results with those obtained
using the equivalence theorem [5]. We conclude that caution is required when using
the equivalence theorem if the Higgs width is not negligible. (W always includes

* and Z° unless the charge is specified.) In sect. 7, we compare our results with

previous work [4] where possible.

2. The “extended” standard model

2.1. MODEL

In order to be specific about the couplings of a heavy lepton, we assume a
sequential fourth generation, and extend the standard electroweak model, SU(2); X
U(1)y, by allowing the existence of a right-handed neutrino, which accordingly is
massive. We also assume there are no Aﬂiy"y5L, A“Ny“yf‘N, or A”Ny”N cou-
plings. Here L™ is the fourth generation electron, and N is the fourth generation
neutrino. They form an SU(2) doublet

(Ilf_ )L' 1)

We also assume there is no mixing between leptons. Then the complete lagrangian
of this model will be the same as the standard model lagrangian [6], except for the

fermion-Higgs Dart. Essentially, we are assuming an effective lagrangian for a fourth
generation. As usual we have one complex doublet Higgs scalar

¢=| v+H—i¢® |, (2.2)

where v is the vacuum expectation value, H is the Higgs scalar, ¢* and ¢° are
unphysical Higgs scalars.
The Higgs lagrangian is

Priiges= (D) (D*0) — p2(670) —A(97 ). (2.3)
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Here my and m; are the fourth-generation neutrino and electron masses, respec-
tively, and My, is the gauge—boson W * mass.

2.2. NOTATION

We follow the notation of Bjorken and Drell, and work in the 't Hooft—Feynman
gauge. Also we denote sinf,, by S,,cos 8, by C,, and

y (25)
8= Sw s .
[41
a, = F . (26)
my is the Higgs mass.
3. Unitarity

For a heavy-fermion pair production through WW fusion, the dominant mecha-
nism is longitudinally polarized W-boson scattering [4]. Since our effective la-
grangian is different from the lagrangian of the standard model only in its
fourth-generation Higgs—fermion couplings, the Ward identity [7] should still hold.
This can be proved by explicitly working out the calculation of 13 Feynman graphs
involved in the Ward identity equation [7] corresponding to the process W~ W*—
L™ L*. Instead, we will examine the high-energy behavior of W, W' > L L™ as an
example to verify the unitarity of this effective lagrangian.

In the high-energy limit, the polarization vector efy (k) of the longitudinally
polarized W-boson is approximately

k*

(t‘o)(k)—‘)M—. (31)

w
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Using 4-momentum conservation, and the equations of motion
(vy-Py+m)V(P,) =0,
U(P)(y- P=my) =0, (32)

we can get the following results corresponding to - and s-channel diagrams.

(a)=U(-2y-9)(1-7¥°)V (3.3)
+U ~2mi(1—75)%q v (3.4)
+U(=4m)V, (3.5)
(b)=U(-2v-q(4s2-1+v°))V (3.6)
+U(—2m(482-1))V, (3.7)
(c)=U(-2y-q(—482))V (3.8)
+U(=2m(—4S82))V, (3.9)
(d) = 17(2mL)V—§j§;1—2;, (3.10)
with
g=hk, —P,.

We have suppressed a factor ig?/(8M%,) for each term, and also taken my =20
for simplicity. In eq. (3.10), S is the square of the c.m. energy. Let us check the
cancellations

(3.3) + (3.6) + (3.8) =0, (3.11)
3+BN+BY=U(-2m )V, (3.12)
(3.4) +(3.10) = U| —2mi(1—v%) Y‘;Zq +2m _sz V. (3.13)

We see that after the substitution

= +1, (3.14)
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all the terms with bad behavior, which are proportional to S or VS, cancel. (This
can be seen explicitly from the exact amplitudes in the appendix.) For § > M3, and
S > m}, the scattering amplitude becomes

ig?

M2,

Y- q

M(W W/ >LL)= (—2m?)U(1 —75)7% (3.15)

Through straightforward algebra, eq. (3.15) gives the total cross section

W W/ >L L* may ( iy 41 L (3.16
o(WoWr )= 75 My \1-8] 16)
with
4mi
B=\1-— (3.17)

Eq. (3.16) behaves like (m; /My, )*In(s) /9, with s = S /M3,; therefore unitarity is
not violated. Hence, we observe the gauge cancellation and consequently good
high-energy behavior of the process W, W — L~L™", There is one subtlety here.
For light-fermion production, the dominant production channel of WW fusion is
through transversely polarized W-boson fusion, not longitudinally polarized W’s,
because the luminosity of transverse W’s is larger than longitudinal W’s and because
of the (m; /My,)* factor.

From the equivalence theorem [5], we know that the asymptotic behavior of the
longitudinally polarized W-bosons can be represented by their corresponding un-
physical Higgs particles. As emphasized in ref. [5], the equivalence theorem does not
imply that we can simply replace the W *-polarization vectors by eq. (3.1), if we
demand the equivalence of the S-matrix to O(My,/E). Yet this statement is gauge
dependent, and in 't Hooft—Feynman gauge the replacement (3.1) does display the
main feature of the exact calculation results in the high-energy limit, as shown in
sect. 5.

4. Helicity amplitudes for the reaction VV, > L L,

4.1. KINEMATICS AND POLARIZATION VECTORS

The 4-momentum assignment for the reaction V,V, —» L,L, is shown in fig. 1. V,
stands for vector-boson-1, and L, for lepton-1. We shall work in the vector-boson
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Fig. 1. Schematic view of the process V;V, - L, L,.

V)V, center-of-mass frame. The 4-momenta can be chosen to be
ki = (k1,0,0, K),
k= (k,0,0, =K),
Pl = (P, PS,,0, PCy),
Py =(Pyy, —PS;,0, —PCy). (4.1)

The angle 6, as shown in fig. 2, is the angle between the 3-momenta K and P,
whose magnitudes are K and P, separately. Also we define Cy = cos 8, S = sinf. To
establish conventions, the polarization vectors of the W-bosons are

1
(61)g= V(K’()’O’ klO)’
1

1
(52)S=V(K,O,O,—k20)’ for A==0,
2

(61)i=\/%>(0,—1,—i,0),
(€)' =3 (0,1, 4,0, for A== +1,
(&))" =y%(0,1,-4,0),

()" ={+(0,-1,-i,0), for A==-1,

where A (A,) represents the helicity of vector-boson V,(V,).

S
N
I
<
N

Fig. 2. The coordinate system for the process V,V, — L, L, in the center-of mass frame of V,V,.
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4.2. THE METHOD OF CALCULATION

To get the scattering amplitude for each helicity state, we adopt the projection
operator technique developed in ref. [8]. Since we are working in a different metric
from that in ref. [8], we summarize the relevant identities as follows.

Let U(P,, s, hy) denote the Dirac spinor for a spin- 1 particle, mass m,, moving
with momentum P{, polarization s{, and helicity 4,. Similarly the Dirac spinor for
an anti-fermion is denoted as V(P,, s,, h,). Dirac spinors are normalized so that

UU=2m,,

VV=—2m,. (4.2)
Define
UQ1)= U(Py, sy, k),
V(2) = V(P 55, hy),
then
UMU1) = 3(v- Py +m)(1+ hyvsy - 51),
V(z)vu):%(Y'Pz—mz)(l“'hﬂs'}"sz)» (4.3)
V(2)(7(1) = iAAl(Y Py - mz)(l +hyysy-s,)

X(Y'P1+m1)(1+h1Y5Y'51)’ (4.4)
with

At= eliw[(_mlmz"‘ Py P)(1—s.-5,) + PsyPyosy] 71/2P+(1,2)
+e ' [(=mmy+ Py~ P)(1+5,5,) — Pos,Pysy] PP _(1,2). (4.5)
The projection operator is defined as
P,(1,2) =3(1 £ hh,),

for the corresponding helicities 4, and %,. Furthermore, we will choose the phase
factors @* and @~ to be zero, because we are interested in the scattering amplitude
squared for each helicity state for the process WW — LL. The same reasoning also
applies to the choices of eqs. (4.1) and (4.6). The polarization vectors are

P PIO PlO
S{L: (_—, —‘—Sg_£C0, ‘“is, —'C0+ £S0 5
mp m m,
P P, p,,
sg':(—,_—O'So'FECB,_iE,"—Cg_eSB N
m; m, n,

e<x1. (4.6)
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6 is defined as in fig. 2. The reason a small transverse polarization vector is added is
to make it possible to invert the corresponding projection operator [8].
Using the spin-projector operator method [3], we then have

ax(l)raﬂ%(z) = I/,B(z)l—]a(l)raﬁ
=Tr(V(2)U(1)T) (4.7)

for any tensor I’ ;. Hence we can get the scattering amplitude M(A}, X, hy, &),
where A (A,) stands for the vector-boson V,(V,) helicity, and A,(h,) for the lepton
L,(L,) helicity. The differential cross section in the vector-boson V,V, c.m. frame is

do 1
dQ  6473S

PMZ 4.8
M2, (438)

4.3. SYMMETRY PROPERTIES

For the reactions

Wo(A) + W*(Xy) > L7 (hy) + L7 (h,),

W7 (A) + WH(A,) = N(hy) +N(hy),
ZO(}\I) +Z°(A,) > L~ () + L*(h,),

ZO(}H)+ZO(}‘2)_’N(h1)+N(h2), (4.9)

the scattering amplitudes M(A, A,, A, h,) for different helicity states have the
symmetry

M(N, Ay, by, hy) = (1) M(=Xy, =Ny, —hy, —hy).,
with
A=), —\,. (4.10)

This is a consequence of CP invariance. If the fourth-generation neutrino is
massless, then

MM, A, +,+)
=ML Ay +, )
=M(}\1,}\2,—,—)

=0, (4.11)
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for NN productions. These are just the standard model results: only left-handed
neutrinos and right-handed anti-neutrinos interact. Obviously, the total cross sec-
tions of

ete > WHW— | S VAVAS

can be found by using the scattering amplitudes given in the appendix, with both
my; =0 and m = 0. After taking into account the correct spin-averaging factor and
redefining the angle # as the angle between e* and W* momenta in e*e” c.m.
frame, we obtain a total cross section and differential cross section which agree with
the results in ref. [9]. This is a check on our amplitudes for the case m; = m = 0. In
sects. 5 and 6, we will check our amplitudes in the regime S > Mg using the
equivalence theorem [5].

In the appendix, we work out the scattering amplitudes for each helicity state for
the reaction V,V, » L,L, using the notation, method and symmetry properties
stated in the previous subsections.

4.4. DISCUSSION

The scattering amplitudes are checked as follows.

(1) The sum of the square of all helicity amplitudes with the same vector-boson
helicities A; and A, is checked to be the same as the results obtained using the
conventional method of applying spinor-sum rules. The former is obtained by first
taking the trace calculation of each helicity amplitude, as done in eq. (4.7), then
summing over the square of those helicity amplitudes. The latter is obtained by first
taking the square of the scattering amplitude, which includes Dirac spinors, then
performing the trace calculation due to summing over the helicity states of fermions.

The trace calculations were done using SCHOONSCHIP, and have been partially
checked by REDUCE.

(2) In the limit m =0 and m =0, the resultant differential cross sections for
e e"—> W™ W™ for fixed W~ and W* helicity states are checked to agree alge-
braically with those in ref. [9]. The total cross section for e e*— Z°%Z° is also
checked to agree numerically with those in ref. [9].

(3) In the high-energy limit, the total cross sections for longitudinal W scattering
are checked numerically by comparing the results with those obtained from both the
equivalence theorem [5] and the effective lagrangian [10]. These will be shown in
later sections. They agree very well except nearby the Higgs resonance.

5. Asymptotic behavior

Although it is straightforward to calculate the total cross section using the
scattering amplitudes in the appendix, the result is too lengthy to be expressed here.
Those who need the cross sections can obtain them most easily by putting the
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amplitudes directly in their own programs. Hence, in this section, we will present
the asymptotic behavior of the total cross section for W W/ — L "L*. More
precisely, we start from the exact total cross section, then take its limit as S > M3,
S > m3 and S > m. Notice that we did not specify the Higgs mass here; it can be
any number, as long as the above conditions are fulfilled.

We define the dimensionless variables

o=S/M}, y=mi/My, x=mi/ M, (5.1)

(-=S+my)M

P = 3
" (—S+m%1)2+m%{1}2{
My,
Prn = 2\2 22
(—S+mH) + myly
2
1—31)_;()’_)6)
2,=In , (5.2)

2
1+.BP—;()’_X)

Bp= \/1—-§ : (5.3)

In the high-energy limit, the total cross section for W, W' > L"L" is

rl,

ULLET[g191+gzﬁp+gadﬁp+ga% , (5.4)
with
g = —3(x—y)+ ixpsPy,
8= 4[24y -t —x(4y —1-2x)]
"%J’(}”’z“x)dpﬂ_%}’(z)"*'3)42PHH,
g =ty[1+26Py + 0?Pyy],
ga=[4(y—x)’=y>+y+x(3y —2x—2)]

+%[(y—x)3—3y2+2y+x((x~y)2—y)]oPH. (5.5)
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Suppose S > m2, then

2 2
my 2Imy
oPy=—|1+ GM&J), 0Py =1+ e (5.6)

Thus g, vanishes in this case. There is accordingly no constant cross section in this
regime. the total cross section falls like In(s) /4, as stated in sect. 3. Also, in eq. (5.4),
the terms are arranged so that in the high-energy limit, the first term has a larger
contribution than the second term, etc.

The asymptotic behavior for the process Wy W;"— NN can be obtained by
simply interchanging x and y in egs. (5.3) through (5.6).

6. Equivalence theorem

From the equivalence theorem [5], we learned that in the high-energy limit,
E > M_, the S-matrix for some longitudinally polarized vector-bosons and other
physical particles is the same, up to a phase factor, as that obtained by replacing
each longitudinally polarized vector boson by its corresponding unphysical Higgs
scalar, i.e.

VART

Motivated by the above theorem, we calculate the total cross section of the
corresponding unphysical Higgs scalar scattering processes. It serves as a good
check on our scattering amplitudes obtained in the appendix in the limit S > M3,
For this reaction, ¢ "¢*— L~L*, we adopt the same notation as in egs. (5.1) to
(5.3). In the high energy limit, S > M, the total cross section is expressed as

2
7aZ
o= T[FIQt + FBp+ F,Py+ F, Py, (6.1)
with
1
Fi=-3x>+yY)+ 2—[yx(1+2x—y)+y2—x3],
P

F=-i(x"—xy+y?)—ix+ 4,

(x+y) = (r=x)

>

F= _%(mH/Mw)2Y[_(x+)’)BP+ ”‘X)Qt

F4=§(mH/MW)4GJ’Bf3'- (6.2)
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This agrees with the results in ref. [4], where they start from an effective lagrangian
[10] for a spontaneous symmetry-breaking Goldstone-boson sector. In eq. (6.1), we
group terms in such a way as to see the effect of the Higgs propagator.

Comparing eqgs. (5.4) with (6.1), we immediately find out that they do not agree
for arbitrary Higgs mass if Higgs width is included as eq. (5.2). However, if
S > m¥, they are indeed in good agreement. This can be easily shown by using eq.
(5.6). Thus, caution is due when using the equivalence theorem unless the width of
Higgs can be neglected.

As an example, consider the processes W, W' > L LT and ¢ ¢ "— L7 L. Here
L7 stands for a right-handed L ™. The difference between these two amplitudes in
the high-energy limit is

ig?
&

It does not vanish for non-zero m; or I'y.

The correct way to include Higgs width is to consider one-loop corrections to the
above processes. As long as only the tree-level results are considered, we can not tell
which one of them should be taken in the region where they are different. Note the
interesting point that if one puts S = m# in eq. (6.3), the difference between the two
methods is independent of I'y.

m P imyly

2 =S+my—imyly’

(6.3)

7. Heavy lepton production via a proton—proton collider

From sect. 5, we see that the total cross section for heavy lepton pair production
via WW fusion in the high-energy limit grows like (m, /My,)* at fixed c.m. energy
of WW. This leads to a larger cross section for larger m,. WW fusion then becomes
an important mechanism to produce heavy leptons. We have used the effective W
approximation [1] to obtain the cross section o(pp — L,L,X), here L,L,=L L™,
NN or L™N. Since our numerical results agree with Dawson and Willenbrock [4]
within a factor of 2, we will not show any figures here. Instead we remark that our
analytical results agree with Dawson and Willenbrock [4], apart from differences
due to our use of longitudinal W’s versus their use of the equivalence theorem, as
discussed in sect. 6, but disagree with "Eboli et al. [4]. In order to make eq. (3.5) in
Dawson and Willenbrock [4] valid for my = 0, one should replace (m? —m%) by
(mi —m% +2M%)in A, and (m% — m}) by (m4 —mi +2M) in A,.

As stated in sects. 4, 5 and 6, we checked our amplitudes in two limits. One limit
is for my =0 and m; = 0, which gives us the correct cross sections for e"e*—
W-W" and e"e”— Z°Z% [9]. Another limit is checked by examining the asymp-
totic behavior of the total cross sections. In this limit our results agree with those
obtained from both the equivalence theorem [5] and the effective lagrangian [4,10]
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Fig. 3. Cross section (W W' — L™ L") versus E_ . for my =300 GeV, my =0 and my =1.5 TeV.
The solid line is from the exact calculation. The dot-dash line is from the effective lagrangian {4, 10].

for heavy lepton production, if it is off the Higgs resonance. However, our
constituent cross sections do not agree with theirs when near the Higgs resonance.
We give some numerical comparisons for my = 1.5 TeV in fig. 3.

8. Heavy lepton production via a electron—positron collider

In this section, we wish to examine the heavy lepton production in an e e*
collider, although it is not yet known whether TeV electron linear colliders can be
built. We will use the effective W method to exmaine the cross section a(e et —
v.7.L L"), and compare it with (e "e*— L"L™).

The total cross section versus lepton mass at e e* c.m. energy VS =4 TeV for
both my = 0.1 and 1 TeV is shown in fig. 4. The cross section for this process is
much smaller than 10~ ** cm® for V'S = 2 TeV. For instance, it is about 3 X 103 pb
at my =200 GeV and my =1 TeV, while the cross section of e e*— L "L* is
about 4.4 X 1073 pb.

9. Comments

This paper has given the complete set of amplitudes for WW — LL. They were
used to compute some cross sections in pp, pp and e e* collisions. Although the
cross sections are large enough to give many events at some hadron colliders, we
have not considered here the separate and model-dependent questions of how the
heavy leptons decay and whether they can be detected. We leave these to future
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Fig. 4. Cross section versus the charged lepton mass at E_ =4 TeV and my = 0. Dot-dash (solid) line
is for e"e* (W W) = L™ L* 5,5, with my =1 TeV (my; = 100 GeV). Dash line is fore e* = L™ L*.

studies. In addition, we found that the equivalence theorem does not give the same
results as calculating with longitudinal W’s near the Higgs resonance. Without
including the Higgs width via a one-loop calculation, it is not possible to decide
which is more appropriate for comparison with experiments.

The author would like to thank Professor G. Kane for his suggestions, advice and
guidance. He also appreciates helpful conversations with Dr. G. Passarino. This
work was supported in part by the US Department of Energy.

Appendix 3
The helicity amplitudes of VvV, » L,L,
Al W W*'sLL"

Following the notation in subsects. 4.1 and 4.2, we can write eq. (4.5) as

1 1
At P,(1,2)+ —P_(1,2), ex1. (A1)
2P¢

~ 2P

Our matrix element is defined so that

do g* PMZ Ao
dcos0_327rSK| " (A2)
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Denote
v=—1+4sin%d,,

MY =M(X, Ny, by, hy). (A3)

We define the following variables

a=E+P, ay=E—-P, a;=E+K, a,=E—-K, a;=K+P,
ag=K—-P, a,=P+KCy, ay=P—-KCy, ay=K+PCy, a,,=K— PCy,
a;, =PSy, a,=PS;, a;=KSy, a,=KCy, a=P, a,=E,
ay=vE+P, ag=vE-P, ag=20E, ay=20ES,, a,=2vKS,,
ay,=20°K, ay=20PS;, a,=P+2KC,, a,;=P-2KC,,
a,,=K+ECy, a,=K—-ECy, a,=K,

by=2PE, b,=PES,, by=PES;, b,=PEC,S;, bs=2KE,
bs=2KES,, b,=vKE, by=20PKSy, by=E>—P? b,=b,—4P?,
byy=b,+2PK, b,=b,—2PK, b;=20%E? b,=K?*+E?,
bjs=K*—E* b =K?—3E% b,=20P%S,,

¢,=KE?, ¢,=2PK?, c¢;=4vEP®S}, c,=PE*C,,

cs=PE?S?, c¢¢=PE?C,S,,

d=1+GCy, d,=1-C,, d;=S,, d,=1+0°,

e, =4vP’E2C,S,, e,=2PE3C,S,,

fl=‘/§MW’ f2=MV2v’ f3=4ci’ f4=\/2_f3Mz’ f5=f3M§’
and

1 1 1 1

U=———, Uy=——5, T,=———, Ty=
F—U+ml N —U+md Y T2 N

S 4S2 s 1 s 1 S 1
A—st TV s My TR —SH M2 T S mb—imgly

(A.4)
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S, T and U are the Mandelstam variables. I'y; is the full width of the Higgs particle,
My, (M) is the vector-boson W *( Z°) mass, E=VS /2, and 8 is the angle
between L~ and W™ in WW center-of-mass frame.

21 of the 36 helicity amplitudes are shown below. The remaining 15 helicity
amplitudes can be obtained from these using the symmetry properties, c.f. eq. (4.10).

M= mL[al4(SA —0Sz) = Syays + T(ap + asd1)/2] ’

MII= mL[a14(SA —0Sz) = Syays + Tn(an — a5d2)/2] ’

MT= —Spbs/2 + Szay3a,5 — Tnayay0ds/2,

MYt = —8,b/2+ S,a,;,a,;— Tyaya;ds/2,

Mii=MI = -mTyap/2, M_{=—-Tyayaid/2, Mi’=Tyapa,d,/2,

MI = Tyayady/2, M= —Tyaya,d/2,
f1M9Li= my [b6(SA —vS;) + Ty(aga;;— aza,; — 2b4)/2] )
fiMOT= mL[b6(SA - vSz) + Ty(asa; + asay, —2b,) /2],
[iMO = my [ —bs(Sy—vSz) — Tn(asa,3+ aay, — 2b,)/2] .
M= mL[_b6(SA —0Sy) — Tn(asay; ~ asay, — 2b,)/2],
fiM 2L =28,c,d) — Szbsaed, + Tya(agaed, /2 + by),
[iMOt = = 28yedy + Szbsay,dy + Tyay(—agasdy/2 + by),
fiM°,=28,¢,d, — Sybsaygd, + Tya(asasd,/2 — by),
fiMO~ = —28,c,d, + Sybsa,,d, + Tya,(—azacd, /2 — by),

f2M30+ = mL[aMblG(SA - USZ) — Suaysbia + TN(_aSbIS - 205)/2] >

Il

LMY, = = S\beh1s/2 + Sza13a18b16 — TNa1[a13(b15 —by)/2+ C()] ’

szSO— = — Sabgbys/2 + Sza13a,7b16 — Tna, [013(b15 + bl)/2 + Cﬁ] .

A2 2°Z° L L*

Use the same definitions (A.2)~(A.4), and define @ to be the angle between L~
and Z°.
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21 of the 36 helicity amplitudes are given below. The remaining 15 helicity
amplitudes can be obtained from these using the symmetry properties, c.f. eq. (4.10).

2fsM = m (UL (ayd,d, + apd, —2a,5d,) — 8Syas
+ T (aydyd, + apd, — 2alSd1)] ’
2fiMII= mL[UL(_azsd4d1 +aynd, — 2a;5d,) — 8Sya;s
+T(—aydsd; + appd, - 2a15d2)] ’

2fsM*i= U (byd,+ bed,/2 — ayae) + Ty (byd, — bd,/2 + ayay,),
26M 7= Up(byds+ byds/2 + apay) + Ti(bydy — bed /2 ~ aysay)
2EMT=2fM = —m (T + U )ayd,,
2f3M:1= (TL + UL)dl(_b2d4+ b17) >
2f3M1t= (TL + UL)dz(b2d4 + bl?)’
2fsMZ7= (T + Up)d,(byd, — byy),
2fsM_= (T + U )di(—byd,—byy),
2f,MYT= mL[UL(2b2a’2 —ayas+ayas) + T (—2b,d, + ayay, + 02105)] ’
2fsM2T = my [Up(—2byd, — ayas+ agag) + To(2byd, + ayyay, + ayag)] .
2fsM 7= my [UL(2byd, + ayoas + ayag) + To(—2byd, — ayyay, + asag)]
2f,M°”= mL[UL(—2b2d2 +ayas+ayas) + T (2b,d, — axao + ayas)],
2fiM % = U (—aysbyydad; — ayybed) + 2¢5d, — c3 + aygdial)

+TL(—aysbydad; + aybod, + 2csd, — ¢y + ajodia?),
2fM Y = Uy (- aysbipdady + anbed, + 2¢5d, + ¢y — ayod,al)

+T(—ayshydady — apbed, + 2csd, + ¢ — aygd,al),
2fiM° = UL(“15b12d4d2 —aybyd; = 2cdy+ c3 - a19d2aé)

+ T, (ayshydydy + ayybed, — 2cdy + 3 — ayod,al),



18 C.-P. Yuan / WW — LL

2/, M= UL(“15b11d4d1 +apnbod) —2csdy— ¢y + ‘119d1‘1§)

+ TL(a15b12d4d1 —aybyd; —2csdy— 5+ 019‘11‘1%)’

2f5M20+ =my [UL( —ayabyady— 2¢sd s+ byzag, — Cz) — 8Syaishis
+ TL(al4b14d4 —2csdy+ bsays — Cz)] >

2fM%, = Up(—eydy+ bgbio/2 + ey — byby + bbyeds)
+ T (—eydy — bgbig/2 + e + bybys — bsbieds)

2fsMP = U (—eydy+ bbyo/2 — e+ bsbi + bbyeds)
+ TL(—eZd4 — bgbyo/2 — ey — bgbig— b7b16d3)'
A3. W W*- NN

Use the same definitions (A.2)—(A.4), and define 8 to be the angle between N and

W
21 of the 36 helicity amplitudes are given below. The remaining 15 helicity

amplitudes can be obtained from these using the symmetry properties, c.f. eq. (4.10).

M= mN[UL(a6d2 +a,)/2 = Suays — SZaIA] ’
MIi= mN[UL(_anl +ay,)/2 = Suays — Szau] >
M*i=ULajayd/2 + Szaa,5,
M*tt= U, a,a4d;/2 + Sza,ay5,
Mt=Mii= —myUpap/2, M_{=-Uuaa,d/2,
MT*=U,a,a,,d,/2. M. =U,ajand,/2, Mi_=—-Uayand/2, /
M= mN[UL(bzdz — ayasdy/2) — Szbs] )
FiMO = my[—UL(b,d, + azaeds/2) — S;b] .
ML= mN[UL(bZdl +a,aeds/2) + Szbs] ’
[iMO™ = my[Up (—bydy + asasds/2) + S;b]
fiM2L=Ua(—azasd,/2+ b;) — Sza,bsd,
[IMt=Upa,(a,aed,/2+ by) + Spazbsd,
[iM2=Upa\(—a,aedy/2— by) = Sza,bsd,
fiM%"=Upa,(asasd, /2 — by) + Sza,bid,,
LMY, = - mN[UL(b15a7/2 +¢5) + Subuaays + Szambm] >
LMY, = ULal[_CG +a(bs— bl)/z] + Sza1a,3b56
F-M® = Upa,|—co+ ay(bys+ b)) /2] + Sza,a15b,6.
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A4 Z°Z° 5 NN

Use the same definitions (A.2)~(A.4), and define @ to be the angle between N
and Z°.

21 of the 36 helicity amplitudes are given below. The remaining 15 helicity
amplitudes can be obtained from these using the symmetry properties, c.f. eq. (4.10).

M= my[Ux(aed, + ay) = 4Syays + Tn(aed, + ay,)],
LMII=my[Un(~asd, + ay) = 4Syays + Ty(—asd; + ap)],
[MII=a,d;(Uyas— Tnay), fMI1=a,d;(Uyas— Tyay),
LMIi=fMT= —my(Ug+ Ty)an, LMZI=—(Ux+ Ty)aaud,,
LM I=(Un+ Tn)asand,, fMIJ=(Uy+ Ty)aand,,
LMZ= —(Uy+Ty)azapnd,,

JaM St =m [Uy(2b,dy — asasdy) + T —2b,d, + a,asds)],
JaM 2t = my [Un(—2b,d, — asaed;) + Ty(2b,d,y + asaeds)]
faM O =m[Uy(2byd; + agaeds) + Ty(=2byd, — aya¢ds,)]
MO = M [Uy(=2byd, + agasds) + Ty (2b,d) — asasdy)],
fMOT = Uya,(—asasd; +2by) + Tya(a,a4d, + 25;),

MOt = Uya,y(asaedy + 2by) + Tya,(—ayasd, + 2b,),

foMO = Uya,(—asaqd, — 2by) + Tya,(asasd, — 2by),
faM O = Ugay(azasd, — 2by) + Tya,(—asagd, — 2b3),

fsME = —my[Up(bisay + 2¢5) + 4Sybygars + Ty(bisag + 2¢5)]
[ M, = Uga,(—=2bya,5+ ag3hys) + Tya(2bya,, — a3bys),

MY = Unay(2b,a + agshis) + Tyay(=2byaz — agshys).
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AS. W-Z°>L°N
Following the notation in subsects 4.1 and 4.2, we can write eq. (4.5) as
A! ! P.(1,2 ! P (1,2 1 A.S
== + — , e, .
SPL(12)+ —P (1), ¢ (A5)
with
2 1/2
N=[2(EE,+ P2 = mymy)] ", (A.6)

P and K are as defined in eq. (4.1). E;, E,, E; and E, are L, N, W~ and Z°
energies, respectively. 8 is the angle between L~ and W~ in WZ c.m. frame. In
addition to eqgs. (A.2) and (A.3), we define the following variables

a,=12a,y, a,=a,S:/C,, ay;=(E;—E,)C,, a,=P, a;=vP, ayz=PSZ,
a;=2E, a;=KCj, ay=2C,ay, a=2vag, ay,;=2CKS,, a,=K+E,
a,=K—-E,, a,=K+E, as=K—E,;,, a,=P+E, a,=P—E,,
ay=E + PGy, ag=E —PCy, ay=a,—E, ay=a,E;,
ap=ay+E, apn=aptE;, ay=PS, ay=KC,, ay=K, ay=E;,
ay=E; ay=VS, ay=E,—E; ay=E;+vK, ay,=E;—uK,
an=E,+vK, ay=E,—vK, ay;=P+E, a;,=P-F,,
by=myass+myay;, by=mymy—agass, by=mymy—apas,
by=mypass+myay, bs=Ea,+Pay, b;=Eua;+Pay,, b;=Eua;s—Pay,
by=Eyay,~ Pay, by=My, byg=Mz, by=PK+Euay, by=PK-Eay,
b3 =PK+ Eay, by,=PK-Eas, b15=K2» bie=EsE,, b= —by,
byy=PE,, bg=0PE,, byy=2PE,, by, =2PE,Cy, by =2PE;S;,
b,,=2PE,C,, b,,=2PE,S;, b,s=K?>+E,E,,

b= —bio+2E\E,, by = —by—biy— a3, by=2Pay, by=Euay,
byy=v(—by—2EE;), ¢ =2PEsE,, c¢;=¢,Cq, c3=c¢/55,
cy=Eb+2EK? d,=1+Cy, d,=1-C,, d3=5;, d,=1-v,

f1=\/5N» f,=2MyN, fi=2M;N, f4=‘5MWMZN’
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and

1 1 1 1 1

So=-— U= ——, In=55—7 2"
WS Tgr ML % 4Cy —U+mi N 2Cy —T+my

(A7)

The 36 helicity amplitudes are shown below
M =b[Swlay+ag+a;) + UL(—dadyan, + 2d501~ daag)
+Ty(di(as—a,) + ag)],
M =b,[Sy(—ay+ag—a3) + Up(dadiary + 2d,1017 = d,ag)
+Ty(—d,(ay+a7)+ ag)],
M7= b,[Sw(ay+ag+a;) + Ulldadiay +2d1a — dyag)
+ Ty (—dy(ays + age) + a6)]
M- —=b,[Sy(—ay+ag—ay) + Up(—dydrars + 2dra,7 = dqag)
+Ty(d(ays—a;;) + ag)],
FM = bydy [2Sways + Up(diay +dyay, — az + asdy) + Ta(a,— ay)].
fiMit= bydy| —2Sways + Up(dya, —dsap taqs+ asd)) — Tn(a— ap)l,
fIMZ;=b,d; [2Swa,s+ UL(—dyas+daap +as - asdy) + Tnlags+ a,9)],
M7= byd;| = 28yays + Up(—dias —dyay; —aq = asdy) — Tulags + ago)]
foIi=f1MiI= blab(ULd4 —Tyn), hMZI= b2a24d1(— Upd,+ Tx)»
fIM T =byayd,(Upd,— Ty), AM 1= byayd,(—Upd,+ Tx),
M= byayd (Upd,— Tx), fiM =M Z=ba(Upd,— Ty),
FoM Y%= bids| Swazsay + Up (dy(a@par, + by) = 2bs)
+ T (bg — @170 — Q16827 — by,
[,MO* = byd, [ Swaysay + Up(dy(aa14+ b)) = 2b5)

+ Tg(bg + a16a26 + a17057 — bn)] :



22

C.-P. Yuan / WW— LL
LMY= b4d3{_ Swagsay + Up(dy(apars — by ) + 2b)
+Tog(by — ayeay6+ aygay + b21)] ;
LMY= b1d3[—Swa25a1 + Up(dy(apais— by) +2b,)
+ T (by + @756 — ar6a27 + b21)] )
LM = bZdl[_SWa25a1 — Up(dapay,+ 2ay,a1; — dybyd,)
— T(by + ayears+ bzodz)] ’
LMY= b3d2[—SWa25a1 — Up(dyay3a1 — 2a140,6 + dybyd,)
—T(by—ayza,5 - bZOdl)] ’
LMY = bzdz[_Swazsal + Up(dya13a15 — 2a15ay; — dybyd,)
+ T (by — aygay, + bzodl)] )
LMIZ=byd, [ = Swaysa; + Uy (dyar30,5 + 20,5016+ dybyd,)
+ T bg + aysa,4 — byod,)]
LM = blda[swazsal + Up(dy(bio+ by3) — 2(byy + bis))
+ Tx(a12814 + a17056 — A16055 — b23)] ’
LML =b,d; [SWaZSal + Uy (dy(brg+ by3) +2(byy + bys))
+ T (@121, — 1626+ a17005 — b23)] ,
f3M:2 = b4d3[—SWa25a1 + UL(d4(blO - b23) - 2(b13 - blx))
+ T aysays + aygtag + ayarg + by3)]
LM = b1d3[_SW‘125a1 + Up(dy(byo— by) +2(bra— bis))
+T(@13a15 — a17a26 — ayelng + bzs)] >
LM = bzdz[Swazsal + Up(dy(byo+ 2b1gdy) + 2(byy + bis))

+ TN(au(am +ay) — 2b18d1)]
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fMY0 =b.d [Syaysa, + Up(dy(byg— 2byd,) — 2(byy + byg))
+ Tl ap(aw, — ay) +2bd,)],
fs:M~9 = b,d,[Swaysa, — Uy (dy(by + 2b15d,) — 2(bys = b))
—Ty(ay(ays—ar,) — 2b,d, )],
FM70 =byd,[Swaysa, — Up(dy(byg— 2b1gd,) + 2(b1y — byy))
—Tx(ay(ays+ a) +2by4d, )],
fuM®, =b,[Sw(bys(a,+as) + aghy,/2)
+ U (dy(@g(byg + byg) + ¢35 — cq— ¢;) + ars(ajpaa + 2b,5))
+ Tn(ag(by,— aygas0) — c3— bysay, + b16a23)] ,
fM® = b, [Sy(=bys(ay+as) + aghy/2)
+ U (dy(ag(bys— byy) + 3+ ca— ;) + ayr(— ayoarg + 2b55))
+ Tl ag(byy + ajgasy) — ¢3— bysay + bigan)] .,
FaM®, = bydy [ Swasshy, + Up(—dycy + aag( by — bog — byy))
+ T s+ asg(byy — bag/2 + byo))] .,
fMP = bod,[ — Syaqshy, + Up(daey = ase(bog + bog — byg))

+ T =y = ag(byy + bye/2 + b29))] .
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