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The structure theory of standard modules of affine Lie algebras, given by
J. Lepowsky and R. L. Wilson in [LW], is stated for representations of affine
superalgebras. As an application, the standard modules of level one for the
superalgebras 4“X0, 2/), A0, 2/—1) and their affine subalgebras A, 4§ | are
constructed explicitly. These modules are realized as the tensor product of sym-
metric and exterior algebras with an irreducible representation of a certain finite
2-group. The affine superalgebra acts on this space by tensor products of vertex
operators, operators of Clifford type, and elements of the 2-group. As a corollary,
the spin representations of the Lie algebras B, and D, are obtained from the
2-group representation. 3 1988 Academic Press, Inc.

INTRODUCTION

This paper gives a construction of certain irreducible representations of
the affine superalgebras A0, 27), A»(0,2/—1) and their subalgebras
A, 43 . The representations are of fundamental highest weight, and are
precisely those on which the unique central element (suitably normalized)
acts as unity.

Relative to a particular Heisenberg subalgebra 1, the representations
decompose as

V=5®8,

where the first factor is the symmetric algebra on {'_ and the second is the
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vacuum space {ve V|1, -v=0}. In the “super” case the vacuum space has
the structure

Q=LROM,

where L is an infinite-dimensional exterior algebra and M is a represen-
tation space for a finite 2-group 2. The superalgebra is represented on

V=SQLOM

by the tensor product of vertex operators on the first factor, Clifford-type
operators on the second, and elements of 2 on the third. In the non-super
case the picture is much the same, except that the vacuum space is now
just M.

The space M also affords a construction of the spin representations of
the Lie algebras B, and D,. These algebras are represented by elements of
the group algebra on 2.

The paper draws heavily on two sources, [K2] and [LW]. In [K2]
Kac introduced and classified the affine superalgebras. In Section 1 we
review basic facts about superalgebras and include that classification
theorem; this has the dual purpose of setting notation and establishing a
context for what follows. In [LW] Lepowsky and Wilson introduced the
Z-algebras, of which we make free use here. The Z-algebra approach was
extended to the affine superalgebras in [G] through some minor
alterations. In Section2 we state the central result of that theory
(Theorem 2). While the paper’s main result (Theorem 3) could probably be
written down without reference to Theorem 2, we include this general
theorem because it is convenient to use, and because we hope to refer to it
in future work. Since the presentation of Section 2 so closely follows that of
[LW], we refer the reader to that paper for proofs and more thorough
motivation.

In Section 3 we realize the algebras 4“)(0,2/) and A®(0,2/—1) by
writing down their Chevalley generators in terms of the underlying finite-
dimensional algebra A4(0, n) and its Cartan automorphism. (The sub-
algebra fixed by this automorphism is B, or D,, n=2/ or 2/—1, respec-
tively.) This information is necessary in Section 4, where we construct the
representations and calculate their highest weights.

The representations given here were first constructed (in much different
fashion) in [FF]. Essentially the same construction of A%, A{) | has
appeared in [FLM], where, more generally, the twisted affine algebras §
are constructed for g a Lie algebra of type 4, D, or E.
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1. PRELIMINARIES

We review basic material concerning superalgebras, particularly those of
affine type. For the original exposition, see [K1] for the finite-dimensional
theory and [K2] for the infinite-dimensional theory.

We take the complex numbers C as ground field. An algebra A4 is called
a superalgebra if it is graded by the additive group Z/2Z. Thus

A=A, A,
and multiplication of homogeneous elements respects the grading. Given
ae A, =0 or 1 (mod 2), write

degZ(a) =,
the (Z/2Z-) degree of a. Elements of A, are called even, elements of 4, odd.

A homomorphism f. A — B of superalgebras is a homomorphism of algebras
such that

Sf(4;) e B,

=0 or 1 (mod2). A Lie superalgebra (LSA) is a superalgebra g with
product, denoted by a bracket [ , ], satisfying

[a,6]= —(—=1)’[b, d]
and

[aa [b’ C]] = [[a’ b]’ C] + (—l)uﬁ[b’ [d, C]]’

for all aeg,, begg, ceg, o, =0 or 1 (mod2). In particular g, is an
ordinary Lie algebra and g, is a g,-module. An associative superalgebra
may be given the structure of LSA with bracket

[a, b]=ab—(—1)** ba,

foraeA,, be A,.
Let ¥ be a vector space over C, V= V,@® V| some decomposition. Then

End V= (End ¥),® (End V),,

where

(End V), = {aeEnd V|a-Vyc V,, 5 B=0, 1 (mod 2)},
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a=0 or 1 (mod 2). This makes End V into an associative superalgebra. We
denote the associated LSA by I(V) or I(V,, V). The notion of represen-
tation or module of an associative or Lie superalgebra should now be clear;
in either category a homomorphism ¢: V' — V’ is assumed to be graded in
the sense that ¢ - V, < V7, where o: Z/2Z — Z/2Z is a bijection. The analog
for I(V,, V,) of the trace form is called the supertrace form and is defined as
follows: given A= (2 5)el(V,, V), set

str(A) = trace a — trace d,
given A4, Bel(V,, V), set
(A4, B) =str(AB).

To an nx n matrix A and a subset t< {1, .., n} of indices one associates
the contragredient LSA g(A, t) as in [K1]. This algebra is characterized in

PROPOSITION 1. Let g be a Lie superalgebra, b < g, a commutative sub-
algebra, e, .., e,, fi, .., f, elements of g, and let 1" ={ay, .,y }ch,
II={ay,..,a,} =h* be linearly independent sets such that

g1, if ier,
a0, if i¢r
Le,, ;] =6,07,
[hoel=<aphye,  [h fil= —<a,h) ],
heb, i, j=1,..,n Suppose that e,, f;, (i=1,..,n) and V) generate g as an

LSA, and that g has no nonzero ideals which intersect Yy trivially. Finally, set
A=, a,0)Z1, and suppose that dim b = 2n —rank(A4). Then g = g(4,1),

Lj=1?

the LSA associated to the pair (A, 7).

e,,f,-e{

(Proposition 1 appears in the “non-super” context as Proposition 1.4 in
[K3])

The pair (A, t) is called a generalized Cartan matrix (GCM) if it satisfies

a;eZ, a,; <0, for all i, j;
1, if iet
a;. =
"2, if i¢r;

a;#0 if and only if a;#0, for all 4, j.

In view of the second condition we may dispense with t in the notation
when A4 is a GCM. The algebra g(A4) is then called a Kac—Moody
superalgebra. (We remark that the matrix 4 is normalized so that its trans-
pose is again a GCM. This varies slightly from the original exposition
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[K2], and causes some statements (and notably the Dynkin diagrams) to
differ from those appearing in the literature.)

When 4 is a symmetrizable GCM (i.e., DA is symmetric for some inver-
tible diagonal matrix D), the associated Kac-Moody superalgebra enjoys a
satisfactory representation theory culminating in the Weyl-Kac character
formula [K2]. Much more can be said, however, about the representations
of g(A) when A is also positive semi-definite of corank one. The algebra
g(A4) is then called affine, and its Dynkin diagram appears on one of the
following lists. The diagrams consist of /+ 1 nodes; the ith node is clear if
i¢t and dark if ietr. The ith and jth nodes are connected by
max(|a,l, la,|) segments. If |a;| > |a;|, an arrow points to the ith node. The
integers written next to the nodes give the coefficients of linear dependence
of the corresponding columns of the matrix.

The representation theory of the affine (super)algebras is particularly
rich due to the realization of these algebras as (essentially) central exten-
sions of loop algebras. We review this realization below.

TABLE Afft
1
ﬂ\_o 0 o
1 1 1 1 203
An =0 F‘4” OO O=0——0

1
o—o—Ez—o——ﬂ
1 ()
B}) <o—o=>0 E|

C}U OO + + + — OO E(7” o——o—o—i——o—o—o

BY0,]) o=o0—---—0—» B1(0,1) o=>e
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TABLE Aff2
1
A2 O==>O— + + - —O=20 AD0,21—1) e—o—---
2 2 2 2 2 2
1
A o=0 A0, 3) o———0
21 o2
1
A‘Z%‘—l OO - v+ C(Z)(l+1) *«e—O0— .. —0—®
12 2 2 1 1 1 1
1
D%, =0 o —0==0 C2(2) o—
1o T 1 1
E(Z) O O O=0——0
o2 3 2
TABLE Aff3
DY o—oc=0
o2
TABLE Aff4
A0, 20) — 00— —0=50 A0,2) —0

1 1 1 1 1 1

Let g now denote one of the finte-dimensional Lie algebras of type
A —G, or one of the LSA’s A(m, n), B(m, n), C(n), D(m, n), D(2, 1; a),
F(4), or G(3). (With the exception of A(n, n), which has a one-dimensional
center, these are all the simple, finite-dimensional, contragredient LSA’s:
see [K1, Theorem 37].) In this paper we are especially interested in A(0, n):
this is the subalgebra of I(V,, V) of elements of supertrace zero, where V,,
is one-dimensional and ¥V, is (n + 1)-dimensional over C.

Let v be an automorphism of g of order m; write

a= 3 8u (1.1)

ieZimZ

for the decomposition of g into eigenspaces for v. Let C[#, 17 "] be the
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algebra of Laurent polynomials in an indeterminate ¢, and let g(v) be the
subalgebra of g® C[¢, '] given by

g(v): Z g(imodm)®ti-
ieZ

This is an LSA with induced Z/27 grading (deg, t =0) and bracket

[-x@ti’ y®l'j]= [X, y]®ti+/’

for x € g(imodmy» V€Y modm» b JE€Z. We define an extension §(v) of g(v)
by a one-dimensional center and “degree” operator d:

§=3(v)=g(v)®CcdCd, (1.2)

where deg,(c)=deg,(d)=0, and the bracket is given by

[e, x®1t']=[c,d]=0,
[dx®t]=ix®¢1, (1.3)
[x®, y@t']1=[x, yI®t'/+i5,_(x, y)e,

for x € g(imod m)» Y EB8(jmodmy» i j€Z, where (, ) is the (super)trace form
on g.

The correspondence between the algebras §(v) and the affine
superalgebras g(A4) of Tables Aff1-Aff4 is given in the following theorem of
Kac ([K2, Proposition 1.2]).

THEOREM | (Kac). Let g(A) be a Lie superalgebra from tables Aff1-Aff4
with Dynkin diagram L'®, and let g be a finite-dimensional Lie superalgebra
of type L. Then for every node p, of L) with numerical mark a, there exists
an automorphism v of g of order m=ka, such that

(i) 8o, is a contragredient Lie superalgebra of type L) — {p};
(i) g(4)=3(v).

2. LEPOWSKY—WILSON STRUCTURE THEORY OF REPRESENTATIONS

In this section we restate a structure theorem of Lepowsky and Wilson in
the context of affine superalgebras. By giving the equivalence of two
categories (defined below) the theorem reduces the construction of
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representations of affine superalgebras § to the construction of spaces Q
with operators Z,(f8) (ieZ, B a root of g) satisfying relations of the form

alt /) (3 24 o)z zmu)
0/ (22im )Tz )

=c(C4/05) Y. Zia+ B C5+ d(L1/05),

where {,, {, are indeterminates, ¢({) and d({) are doubly infinite formal
series, and (typically) a({) and b({) are binomial series. While the general
form of these relations may appear at first to offer no simplification of the
original problem, in particular cases the relations admit pleasing solutions
which serve both to eludicate the structure of the algebra at hand and to
connect this theory with many areas of mathematics and physics.

The equivalence theorem as we state it appeared in the “non-super”
context in [LW]. It was extended to the “super” case in [G], where a
construction of the basic modules of the superalgebra C'*'(2) was given.
We refer the reader to [LW] for the proof; the extension to the super case
is rather straightforward.

As in Section 1 let g be a simple, finite-dimensional, contragredient LSA.
Let v be an automorphism of order m, isometric with respect to the
(super)trace form ( , ). Let t be a v-invariant Cartan subalgebra; we
identify t with t* via the form ( , ) and denote by & =t the set of roots of
g relative to t. For each fe ® choose a nonzero root vector x;. Define
structure constants (e, ) for a, f € @ such that a + fe & by

[xa’xB]ZS(a7 ﬁ)xm+/1' (21)
Define constants n(p, f§) for fe @, pe Z/mZ by
Vpxﬂ:’?(l’,ﬂ)xvr‘/f~ (2.2)

Recall from Section 1 the decomposition (1.1) of g into eigenspaces for v,
and the construction (1.2) of the affine superalgebra §=g(v). We will
consider also the subalgebra

‘{/=[I’¥]:‘E,®CC®I+’

where
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with respect to the Z-gradation of §. From the bracket definition (1.3) it is
clear that T" is a graded Heisenberg subalgebra of §.

Let V=V,@® ¥V, be a Z/2Z-graded vector space; let {, {,, {5, ... be com-
muting indeterminates. Denote by V{{,, {,, ...} the space of formal (doubly
infinite) Laurent series in {,, {,, ... with coefficients in V, ie., the space of
series

Z Ui.iz--»qlcgz”'

i1.i2,...€Z

with v, ,, € V. Note we allow infinitely many coefficients to be nonzero
regardless of whether the i, are greater or less than zero. We give
V{¢,,{s, ..} a Z/2Z-grading via the coefficients. Given a map =: V- V’
denote again by n the induced map V{{,, {5, ...} = V'{{,, {5, .. }.

Given x e g, write x=3,_;,.» X(; for the decomposition of x into eigen-
vectors for v, and set

x(0)= 3 (Ximoam®1) L' (23)

ie?Z
Also of importance are the series 3((), (Dd)({)e C{{}:

=Y (D))=} i’ (24)

ieZ ieZ

The equivalence theorem concerns modules in the category %, by
definition the category of §-modules V such that

(i) c acts by the scalar k on V;
(ii) d acts diagonally on V, so that V=11, . V., where V.= {ve V]|
d-v=zv};
(iii) for every z € C, there exists io e N such that for all i> i, one has
Veri=1(0)

Fix ke C* and let (V, n) € 6., where n: § > End V' is the map giving the
representation. For each € & define series in (End V){(} by

B (pLm=exp (£ X n(Beu, @ k),

Z(ﬁ’ C’ n) = Ek(ﬁ’ C! 7[) RXB(C) E+(ﬁa is TC),

where x,4({) is given by (2.3). W¢ will sometimes write

ZB,{m)=) ZB,m) "
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Because of the truncation property (iii) of V, these are well defined
elements of (End V){({}. Writing any of these four series as Y=3 Y,{’, we
have Y, homogeneous of degree i with respect to the gradation (ii) of V
defined by 4.

As -module,

V=41_)®%2,,
where

Q,={veV|t, v=0},

the t'-vacuum space of V. One shows that the operators Z(f) commute
with the action of I’ on ¥ and hence preserve . They also satisfy certain
(rather complicated) relations (2.5(iv-vii) below) which in some sense
characterize V' as §-module. This motivates the definition of the category
2, which follows.

Let

b=t0,®Cc®Cd,

an abelian Lie subalgebra of §. (Recall t o, is the subset of t fixed by v.) Let
S be the set

S=bu(Zx®).

An S-module is a Z/2Z-graded vector space

W=w,®W,,

together with a b-module structure
g:b—>End W
and a map
Z:Zx®—->End W
(i, By Z ()

such that Z,(f) is an even (resp., odd) operator on W if and only if  is an
even (resp., odd) root of g. (One says a root f is even or odd if the root
space g, lies in g, or g,, respectively.) Given an S-module W, set

Z(B,{)= ¥ Z{B){e(End W){(}.

ieZ

481/117/1-14
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For ke C*, denote by &, the category of S-modules (W, o, Z) such that
(25) (i) olc)=k,
(i) W=LUL,_ W, with respect to a(d),

(ili) for all ze C there exists i;e N such that for all i> i, one has
W...=(0), and such that for all fe @,

(iv) ZA{PB) has operator degree i on W with respect to the
gradation (ii),

(v) for aety,, [oa, Z(B, {)]=(a, B) Z(B, L),

(vi) for peZ/mZ, Z(B, w"{)=n(p, B) Z(v*B, (),
where @ is a primitive mth root of unity, fixed for the discussion. Finally

we require that the Z/p) satisfy the generalized (anti-)commutation
relations

(vit) for all o, fe @,

[T (1= ?Ly0) ™" Z(a, 1) Z(B, {2)

peZ/mZ

— (=% T (1= 2L/ Z(B, [) Z(w, §y)

peZimZ

=m=1Y n(p, a) e(via, B) Z(vPa+ B, {5) 8(w~7L4/C5)

—m l(xfﬂa Xg) Z” n(p, a)((B o)1) o L /L5)
— k(Do) (@ ~PL, /{2

where 3’ is over pe Z/mZ such that vPa + fe @, X" is over pe Z/mZ such
that vPa+ =0, and d,=deg,(x,) for y=a, B. Recall that the constants
e(a, B) and n(p, B) are given by (2.1) and (2.2), respectively, and the series
() and (DS)({) by (2.4).

We define a functor 2: 4, — %,. Given (V, n) in €, with k#0, set
QV)=2Q,,
a(b)=n(b)|ga,. for beb,
Z(B)=ZP, n)lqa,, for ieZ, fed.
Given a morphism f: V' — V', one has f(2,)c=£,.; set

Qf)=/Slay

For the proof that (Q,,0,Z) is in 2, we refer the reader to [LW,
Theorem 3.10, Proposition 4.7].
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We now define the “reverse” functor A: &, — %,. Set

tr=bot,=Y 1.

iz0

Denote by C(k) the one-dimensional {*-module on which ¢ acts by the
scalar k and t, @t ® Cd acts trivially. Consider the induced t-module

K(k)= u(}) ®ui+) C(k).

By the Poincaré—Birk}loff—V\@tt theorem we may identify K(k) with the
symmetric algebra #(t_) as t-module. Let (W, 0, Z)€ &,. Then

Ind(W)=5(1 )® W
is a t-module with action m given by
n(c) =k, n(d)=d®@1+1®4d,
n(a)=1& a(a), for aety,,
nh)y=h®1,

Note that Ind(W) inherits a Z/27-gradation from W, and that in
End(#(t_)){{} the series E*(B,{) are defined for each Be®. The
representation n of t extends to a representation of § on V'=Ind(W) by
setting

mxg({)=E" (=B, 0) E* (=B, H®Z(, {);

in fact (V, n) is in %, (see [LW, Proposition 5.37). Hence we may define a
functor 4: 9, — €, by setting

AW, 0, Z)=(V, n)=(Ind(W), m).
For a morphism g: W— W' in 9, let
A(g): Ind(W) - Ind(W")

be the induced map. We can now state

THEOREM 2 (equivalence theorem of Lepowsky and Wilson). For
ke C*, the functors

Q: 6, - 9,
A: D, > 6,

define exact equivalences of categories.
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3. REALIZATION OF A(0, 21), A?0,2/—1)

In this section we give an explicit realization (a la Theorem 1) of
A0, 21), AP(0,2/—1) as the affine algebras associated with the finite-
dimensional superalgebras A(0, 2I), A(0,2/—1) and their Cartan
automorphisms. We will need this information to identify the represen-
tations constructed in Section 4.

Let n=2/ or 21— 1, 9= A(0, n). Let §,, B,, .., B, be the positive simple
roots of g, with §, the odd root; denote by @ the set of roots of g. It is con-
venient to choose the root vectors x; as follows. Regard g in its natural
representation by (n +2) x (n+ 2) matrices of supertrace 0. Let x; be the
matrix with (i, i + 1)-entry 1 and other entries 0; choose x _;, similarly. For
an arbitrary root f= +8,+ B, --- B, 4, set

Xp= [Xiﬂ:[xiﬂ:n [xiﬁiuq’ xiBi+k] - 1]

If B is positive, x; has a 1 in the appropriate position, and if f is negative,
the nonzero entry is 1 if the height of f is odd and —1 if the height of f is
even. Complete the basis of g by setting

ho = diag(1, 1,0, ..., 0)
h,=diag(0, ..,0, 1 , —1,0,..,0),

(i+1}

i=1, .., n Denote by t the Cartan subalgebra spanned by A, ..., #,. For the
invariant form on g we take

(a, b)y= —(1/4) str(ab),

a, beg.
Define a Cartan automorphism v of g by

VXg=X_g, B even or B odd negative,
VXp= —X g, B odd positive,

viy= —1.

The automorphism v has order 4. We set

_ fxpt+x_g, p even
We= dd positi
Xpt+wx_g, B odd positive
B XX g B even positive
P xg— dd positive
Xp—WX_g, B odd positive,
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where w is a primitive fourth root of unity. The eigenspaces for v are

g0y =span{w,|f even},
8., =span{w;| B odd positive },
g(2) = span({wg| B even positive} U {h,|i=0, .., n}),
g3, =span{w;,| f odd positive }.
We identify g, as B, (n=2[) or D, (n=2/—1) by writing down a

Chevalley basis. Recall the definition of the structure constants e(a, §),
defined when «, 8, « + f € &:

[)C,, xﬁ] = 8((1, ﬂ) xm+ﬂ'
It is easily seen that for even roots a, f one has
[Waz’ Wﬂ] =5a+ﬂ6(a7 ﬁ) wm+/3+6a7ﬂ£(aa _B) wafﬂ’ (31)

where 6, equals one if ye @ and zero otherwise.

We will use the following shorthand: for the simple positive roots f;
write wy=w;; for =8+ --- +B,,, write wy=w,,,,. From (3.1) it is
clear that span{w,|i odd, 1 <i<n} is a Cartan subalgebra of g,. We may
distinguish a root of gy, by the I-tuple (8(w,), d(w3), ...).

At this point we consider the cases n =2/ and n=2[/— 1 separately. First
suppose n=2[. Set

0,=(0,..,0,1,1,0,..,0), i=1,.,1—1,

(i)

9,=(0,..,0,2).
The ¢, are roots of g, with root vectors

Yo =(=Wy—Wo_ 2t Woinipr +Woily 204 1)/2,
" N (3.2)

Yoo =Wy~Wa 12t Wanip1— Wy 12:41)/2,

Vs =Wy _ 13+ Wy,
Yo =Wy — Wy 12

Relative to our choice of Cartan subalgebra of gy, the positive simple
roots are

vi:(_l)liiéia
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i=1, .., [ Finally, put
E=y,, F=y_,, i=1l.,1-1,
Hi=(=1)"wy_1+wyyy), i=1.,0-1, (3.3)
H,=2w,,_,.

Then the set {E, F,, H;|i=1,..,1} is a set of Chevalley generators for
80~ B,
Now suppose n=2/—1. Let

0;,=(0,.,0,1,1,0,..,0), i=1,.,0-1,
Q)

&,=(0,..,0, —1,1)

The root vectors y;, are given as in the previous case for i=1, .., /—1, and
we set

Yo =(—=Wy_ 3 2F Wy 35 1+ Way_2—Wy 22 1)/2

(3.2
Yoo =Wy_ s 2t Wy 31t Wy a2+ Wy_z2-1)/2
As before, the positive simple roots are given by
yi=(=1)Y"7§, i=1,.,1
A set of Chevalley generators for g, = D, is given by
E=y,, F=y_,, i=1,..,1 (3.3

Hi=(_1)lii(w2i71+w2i+l)’ i=1,.,1—-1,
Hi=wy_ | —wy_;.

Consider now the spaces g, and g3, as g,-modules. For «, f e @ with «
even and f odd positive we have again the relation

[Wcz, WB] =50¢+ﬂ8(a’ B) wd+ﬂ+5ﬂ~a£(_a9 ﬂ) Wﬁ—a' (31’)

(Note that if f+ o€ ® then f+ o must be positive.) We remark that the
same relation holds with w, replaced by w,, hence that w;+— w, gives an
isomorphism of g,, with g3, as g,-modules. From (3.1') it is evident that
g1 is an irreducible g,,-module with highest weight vector

vhigh=w0+(_l)lw0,1€g(l)
and highest weight 4, where
<'119Hi>=6i15
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i=1,..1 We set

!
Viow = Wo— (— 1) wo 1 €1y,
_ _ .

Uhigh=Wo +(—1) Wo; €83),

EO:Ulow/\/ 2w, F0=5high/\/2 s Ho=(‘1)[W1- (34)

Now in §(v)=(XiZ3 g, ®1'Cl1, 17 '1)@ Cc @ Cd, we set
0y =H,®1, ¢=E®1, [f=F®!l, i=1.,1 (35)
and

a(;/=H0®1+C/2, €O=E0®t, f0=F0®t“l. (3.6)

Let h =span{ay, .., o, d}, and define «, e h*, i=0, ..,/ by
<oy, o, >=ay;, oy, dy =6,

where A =(a,) is the Cartan matrix for 4)(0, 2/) or 4*)(0, 2/ —1). One
checks that the hypotheses of Proposition 1 are satisfied; it follows that
d = §(v) is isomorphic to A4®(0, 2/) or 4?0, 2/ —1). The element 4 defines
the gradation

deg eo= —deg fo=1,
dege,=deg f;=0, i=1,.,1

The subalgebra acg generated by {x,pli=1,.,1} is (of course)
isomorphic to A,; the corresponding subalgebra a=da(v)<g(v) is
isomorphic to 4% or 4% |.

4. VERTEX OPERATOR REPRESENTATION OF A¥(0, 21), 4A¥(0, 21— 1)

From the equivalence theorem of Section 2 we know that to construct a
representation of § it is enough to find a space Q2 with operators Z(f),
ieZ, B e d, satisfying the relations (2.5). In this section we do this explicitly
for A(0,21) and A®(0, 2/—1). Denote by A, the fundamental weight
{A;, &) > =4, the representations constructed are irreducible of highest
weight 4, in case n=2/, and the direct sum of the irreducible represen-
tations of highest weights 4, , and A, in case n=2/— 1. These represen-
tations have been constructed (in different fashion) by Feingold and
Frenkel [FF].
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As a byproduct we obtain constructions of the irreducible represen-
tations of (the subalgebras) 452, A5? | of highest weights (respectively)

0
O
O=—=>0—— + « + —O——=>0 s O=—pQO—— ++ »
0] o] 0 1 0 (Y] 0
1

The t'-vacuum space £ turns out to be the tensor product of an exterior
algebra with a finite-dimensional representation space (which I call M) of
a certain 2-group; the space M, is the vacuum space for the representations
of the affine subalgebras above, and also provides a construction of the
spin representations of g, (= 8, or D).

As a first step we define a finite group £, with generators p,, ..., p,,, —1
and relations

pi=1,
PiPiv1= —DPiv1Dis
P:P;i=P;P; when |i—j|>1,
— 1 central,

i,j=0, ey N FOI‘ ﬂe¢, Say ﬂ:: i(ﬂi+ﬂi+l+ +ﬂi+k)’ Set pﬂ=
PiDiv1 Pivx- With our choice of root vectors for g (Section 3) we have
the following

LemMa 4.1. Suppose a, , o+ pe D. Then
PaPﬂzﬁ(“’ B) Pa+ps
unless both o and B are odd with a positive, in which case

pazpB= -8((1, ;B) pa+ﬂ'
Proof. The proof is a straightforward exercise, on noting that
[Xp0s X (o o 4 80d = =X g o+ B0
[xglfo’ Xpo+ - +Bk] FXpi+ o+ o
whereas for any i, £k >0,
CXspo Xz g0l =X 2@ais 40 |

It is easy to identify the representations of 2,. The order of 2, is 2" *2 If
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n =2/ then the elements +1 and +p, p, ps--- p, constitute their own con-
jugacy classes; every other class has two elements. There are then 2" %' +2
classes; as 2¥*2=2¥42%4+1+ ... +1 (2"*'-many 1’s), there are two
irreducible, non-abelian representatlons of #,: call them M,, and M}, If
n=2/—1, there are 2"*'+1 classes; as 2¥*!1=2% 414 ... +1 (2"*'-
many 1’s), there is a unique irreducible non-abelian representation: call it
M,, . Note that dim M,, ,=dim M,,=dim M} =2’

Regard 2, _, < 2, as the subgroup generated by p,, ..., p,. We have two
splittings +: %, — %,_, given by

pit Dis i=1,.. 2l

4.1)
Do XPapa--- Py

The two 2’-dimensional representations of %, are given by the composition
Py - Py — UM, _ ). On the other hand, we have

Mz1—1=1ndg§f:§ My _,
=(1®@My_,)D(po®M,_,)
=M2/72@M,2172 (4'2)

as &, ,-space. This describes the representations M, inductively.
We leave the group £, for the moment and introduce an exterior algebra
with operators. Let z,, , ,, r <0, be indeterminates, and let

L=A{z) ,,|r<0}

be the exterior algebra on the z,. Define operators Z,, i€ Z, on L by the
conditions

Z,;=0, iel,

Zoy i1 Z=Z9, 41 A Z, zelL, r<0,

and for r =0, s, < --- <5,<0,
Ly Zag st AN Ny
0,if2r+1+# —(2s,+ 1) forall i;
= (2002r + )= 1)z y LA s AZa i A A Zag s
if2r+1= —(2s,+1)forsomek, 1 <k<j

This gives

{22r+1’ Zzs+1} =20(—-1)"(2r+1) 52r+l,~—(2s+1)’ r,seZ, (4.3)
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where as usual {a, b} stands for the anticommutator ab + ba. We introduce
formal variables (,{,,(, and write Z({)=Y Z,{’ Then (4.3) may be
written

{Z(L)), Z()} =20} (= 1YQj+ DE/G)YY!

jeZ

= (Do) (l,/(;) — (Do) — wl,/(5)- (44)

(Recall (DS)({)=2;.7 (")
We can now define the vacuum space €2 and its operators Z,(f). Set

Q=LOM,.
For an even root f§ set
Zo(B) =GN ® py)
Z,(B)=0, i>0.

(4.5)

For f§ odd positive set
ZB)=GNZ:®pp), €L,
Z(=B. )= —Z(B, w0),
where in general Z(7,)=Y. Z{y) (', ye &.
Recall from Section 2 the definitions of S-module and of the category Z,.

Note that since the automorphism v of Section 3 fixes no points of t, the
algebra b is just Ce @ Cd. We give Q a b-module structure by setting

a(c)=1

(4.6)

o(d)-z; A - /\zim=<—z i),»)(z“/\ Az
ji=1

LemMma 4.2, (2,27) is in 9.

Proof. We must verify relations (2.5) with k=1, m=4. Relations
(i)-(iv) are immediate, (v} is empty since t,=(0), and (vi) is easily
checked case by case, using (4.9) below. The generalized (anti-)
commutation relations have the form (o, g€ ®):

[T (1=0=?0/0)™P" Z(a, £,) Z(B, {5)

peZ/4Z

— (=" T] (1= /L) Z(B, () Z(a, ()

peZ/dZ

=) Y n(p, @) e(v?a, B) Z(vPa+ P, {5) 8(w 7L /L5)
+ (3)x_ g, x5) Y 1D, aYDENWE1/L5), (4.7)
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where 3 is over pe Z/4Z such that v’a+ fe®, 3" is over pe Z/4Z such
that v’a + =0, and d, =deg,(x,) for y =«, . Denote by (o, f) the right
hand side of (4.7), and by /(«, B) the left hand side. Set

SO=0-30+2)4
since v(B)=v*(B)= —pB and v3(B) =g for all fe P, we have

Na, B) = [ /L) ™" Z(a, £y) Z(B, (o)
— (=)= ({50 Z(B, ) Z(a, {y). (4.8)

We need the following data:

P
01 2 3

. (4.9)

odd positive

n(p, B): B { odd negative

even
(X Xq) = (= 1)1 174, (4.10)
for all positive roots o of g, where A(«) is the height of a.

pi=(=1)0+ (4.11)

for all ae ®. Recall from Section 3 our choice of form on g: (a,b)=
—(3) str(ab), a, b e g. Relative to this form the positive simple roots of g are
Bo= —4hy, B,=4h,, i=1, .., n, where h, .., h, is the basis of t given in
Section 3. Hence if one of «, § is even, we have

4 if a—fed
—4 if a+ped
(a, )= 8 if a=p (4.12)
-8 if ao=—f
0 otherwise,

whereas if @ and f are both odd we have

4 if a+fed (4.13)
(0, f)= (—4 if a—ped
0 if a= +4.
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The following identities are also helpful:

S ™+ S/ =8(00/E) + 0(—0/Ly)
JEIG) + S/ = (@l /C5) + 6(—wl,/(5)
S/ 72 = f/80) 72 = (DONL1/Ea) + (DY(—L4/L)
SECHE) = F(L/L0)? = (D)@ /L) + (DO) — i /L5).

We also use

(4.14)

LemMMma 4.3. Let V be a vector space over C, and let f({,/(,)=
Y v,litieV{L,, {5} be such that for some ne Z, either v,;=0 whenever i or
Jj>n, or v, =0 whenever i or j>n. Let ac C, a#0. Then

0(al,/C,) f(L4, C) = 0(aly/C,) f(Ly, aly)
=6(al1/05) fla= 05, 55).

(Lemma 4.3 appears in [LW] as Proposition 3.9.)
We introduce some notation: set

1, B even
Y(B, )= { Z({), B odd positive
—Z(w{), p odd negative.

Then we may write uniformly for § e &:
Z(B, 0)=(3) Y(B, ) ® pg.

Now we check the relations (4.7) case by case, starting with

1. o= +p, a even.
From (4.5), (4.7)-(4.12) we have

U, &) = f(C1/00) Z(a, £3) Z(a, £2) = £(C2/80)? Z(a, £3) Z(o, L)
= (1) ([(C1/82)* = f(§o/L1)*) 1 ® P
= (= 1" () (E1/82)* = [L/C1)?)
= (= D" (Do) — w1 /L5) + (D) (@l1/L5))
(by (4.14))
= 2(a, o).

The case « = —f, a even, is similar.
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2. at+fed, oeven
Assume o+ fe @. We have

U, B) = (/52 T (@ p)GENY (B, L) ® py)
— FE/C) TTENY(B, )@ pp)@)(1® pa)
= DU/ T+ /LD ™D ele BYE) Y(B, L)Y® pasyp
(since e(a, f) = —e&(B, o) when one of «, B is even, and by Lemma 4.1)
= (3800 + (=1 /8)) el B) Z(a+ B, L2)
(by (4.14))
=(a, B).

The case a — S e &, o even, is similar.

3. a+tfed, aodd, feven
The case « — f e @ is a bit trickier, so we’ll do that. Then much as in the
last case, we find

(o, B) = ()6l 1/05) + d(—@,/5)) e(—ou B)3) Y(, ()@ P g

Now if « is positive, Lemma 4.3 gives

Ko, B) = (3)(8(w1/5) — 8(—wl1/05) el — o BYGE) Y(—a, 5)® py o,

since Y{(a, {) is an odd function when « is odd; similarly if « is negative,
Lemma 4.3 gives

o, By = (NS — @l /L5) — d(wly/5) e(—o BYE) Y(—0, L) ® Py

In either case, (4.9) gives

Ko, B)=(n(1, &) 8(w '81/C5) + 13, @) (@ >L/L5)) e(—a, B) Z(B—a, {5)
= 4o, f).

There remain the cases in which both « and 8 are odd roots. When o # +f
these are a bit more tedious than the foregoing. First we check the case

4, a=p, a odd positive.
Since (a, o) =0 for odd «, the “correction terms” are trivial and we are
left with an ordinary anticommutation relation:

o, o) = Z(o; §,) Z(a, ) + Z(, §5) Z(2, §y)
= (16)(Z(L,) Z(L2) + Z(L5) Z(L1) @ p;,
= (— DM (DNl /C) — (D)~ wl /L))
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(by (4.4) and (4.11))

=40, o).
The remaining cases of the form « = +f, « odd, are similar. The last case
that we check is

5. a—fed, a odd positive, f odd:
We must have B positive as well, so Y{a, {)=Y(B, {)=Z((). Also
(a, B)= —4, hence

o, B) = f(L1/85) T (N Z(L) ® pIZ(L) ® py)
+ /(LD T GNZE) @ Pl Z(L) ® p).

Since —a is negative, p,py=e(—o ) p_y,s= —&(—B %) p_sys by
Lemma 4.1, hence /(«, f) equals

(f6) e(—a, BYS(C1/C2) ™1 Z(81) Z(82) ~ f(£o/C0) ™ Z(L2) Z(E)) ® Py
On the other hand,
U, B) = (15) e(—a, B)(S(wl/{5) — 8(— 1 /L)1 R py )
Hence we must show

ST Z(E4) Z(8) — f(8o/0) 1 2(LL) Z(8y)
=20 ) (=D /5)¥"

jeZ
This holds if and only if
Z2V+IZZ.v+l—ZZ_\‘+lZZr+l

+ Z ZZ(r-k)+lZZ(s+k)+l—2 Z ZZ(s—k)+lZZ(r+k)+]

k>0 k>0

=20(—1) 03 41._2s+1) (4.16)

Suppose r=s; put m=r —s. Extract the first m terms of the first sum in
(4.16): the remaining terms cancel those of the second sum. If 2r + 1 #
—(2s+ 1), then the left hand side of (4.16) is a finite sum of anticom-
mutators which are all zero, by (4.3). If 2r+1= —(25+1), then 2r=
m— 120, and the left hand side of (4.16) equals
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Jj=r
{Z2r+la ZZ.\'+1} +2 Z {ZZ(rAjH-l’ ZZ(j—’)"l}

j=1

=2w(—1)’<2r+1+22(—1)j(2(r—j)+ 1))
=2w(_1)r’

by (4.3), as desired. The case r < s is similar.
The remaining cases are similar to this last one, and we omit their
verification here. This completes the proof of Lemma 4.2. |

From Lemma 4.2 and the equivalence theorem we obtain a g-module
(V, n) in €,, with underlying space

r=9(1_)®%.
=71 )®(L®M,).

The space Q is precisely the vacuum space Q, for the action of the Heisen-
berg algebra T’ on V. We remark that for n even, the 2,-space M, may be
replaced by M, yielding a §-module isomorphic to V. The action of tonV
is given by

ne)=1, n(d)=d®1+1®d,
nh)=h®1, het_ ®f%,,

while for each fe @ and i€ Z, the element (x;),,® ¢’ acts as the ith coef-
ficient of

E (=B DE* (=B DRZ(B D). (4.17)

Recall from Section 3 that § contains a subalgebra d isomorphic to 42);
we study V as @-module. Let t; be the subalgebra of t generated by &' =

I=8(~1)(n+1—1i) h;, and let t, be the Cartan subalgebra of a generated
by Ay, .., h,. Denote by @, the set of roots of a (equivalently, the set of
even roots of g). Since (h;, h')=0 for i=1, .., n, the vacuum space of
Lt ) as tymodule is £(t, ), hence ¥(I )=, )@ £, ) as
t,-module. Similarly, the vertex operators E*(f,(), fe®,, act (with
respect to this decomposition) on #(t_) as 1® E*(+ B, {). The algebra &
is spanned by t, and the coefficients of X(8, ), f ®@,. The latter act on

V=1 o7l )®LO®M,
as the coefficients of

IQE (BOET(B ORI () ps- (4.17")
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Consider then the d-module
W=, )M,

The t5-vacuum space of W is simply M, ; the Z-algebra associated with this
d-module is just the group algebra on &,_, = {(p,, .., p,», which acts on
M, by restriction of the action of 2, = {pg, ..., p,>-

Recall that M, remains irreducible under 2, _, via (4.1) when »n is even,
and that M, decomposes into the sum M, , @ M, _, when n is odd (4.2).
By the equivalence theorem, W is irreducible under @ when » is even and
decomposes into two irreducible d-modules when » is odd:

W=W,® ley(fzf)®(Mnf1@M:1—1)-

By a theorem of Kac (see [K31], Prop. 9.3), we know that W (n even),
Wo, W, (n odd) are highest weight modules; to identify these highest
weights we consider the representation of a, = g, afforded by the space
M, . Regard a o, < a via the map a—a® 1, aca,. The algebras a,) and a
share the Chevalley generators e;, f;, i=1, .., n; the remaining Chevalley
generators of @ are

eo=[eo, €01/2,  fo=—L/fo, f01/2.
Now ¢;, i=1, .., n, acts on 1 ® M,, as follows. Recall
e,=E®1=y iy,

where the y.; are given by (3.2) and (3.2'). For fe®, we have
wy=2(xg); the element (xz)(,, in turn, acts on 1 ® M, as the constant
coefficient of E-(—B,{YE*(—B,{)®(3) ps. To this action the series
E*(—p, {) contributes only the identity, whence (x;), acts on 1 ® M, as
1® () py. Following (3.2), (3.2"), define operators Y., on M, by

Ys=(—=Py— Pai12it Priziv1+ Pri_12i41)/4
Y _5=(P2i—Pric12iF Priziv1— P2im12i4+1)/%

Ys,=(Pau_1u+ P2)2
Y _s5,={py—Pau_ 12002,
if n=2/, and
Y, = (=Pu-3p—2+ Pu_s2—1+ Pu—2— Pau—22-1)/%
Y _ 5=Pu-su—2tPu_szu—1+tPu_2tPu_2x-1)/4%



AFFINE SUPERALGEBRAS 223

if n=2/—1. Then the association

p(E)=Y _1y-is,

. (4.18)
p(F,—)= Y_(,“/vi(;', I=1,..., ],
defines a representation (M, p) of a,. Note that
pwg)=(3) pg,  Bed,. (4.19)

We claim this representation is irreducible when # 1s even, and the sum of
two irreducible representations when »n is odd. For simplicity consider the
case n=2[. If p is not irreducible, then it is the sum of at least two highest
weight modules: let u; and u, be two independent highest weight vectors.
In the d-module W the vectors 1®u,, i=1,2, are eigenvectors for
ay, .., oY, hence also for ay, since «y, .., 2", ¢ are linearly dependent.
Moreover 1 ® u; and | ® u, are killed by e, which has positive operator
degree. It follows that 1®u, and 1 ® u, are independent highest weight
vectors in W, which contradicts the fact that W is irreducible (and so a
highest weight module).

Recall that dim M,=2, dimM, ,=dimM,,_,+dim M), ,=
2/=' 4+ 2'~1 The only irreducibie representations of B, and D, of dimensions
2" and 2/7', respectively, are the spin (resp., half-spin) representations, i.e.,
those of highest weight 4, (resp., 4,_, or 4)), where {(A;, H;> =0, i, j=
1., L

Denote by A,_, and A, the fundamental weights of d@ (and by abuse of
notation, of § as well):

<Ai’ajv>=5lja i=[—1,1 j=0’ e

let W(A;) denote the corresponding irreducible representations of . At this
point we may conclude that p is irreducible of highest weight i, when n is
even, and the sum of two irreducible representations of highest weights
A;_, or 4;, n odd. We find the G-module W in a similar situation. From the
argument showing that p is irreducible, we have that if u is a highest weight
vector in (M,, p) then 1®@u is a highest weight vector in W. From
(3.3)-(3.6) we have

—(ay + - oy +o7/2), neven,
(4.20)

c
ozovzz——(otlv-f--"+051V_2+°‘1V71/2+°‘/V/2)’ n odd.

It follows that ay -1 ®u =0, regardless of whether 4,_, or A, occurs in

481/117/1-15
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M,,_,. Hence W W(A,)if n is even, and Wx W(A,)® W(A,), i, j=1—1
or [ if n 1s odd.

We now show that when n=2/—1, both 4,_, and 4, occur as highest
weights in M,. From this it follows that M, is the spin representation of
D,, and that

WaW(A,_ )@ W(A)).
From (3.3') and (4.19), we have

p(Hi)z("l)lki(pZi—l+p2i+1)/2’ i=1.,1-1, (4.21)
p(H )= (p2_1— Pu_3)2
Also, note that (3.4), (3.6), and (4.19) give
o |ar, = (= 1) py+1)/2. (4.22)

As 2 _,-module, M,=M,_,® p,M,_,. Without loss of generality, we
may assume that M, , has highest weight A, let u be a highest weight
vector, and let ' = pou. Then from (4.21) and (4.22) we have

piu=(-1)""u, p’=(=1'u,

paiu=(—1)"""u, pr = (—1)Y""u,

i=2, .., 1 Then from (4.21) again, it follows that ' has weight ,— 4,. Now
if M\, | (=poM,_,) were also of highest weight 4,, then 1, would be a
sum of roots of a ), which is false. Hence M, _, must be of highest weight
Ar_y.

We are now able to identify the §-module V. First, write L=L,® L, for
the decomposition of the exterior algebra into elements of total even and
odd degree, respectively. Denote by Z the subalgebra of End(£2) generated
by the Z/(f), Be®, ieZ. Tt is immediate from (4.5) and (4.6) that if » is
even, the Z-module Q is irreducible, and that if » is odd,

=02,

where
QO=L0®M,‘,1+L1®M;1—15
Q1=L0®M:‘,»]+L1®Mn—l

(4.23)

are irreducible &-modules. From the equivalence theorem we have that

r=@1 )®%, neven,
V=(#1)®2,)® (1. )®K,), nodd
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are decompositions of V into irreducible §-modules. Denote by V(4,) the
irreducible g-modules of highest weight A, i=/— 1, Let n be even, ue M,,
a highest weight vector for g,. Put v=1®1Que V=91 )®L®M,.
Clearly v generates V' as §g-module; we have e, -v =0 since e, has positive
operator degree, and ¢;-v=0, i=1, ..., /, since u is a highest weight vector
for g, From (3.5), (3.6), and (4.20) it follows that v has highest 4,,
whence

VxV(A).
Similarly if » is odd, we have
Ve V(A,_ )@ V(A).

We summarize the results of this section as follows:

THEOREM 3. Let M, (and M., if n is even) be the representations of the
2-group P, given by (4.1) and (4.2). Write n=2l or 21— 1.

(i) The representation (M,, p) of §.,= B, or D,, given by (4.18), is
isomorphic to the spin representation.

(il) For n=2l, the & (=A2")-module
w=91, )®M,

is irreducible, of highest weight A,. For n=21—1, the & (=A%) |)-module W
is the sum of two irreducible modules, one of highest weight A, , and one of
highest weight A,

W:(,9’({27)®Mn7,)@(V(iz,)(@M;\l).
The action of a@ on W is given by (4.5) and (4.17").
(iil) For n=2I, the § (=A"N0, 21))-module
V=1t ) @2=91t ) QLOM,

is irreducible, of highest weight A,. For n=2—1, the § (= A*(0, 21— 1))-
module V is the sum of two irreducible modules, one of highest weight A, |,
the other of highest weight A;.

Vv=(id )@)e i )®Q,),

where Q, and Q| are given by (4.23). The action of § on V is given by (4.5),
(4.6), and (4.17).

Theorem 3(ii) is subsumed by Corollary 3.2 of [FLM].
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