
David Lam, University of Michigan 

This paper analyzes the effects of population growth and other demographic changes 
on the distribution of income by examining Lorenz curves and generalized Lorenz 
curves produced from combinations of income distributions. The paper shows that 
when subpopulations have equal means, a number of simple conditions govern the 
position of the Lorenz curve for the combined population relative to the Lorenz curves 
for the submpulations. These conditions become less regular when the subpopulations 
hpvs &r’iemnt means, and suggest that a combined distribution will almost never 
Lorenz-dominate an original distribution. Implications of the results for intertemporal 
comparisons of social welfare and inequality are discussed. The results are illustrated 
by comparing income distributions across generations in Brazil. 

1. INTRODUCTION 

The theoretical foundation for intertemporal and cross-national com- 
parisons of income distributions has been strengthened by research 
exploiting the analogy between rankings of i come distributions and 
rankings of probability distributions in the economics of uncertainty.* 
This literature has provided new justification for the use of Lorenz 
curves as the basis for inequality comparisons by establishing the 
relationship between Lorenz dominance and stochastic dominance. 
Specifically, this literature proves that for distributions with equal 
means, the condition that distribution A Lorenz dominates distribution 
B is equivalent to the condition that distribution B can be produced 
from distribution A by a series of regressive transfers (analogous to 
mean preserving spreads), and to the condition that distribution A has 
higher expected social welfare for any symmetric “S-concave” social 
welfare function. Shorrocks (1983) provides a valuable extension of 
the results to distributions with different means, proving that domi- 

‘The seminal contribution is Atkinson (1970), uith extensions by Rothschild and Stiglitz 
(1973) and Dasgupta, Sen, and Starrett (1973). A meful survey of the results is provided by 
Kakwani (1980). 
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nance in mean inflated “generalized Lorenz curves” is formally equiv- 
alent to second-order stochastic dominance, with all that this implies 
for rankings of expected sacial welfare. An important outcome of these 
results is that. they have served as a foundation for analyzing the 
consistency between standard measures of inequality and particular 
classes of social welfare functions, as in Newbery (1970), Sheshinski 
(1972), and Fields and Fei (1976). 

As this literature has proven, there is a straightforward correspond- 
ence between changes in Lorenz curves and changes in social welfare 
when there are redistributions of income in the population. Actual 
changes in income distributions, however, often occur for reasons other 
than the direct income transfers which provide the theoretical basis for 
welfare-based inequality comparisons. One important source of change 
in the distribution of income is changes in population composition due 
to migration or natural increase. A large class of demographic and 
economic phenomena can be represented as additions of new entrants 
into some initial population. This paper explores the implications of 
changing population composition on inequality and social welfare by 
analyzing the general properties of Lorenz curves and generalized 
Lorenz curves produced from combinations of populations. The results 
have important implications for analysis of the economic effects of 
population growth, the distributional effects of which have been de- 
bated in both theoretical and empirical research.* 

The paper begins by identifying the position of the generalized 
Lorenz curve for a combined population relative to the generalized 
Lorenz curves of two original subpopulations. It is shown that the 
generalized Lorenz curve for a combined distribution is always less 
than or equal to a weighted average of the generalized Lorenz curves 
for the original populations, always lies between the original curves 
if they do not intersect, and intersects each of the original curves exactly 
as many times as the original curves intersect. Drawing on Shorrocks’ 
proof of the direct relationship between generalized Lorenz curves and 
second-order stochastic dominance, these results are used to analyze 
the apparent changes in social welf.se implied by changes in population 
composition over time. 

The paper then analyzes the properties of standard Lorenz curves 
for combined distributions, demonstrating that the Lorenz curve for 
the combined population must be less than or equal to a weighted 

‘See Lam (1987) for a survey of this literature. 
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average of the original Lorenz curves. Beyond this fundamental ine- 
quality the results for generalized Lorenz curves do not extend directly 
to standard Lorenz curves when the subpopulations have different 
means. Most importantly, the paper proves that the combined distri- 
bution will Lorenz-dominate the original distribution if and only if the 
entering population has the same mean as the original distribution and 
itself Lorenz-dominates the original dis,tribution. 

The theoretical results are illustrated by comparing the income dis- 
tribution for Brazilian males with the hypothetical income distribution 
implied by assigning boys ages O-15 the incomes of their fathers. A 
literal comparison of the generalized Lorenz curves and standard Lor- 
enz curves for the two populations implies an unambiguous deterio- 
ration in expected social welfare across generations, but an ambiguous 
change in income inequality. The paper concludes by pointing out the 
ambiguities inherent in welfare interpretations of intertemporal changes 
in the distribution of income under changing population composition. 

2. LORENZ CURVES, GENERALIZED LORENZ CURVES, 
AND SWr4L WELFARE I 44 

The Lorenz curve plots cumulative shares of income as a function 
of cumulative population shares when individuals are ranked in in- 
creasing order of income. Given an income distribution with probability 
density function fly), the horizontal axis for the Lorenz curve is the 

I 

_ 

cumulative distribution function F(j) = gyf( y) dy. The vertical axis 

is the first moment distribution function @cj) = 
1 9 
- 

I P0 
yfl y) dy, where 

WY) 
p is the mean of the distribution. Since - 

dY 
= fl.y) and ‘T = 

YflY) - a convenient property is that 
P ’ 

For some purposes, including analysis of the extreme points, it is 
analytically convenient and conceptually appropriate to recognize the 
discreteness of individuals in the distribution. T e discrete analog to 
(1) is 
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@[F( Yk)l - @[F(yk-I)] yk 

F( Yk) - F(yk-1) = ;’ (2) 

where Yk is the income of the kth person in the rank-ordered distribution. 
Since the marginal income is by construction nondecreasing in F(y), 
the slope of the Lorenz curve is everywhere nondecreasing. Particular 
attention will be given to the slope of the Lorenz curve as F + 0 and 
F + 1. Following (2), the slope of the curve out of the origin is 

min 
Y 
-, where ymin is the income of the poorest person in the population, 
p 

assumed to be nonnegative. The slope approaching the upper right 
Y- hand comer is - 

bL’ 
where y”” is the income of the richest person in 

the population. 
In addition to Lorenz curves as traditionally defined, this paper 

analyzes the “generalized Lorenz curve,” defined by Shorrocks (1983) 
as p@(F), the conventional Lorenz curve scaled up by mean income. 
Note from (1) and the de$itionJhat the slope of Shorrocks’ generalized 
Lorenz curve at some F is y(F). GI den Shorrocks’ demonstration of 
the relationship between generalized Lorenz curves and comparisons 
of social welfare for distributions with different means, the generalized 
Lorenz curve is interesting in its own right, and, as will be seen below, 
is a useful tool in analyzing combined distributions. 

Since the cases being considered in this paper necessarily involve 
changing population size, social welfare comparisons will be based on 
per capita social welfare. The analysis thus assumes the existence of 
per capita social wel’ l&c kxtions W, defined over the probability 
density function of the income distribution such that W(J) = PWY;-) 
for any population size P. This is consistent with Shorrocks (19$3), 
and assumes a restriction to social welfare functions which satisfy the 
“symmetry axiom for population” defined by Dasgupta et al. (1973). 
A preference for equity is assumed, formalized by restricting attention 
to the class of symmetric S-concave social welfare functions, also 
defined in Dasgupta et al. (1973). Social welfare comparisons will 
draw on Shorrocks’ (1983) Theorem 2, which establishes that 

WV) 5 Wg) VW iff pi@,(F) 5 ILigi(F) VF, 1 (3 

where W is any S-concave social welfare function. 
These assumptions a out social welfare comparisons do not imply 

that a measure of er capita social welfare is the appropriate wag to 
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evaluate demographic changes such as increases or decreases in fer- 
tility. One of the fundamental issues underlying the analysis here, but 
hardly resolved by it, is how to make welfare evaluations of the in- 
troduction of new (possibly unborn) members into a population. This 
is a philosophical issue far beyond the scope of this p 
issue should be kept ill mind in interpreting the results 

The proofs of the equivalence between the rankings of income dis- 
tributions by Lorenz curves or generalized Lorenz curves and the rank- 
ings by social welfare functions strengthen the theoretical motivation 
for intertemporal and cross-national comparisons of income d 
tions. Increased confidence in the economic content of such compar- 
isons may be misplaced, however, if the purely demographic 
component of changes in income distributions is substantial. Changes 
in the income distribution due to differential fertility acress income 
classes, for example, may be observationally equivalent to changes 
caused by progressive or regressive transfers.4 The welfare implications 
of differential fertility, however, are much less straightforward than 
the welfare implications of regressive transfers, suggesting that the 
clearer welfare interpretation of income distribution comparisons pro- 
vided by Atkinson (1970) and Shorrocks (1983) may be partially il- 
lusory. The following sections clarify the problem by formally 
analyzing the changes in social welfare and inequality implied by the 
introduction of new individuals into an existing population. 

3. GENERALIZED LORENZ CURVES FOR COMBINED 
DISTRIBUTIONS 

Consider an initial population with an income distribution defined 
by the density functionf,( y) to which we introduce a second population 
with income distribution f2( y), producing the combined density func- 
tionJ4v) = P&(Y) + (1 - pl‘v;( y), where p, is the first population’s 
share in the combined population. ‘v”Je seek to identify restrictions on 
the relative position of the combined population’s Lorenz curve ant? 
generalized Lorenz curve. This will make it possible to answer suc”;l 
questions as whether the combined population can el:er have unam- 
biguously higher or unambiguously lower expected social welfare than 
the original population? and whether the combineci pcpulation can have 

‘See Nerlove, Razin, and Sadka ( 1987) for a recent survey of the issue and important theoretical 
contributions. 

*See Lam (1986). 
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an unambiguously more equalor unambiguously less equal distrtbution 
of income than the original population. . 

Since the marginal incomes for each distribution at a given value 
on the c.d. f. are important to the results below, it follows by construc- 
tion of the c.d.f. for the combined popui ttion that 

~~[y,(Oy2(F)1 5 ydF) 5 mWWhy2(F)1. (4) 

Recall from (1) that these marginal incomes are the slopes of the 
generalized Lorenz curves at a given F. The p.d.f. and c.d.f. for the 
combined distribution are simply weighted averages of the p.d. f. ‘s and 
c .d. f. ‘s of the original distributions, with weights equal to the popu- 
lation shares. It does not follow, however, that the (generalized) Lorenz 
curve for the combined population is a weighted average of the original 
(generalized) Lorenz curves. In fact, the position of the generalized 
Lorenz curve for the combined population is governed by the following 
fundamental inequality: 

Theorem 10 P&%(F) 5 p+dh(F) + (1 - pI)p2a2(F) VF, with the 
equality holding wherever y,(F) = y*(F) = y,(F). 

Proofi Following Atkinson (1970), integration by parts implies that 

Yi(F) 

I 0 
Fi(Y) dy* (5) 

Using +I& WW~+ QWI +h-+ @act that, F3(yj = p,&(y) + (1 - p,)F2(y), C...U .W”YII -au c11w I 

the generalized Lorenz curve for the combined distribution can be 

+ PI [.hY3 - YA - 

y3 I FLY) &I (6) 
Yl 

+ (1 - PI@~Y~ - yz) - 

egadless of the signs of y, - y, and y, -y,, the two terms in 
ckets on the ri ide of (6) must be nonpositive, establishing 
inequality in 1.’ Since the last two terms in (6) go to 

5A similar result can be found using standard Lorenz curves in a~ L.;rpublished paper by Satchel1 
(1984), who provides a considerably different proof. 
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7~1n arkam _- _I." rlrr~lly3 = y, = y,, a sufficient (but not necessary) condition to 
satisfy the equality in Theorem 1 is that y, = y, = y, .6 

If the two original generalized Lorenz curves do not intersect, Theo- 
rem 1 insures that the generalized Lorenz curve for the combined 
population never lies above the dominant generalized Lorenz curve. 
Given the result in (3), Theorem 1 has the following implications for 
social welfare comparisons: 

If WV;) 5 Wcfi) VW, then Wcf3) s wv2) t/w. (7) 

If distribut;on 2 has higher expected social welfare than distribution I 
for any S-concave social welfare function, a combination of the two 
distributions will never have higher expected welfare than distribution 
2.’ It will be proven below that “generalized Lorenz dominance” by 
one of the original distributions is a necessary and sufficient condition 
for the combined distribution to have unambiguously lower expected 
social welfare than the dominating original distribution. It cannot be 
proven based on Theorem 1, however. Indeed, the rankings implied 
by Theorem 1 are quite limited. In and of itself it implies little more 
than that the generalized Lorenz curve for the combined population 
can never lie above both of the original generalized Lorenz curves, 
with corresponding implications for welfare comparisons. 

Further rankings can be established by identifying the relative po- 
sitions of the three generalized Lorenz curves when the two original 
curves do not intersect. 

Theorem 2. p3@3(@) 

W, i, j = 1,2. 

PWC$ Atkinson (1970) proves that for distributions with the same 
mean, Lorenz dominance is equivalent to second order stochastic dom- 
inance. Extending the result to the case of different means-and thus 
to generalized Loreni curves-the generalization of Atkinson’s theo- 
rem is 

6From (4), y3 = y, = y2 i+T y, = y2; so, recalling (I), the three marginal incomes will be 
equal if and only if the slopes of the generalized Lorenz curves are equal at k. 

‘It is important to emphasize that there is no “diversification” involved in the combination 
of distributions c~nc;Ap-J h-r- _____V.WY .“W> Y. The combinations are like pouring two lottery urns into a single 
urn, rather than offering line2 T combinations of draws from separate urns. 
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pi@dk> - pj*j(l”) (8) 

4 0 Vl+ iff 
I 

; 

!F( ) jv 0 - 
- Fi(Y)] dy 2 0 vjj* 

Evaluating (8) for the case of p#D3 - p$i, and using the fact that 
6 = p,F, + (1 - pi)Fj, the condition reduces to 

p3@1(6 - I.Li@i(b (9) 

>_OVk iff 
I- y[mY) o i - Fj( y)] dy 2 0 Vya 

By (8), the right-hand side of (9) will be satisfied if and only if kj@j(P) 
2 pi@i(I’> VF. Repeating the step with the inequality reversed leads 
directly to Theorem 2.* 

Theorem 2 imposes a number of restrictions on the relative position 
of the generalized Lorenz curve for the combined population. It im- 
plies, for example, that the generalized Lorenz curve for the combined 
population lies everywhere below one of the original generalized Lor- 
enz curves if and only if it lies everywhere above the other generalized 
Lorenz curve. It follows that 

The generalized Lorenz curve for the combined distribution lies every- 
where between the the original generalized Lorenz curves if and only 
if the original generalized Lorenz curves do not intersect. Given Shor- 
rocks’ result in (3), this in turn implies that 

W(h) 5 W(h) 5 Wcfi) VW iff WV;) 5 W(j2) VW, (11) 

where W is any S-concave social welfare function. 
Theorem 2 implies that, regardless of the relative positions of the 

original generalized Lorenz curves, it can never be the case that the 
generalized Lorenz curve for the combined population lies everywhere 
below both of the original generalized Lorenz curves. That is, it must 
always be true that 

p3@(P) 5 min [~,@,(F),p2@2(F)] for some @. (12) 

ile this re:sult may not seem surprising, the same condition is not 
ard Lorenz curves, as will be shown below. Note that 

*Note that (8) also leads directly to the result in (3), providing an ahemative proof of Shorrocks’ 
Theorem 2. 
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(12) in turn implies that the combined distribution can never be un- 
ambiguously inferior to both of the original distributions in the sense 
of having lower expected social welfare for all S-concave social welfare 
functions. 

4. INTERSECTING GENERALIZED LoiRE~Z CURVES 

A further corollary of Theorem 2 is that if the original generalized 
Lorenz curves intersect, then the generalized Lorenz curve for the 
combined distribution must intersect both of the original curves. This 
can be proven by noting that any counterexample is directly refuted 
by Theorem 2. We can go further, however, in identifying *he relative 
positions of the generalized Lorenz curves in the case of intersections: 

Theorem 3. If p+& and p2a2 intersect n times, then y+D3 intersects 
wch of the original curves exactly n times. 

Proof: The first step is to prove that p#P3 must cross each original 
curve at least once for every crossing of the original curves. Denote 
the value of F at the jth crossing of the original curves as p. Consider 
the last intersection, assumed to occur at F”, as shown in Figure 1 for 
the case of two intersections. Since pi@i( 1) = F~, the curve for the 
distribution with the higher mean crosses the curve for the distribution 
with the lower mean from below at p. Suppose, then, that CL, 2 112 
and that p$I+ intersects p2mL from below at p, as in Figure 1. This 
requires that p,+&(p) > v,~@@), and therefore y,(p) > y2(p). 
Denoting the (n - I)th intersection by p- I, the mean value theorem 
requires that there exists some F”- l*n e [Fe ’ , p], such that 
p@;(F- 1.n) = p2@@- I’“). By Theorem 1, equal slopes of the 
generalized Lorenz curves imply that 

p&(P - 1 *R ) = PIP@,(~ -y + (1 - p&lJqP-9 (13) 

Since p#& must lie between the two original curves at p- M by 
(13), must be less than or equal to them at p by Theorem 1, and must 
be intermediate to them at F = 1, p$& must intersect ~~ 
above in the interval [p - ‘*n, p], and must intersect p2m2 from below 
in the interval [p, I] s Now suppose that p - ’ # 0, implying that the 
original curves cross at least twice, with p2Q2 > p,@, in the interval 

-n-1 
]F p]. Then there exnsts some pB2*“-’ E 
the s&es of the two original curves are 

[P-E) p- ‘1 at which 
eq 

curves at that point. 
2 fro 
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0 p-1 fin 1 

Figure 1. Generalized Lorenz curves for initial population, CL,@,, entering population, 
CL&, and combined population, p,$,, for a hypothetical case of two intersections 
in original curves. 

p- ‘1 and must intersect k&D, tram below in the interval [p-l, I@]> 
By induction, every additional intersection of the original curves im- 
plies that p3Q3 intersects each of the original curves at least one ad- 
ditional time. 

It can now be shown that the curve for the combined population 
intersects each of the original curves exactly n times, with the n in- 
tersections whose existence was proven above being the only inter- 
sections. The proof follows from the following property of the 
generalized Lorenz curve for the combined population: If CL#I?~ cuts 
one of the original curves from above, it cannot cut the same curve 
from below without first crossing the other curve. To see this, suppose 

re did exist such a pair of intersections, with Q& crossing ~~~~ 
m below at some 

is some FA” e 
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p3a3(FA”) < p2”p2(k+&) and y,(pB) = 
left of p” and y, > y, to the right of 
in (4) that y, E br ,yJ, these slope conditions c 
< y2 to the left of p” and y, => y, > y2 to 
slope reversal, in turn, can only be true if all 
slopes at p? But from (6), p3@, must lie between the two 
curves wherever they have equal slopes. It i 
to cross p2Q2 from above and then from below in any interval in which 
p,@, and By@, do not cross. 

By Theorem 1, p3Q3 can never intersect the higher of the two original 
curves in any interval. As inspection of Figure 1 makes ckar, any 
intersection of t#& with either of the original curves in addition to 
the n intersections whose existence was proven above would require 
that p3a3 cross the lower of the two original curves from above and 
then below without crossing the other curve at some intermediate value. 
Since this has been proven impossible, the curve for the combined 
population must cross each of the original curves exactly n times. 

The ability to identify the number of intersections of generalized 
Lorenz curves, and to identify the order of the curves in particular 
regions, can be extremely useful in analyzing the rankings which would 
be given to each distribution by particular social welfare functions or 
inequality measures. Davies and Hoy (1983, for example, use the 
criterion of third-degree stochastic dominance to provide additional 
orderings of income distributions beyond those provided by Lorenz 
dominance. Their results suggest that the ability to prove that one 
generalized Lorenz curve lies initially below a second curve and in- 
tersects it only once would be useful information in attempting to make 
welfare comparisons across distributions. Unfortunately, it will be seen 
below that the tidy results established here for generalized Lorenz 
curves do not extend to standard Lorenz curves. 

5. IMPLICATPONS FOR 
COMPARISONS OF SO6 

Consider a researcher examining changes in the distribution of in- 
come over time by comparing generalized renz curves for two pe- 
riods. Under what conditions will the stribution indicate an 
unambiguous improvement in ial welfare? Suppose that 
the two periods the difference een departures from a 

aths, retirements, or 
ue to births, entry int 



152 David Lam 

a “net entrants” population with a nonnegative density at every income 
level.9 In a growing population it may be reasonble to assume that the 
population in the second period can be thought of as the original 
populaticn plus a group of new entrants. The results above, then, imply 
the following: 

The second period distribution has unambiguously higher social 
welfare than the first period distribution if and only if the new entrants 
have unambiguously higher social welfare then the first period popu- 
lation. It is possible for the new entrants to have a mean income lower 
than the first period mean income and still have unambiguously higher 
social welfare, as can be seen by analogy to the uncertainty literature. 
It is a necessary condition for increased social welfare, however, that 
the minimum income among the new entrants not be less than the 
minimum income in the original population. 

It is also possible for the second period distribution to imply unambig- 
uously iiigher social welfare in cases in which the new entrants have an 
unambiguously less equal distribution in the sense tha! the Lorenz curve 
for the new entrants lies everywhere below the original Lorenz curve. In 
this case it is a necessary condition that the new entrants’ mean income 
exceed thl: original mean. If the new entrants have both a lower mean 
and an llnambiguously less equal distribution, then the second period 
populations must have unambiguously lower social welfare. 

PROPERTIES OF L RENZ CURVES FOR COMBIl+lED 
STRIBUTIONS 

If the two original distributions have identical means, the results of 
the previous sections apply directly to standard Lorenz curves. Given 
equal means, “expected social welfare” and “equality” may be con- 
sidered formally equivalent for many purposes, with the precise sense 
in which this is true clarified by Atkinson (1970), Rothschild and 
Stiglitz ( 1973), and others. VVhen mean incomes differ between two 
populations, then the equivalence of equality, as traditionally defined, 
and social welfare breaks down. One reading of Shorrock’s theoretical 
results is that the Lorenz curve and inequality measures based on it 
should be abandoned in such a case in favor of Shorrocks’ mean inflated 
generalized Lorenz curves, since the latter map directly into rankings 
of social welfare. As important as Shorrocks’ results are, however, it 

qf there are more departures than entrants at some income levels, then the density for the 
“entering population” will be negative at some points, and the proofs above will not hold in 
general. 
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is unlikely that the concept of scale-neutral inequality will be discarded 
by economists or other social scientists. The independence of inequality 
measures from mean income has long been axiomatic in the analysis 
of inequality, *O and researchers will continue to analyze trends in in- 
equality independent of changes in mean income. 

What can kc said, then, about the changes in inequality that will be 
observed when two populations are car 
as the basis for ineqldality comparison,c 

ineci, using the Lorenz curve 
‘i the two populations have 

equal means, then pi’: of the results de** ved above can be applied 
directly. Rx example v if IA! = IL,, then Theorem 2 estabishes that the 
Lorenz curve for the ca3mbined population must lie everywhere between 
the two original Lo~na CUF b .S if the original Lorenz curves do not 
intersect. This result n~ec”, ntit hold for standard Lorenz curves. when 
the means of the or& : L. p i populations differ, however. In order to 
analyze the relative pcj~&ns of the Lorenz curves, it is possible first 
to establish some results fur gsneralized Lorenz curves which do extend 
to standard Lorenz curves. Rewriting the result in Theorem 1, 

@3(F) 5 7r+&(F) + <l -- n,)@,(F) W’, (14) 

where 7~~ = QvJA~P~, the sh are of total income accounted for by the 
first subpopulation. Whereas the generalized Lorenz curve for the com- 
bined population was shown to be less than or equal to a population- 
share weighted average of the original generalized Lorenz curves, the 
standard Lorenz curve for the combined population is less than or equal 
to an income-share weighted average of the original Lorenz curves. 
This has important implications, since it means that the relative position 
of the Lorenz curve for the combined population will be affected in 
complex ways by the relative incomes of the two subpopulations. 

Beyond the requirement implied by (14) that the Lorenz curve for 
the combined population can never lie above the maximum of the 
original Lorenz curves, the restrictions on the relative position of Lor- 
enz curves are more ambiguous than the restrictions on the relative 
position of the generalized Lorenz curves. It is not true, for example, 
that the Lorenz curve for the combined population must lie between 
the original Lorenz curves if the original Lorenz curves do not intersect a 

It is also not true that the Lorenz curve for the combined population 
can never lie everywhere below both of the original Lorenz curves. 

Is it possible to add individuals to a population so that the new 
combined distribution is unambiguously more equal than the original 

“See Kakwani’s (1980) survey, for example. 
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distribution? Formally, under what conditions will the combined dis- 
tribution, f3, Lorenz-dominate the initial distribution, f, , recognizing 
from (14) that the combined distributios.+ can never Lorenz-dominate 
both fi and f2? The answer is that the conditions are surprisingly 
restrictive. 

Theorem 4. Ifyyi” > 0, then 

Q?,(F) 5 G,(F) 5 m*(F) #IF iff p2 = p, and a,(F) 5 Q,(F) VF. 

The combined population’s income distribution will Lorenz dominate 
the original population’s income distribution if and only if the entering 
population has the same mean as the original population and the income 
distribution of the entering population Lorenz dominates the original 
population’s income distribution. 

Proofi The first step is to establish the necess’ary condition that CJ’~ = 
~1. Since @i(O) = 0 and @i( 1) = 1, in order for a, to Lorenz-dominate 
Q1, it must be true that @i 2 @I as F --) 0 and that @i 5 @i as F 
+ 1. By (2) this implies that 

The addition of f2 implies the introduction of new individuals to a 
population while leaving the incomes of the original members un- 
changed, so it must be the case that 

Fro-m the inequality conditions in (16) it is clear that thr; two conditions 
in (15) cannot both be satisfied for any p3 # pI as long as yyn > 
0.” 

Several implications of (15) and (16) are worth noting. If p3 > p1 
(implying p2 > )1-J, (16) requires that yp/~~ < yyinIpI, implying that 
a3 must lie below @, out of the origin. By the same logic, if p3 < 
pl, the new Lorenz curve must lie below the original Lorenz curves 
as F * 1. If the extreme incomes remain constant, a change in the 

“If yy = 0, it is possible to raise the mean without lowering the share of income to the 
poorest individuals in the population, since their shares are already at zero. This introduces 
additional conditions fcr !!~renz dominance, involving Lorenz curves which initially coincide 
with the horizontal axis. The result is similar to the perverse properties Lorenz curves exhibit 
when negative incomes are included. We therefore extend the usual restriction against negative 
incomes to exclude incomes at exactly zero as well. 
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mean must imply that @, intersects a,. Since the slopes at the corners 
are the extreme incomes divided by the mea,:, the slopes at both F + 
0 and F -+ 1 must change in the same direction when the mean changes 

if ymin and y- remain constant. But since (P, = a, at F = 0 and F 
= 1, the slope of @, cannot be greater than (less than) the slope of 
@, at both end points unless @, intersects @, . Specifically, if the 
extreme incomes rem- ‘- -IA CGnstant and (-Lo > p,, , the first intersection 
must be “P, intersecting @, from below. If the extreme incomes remain 
constant and &3 < pl, the last intersection must be a1 intersecting @, 
from above. If either yp -- *P= lies outside the range by, yy], it VI Jj 
is possible for the new Lorenz curve to lie everywhere below the 
original Lorenz curve. What must be true if c13 # p1 is that Q,(F) < 
a,(F) over some range of F. This analysis tells us not only the con- 
ditioas under which the combined distribution will Lorenz dominate 
the original distribution, but also about the relative positions of the 
Lorenz curves in the case of intersections. As pointed out above in 
the case of generalized Lorenz curves, knowledge that one Lorenz 
curve must lie below a second Lorenz curve out of the origin can be 
useful in assessing the rankings which would be given by different 
inequality measures. 

Given equal means, it follows directly from (10) that 

@do 5 @3(F1 5 @2(F) ffF iff @,jk’) 5 Q,(F) VF. (17) 

Given equal means, it is both necessary and sufficient that fi Lorenz 
dominate f, in order that f3 Lorenz dominate f, . Since we have proven 
the necessary condition that the two populations have the same mean, 
the proof of Theorem 4 is complete. 

Theorem 4 demonstrates that the restrictions on the relative position 
of the generalized Lorenz curves established in Theorems 2 and 3 do 
not extend directly to standard Lorenz curves. In contrast to the result 
for generalized Lorenz curves, there is no necessary relationship be- 
tween the number of intersections of @, and QD, and the number of 
intersections of Q, and CD,, except when ~~ = )a2. Both parts of the 
proof of Theorem 3 on intersections break down for standard Lorenz 
curves. First, it is not the case fqr Lorenz curves that equal slopes of 
the original curves require that the combined curve be intermediate to 
the original curves at that point. We therefore cannot establish that an 
intersection in the original curves implies that the curve for the com- 
bined distribution intersects both original curves. Second, there is no 
restriction that the slope of the Lorenz curve for the combined dktfi- 
bution must be intermediate to the slopes of the original 
The restrictions which old are that y3(F) E ly,(F), y2F?l and ~3 F. 



[p, ,pJ. Since the slope of the Lorenz curve is Yi,/pi, it is possible 
for the slope of @ to be either greater or smaller than the slopes of 
both a, and @. This means the restriction derived in the proof of 
Theorem 3 that the combined curve cannot cross another curve from 
above and below consecutively does not hold in the case of Lorenz 
curves, except wilen pI = p2. 

Unlike the case for generalized Lorenz curves, it is clearly possible 
for the Lorenz curve for the combined distribution to lie everywhere 
below both of the original Lorenz curves. In other words, while the 
combined population can never have unambiguously lower expected 
social welfare than both of the original populations, the combined 
population can have an unambiguously less equal distribution than 
both of the original populations. The simplest example is the case in 
which the two populatlons are each purely egalitarian but have different 
means. The conii’ .ned distribution must be unambigously more unequal 
than either of the original distributions, with the Lorenz curve (con- 
sisting simply of two line segments with slopes equal to the ratio of 
the subpopulation mean to the combined mean) lying everywhere below 
the original egalitarian !dorenz curves. The combined population will 
have unambiguously higher (lower) expected social welfare than the 
distribution with the lower (higher) mean, however, a simple dem- 
onstration of the nonequivalence of inequality rankings and social 
welfare rankings under different means. 

7. IMPLICATIONS FOR INEQUALITY COMI’ARISONS 

As above, it is instructive to consider the implications of these results 
for analysis of changes in inequality in a population over time, con- 
tinuing to assume that the isecond period population can be thought of 
as the original population plus a group of new entrants. By Theorem 
4, if the populat of new entrants has a mean income different than 
the initial mean ome, then either the Lorenz curve for the second 
period lies everywhere below the origin+ Lorenz curve or the Lorenz 
curve for the second period intersects the original Lorcnz curve. Even 
if progressive income tram0 “fi r131tirs occur between peliods, the effect of 
the new entrants creates a tendency to reject the hypothesis of a decline 
in inequality. ’ 2 

The results also ap ly to cilangzs which are not simply the result of 

“See Lam (1!%6) for a more comple :e analysis of the effects on inequality comnarisons of 
income differentials in fertility. Morley (1981) ako points out r5e confusing effects of new 
entrants into the population :ln standard nequality measures. 
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new persons entering the population. Consider the transfer of an in- 
dividual from one income level to another, due, for example, to rural- 
urban migration. I3 It is easy to prove with generalized Lorenz curves 
that a transfer Jf an individual upward (downward) in the income 
distribution will unambiguously increase (decrease) social welfare for 
any concave social welfare function, with the ex post generalized 
Lorenz curve dominating (dominated by) the original generalized Lor- 
enz curve. By Theorem 4, however, the transfer of an individual in 
either directioii issill always produce intersecting Lorenz curves if the 
extreme incomes in the distribution remain constant. This implies that 
some inequality measure will always find the upward mobility of an 
individual disequalizing, in spite of the fact that it is an unambiguous 
Pareto improvement. Swamy (1967), Robinson (1976), Fields (1979), 
and Stark and Yitzhaki (1982) provide examples of this effect with 
particular inequality measures, and show that sufficiently large trans- 
fers upward will eventual t $ave an equalizing effect. The more general 
results here demonstrate s--t such transfers will slw~~_vs produce in- 
tersecting Lorenz curves, so that even though a particular measure 
shows a decline in inequality, there always exists some alternative 
measure which will show an increase in inequality. 

8. CQMPARING INCOME DISTRIBUTIONS OF FATHERS 
AND MBNS IN 

The theoretical results proven above can be illustrated by considering 
what would happen to the distribution of income across generations if 
every son received the same income as his father. The specific case 
considered is Brazil, a developing country which has experienced rel- 
atively high rates of population growth, has been the focus of a major 
debate over trends in inequality, and has excellent microdata. Without 
making any pretext of constructing a complete model of intergenera- 
tional transmission of inequality, it is instructive simply to assign sons 

13A number of economists, including Swamy ( 1967), Robinson ( 1976), Fields ( 1979) and 
Stark and Yitzhaki (1982) have demonstrated that transferring individuals from a low income 
class to a higher income class can cause inequality measures to show initial inceases in inequality, 
followed by decreases in inequality as the higher income class increases in relative size. Fields 
(1979) shows that in a two-sector economy a transfer of an individual from the poor sector to 
the rich sector will produce a Lorenz curve which intersects the original Lorenz curve. His 
example is easily understood given the results above. It is a simple special case of the result 
established in Theorem 4 that if the minimum and maximum incomes remain constant between 
period I and period 2, any change in the mean income between the two periods implies that the 
Lorenz curves for the two periods intersect. 
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the income of their fathers and cor;lpare the Lorenz curves and gen- 
eralized Lorenz curves for the fathers’ and sons’ income distributions. 

Assigning fathers’ incomes to their sons would not generate a sig- 
nificant change in the distribution of income in the absence of a sys- 
tematic relationship between income and fertility. The exercise 
becomes interesting because of the fairly substantial differences in 
fertility across income levels in Broil. As shown in Lam (1986), for 
example, Brazilian men in the highest income quintile of the 40-45 
age up averaged 4.9 total births, w h;‘!c+ men in the lowest income P 
quintile of the same age group averz.ged 6.2 total births. The experiment 
here, then, is simply to compare the income distribution for men to 
the same distribution when it is weighted by the number of sons born 
to each man. l4 

Figure 2 plots the generalized Lorenz curves for fathers and sons in 
Brazil based on the 19?6 incorn ciistribution for men aged 30-45 and 
for boys 0- 15 when they are assigned the incomes of their fathers. l5 

As can be seen directly from the uljper comer of the generalized Lorenz 
curves, the fathers’ distribution has a higher mean than the sons, the 
natural result of the negative relationship between father’s income and 
fertility shown in Lam (1986). The negative correlation between in- 
come and fertility is sufficiently strong , in fact, to cause the generalized 
Lorenz curve for fathers to lie everywhere above the generalized Lorenz 
curve for sons. Following Shorrocks, this implies tinat the fathers’ 
distribution will have higher expected social welfare for any S-concave 
social welfare function. Whether it is appropllate to infer an unam- 
biguous deterioration in social Iwelfare purely as a result of fertility 
behavior is obviously problematic. What Figure 2 demonstrates is the 
effects on generalized Lorenz cume’s of differential fertility alone, with 
neither progressive nor regressive zansfers across the population of 
sons. 

Figure 3 shows the conventional Lorenz curves for Brazilian fathe: .; 
and sons, based on the same disiributions used in Figure 2. Unlike II .e 
generalized Lorenz curves, the conventional Lorenz curves intersect J 

implying that no unambiguous inequality rankings can be made be- 
tween the two distributions. The theoretical results derived above make 

‘me number of sons is used, rather th:ln the number of children, in order to approximate a 
second generation male population. A simil in exercise could be applied to couples and all children, 
but subtleties in the treatment of female labor force particiption greatly complicsk such an 
exercise. 

‘SThe data are taken from the 1976 PI squisa National de Amostra Domiciliar (PNAD), a 
survey of 99,167 households conducted b 1 the Instituto Brasileiro de Geograi-ia e Estatistica. 
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Figure 2. Generalized Lorenz curves for Brailian men aged 30-45 and for 
Brazilian boys aged O-15 (-) assigned income of father. (Source: 1976 PNAD.) 

this outcome entirely transparent. Although every man in the original 
distribution was not necessarily a father, implying that some points in 
the original density may have gone unreplaced in the second generation, 
in fact the expriment provides a very close approximation to the 
hypothetical mixing of distributions analyzed formaEly above. 
extreme incomes for sons are the same as the extreme incomes for 
fatheis. Since the mean falls across generations - the results above 
require not only that the Lorenz curves must cross, but require also 
that the sons’ Lorenz curve lies above the fathers’ curje at the bottom 
and lies below the fathers’ curve at the top of the distribution. In Figure 
3, these requirements are satisfied in the simplest pokble way, by a 
single intersection. This single intersection is not a theoretical resttic- 
tion, and any number of intersections would have been consistent with 

ask facts of 
ed above and 
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Figure 3. Lorenz curves for Brazilian men aged 30-45 w and for Brazilian boys 
aged O-15 (-) assigned income of father. (Source: 1976 PNAD.) 

the sons’ Lorenz curve initially cuts the fathers’ Lorexz curve from 
below means that the sons’ distribution is more likely to be judged 
more equal by inequality measures that are highly sensitive to transfers 
at the bottom of the distribution, such as the log variance or Atkinson’s 
index with a high degree of “relative inequality aversion. ” 

It goes without saying that the intergenerational transmission of 
inequality is far more complex than sons taking on the incomes of 
their fathers. Figures 2 and 3 provide a warning, however, of the 
changes in income distributions that can be induced purely by de- 
mographic factors. In the aJfpical case in which lower income is as- 
sociated with higher fertility, Figure 2 suggests that real wage 
Increases, which would lead to generalized Lorenz dominance in an 
unchanging po ulation, may be overt-qrne by the tendency for differ- 
ential fertility to lower the generalized Lo;snz curve. Figure 3 similarly 
suggests that progressive or regressive transfers, which would imply 
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Lorenz dominance of one period over another in an u 
ulation, may be lost in the intersecting Lorenz curves 
by differential fertility. 

9. CONCLUSIONS 

Lorenz curves have received renewed attention as a basis for ine- 
quality comparisons by proofs of the equivalence between rankings of 
income distributions by Lorenz dominance and rankings by concave 
social welfare functions. This paper demonstrates that caution should 
be used in such comparisons due to the sensitivity of L curves 
to changes in popuk&~~ composition. The paper establ several 
general properties of Lorenz curves and generalized Lorenz curves 
produced from combinations of distributions. For generalized Lorenz 
curves, the conditions on the curve for the combined distribution are 
quite orderly. The generalized Lorenz curve for the combined distri- 
bution is always less than or equal to a weighted average of the original 
curves, always lies between the original curves when the original curves 
do not intersect, and intersects each of the original curves exactly the 
same number of times as the original curves intersect. 

The results for standard Lonenz curves are less regular, and reveal 
the inherently ambiguous nature of intertemporal inequality compari- 
sons. The paper proves that the Lorenz curve for the combined dis- 
tribution is always less than or equal to the highest of the two original 
Lorenz curves. Beyond this, few restrictions on the Lorenz curves can 
be made when the means of the original populations differ. An im- 
portant result is that the combined distribution will Lorenz dominate 
the initial distribution if and only if the entering population has an 
identical mean income and itself Lorenz dominates the initial distri- 
bution. If the highest and lowest incomes in the initial population 
remain constant, any change iii the population which alters mean in- 
come will produce a new Lorenz curve which intersects the original 
Lorenz curve. 

Income distributions for fathers and sons in Brazil demonstrate the 
theoretical results. Assigning sons the incomes of their fathers, the 
second generation generalized Lorenz curve lies everyklere below the 
generalized Lorenz curve for fathers. The standard Lorenz curves for 
the two generations intersect, with the sons’ curve lying initially above 
the fathers’ curve. The Lorenz curves behave exactly as the theoretical 
results require, providing a simple illustration of the purely 
gr ic component of intertemporal changes in inequality. 

ity co arise e 
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presence of changing population composition must be viewed with 
caution. Although the population may experience progressive or re- 
gressive transfers which have a straightforward welfare interpretation 
and which themselves produce unambiguous effe;cts on Lorenz curves, 
contemporaneous changes in population composition may have con- 
founding effects on the Lorenz curves which obscure the transfer effects 
and make welfare comparisons from standard inequality measures 
impossible. 
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