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When coagulation and fragmentation both occur in a system, the competition between these processes
may lead to a steady-state size distribution. We consider some specific moment solutions to a generalized
coagulation-fragmentation population balance equation (in which multiple breakup is allowed ) in order
to determine when it is may be possible for such steady states to exist. Steady states occur for systems
with homogeneous rate kernels of order 8 (fragmentation) and A (coagulation) that satisfy 8 — A + 1
> 0. Finally, we discuss the applicability of scaling to this generalized coagulation-fragmentation population

balance. © 1989 Academic Press, Inc.

I. INTRODUCTION

The study of coagulation and fragmentation
processes is relevant to such diverse fields as
colloidal chemistry, aerosol science, and poly-
mer science. A major objective in these studies
has been to understand how the microscopic
interactions between objects lead to the ob-
servable macroscopic behavior. Population
balance equations (PBE’s), first applied to ir-
reversible colloidal coagulation by Smolu-
chowski (1), provide the mathematical
framework for describing macroscopic behav-
ior (the evolution of the particle size distri-
bution, polydispersity ) given particle reaction
rates.

Analytical solutions to Smoluchowski’s co-
agulation equation, given in its continuous
formulation by
de(x, t)

at

1 X
3 fo K(y,x—y)e(y, ye(x — y, t)dy

— e(x, 1) fo " Kx, vy, 0dy, [1]

have been found for the three simple rate ker-
nels K(x, y) = a, a(x + y), and axy, where
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¢(x, t)is the concentration of x-sized particles
at time ¢ and a is a constant (1-4). The so-
lution for the constant kernel, K(x, y) = a,
has found applications for both Brownian co-
agulation and the growth of linear polymers
while the sum kernel, K(x, y) = a(x + ), is
relevant to branched polymerization processes
and to aerosol coagulation in either laminar
or turbulent flow (2, 3). The product kernel,
which has been applied to the kinetics of
growth for cross-linked polymers, has been
shown to lead to a phase transition known as
gelation in which mass is lost to a new phase
composed of an infinite-sized particle (5, 6).

The problem of irreversible fragmentation
has received attention primarily in connection
with the study of polymer degradation (7-10),
grinding and crushing (11-13), and char
combustion (14, 15). A general fragmentation
PBE that describes these processes is given by

dc(x, 1)
o a(x)c(x, t)

+ [ ambee ety nay, 121
X

where a(x) is the overall rate of breakup of x-
sized particles and b(x|y) is a distribution
function describing the probability of produc-
ing an x-sized particle from the breakup of a
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y-sized particle. For most physical problems,
it has been found that the overall rate of
breakup has the power-law form a(x) = kx?,
where k is a constant (12). Equation [2] has
been solved explicitly for a(x) = kx? and ei-
ther b(x|y) = f{y)x*, =2 < v < 0 (power-
law breakup) or b(x|y) = g(3)x* 2y — x)
(parabolic breakup ), where the functions f( )
=(r+2)/y"™*',(v>—2)and g(y) = (B+ 2)(8
+ 1)/y%*! are determined by conservation of
mass (16, 17). For cases in which 8 < 0, these
fragmentation kernels lead to a phase transi-
tion analogous to gelation and known as
“shattering,” in which mass in the system is
lost to a new phase of zero-sized particles (13,
17). In such cases, the number of particles in
the system becomes infinite and the mass of
finite-sized particles is not conserved.

Recently, the more general problem of si-
multaneous coagulation with fragmentation
has begun to receive more attention. Family
et al. (18) performed computer simulations
of coagulation with binary fragmentation and
found a scaling law S(¢ = o0, k) ~ k™Y as
k — 0, where S is the mean particle size, k is
a constant representing the relative strength
of fragmentation to coagulation, and Y is re-
lated to the homogeneity exponents of the co-
agulation and breakup kernels. Sorensen ef al.
(19) applied the scaling form for nongelling
irreversible coagulation (20) to a coagulation—
binary fragmentation PBE and derived a cri-
terion for determining the existence of steady-
states. However, it has subsequently been
shown that their scaling conjecture is incorrect
for coagulation—-fragmentation (21-22), ex-
cept in the case of the well-known Blatz—To-
bolsky model (23). Most recently, Meakin and
Ernst (22) have suggested a two-parameter
scaling equation for coagulation with binary
fragmentation and have performed computer
simulations that verify this scaling law in three
dimensions and at steady state in one and two
dimensions.

In: this paper we consider a general coagu-
lation—multiple fragmentation PBE and in-
vestigate the existence of steady-state solutions
to this equation for a wide range of coagulation
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and fragmentation kernels. We then discuss
the applicability of scaling solutions to these
equations.

II. STABILITY OF COAGULATION-
FRAGMENTATION PBE

Combination of [1] and [2] yields the gen-
eralized coagulation—fragmentation equation

dc(x, t)
ot

1 X
3 fo K(y, x = y)e(y, t)e(x — y, t)dy

- C(-xa Z)J(;OO K(x> y)c(ya [)dy - a(x)c(x, [)
+fx a(yyb(x|y)e(y, Hdy. [3]

We call [3] a generalized equation because it
includes multiple fragmentation, in contrast
to most other works where only binary frag-
mentation is allowed. Explicit, time-dependent
solutions to [ 3] are previously unknown, ex-
cept for a few specific cases applicable to poly-
mer growth (23, 24). In general a system de-
scribed by [3] cannot reach a dynamic equi-
librium in which detailed balance is satisfied,
since multiple product fragments from a single
breakup event are allowed. However, steady
states may still exist if dc(x, ¢)/0t = 0 has a
solution. In this paper we refer to systems de-
scribed by [3] which have steady-state solu-
tions as stable systems and to those that have
no steady-state solutions as unstable systems.

The moments of the size distribution, M,
= [ x"c(x, t)dx, are obtained from [3] for
the power-law fragmentation kernel by mul-
tiplying by x”, inserting the relations a(x)
=kx?, b(x|y) = (v + 2)x"/y**!, and inte-
grating

dM, _ 1
dt 2
X [(x+ y)" = x" — y"ldxdy

J;w fow K(x, yye(x, tye(y, 1)

l—n
(e 14
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where k is a nonnegative constant which gives
the relative strength of fragmentation to co-
agulation. We give explicit solutions to [4] for
n=0and/or2and for 8= 1,0, —1 in com-
bination with each of the three basic coagu-
lation kernels (nine cases altogether) as out-
lined below.

(1) 8= —1, K(x, y) = 1. The second term
of Eq. [4] couples to the (n ~ 1)-th moment,
s0 a closed equation for M, cannot be found.
However, the second moment, M, couples to
the first moment, M;, which represents the
total mass in the system and is conserved (M,
= constant = 1) before either shattering or ge-
lation occurs. We find from [4] that

k
My(t) = M,(0) + (1 - m)l [5]

Equation [5] implies that the long-time be-
havior of M, depends upon the parameters v
and k. When k<v+ 3, M, > o0 ast — o,
suggesting that coagulation will overpower
fragmentation and the average particle size will
grow linearly. However, if k > v + 3, M, be-
comes negative at t, = M,>(0)/(k(v + 3)7!
— 1). It 1s impossible for M, to become neg-
ative unless M becomes time-dependent (in-
dicating the formation of a new phase ). Thus,
we conclude that a shattering transition occurs
ifk>vp-+ 3.

(2) B=—1,K(x, y)=x+ y. Equation [4]
yields

MO =505

k
+ Mz(O)—m 6’2[.

[6]
In contrast to case 1 above, the long-time be-
havior of this system does depend upon the
initial conditions. When M,(0) > k/2(v + 3),
M, grow exponentially and the breakup pro-
cess is not strong enough to halt coagulation.
Otherwise, M, becomes negative at t;, = (—1/
2)in[l — 2(» + 3)M,(0)/k] again implying
shattering.
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(3) 8 =—1, K(x, y) = xy. For this set of
kernels [4] gives

1+ beZ(k/(v+3))'/2t

M>(t) =« [7]

1 — bez(k/(u+3))1/zl ’
where o = [(v + 3)/k]™"/? and b = (M,(0)
— o)/ (M3(0) + ). If M5(0) > «, then M,
diverges at £, = (1/2)a ™' 2in[(M2(0) + )/
(M>(0) — )], indicating that gelation occurs.
However, if M,(0) < «, then M, becomes
negative at t, = (1/2)a Yn[(a + M>(0))/
(a — M>(0))] implying shattering.

(4) 8= 0,K(x, y)=1.1In this case particles
fragment at a rate independent of their sizes.
This is the borderline case before shattering
can occur. Note that when 8 = 0 the moment
equation [4] decouples from higher order
terms and, in principle, all of the moments
may be found. Here, we give solutions for the
zeroth and second moments:

() = 2D
+ M2(0)———(”Z3) e /73 [l
Mo(2)
2UMy(0) (5b]

T (0 + D[ Mo(0) — [Mo(0)
— 2k/(v + 1)]e™ /D]

Since conservation of mass requires that v
> —2, this system is always stable since it ap-
proaches the steady-state M, — (v + 3)/k as
t = oo. Similarly, M,, which is only defined
for —1 < v < 0, approaches a steady state given
by Mo — 2k/(v + 1)ast —> oo.

(5) 8=20,K(x,y) = x+y. For these kernels
we find

M(2) = M,(0)ePH/C+3) [9a]

My(t) = My(0)e /=i 19p]

The long-time behavior of these moments is
independent of the initial conditions and in-
stead depends upon the exponent » and the
constant k. When k < 2(v + 3), M; = oo as
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t = oo, while, otherwise, A, — 0. The zeroth
moment, however, depends upon k and » in
a different way. When k < v + 1, My, = 0 as
t —> oo and M, = oo otherwise. Note that for
—l<v<Oandv+1<k<2(»+3), both
My and M, — oo as t —> oo. This prediction
is consistent with the following interpretation.
If both M, and M, — oo, the mass in the
system partitions such that a bimodal particle
size distribution evolves where some of the
mass is dominated by fragmentation and
breaks up into ever-smaller sizes (accounting
for My — oo ) while the rest of the mass in the
system is dominated by coagulation (account-
ing for M, — o). For cases in which M, —
o0, My = 0 as ¢t — oo coagulation dominates
the system, whereas if M, — 0, My — oo frag-
mentation overpowers coagulation. The var-
1ous regimes of the long-time behavior of M,
and M, for these kernels is illustrated in
Fig. 1.

(6) B=0, K(x, y) = xy. The equations for
M, and M, for this case are

M>(1)
kM>(0)

T (v + 3)[Ma(0) — [M(0)
—k/(v + 3)]e/t3]

[10a]

6
Fragmentation Dominated
I
41
Partition of Mass
k I
24
Coagulation Dominated
)(

0 1

22 -1 0

v

FIG. 1. Stability portrait for case 5 showing dependence
on k and ». In region I coagulation dominates at long times
and M, - oo while My — 0. In region II a bimodal dis-
tribution evolves and M,, My - oo. Fragmentation dom-
inates in region Il and thus A, — oo while M, — 0.
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(r+ 1)
2k

My(t) =

| Mo(0y = LED fprian,

[10b]
In this case, the long-time behavior of both
M, and M, depends upon the initial condi-
tions. M, diverges in a finite time, suggesting
gelation, when A,(0) > k/(v + 3), whereas
M, = 0ast - oo if My(0) < k/(v + 3).
When My(0) > (v + 1)/2k then My = o as
t > oo. Otherwise M, becomes negative,
which again is indicative of gelation. We note
that, under certain initial conditions implied
above, it is possible that M, — co while M,
diverges. As in case 5 above, we believe that
this suggests that mass in the system partitions
such that a bimodal size distribution evolves.
For this set of kernels some of the mass is
dominated by fragmentation while the rest of
the mass undergoes a gelation transition. Fig-
ure 2 illustrates the various regimes for the
long-time behavior of M, and M;. Note that
it appears that it is possible for M, to become
negative while A, — 0. However, conserva-
tion of mass must be satisfied at the initial
conditions, and thus this situation can never
occur.

(7) 8= 1, K(x, y) = 1. For cases in which
8 = 1, Eq. [4] couples to higher order terms
and prospects for obtaining explicit solutions
become remote (except for v = 0, as noted
below). However, the zeroth moment couples
to M,, which is constant in the absence of
phase transitions. Therefore, Eq. [4] yields

1+ be—(Zk/(u+1))t

My(1) = o | = pe- @G+ *

[11]
where a =V2k/(v + 1) and b = (M>(0) — a)/
(M>(0) + o). The long-time behavior of [11]
is independent of the initial conditions and
always approaches the steady state, My = o
as t = oo. This result is consistent with the
findings of Blatz and Tobolsky (23), who
solved this problem explicitly for ¢(x, t) for
the case v = 0 (binary breakup) and showed
that a steady state is reached.
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FiG. 2. Stability portraits for case 6 (k = 1). Since mass
conservation must be satisfied for the initial conditions,
these plots are not independent.

(8) 8 =1 K(x, y) = x + y. The zeroth
moment is given by
k
(v +1)

My(2) =

+ (MO(O)-— )e", [12]

(v+1)
implying that Mg — k/(¥ + 1) as t > 0.
Therefore this combination of kernels appears
to always lead to a steady state, at least for »
> 1,

(9) 8=1,K(x, y) = xy. My is given by

k 1
Mo(r) = Mo(0) + (;—}——1 - 5)1‘ [13]
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When k > (v + 1)/2, My grows linearly and
it appears that at least some of the mass in the
system must be dominated by breakup. It is
not likely, however, that a bimodal size dis-
tribution occurs in this case, since the breakup
rate becomes stronger as particles become
larger. Rather, we believe that fragmentation
simply overpowers coagulation in these cases
and thus we conjecture that M, — 0. However,
when k < (v + 1)/2, My becomes negative in
a finite time indicating that coagulation dom-
inates the system and a gelation transition oc-
curs.

Discussion of Stability

The significance of the preceding analyses
is best shown in Table I, where we have sum-
marized the behavior of Eq. {4] for each set
of kernels and have arranged the nine cases
by their homogeneity indices. A coagulation
kernel is homogeneous of order A if K(ax, ay)
= q*K(x,y). For the cases we consider, A = 0,
1, 2 for the constant, sum, and product kernels,
respectively. The homogeneity of the frag-
mentation rate a(x) is simply S.

Note that the three sets of kernels in the
upper right-hand corner of Table I always ap-
proach steady states, regardless of initial con-
ditions or the value of the constant & or ex-
ponent v, while no such steady states exist for
the other six cases, which are therefore unsta-
ble. More specifically, it appears that only
when A and 8 obey

B—Ax+1>0 [14]

do steady-state solutions occur. We have also
performed a similar analysis of the moment
equations for the parabolic breakup kernel in
combination with each of the three basic co-
agulation kernels. Table II, which summarizes
our findings for six combinations of kernels,
is also consistent with Eq. [14]. Thus, although
we have only verified [14] for fifteen specific
cases, we expect that it is true in general for
homogenecous rate kernels. Other evidence,
based upon scaling assumptions, also supports

Journal of Coiloid and Interface Science, Vol. 133, No. 1, November 1989



262

VIGIL AND ZIFF

TABLE I

Summary of Long-Time Behavior for Power-Law Breakup with Coagulation

Breakup Rate Exponent, [
-1 0 1
22242
/ Unstable /
1 é Behavior depends % Stable Stable
s | a0 gk 7
2 7
E 2222722
g .\ Unstable Unstable é
X
g y Behavior depends Behavior depends / Stable
= on initial conditions onk, vy /
B | =D %
8
7
Xy Unstable Unstable Unstable %
Beh_a\(i(.)r depeqqs Beh'a‘fi(')r deper!d‘s Behavior depends%
=2 on initial conditions on initial conditions onk, v /

the validity of [14]. The homogeneity expo-
nent ( is related to the binary fragmentation
kernel, F(x, y), by a(x) = (1/2) [; F(y, x
— y}dy. Thus, it may be shown that the scaling
relation given by Family et al. (18), which
applies to coagulation with binary fragmen-
tation at steady state, also requires that [14]
be satisfied. Furthermore, Eq. [14] is equiva-
lent to the stability criterion given by Sorensen
et al. (19) for coagulation~binary fragmen-
tation. However, as noted previously, their
findings were based upon a faulty assumption
(21, 22).

Lastly, we find that Tables I and II show
that when 8 — A + 1 = 0 (unstable cases bor-
dering stable cases), the long-time behavior of
the system (whether the size distribution
evolves toward ever-increasing sizes, ever-de-
creasing sizes, or a bimodal distribution ) does
not depend upon the initial conditions, but
instead depends only upon the constant k and,
for the power-law breakup kernel, also upon
the exponent ».
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III. SCALING SOLUTIONS

Meakin and Ernst (22) give the two-pa-
rameter scaling law

c(x,t,k)=x2f(u, T)

x, 1> o0,k—>0, [15]

where again k is a constant representing the
relative strength of fragmentation to coagu-
lation, u = x/S(¢t, k), T = tk*, and S(t, k) is
the characteristic particle size, such that 7 re-
mains constant in the scaling limit and S(co,
k) ~ k¥ (note that we use X and Y as ex-
ponents while x and y refer to size variables).
By requiring that f(u, 0) reduces to the irre-
versible coagulation scaling form (20) and that
f(u, o) gives the scaling law for coagulation—
fragmentation at steady state (18), a gener-
alized scaling description is obtained. How-
ever, the scaling limit x, t — oo, k = 0 implies
that {15] only applies to coagulation—frag-
mentation systems that reach steady states,
such that the steady state is approached from
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TABLE II

Summary of Long-Time Behavior for Parabolic Breakup with Coagulation

Breakup Rate Exponent, p

below (coagulation dominates the short-time
behavior of the system ).

It may be shown that this two-parameter
scaling law also applies to the generalized Eq.
[3]. Equation [15] implies the similarity so-
lution

c(x,t, k) =k Ye(xk?, tk*, 1). [16]

The breakup distribution function, /(x| y),
may be written as

b(xly) =y‘b'(f) [17]
y

for both the power-law and parabolic breakup

kernels, as well as for most other breakup ker-

nels of interest. Substitution of [16], [17], and

the homogeneity relation K(x/s, y/s)

= s7*K(x, y) into [3] leads to

J2Y+X dc(u, T)
aT

-1 0
/ Unstable /

1 / Behavior depends / Stable
i~ = 0) / on k
M
=} Unstable Unstable
3 x+y . /
M Behavior depends Behavior depends
= on initial conditions on k
S | a=v
=
=
g
=3 Unstable Unstable
Qo Xy

Behavior depends Behavior depends
r=2) on initial conditions on initial conditions

= k(3~x)y[% J(‘)u K(o. = vy, T)
Xc(u—v,T)— c(u, T)f(:O
X K(u, v)c(v, t)]dv — Y 8)
X [a(“)c(”, T)— foo a(v)

X b’(%)e(u, T)dv], [18]

where u = xk¥ and v = yk?. Therefore, [16]
is a similarity solution to [3]if Y = (8 — A
+1)'and X = Y(I — )\). This result is a
generalization of the findings of Meakin and
Ernst (22), who considered binary fragmen-
tation with F(x, y) = (x + p)*, where the
relation a(x) = (1/2)f; F(y,x— y)dyimplies
B=a+ I
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When [16] is a solution to [ 3], the moments
of the size distribution should scale as

M,(t, k)= K*"™M (T, 1). [19]

For example, consider the power-law breakup
kernel with 8 = 0 in combination with the
constant coagulation kernel, K(x, y) = 1 (A
= 0), where the explicit solutions for A4, and
M, are given by [8] and approach a steady
stateas — oo. Thus, Y =1, X =1, and [19]
gives

Mz([, k) = k_le(lk, 1) [203]
My(t, k) = kMy(tk, 1). [20b]

Comparison of [ 20] with the explicit solution
[8] shows that the scaling law [19] is indeed
satisfied for these kernels, where

My(T, 1) = (v + 3)(1 — 7 7/+3))
2k
(v + 1)(1 — g T/0rDy -~
A similar exercise may be performed for the
other two combinations of kernels which have

steady-state solutions (cases 7 and 8 consid-
ered in section II).

[21a]

My(T, 1) = [21b]

IV. CONCLUSION

We have presented specific moment solu-
tions to a generalized coagulation—-fragmen-
tation equation and have examined the im-
plications that these solutions have for the sta-
bility of these systems. Our results are
consistent with the criterion 3 — A+ 1 >0
for stabie steady-state size distributions to exist.
For homogeneous rate kernels we find that the
existence of steady states does not depend
upon the initial conditions or upon the value
of a constant multiplying the coagulation or
fragmentation kernel (such as k), but rather
it depends only upon the homogeneity of the
kernel. We have verified this stability criterion
for 15 specific cases and have shown that it is
consistent with the findings of other investi-
gators who considered coagulation with binary
fragmentation. Thus, we believe that it may
be used to predict the stability behavior for
other homogeneous rate kernels or for rate
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kernels that become homogeneous asymptot-
ically at large sizes. Finally, we have shown
that the scaling equation [15], which is valid
for coagulation with binary fragmentation,
also applies to the more general PBE [3].
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