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AkRraet--The Delaunay triangulation associated with a finite set S of points in the plane is a triangulation 
of the convex hull of S. Delaunay triangulations have been used in a number of computational methods, 
for example in Lagrangian fluid dynamics. In this paper, we discuss two natural generalizations of the 
notion of Delaunay triangulation to non-convex domains. We show that the two generalizations are 
equivalent, and describe a method for the construction of generalized Delaunay triangulations. 

1. I N T R O D U C T I O N  

Consider the following problem. Given a finite set S of points in the plane, determine a 
triangulation of  the convex hull of  S whose vertices are exactly the points in S, and whose triangles 
are as non-degenerate as possible. This task arises, for example, in free Lagrangian methods for 
the computation of fluid flow [1]. 

If  the requirement that the triangles be as non-degenerate as possible is made precise in a suitable 
way, described in Theorem 2 below, the solution of  this problem is given by the so-called Delaunay 
triangulation [e.g. 2]. This triangulation can be defined as follows. For  each point x in S, define 
P(x) to be the set of all points in the plane which are at least as close to x as to any other point 
in S. P(x) is an intersection of  closed half planes, therefore a closed, convex, possibly unbounded 
polygon. The collection of  the boundaries of  the polygons P(x) ,  x • S, is called the Voronoi 
diagram associated with S. Connecting two points x, y in S by a straight line exactly if their 
Voronoi polygons P(x), P(y)  share an edge, one obtains the Delaunay triangulation associated 
with S. 

There is a small difficulty with this definition: the Delaunay triangulation associated with S is 
nearly, but not completely unique. To see this, consider a vertex shared by n Voronoi polygons. 
We call the vertex simple if n = 3, multiple if n > 3. We always think of  multiple vertices as being 
resolved into several simple ones, by introducing additional edges of length zero; see Fig. 1. This 
resolution is always possible, but never unique. Therefore, the Delaunay triangulation associated 
with S is not unique if there are multiple vertices in the Voronoi diagram. 

The following theorem is an immediate consequence of the definition. 

Theorem I 

Let r be a triangulation of  the convex hull of S, with the property that S is the set of  vertices 
of ~. Then z is a Delaunay triangulation iff for every triangle A • z, the interior of the circumscribed 
circle of  A contains no point in S. 

Theorem 2 gives a well-known equivalent characterization of Delaunay triangulations [e.g. 3]. 
This characterization makes clear in which sense Delaunay triangulations are as non-degenerate 
as possible. 

Theorem 2 

Let z be a triangulation of  the convex hull of S, with the property that S is the set of  vertices 
of 3. Then z is a Delaunay triangulation iff any pair (A~, A2) of  adjacent triangles in ~ satisfies 
one of  the following two conditions: 

(a) ~ = ~1u /~2  is not convex. 
(b) The sum of  the angles in ~ divided by the shared edge of ~ and ~2  is at least as large 

as the sum of  the two other angles in ~. 
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Fig. 1. Resolution of a multiple vertex into a set of simple vertices. 

Delaunay triangulations are, by definition, triangulations of  convex domains in the plane. 
Theorem 1 suggests a generalization of  the notion of  Delaunay triangulation to non-convex 
domains; see Section 2. Theorem 2 leads to another natural generalization; see Section 3. We 
prove in Section 3 that these two generalizations are equivalent. In Section 4, we show how 
the second characterization of  generalized Delaunay triangulations leads to a proof  of  existence 
of  such triangulations, and an algorithm for their construction. Section 5 summarizes this 
algorithm. 

2. A G E N E R A L I Z E D  D E F I N I T I O N  S U G G E S T E D  BY T H E O R E M  1 

Definition 

Let f2 be a bounded open region in the plane with a polygonal boundary. Let S be a finite set 
of  points in the closure ~ of  f~, containing all vertices of  t~t~, and possibly other points. Let ~ be 
a triangulation of f~ with the property that S is the set of  vertices of  z. ~ is called a generalized 
Delaunay triangulation of  f2 with respect to S if it has the following property. Let Zkabc e ~. By 
convention, we take ~ a b c  to be an open set. Let Oabc be the interior of  the circumscribed circle 
of Aabc.  Then for any p ~ /Xabc, x ~ Oabc, x E S, the straight line segment [x,p] intersects t~f~. 
Briefly, c~f~ separates x from Aabc.  

Remarks 

(1) The convention that Oabc denotes the interior of  the circumscribed circle of /Xabc excludes 
the possibility that x is one of  the vertices, a, b, c. 

(2) f~ is allowed to have slits, i.e. segments of  the boundary may lie in the interior of  the closure 
o f ~ .  

(3) This way of  generalizing the Delaunay triangulation to non-convex domains was suggested 
in Ref. [4, p. 257], and also in Ref. [5]. 

3. AN E Q U I V A L E N T  C H A R A C T E R I Z A T I O N  OF G E N E R A L I Z E D  
D E L A U N A Y  T R I A N G U L A T I O N S  

The following theorem makes clear in which sense generalized Delaunay triangulations are as 
non-degenerate as possible. 

Theorem 3 

Let T be a triangulation of  f~ with the property that S is the set of  vertices of  ~. Then x is a 
generalized Delaunay triangulation iff any pair (/X~, Az) of  adjacent triangles in T satisfies one of 
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the following three conditions: 

(a) ~ = ~ ,1u~2 is not convex. 
(b) The sum of the angles in ~. divided by the shared edge of ~ t  and ~,2 is at least as large 

as the sum of the two other angles in ~. 
(c) The edge shared by ~,~ and ~,2 is a part of t~ft. 

Proof. (1) We shall first show that in a generalized Delaunay triangulation, any pair (/Xt,/X2) 
of triangles satisfies one of the conditions (a)-(c). Suppose that At  = Aabc  a n d / ~  =/Xbcd violate 
conditions (a)-(c). Then the point d lies in the circumscribed circle Oabc, violating the definition 
of Section 2. 

(2) We shall now show that a triangulation T with the property that any pair (A~, A2) of 
triangles satisfies one of the conditions (a)-(b) is a generalized Delaunay triangulation. Assume that 
z violates the definition of Section 2. We show that there is a pair of adjacent triangles violating 
conditions (a)-(c). Since z violates the definition of Section 2, there is a triangle Aabc  in ~, a point 
p ~ Aabc  and a point x ~ ©abc, x ~ S, such that a f  does not separate x from p. x ~/Xabc, 
otherwise z would not even be a triangulation. Without loss of generality, assume that [b, c] is the 
edge of Aabc  separating x and p from each other. [b, c] is not part of dft, otherwise d f  would 
separate x from p. Thus, there is a triangle Abcy  in ~, where y lies on the same side of the edge 
[b, c] as x. There are two possibilities: y ~ ©abc (possibly y = x), or y ~ Oabc. If  y ~ Oabc, then 
the triangles Aabc  and Abcy  violate conditions (a)-(c). Thus, we only have to consider the case 
y ~ Oabc. Clearly, x ~ Abcy,  otherwise ~ would not even be a triangulation. It is then clear that 
x is separated from Aabc either by the edge [b, y], or by the edge [c, y]. Without loss of generality, 
assume that [b, y] separates Aabc  from x. Then [b, y] is not part of aft,  since af t  does not separate 
x from p. From x ~ Oabc and y q~ ©abc follows by a simple argument that x ~ Obcy. Therefore, 
we may repeat our construction, with Obcy playing the role which Aabc  played before. In this 
way, we obtain a sequence of triangles, all of which contain x in the interiors of their circumscribed 
circles, and all of which contain interior points which are not separated from x by dft. To avoid 
a violation of conditions (a)--(c), this sequence would have to be infinite. Therefore, repetitions of 
triangles would have to occur. But the angle at x is strictly increasing. That is, the angle /__ bxc 
is strictly smaller than the angle / b x y .  Therefore repetitions are impossible. [] 

4. P R O O F  OF E X I S T E N C E  F O R  G E N E R A L I Z E D  
DELAUNAY T R I A N G U L A T I O N S  

In the proof of Theorem 4, we shall show how generalized Delaunay triangulations can be 
obtained in an iterative way. The iteration starts with an arbitrary triangulation of f whose set 
of vertices is S. Lemma 2 states that there is such a triangulation, and the proof of Lemma 2 shows 
a way of constructing one. 

Lemma 1 

Let D be a bounded open region in the plane with a polygonal boundary. Then there is a triangle 
of positive area contained in ft whose vertices are vertices of at). 

Proof. Consider an arbitrary edge [a, b] of t3ft. Let x be a point moving in the following way. 
Initially, x is the midpoint of the edge [a, b]. x then moves into ft along the perpendicular bisector 
of [a, b]. Initially, A a b x  will be contained in ft, but eventually one of the edges [a, x] or [b, x] will 
touch t3f~. At the first instant when this happens, there are two possibilities. Either there is a vertex 
c of dft  different from a, b which lies on one of the edges [a, x] or [b, x]. In this case, /Xabc is a 
triangle of the desired kind. Or one of the edges [a, x] or [b, x] is entirely contained in an edge of 
~ft. We now let x move along that boundary edge, in the direction away from a, until the edge 
[b, x] touches aft. At the first instant when this happens, there is a vertex c of df t  different from 
b which lies on the edge [b, x], and /Xabc is a triangle of the desired kind. [] 

Corollary 1 

Let ft be a bounded open region in the plane with a polygonal boundary. Then there is a partition 
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of f~ into triangles O~, i = 1 . . . . .  k such that the union of the sets of vertices of  the df~t equals the 
set of vertices of dO. 

Proof. Let f~j be the triangle whose existence is asserted in Lemma 1. Then apply Lemma 1 to 
the domain O - f)j. The conclusion is that there exists a triangle O 2 of positive area contained in 
O - ~ whose vertices are vertices of d (f~ - ~ ), and thus of d O. Continuing this process, we obtain 
a partition of the desired kind. [] 

Lemma 2 
Let f~ and S be as described in the definition of Section 2. Then there is a triangulation z0 of 

O with the property that S is the set of vertices of z0. 
Proof. Consider a partition of O into convex polygons f~l,. • . ,  f~k such that the union of the sets 

of vertices of the df~ equals the set of vertices of dO. Such a partition exists by Corollary 1. Let 

We remark that Sjc~Si may be non-empty for i ~ j .  The Delaunay triangulation associated with 
Sj is a triangulation of Oj. The union of all Delaunay triangulations associated with the Sj is a 
triangulation of O whose set of vertices is S. [] 

Theorem 4 
Let O and S be as described in the definition of Section 2. Then there is a generalized Delaunay 

triangulation of O with respect to S. 
Proof. We use an algorithm which has been proposed by a number of authors for the 

construction of ordinary Delaunay triangulations [e.g. 6]. 
Let z0 be as in Lemma 2. Look for a pair of adjacent triangles A~, A2 in z0 violating conditions 

(a)-(c) in Theorem 3. If there is no such pair, a generalized Delaunay triangulation has been found. 
Otherwise, let Q,= ~ u ~ 2 .  Re-divide ~ into two triangles, along the diagonal which is not the 

common edge of ~1 and ~2.  
This process can be repeated. One obtains a sequence of triangulations which ends in a 

generalized Delaunay triangulation, provided that it ends at all. We shall now show that the 
sequence must end. In Ref. [3], it was proved that whenever a quadrilateral ~. is redivided, the 
circumscribed circles of both new triangles have strictly smaller radii than the circumscribed circles 
of both old triangles. Therefore, the sum of the radii of the circumscribed circles strictly decreases 
each time a diagonal is exchanged, and thus repetitions of triangulations are impossible. This 
completes the proof, since there are only finitely many triangulations which can possibly occur in 
the sequence. [] 

5. CONSTRUCTION A L G O R I T H M  FOR G E N E R A L I Z E D  DELAUNAY 
T R I A N G U L A T I O N S  

The arguments of Section 4 constitute an algorithm for the construction of generalized Delaunay 
triangulations. In this section, we state this algorithm in a more explicit form: 

Step 1. Set k ..= 0 and ~ , =  O. 
Step 2. If t~ is empty, go to Step 6. 
Step 3. Choose an edge [a, b] of a~ .  
Step 4. For every vertex c of d~  which does not equal a or b, test whether Aabc 

is contained in I), until a vertex c with this property is found. 
Step 5. Set k .-= k + 1, Ok"=/xabc and ~ , =  ~ - ~ , .  Go to Step 2. 
Step 6. Compute Sj ,=Sc~j ,  f o r j  = I . . . . .  k. 
Step 7. Compute the Delaunay triangulations associated with the S i, j = 1 . . . . .  k, 

and denote their union, a triangulation of f~ whose set of vertices is S, by r. 
Step 8. For each edge separating two adjacent triangles Al and/~z in T, test whether 

the pair (A~, Al ) violates conditions (a)-(c) of  Theorem 3. If  it does, replace 
the edge by the other diagonal of the convex quadrilateral ~ j u ~ : .  Repeat 
this procedure until no violation of conditions (a)-(c) occurs. Then • is a 
generalized Delaunay triangulation of t2. 
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We conclude with some remarks on the operation count for this algorithm. Let N denote the 
number of points in S, and n the number of vertices of Or2. Using Euler's formula, it is easy to 
see that k < 2n - 4. Let us assume that for any three vertices a, b, c of t2, the determination whether 
/xabc is contained in f~ can be made in O(n) operations. Then it follows that t21 . . . . .  f~k can be 
determined in at most O(n 3) operations. Of course, in practice it may often be much less expensive 
to partition f~ into convex polygons ~,. with the property that all vertices of the df~ are vertices 
of d t~. Steps 1-5 of the algorithm only serve the purpose of finding such a partition, and can be 
replaced by any other procedure leading to such a partition. 

Once ~1 . . . . .  f~k have been found, the sets Sj must be determined (Step 6). Let us denote the 
number of vertices of a f~j by nj, and assume that the determination whether a given point x E S 
lies in ~i can be made in O (n j) operations. Then the total number of operations needed to determine 
the sets Sj does not exceed 

0 • N = 0 (nN). 
J 

Let Nj denote the number of points in Sj. The number of operations needed to compute 
the Delaunay triangulation associated with Sj does not exceed O(NjlogNj); see Ref. [2] or 
Ref. [7, p. 214, Theorem 5.15]. In some applications, heuristic algorithms may have an operation 
count of O(Nj) [e.g. 8]. Therefore the total number of operations needed for Step 7 is at most 
O(N log N), and may be O(N) in practice. 

I have not been able to give a realistic general estimate for the complexity of Step 8 of the 
algorithm. To my knowledge, no such estimate is known even for the case of a convex domain 
~, although numerical experiments for the convex case indicate that the algorithm is quite efficient. 
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