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The hyperoctahedral group (the Weyl group of the root system B,) has seven
distinct nonsplit double covers (for n>4), and hence, seven families of projective
representations. We give constructions of all the irreducible representations of these
seven double covers in terms of symmetric group representations, and determine the
associated character tables. As a corollary, we also obtain the trreducible projective
representations and characters of the Weyl group of the root system D,. € 1992
Academic Press, Inc.

INTRODUCTION

The hyperoctahedral group is the Weyl group of the root systems B, and
C,, or equivalently, the symmetry group of an n-dimensional cube. For
n >4, this group (hereafter denoted W,) has a Schur multiplier isomorphic
to Z,xZ,xZ,. This implies in particular that the projective representa-
tions of W, (over the complex field) can be viewed as certain linear
representations of seven distinct nonsplit double covers of W,,.

Given the close connections between the linear representations of W,
and the symmetric groups S,, it is natural to expect that similar connec-
tions exist for projective representations. Indeed, the main result of this
paper is the fact that the projective representations of W, can be explicitly
constructed from the linear and projective representations of symmetric
groups. To be fair, we should modify this by adding two qualifications.
First, one should add to this list the representation obtained by restricting
the basic spin representation of O, to W, (embedded via the reflection
representation). Second, to make the constructions completely explicit, one
also needs to have at hand the irreducible decomposition of each
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symmetric group module with respect to the alternating subgroup. In the
projective case, this can be obtained as a corollary of Nazarov’'s work [N],
but curiously, in the linear case, there does not appear to be any known
solution in the vast literature on representations of the symmetric group.

There have been several papers written about projective representations
of W, or closely related groups such as the wreath products Z,} S, (of
which W, is the special case =2), or more generally G ¢ S, for arbitrary
groups G. For example, see the papers by Read [R2], Morris [Mo2], and
Hoffman and Humphreys [HH1-2]. These papers approach the subject
from various other points of view. Furthermore, Read’s paper is not as
explicit, and the other papers not as complete in their treatment of W,, as
the approach we take here. There is little doubt that the methods of this
paper could be applied to Z,? S,,, and to some extent G} S,, but we have
deliberately avoided this to preserve simplicity.

Another aspect of our approach that has not been addressed in previous
papers is the description of the irreducible characters. In the course of con-
structing the irreducible representations of the various double covers of W,
we will also determine the corresponding characters. We should mention
that in a recent paper [J2], Jozefiak has also determined the characters of
one of the double covers; namely, the one associated with the factor set
labeled [ +1, +1, —1] (cf. Section 9).

The paper is organized as follows.

In Section 1 (a reformulation of results in [DM 1), we construct the eight
twisted group algebras corresponding to the eight factor sets (2-cocycles) of
W,; the fact that there are eight was first proved in a case-by-case analysis
of finite reflection groups by Thara and Yokonuma [1Y]. A uniform
approach for Coxeter groups has been given recently by Howlett [H].

In Section 2, we analyze the structure of the conjugacy classes of the
seven nonsplit double covers of W, (Theorem 2.1). Although one can, in
principle, obtain the same information from an earlier paper by Read
[R1], we have included proofs since we will also need more detailed infor-
mation regarding the centralizers of individual elements (Lemma 2.2).

In Section 3 we present an elementary idea that leads to a tremendous
simplification of the task of constructing the projective representations of
W,, or more generally, of any group G with a quotient isomorphic to
Z,x Z,. The fundamental idea is the observation that Z3 has a two-dimen-
sional projective representation p (corresponding to the fact that there exist
anticommuting involutions in GL,), and so by extension, every covering
group of Z3J has such a representation. It follows that the operation
Vi-»p®@V allows one to pass between representations of W, corre-
sponding to two different factor sets, and the fact that p is two-dimensional
prevents the creation of “too many” irreducible submodules in p ® V when
V is irreducible. We use a simple application of the methods of Clifford
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Theory to classify the irreducible submodules of p ® ¥V (Theorem 3.2), and
show that the irreducible characters of these submodules can be expressed
in terms of the difference characters of W, (or one of its double covers).

An added virtue of the approach we take in Section 3 is that it provides
a simple explanation of the “twisted” outer tensor product that has figured
prominently (in various guises) in many of the recent papers [HHI1-2,
Mo2, J1-2, St1-2] on projective representations of S, and related groups.
In our approach, one starts with irreducible modules V| and V, for two
groups G, and G, with Z,-quotients (i.e., subgroups of index 2). Using the
fact that G, x G, has an obvious Z3-quotient, we define the twisted tensor
product ¥, ® V, to be one or more of the irreducible submodules of
PRV, ®V,)

To complete the preliminary half of this paper, we summarize in
Section 4 the basic techniques needed to use the algebra of symmetric
functions to manipulate symmetric group characters (both linear and projec-
tive). More details can be found in [M1] (for the linear case) and [St1]
(for the projective case). In Section 5 we recall the well-known construction
of the irreducible linear representations of W,, and show how the methods
of Section4 can be used to verify the validity of this construction. This
technique will serve as the motivation behind our approach to one of the
double covers of W, in Section 7.

Finally, in Part I, we turn to the problem of constructing the moduies
and describing the characters for each of the seven families of projective
W ,-representations. This task can be roughly divided into two phases. In
the first phase, occupying Section 5, Section7, and the first half of
Section 9, we construct the modules and characters corresponding to four
of the factor sets of W, (counting the linear representations as one of the
four cases). The only limiting factor in making our constructions explicit is
the extent to which one wishes to make the structure of the modules and
characters of the symmetric groups (linear and projective) explicit. In the
second phase, occupying Section 6, Section 8, and the second half of
Section 9, we use the methods of Section 3 to obtain the modules and
characters for the remaining four factor sets. This task essentially amounts
to constructing the “associators” (cf. (3.1)) and difference characters for
the irreducible representations of the first phase. In this second phase, the
modules are obtained as eigenspaces of certain involutions related to the
associators.

We remark that W, has three subgroups of index 2, along with a normal
subgroup of index 4. For each of the factor sets of these groups that are
restrictions of W, -factor sets, one may obtain the corresponding irreducible
representations and characters as immediate corollaries of the work in
Part II. In the Appendix, we briefly consider the implications of this for one
particular subgroup of index 2—the Weyl group of the root system D,.
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Notational Remarks

We will use P to denote the set of partitions; i.e., sequences of zero or
more positive integers of the form A= (4, > --- = 4;). For the most part, we
will use the same notation as [M1] for the various parameters and opera-
tions associated with partitions. In particular, we will use || to denote the
sum of the parts, and /(1) to denote the number of parts. The modifiers E,
0, and D will be used to indicate that the parts should be restricted to be
even, odd, or distinct, respectively. For example, the notation DOP will
thus refer to the set of partitions with distinct, odd parts. Also, we will use
DP* (resp., DP~) to refer to the partitions A€ DP for which |A] —I(4) is
even (resp., odd).

PART I: PRELIMINARIES

1. THE TWISTED GROUP ALGEBRAS OF W,

Let sy, ..,5,_,, t denote a set of Coxeter generators for W,. We will
assume that these generators are labeled so that for the reflection represen-
tation, s; corresponds to interchanging coordinates /i and i+ 1, and ¢
corresponds to changing the sign of the first coordinate. Note that the
Coxeter relations

S2=1=(s5;5,,P =1, (s;5)°=1(Ji—jl =2),

i

(s;)2=1(i>1), (s,0)*=1 (1.1)

constitute a presentation of W,.

Let L,=Hom(W,, C*) denote the abelian group of linear characters of
W,. An easy application of the Coxeter relations shows that L, is
generated by the two characters ¢ and  defined by

e(s;)= —1, g(t)= +1, o(s;)= +1, o(ry= —1L.

This shows in particular that L, ~Z,x Z,.

Let « be a factor set for W,, and let CW? denote the corresponding
complex twisted group algebra [CR, Sect. 8B]. To describe this algebra
explicitly, let o,,..,0, , 7 denote generators for CW?® corresponding to
S15 - $,_1, t. Note that scalar multiplication of these generators has the
same effect as replacing o with an equivalent factor set, so there will be no
loss of generality in requiring that « be chosen so that ¢?=1t2=1.
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PrROPOSITION 1.1.  The algebra CW? has a presentation of the form

J‘2=12=(Ui6i+1)3:1’ (O'io'j)2=81(|i"‘j|>2)a

1

(1.2)
(0,1)=¢, (i>1), (0,7) =¢3,

for suitable scalars ¢,, €5, e5= +1 (depending on o).

Proof. If x, ye CW? are involutions, then so is (xy)* x for any integer
k. If (xy)* is a scalar, it must therefore be + 1. In particular, since (1.1)
shows that each of (s,0,,,)°, (d,0;)* (li—j| =2), (6,7)* (i>1), and (0, 7)*
must be scalars, they must all be +1. In other words, « may be taken to
be + 1-valued.

We may now substitute o,— —o,, if necessary, to ensure that
(60,51 =1

Let W,(«) denote the double cover of W, generated by o, .., 0,_,, T,
and — 1. If the images of x, y € W, («) are conjugate in W, then there exists
an element ze W,(a) such that zxz ~'= +y. In particular, this shows that
x? and y? are W,(a)-conjugates. Therefore, since the involutions s;s,
(li—jl=2) are all W,-conjugates, then the scalars (g,0,)° must all be
W ,(x)-conjugates. In other words, there exists a scalar ¢, = +1 inde-
pendent of i and j such that (g,0,)° =¢,. Similarly, the involutions s, are
conjugate for i> 1, so there exists a scalar ¢, = +1 so that (,7)*=¢, for
all such 1.

To complete the proof, note that since (1.1) defines a group of order
|W,|, then (1.2) defines an algebra of dimension at most |W,|. Therefore,
given that the relations (1.2) are satisfied by some algebra of dimension
|W,| (namely, CW?), then these relations must form a presentation of that
algebra. ||

An issue that this proposition does not address is whether there actually
exist nonzero C-algebras that satisfy the relations (1.2) for each of the eight
possible choices for ¢,, ¢,, and £;. This can be settled by noting that in
Part II, we will construct explicit representations for each of these choices.
From this one may conclude that there do exist factor sets corresponding
to each of the eight possibilities. We will use the expression [, ¢, €3]
to denote the (equivalence class of the) W, -factor set corresponding to
£, &3, &3.

Note that the relations (o,0,)* =¢, exist only for n>4, and the relations
(0,7)*> =¢, exist only for n>3. It follows that the factor sets [ +1, ¢,, &3]
are identical for n=3 and the factor sets [ +1, +1, &;] are identical for
n=2. It is easy to check that these are the only isomorphisms between the
factor sets, so the Schur multiplier of W, is Z3 for n >4, Z3 for n=3, and
Z, for n=2 (cf. [TY,H]).
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It will be convenient to record here a few basic identities that will be
needed later. To simplify the notation, let us define

Li=8; sty --8,_ €W, (13)
T,=0, 0,100, € W,(a)
for 1 <i<n Note that ¢, .., t, are the reflections corresponding to the

short roots of the root system B,; we will refer to them as the “short
reflections.”

In the following, [x, y]=xyx~
W, ().

'y~ denotes the group commutator in

PROPOSITION 1.2,  Assuming o= [¢&,, &,, &4 ], we have

[O-ivo'j]:SI(li—jl>2)’ [O-iarj]:82(j_i7é0’1)a
[Th Tj] =é&;3 (1;&])

Proof. The first relation is just a restatement of (1.2). To prove the
second relation, note that the involutions s,7; (j—i#0, 1) are all W,-con-
jugates, so by the same reasoning used in the proof of Proposition 1.1,
the commutators [o,,7,] must be independent of i and j. Therefore,
[0,,1;,1=[0,, t]1=2¢,, by (1.2). To prove the third relation, note that the
involutions t,¢; (i# j) are W, -conjugates, so [1,,7,] is also independent
of i and j. Therefore, [1,,7,]=[1,,7,]1=[0,70,,1]=(0,7)" =¢,, again
by (1.2). 1

We remark that for factor sets « with ¢, = +1, the subalgebra of CW?
generated by o,,..,0,_; is the group algebra CS,; for ¢, = —1, the
corresponding subalgebra is a twisted group algebra for S,. We will
denote this latter algebra by CS’,. Also, we will use the notation S, for the
corresponding double cover of S, ie., the subgroup of CS, generated by
05y 0,_,and —1.

2. CoNJUGACY CLASSES

A projective representation of W, can be regarded as a module for one
of the twisted group algebras CW?, or equivalently, as a linear representa-
tion of the corresponding double cover W,(a) in which the central element
~1e W, («) is represented faithfully. The latter will be referred to as spin
representations cf W, (a). In this section, we will classify the conjugacy
classes of each group W,(«) in order to simplify the task of describing the
irreducible characters. This has also been done more generally by Read
[R1] for the wreath products Z,? S,,.
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First, consider the conjugacy classes of W,. These are indexed by
ordered pairs of partitions (4, u) with |A| + |g| =n. To describe the mem-
bers of a given class, let us identify W, with the group of » x n» monomial
matrices with entries chosen from Z,. References to the cycles of an
element we W, will thus refer to the cycles of the underlying permutation
matrix. We will say that a cycle of w is positive or negative according to
whether the number of — I’s in the matrix entries of the cycle is even or
odd. In these terms, the class indexed by (4, u) consists of those we W,
whose positive (resp., negative) cycles have lengths 4,, 4,,.. (resp,
U1, Uas ...). We remark that the values of the linear characters ¢ and 6 on
the (A, u)-class are (—1)"""® =1 and (—1)"), respectively. For further
details, see [JK, Sect. 4.4] or [Z, Sect. 7].

Now, choose a particular W,-factor set a=[¢,, ¢,, €3], and let C(x)
denote the inverse image in W,(«) of some W ,-class C. If any we C(a) is
conjugate to —w, then C(a) is a W,(a)-class; otherwise, C(a) splits into
two such classes. Thus, the essential structure of the W, (a)-classes can be
inferred from knowledge of which pairs (4, ¢) index W,-classes that split in
W, (o).

THEOREM 2.1. For each nontrivial factor set o, the pairs of partitions
(A, p) that index split classes of W, (a) can be found in Table 1.

The lists in Table I have been broken up into four columns according to
the four possible values of ¢ and J on a given W, -class. For example, the
entry in the fourth column for the factor set [+1, —1, —1] is (DOP,
DEP). This means that if (1, u) indexes a W -class with e=J= —1, then
the inverse image of this class splits in W, ([+1, —1, —11]) if and only if
the parts of A are distinct and odd and those of p are distinct and even.

Proof. Let wi— w denote the canonical epimorphism W, (x) - W,. The
class of w will split if and only if the normalizer N(+ w) actually centralizes
w. To decide when this occurs, it suffices to identify a set of generators for

TABLE I

o e= +1,6= +1 e=—1,0=+1 ¢e¢=+1,6=-1 ¢&¢=—-1,6=~1
[+1, ~1, +1] (P, P) (EP, &) (DOP, DOP) (D, EP)
[—1, +1, +1] (0P, OP) (DP, DP) (OP, OP) (DP, DP)
[—1, -1, +1] (OP, OP) (DEP, ¥) (DP, DP) (&, DEP)
[+1 +1, —1] (or, &) %] (&, DP) (&, DP)
[+1, -1, —1] (OP, &) (J, DP) (g, OP) (DOP, DEP)
[—1, +1, —1] (OP, EP) [0} (&, DOP) (¢, P)

[—-1,—-1,—-1] (OP, EP) (S, P) (D, P) (OP, EP)
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N(+w) and determine if any of these generators fail to commute with w.
To choose a canonical element w=w,, so that w belongs to the class
indexed by (4, u), let us define

r= wlwz...w’lw’z...’ (21)

W;_” .

where w, and w) are

Wi=0y y41...04-204,-1 (=4 + - +4)
Wi=0p 41 0p 20, 1Ty, (bi=1Al+ 1+ - + 1)

Note that w; (resp., w}) is a positive 4;-cycle (resp., negative p;-cycle).

The image of N(tw,,) in W, is the centralizer of w,,, which can be
identified as a direct product of wreath products [JK, Chap. 4]. From this
structural decomposition, it is not hard to deduce that a set of generators
for this centralizer (as a group of monomial matrices) consists of: (1) the
cycles of w,,, (2) for each positive cycle of w,,, the diagonal matrix with
—I’s in the positions indexed by the cycle, and (3) for each pair of positive
(resp., negative) cycles of the same length, an involution that interchanges
corresponding positions in the two cycles. Therefore, a set of generators for
N(+w;,) consists of the central element —1 and

(1) The “cycles” w; and w;.
(2) For each positive cycle w,, the element z,=1, -7, (T,

(3) For each adjacent pair of positive cycles of length k (so that
Ai=A;,,=k), the element u;,= (0, .1 06, ,_264,, 1)

(3") For each adjacent pair of negative cycles of length & (so that
ti= ;. =k), the element u;=(0,,_ .\ -0, _20,,,_ 1)~

The following result determines which of these generators commute
with w, .

LEMMA 2.2. Assume I=n—1(1)—I(p).
(@) If A;=k, then [w;,, w, =gk~ DU~ D~ D),
(b) If 1=k, then [w,,,, wi] =e{f =10~ Vgl DI +lplio -1,
(c) If d;=k, then [w,,, z;] =kl +k=1,
(d) Ifhi=4, 1=k, then [w,,, u;]= 811d+k# 16'5"“’-
() Ifwi=p 1=k, then [w;,, ui}=e}' "5~ 1ef/Wey.
Given this lemma, one may easily verify each of the 28 entries in Table 1.

For example, consider the factor set [—1, +1, —17], and suppose that
n—I(A)—I(p) is even and [(u) is odd (so that &(w,,)= +! and
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o(w,,)= —1). In that case, the five commutators listed above simplify to
(=D (=% —1, (=1)* ", and (—1), respectively. This implies
that one of the generators of N(+w,,) will fail to commute with w;, if 4
has any parts (by part (c)), if 4 has any even parts (by part (b)), or if u
has any repeated odd parts (by part (e¢)). Conversely, if there are no such
parts, it is easy to see that each of the five commutators is trivial. Thus, we
conclude in this case that (4, u) indexes a split class if and only if A=
and pe DOP, which agrees with the corresponding entry in Table I. The
remaining cases follow by similar arguments; the tedious details are left to
the reader. |

Proof of Lemma 2.2. 1If xe N(+w;,) has the property that each of the

At
commutators [w;, x] and [w;], x] are scalars (i=1,2,..), then [w,,, x]
will factor as the product of these scalars. For example, by repeated
application of Proposition 1.2, we have

[wp, wl=ef? D50 (i#))
[M{;, w,]= gHi— Dtai— 1)8(2/1,~ 1)

[w;, W;] =8(1"»’7 (i — 1)8<2u/7 I,HM,”% (l#j)

Therefore, since [w;, w;] and [w}, w,] are both scalars, it follows that

(Wi wil=[wi w 0wy, w - [wl, w 1lws, wi] -
:8(11\',1)(17k+1)8(2k~1)1(,u),

where k=4, and [/=n—[(A)—I(p). This proves part (a) since

(k—1){—=k+1)=(k—1)({—1) mod 2. One can prove part (b) similarly

by noting that

[wi;u WI,:I = [Wl’ W;][Wza W;] [wll’ w;][W/Z’ M);]
— 6(1/( - )I—k+ 1)8(2/7k+ 1)+ (k — 1)({(ge) - 1)813(;1)— 1
_ g(lk — - 1)£gk - ”[(”)”82“‘)* 1
For part (c), repeated application of Proposition 1.2 shows that
[w;,z,]=e5%" " for i# j, and [w], z,]=¢5"" "ej. Hence,
k({—k+ 1) ki ki ki s
[W;u,Z,-]=£2( M )83(”)["’1" Zi]=£283(#)[wia z; 1,
where k=/, To evaluate [w,,z;], let z=1,---7,€ W,(«), and note
that [o,,z]=¢5 %, since [o,,7,]=¢, for j>2 and [og,,7,7,]=

[o,,10,10,]=(6,7)*=¢,. Furthermore, the W,-images of ¢,z (1<j<k)
are all conjugate, so for the same reasons we used in the proof of
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Proposition 1.1, the scalars [g;,z] must be independent of j. Hence,
[wi,zl=[0,-6, 1,z)=[0,,z] '=ef " DE-DA"1=¢h~1 and thus
part (c) follows.

For the proof of (d), we claim that [w, u]=¢ei%"D (j—i#0,1),
[wi, u]=ef® Yk and [ww,;, ,u;]=¢% "', assuming 1,=4,,,=k. The
first two of these formulas are direct consequences of Proposition 1.2; the
third is not quite as routine (see Lemma 2.5 of [St1] for a proof). We
therefore have

[W;.w ul=[ww, 1, u]l n [Wj’ u;] H [W;’ u;]

JREii+1

— — — 1.k
=81;(1 2k+2)+k lggl(u):81{1+k 182(#).

For the proof of (e), we claim that [w;, u[]=¢i¥"", [w}, u;] =}~ e}

(j—i#0,1), and [w;w),,u/]=¢\"'e;, assuming p,=p,;,,=k. Again,
the first two of these formulas are easy consequences of Proposition 1.2; the
third requires more explanation. If we define w=06, -0, _,0,,,- -0 _,
and u=(6,---05_,)% then [w,u]=¢' "' by (d). Furthermore, the
W,-images of the pairs {w/w};, ,u;} and {wt,74, u} are simultaneously
conjugate in W,, so [w;w;, ,u;]=[wt, T, u]. Since the W, -image of u
is a product of disjoint, positive 2-cycles, and t,1,.€ N(+u), we have
[teta, u]=¢5, by (c). Hence,

[wiwip, ui]=[wtpty, ul=[w, ullt,ty, ul= 811(' 183’

as claimed. The formula for [w,,, u;] may now be deduced by the same

reasoning used in the proof of (d). |

We remark that a basis of the center of CW% can be generated by the
W ,(a)-conjugates of the w,,’s that split. This implies in particular that the
number of irreducible spin representations of W, () is the number of split
pairs (4, p).

If y is the character of any representation of W ,(a) (or in fact, any func-
tion defined on W, ()), we will write x(4, u) as an abbreviation for y(w,,).
Clearly, any such character is determined by its values on these elements.
More particularly, the character of a spin representation is determined by
its values on the split classes, since in that case, y(—w)= —x(w)=0
whenever w and —w are conjugate in W, («).

We will follow a similar convention for the characters of S, and §,. For
each partition 4 of n, define w, =w, , regarded as a member of S, or S,
according to whether ¢, = +1 or ¢, = —1. In these terms, given any charac-
ter y of S, or S, we will write y(4) as an abbreviation for y(w,).

481:145/2-10
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3. CLIFFORD THEORY FOR Z3-QUOTIENTS

Let G be a finite group with a subgroup H of index 2, and let ¢ denote
the “sign” character of the natural homomorphism G — G/H. If V is an
irreducible CG-module, we will say that V' is self-associate (with respect to
) if V>e® V; otherwise, we will say that V and ¢® V form an associate
pair (with respect to ).

If V is self-associate, there exists an endomorphism Se GL(V) such that

gSv=¢(g) Sgv (3.1)

for all ve V, ge G. By Schur’s Lemma, S2 must be a scalar. In case S2=1,
we will refer to S as the e-associator of V. This terminology is slightly
imprecise, since it permits us to refer to both § and — S as the associator.
Assuming a particular choice for S, let V'=V* @ V'~ denote the eigenspace
decomposition of S on ¥, labeled so that V'* corresponds to the eigenvalue
+ 1. Note that (3.1) implies that " and V'~ are CH-modules; in fact, they
are irreducible and nonisomorphic as such modules. Otherwise, if ¥ and
e¢® V are an associate pair, then both are irreducible (and isomorphic) as
CH-modules. (See Lemma 4.1 of [St1], for example.) Similar remarks also
apply to modules for any twisted group algebra of G; one merely needs to
replace G by a suitable central extension G, and H by its preimage in G.

Given a self-associate CG-module V' with associator S and character y,
the difference character A°y = Ay is the trace function

Ay(g) = try (Sg)=tr,(g)—tr,-(g);

i.e., the difference between the characters of the CH-submodules. Note that
by substituting —.S for S, one obtains — Ay as the difference character. We
also remark that

Ax(xgx~")=e(x) Ax(g) (32)

is a simple consequence of (3.1).

We now consider a similar analysis for the case in which G has a normal
subgroup H such that G/H=Z,xZ,. The principal examples for G we
have in mind are W, and its double covers W,(x), but we also plan to
apply this analysis to a double cover of W,, x W, relative to the subgroup
generated by the e = + 1 portions of W,, and W,.

Let L~Hom(G/H, C*) denote the group of four linear characters of G
that arise from the quotient of G by H, and let « be any factor set of G.
Note that L acts on (isomorphism classes of) CG*-modules via Vi—»e® V
(e€ L). We will use the notation L, = {ee L: V=e¢® V} for the stabilizer
of V. The following result classifies the possible behaviors that can occur
when a CG*-module is restricted to CH*
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THEOREM 3.1. Let V be a finite dimensional, irreducible CG*-module.

(a) If L,={1}, then V is an irreducible CH*-module.

(b) If L,={1,¢}, then the eigenspaces of the e-associator of V are
irreducible, nonisomorphic CH>-modules (and similarly for L,={1,8} or
{1,€d}).

(cy IfL,=L=1{\,¢0,e0}, and S, Te GL(V) are the associators of
V for ¢ and b, then ST= +TS. Moreover,

(1) If ST=TS, then V is the direct sum of 4 irreducible, non-
isomorphic CH*-modules;, viz., the weight spaces (intersections of
eigenspaces) of S and T on V.

() If ST= ~T8, then V is the direct sum of two copies of one
irreducible CH?*-module; this module is isomorphic to all of the eigenspaces
of Sand T.

Proof. Let L={l,¢, 4, ¢d}. By passing to a suitable central extension of
G, if necessary, we may assume that « is the trivial factor set. In these
terms, V is an ordinary CG-module, and we claim that

Al e =lx(1+e)(1+8)15=4|L,l, (3.3)

where x denotes the character of V. The first equality is a consequence of
the fact that (1 +¢(g))(1+(g))=4 for ge H and is zero otherwise. The
second equality follows from the fact that y(1 +¢)(1+46) is a sum of |L |
copies of [L: L, ] distinct irreducible G-characters. We may thus conclude
that [[xl|z,=ILyl.

Part (a) now follows immediately, since |L,| =1 implies ||x||% = 1.

For (b), observe that if L, = {1, ¢}, then we have ||y||3,=2, so ¥ must
be a direct sum of two irreducible, nonisomorphic CH-modules. These
submodules are clearly the eigenspaces of the s-associator of V.

Now consider the case L, =L, and let S, Te GL(V) be the associators
for ¢ and 6. Since STS™! also satisfies the definition for a §-associator (i.e.,
(3.1)), Schur’s Lemma implies STS '= +7T. In case ST =TS, V must be
the direct sum of the weight spaces V**={veV:Sv= +v, To= +v};
they are nonzero since G acts transitively on them. Therefore, since we
already know that ||x| 3, = 4 in this case, we are forced to conclude that the
weight spaces are irreducible and nonisomorphic as CH-modules. In case
ST= —TS, let V* be the eigenspaces of S on V. Since TST != —S,
it follows that T permutes V* and V~, and therefore, V' >V~ as
CH-modules. Since we already know that |x||3,=4, we are forced to
conclude that V'* and V'~ are irreducible. ||

To construct a complete list of irreducible CH*-modules, it suffices to
choose one irreducible CG*module V' from each L-orbit, and apply the
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above criteria. For a given associator S, the endomorphisms 1+ .S are
clearly eigenspace projections, so the extent to which this construction can
be made explicit is governed only by the extent to which the action of S
can be made explicit.

Similarly, the irreducible characters of H can be determined from those
of G. For each irreducible character y of G, let L, = {e€ L: ey =y} denote
the y-stabilizer. According to Theorem 3.1, there are essentially four
possibilities for the irreducible constituents of y | H. If L, = {1} then y itself
is irreducible as an H-character. If L,={1,¢} then there arc two con-
stituents; namely, 1/2(y + 4°¢). If L, = L and the associators anticommute,
then there is a single constituent, y/2; it occurs with multiplicity two.
Finally, if L ,=L={1,¢,&0} and the associators commute, there are
four constituents. Assuming that the associators chosen for ¢, d, and &6 are
of the form S, T, and ST (rather than S, T, and —ST), we claim that the
constituents are the four expressions of the form

Lyt A%+ A%+ 4%y) (34)

in which an even number of “—” sign occur. To sketch the proof, note that
S and T act as +1 on each constituent, so each of y, 4%, A%, and 4%y
can be written as linear combinations of the (unknown) constituents. We
leave to the reader the easy task of inverting these linear combinations and
thus verifying the above formula.

Any group G with a ZZ-quotient has a two-dimensional projective
representation arising from the fact that the dihedral group of order 8
doubly covers Z3. To be more precise, let p: Z3 — PGL, denote the
projective representation obtained from the reflection representation of the
dihedral group modulo its center. An explicit realization of p may be
obtained by assigning p(—1,1)=x and p(l, —1)=y, where x and y
denote any pair of anticommuting involutions in GL,, such as

1 0 01
N A | o)

We may thus obtain a projective G-representation, also to be denoted by
p, via

G- G/H-=» 722> PGL,.

We remark that p is self-associate with respect to each of the linear charac-
ters; the associators are +x, +y, and +ixy. Note that the associators
anticommute.

Let f denote the factor set of p, and observe that if ¥ is any
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CG*module, then p® V is a CG**-module. The following result classifies
the irreducible constituents of p® V.

THEOREM 3.2. Let V be a finite-dimensional, irreducible CG*-module.

(a) If L,={1}, then p®V is an irreducible CG*"*-module.

(b) If Ly={l,¢}, and S, and S are the e-associators of p and V,
then the eigenspaces of S,®S on p®YV are irreducible, nonisomorphic
CG-modules.

(c) If Ly,=L={1,¢0,¢8}, then let S, and S denote the
e-associators, and let T, and T denote the é-associators for p and V.

(i) If ST=TS, then p®V is the direct sum of two copies of one
irreducible CG**-module; this module is isomorphic to all of the eigenspaces
of S, @S and T,®T.

(i) If ST= —TS, then p@V is the direct sum of four irreducible,
nonisomorphic CG**-modules; namely, the weight spaces of S,®S and
T,®T.

Proof. Let G be a representation group of G [CR, Sect. 11E], and let
H be the preimage of H in G. We may regard V and p as G-representations.
The central elements of G will be represented by p as scalar roots of unity,
so the G-character 6 of p will be of absolute value 2 on H, but otherwise
zero (cf. (3.5)). Hence, |0(g) =1/2|(1+¢&(g))(1+(g))| for all geG,
which implies |0l =1/4 (1 +¢)(1+0) x|z, where y denotes the
G-character of V. We may therefore use (3.3) to conclude that ||0y[|% = IL,I.

Parts (a) and (b) now follow by the same reasoning used in the proof of
Theorem 3.1. For (b) in particular, note that §,® S commutes with the
CG**module structure of p® V, so its eigenspaces are necessarily
CG™-modules.

For (c), observe that since S,T,= —T,S,, then §,® S and T,® T will
commute if S and 7 anticommute, and conversely. The claimed conclusions
now follow by the same reasoning used in the proof of Theorem 3.1(c),
except for the following minor detail for (ii): One knows that the four
weight spaces of p® V' are nonzero from the fact that 1® S and 1Q T
permute them transitively. |

Every irreducible CG#*-module V is (isomorphic to) a submodule of
p® V', for some CG*module V. In fact, since p is self-dual, V is a sum-
mand of p ® p® V. Therefore, a complete list of irreducible CG#*-modules
can be constructed by choosing one irreducible CG*-module V' from each
L-orbit, and decomposing p® V'’ according to the above criteria. In
Part II, we will apply this technique to four of the factor sets of W,.

To describe the character analogue of Theorem 3.2, suppose that y is an
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irreducible character of the representation group G. If L, = {1} then 6y is
also irreducible. If L, = {1, ¢} and V' is a module for the character y, then
we have

tr, v ((S,®S5) g)=40(g) 4°x(2),

where S, and S denote associators for P and V. Since S, ® S is an involu-
tion that commutes with the action of G, it follows that 4%94°% is the dif-
ference between two characters, so that 1/2(8y + 4°04°y) are the irreducible
constituents of y. If L, = L and the associators of y commute, then 1/2y6
is the only irreducible constituent of yf. Finally, if L,=L and the
associators anticommute, then 8y has four constituents. Assuming that the
difference characters are labeled so that A4%°6(g) A®y(g) is the trace of
(S,T,®ST) g (rather than its negative), these constituents are the four
expressions of the form

L0y + 4°04°% + A°04% + 4704%%) (3.6)

in which an even number of “—" signs appear (cf. (3.4)).

These remarks show that once the irreducible spin characters for one
of the double covers W, («) have been determined, one only needs to
construct the associated difference characters to obtain the spin characters
for W, (o).

4. SYMMETRIC FUNCTIONS

Let A= @, A" denote the graded ring of symmetric functions in the
variables x, x,, ..., with coefficients in Z, and let A.=C® A denote the
corresponding C-algebra. For feA we will sometimes write f(x) for
f(xy, x5, ...), and similarly f(v) for f(y,, y»,..). The two most important
bases of A for our purposes are the power-sums p, and the Schur
functions s;. For definitions and further details, see [M1].

There is a well-known inner product on Ac; it is characterized by the
fact that

<S£,S#>=Z;l<p;., p;x>=62;u (41)

where z, denotes the order of the centralizer of any permutation with cycle-
type A; ie., z; =m,! 1™ .m,! 2™ ..., where m,; denotes the multiplicity of i
in A Closely related to the inner product {-,-)> are the generating
functions [M1, 1.4]

Z 5,(x) (y)—Z 2P P =117 : (4.2)

iLj iyj
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To explain the connection between these generating functions and the inner
product, suppose that f; and g, are any pair of homogeneous bases of 4.
In that case, the expression Y f;(x) g,(y) will depend only on the bilinear
form B defined by B(f;, g,)=4,,. We may thus refer to

Fylx, y)= Z fix) g:(»)

as the generating function of B. If f, and g/ are any other pair of families
of homogeneous symmetric functions with Fy(x, y)=3 f%(x) gi(y), then
they must form a pair of dual bases with respect to B [M1,14]. From this
point of view, the information in (4.2) says that T](1 —x,»yj)‘l is the
generating function of (-, - > and it also implies the orthogonality relations
n (4.1).

Let ¢l(S,) denote the space of complex-valued class functions on S,, and
recall that y(a) is an abbreviation for x(w,), according to the conventions
established in Section 2. The inner product of any pair y, ¢ ecl(S,) can
therefore be expressed in the form

bo>=3 2, '2(2) ¢(a). (4.3)

In addition to the internal ring structure of cI(S,), there is also a natural
graded ring structure for cl(S):=@,cl(S,). Given yeci(S,) and
@ €cl(S,), one defines their product by induction from S,, xS, to S, , via

=(¥®e)TSmin

This product is well known to be commutative and associative.

Symmetric functions and S,-characters are closely connected by means
of the characteristic map of Frobenius. For yecl(S,), the characteristic of
y is the symmetric function

ch(y) ZZ "1(a) po(x).

Clearly, ch:cl(S,)— A¢ i1s an isomorphism of vector spaces, and a
comparison of (4.1) and (4.3) shows that it is an isometry; ie.,
{¥, @) = {ch()x), ch(p)) for x, ¢ ecl(S,). In fact, the orthonormal basis of
irreducible S,-characters is mapped by ch to the orthonormal Schur func-
tion basis {s5,:]A| =n}. Furthermore, it can be shown that ch:cl(S) - A
is an algebra isomorphism; i.e.,

ch(y @) =ch(y)-ch(e)

for yecl(S,), eecl(S,) [M1,1.7]. We will exploit this equivalence
between symmetric functions and characters in the next section.
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There is also a close connection between symmetric functions and the
spin characters of S,. Let Q= @, Q¢ denote the graded subalgebra of
A generated by 1 and the odd power-sums p,, p;, ps, ... Note that
{p,:0e OP} forms a basis for Q.. Another important basis for our pur-
poses will be Schur’s Q-functions, Q;, defined for A€ DP. See [Stl, Sect. 6]
or [S] for their definition, or substitute /= —1 in the corresponding
Hall-Littlewood function [M1].

There is a useful inner product [ -, -] on Q; it can be defined by either

27000,,0,1=6,, o 2@z7'[p,, psl=0b,  (44)

for A, ue DP and a, fe OP [Stl]. Furthermore, in view of the identities
[M1, 1114]

Y 270,(x) 0i(¥)= ¥

LeDP ae OF % ij

" 1+x,,
Po(x) P(») =11 T——x—j-’ (4.5)

iy]

we see that [T (1 +x;y,)(1 —x, y,)”" is the generating function of [ -, -].

Let cl’(S,) denote the complex vector space spanned by the spin charac-
ters of §,, ie., the space of C-valued class functions y on S, for which
y(—w)= —yx(w). Since the split classes of S, are indexed by the partitions
ae OPuUDP™ [Stl, Sect. 2], it follows that the inner product of any pair
¥, ¢ ecl’(S,) can be expressed in the form

eods,= 2z (@) o).
xe OPwDP™
There is a “spin” characteristic ch’':cl’(S,) - Q¢ that connects spin
characters with symmetric functions [J1, St1]. Given y ecl'(S,), we define

ch'()= 3 (=D 212y (a) pf).

xe OF

By a theorem of Schur, one knows that the irreducible spin characters of
S, are mapped by ch’ to (scalar multiples of) the symmetric functions Q,
[S] (see also [J1, St1]); we will have more to say about this in Section 7.
Although ch’ is clearly surjective, it has a nonzero kernel containing those
yecl’(S,) whose restriction to A4, (the preimage of the alternating group
in §,) is zero. In view of (4.4), we have

[ch'(x), ch'(9)) =<y LA, @ L A,>5,= 17240 ¢ 3,5

so the spin characteristic is nearly isometric.

We remark that our definition of the spin characteristic includes a factor
(— 1)~ /=)2 that is not present in the original definition in [St1]. It is
needed to compensate for the fact that we are using characters of the
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double cover of S, in which ¢, has order 2, whereas [St1] uses the double
cover in which ¢, has order 4. To pass between representations of these two
groups, one needs to multiply the representing matrices for o,,..,0,
by the factor i This multiplies the representing matrix for the canonical
representative w, by " /),

Let S .« denote the Young subgroup of S, (isomorphic to S, x S, _ )
consisting of permutations that leave {1, ..,k } and {k+ 1, .., n} invariant.
We will use the notation S(k‘n*k) for the inverse image of S, , 4, in S,
and CS{, , _, for the corresponding subalgebra of CS’,. There is a natural
way to define an operation (V,, V,) ¥V, ® V, that creates irreducible
modules for CS{, , , from irreducible modules for CS} and CS;,_,. Once
given, this will permit us to create a CS,-module by induction from
Sn_ i to S,. We will use the notation

VieVyi=(V, ® V2)T§n

as an abbreviation for this operation, and we will also use ¢ to denote the
corresponding operation on characters.

To define the @-operation, let V, and V, be irreducible modules for CS/,
and CS,_,, with CS’,_, regarded as the subalgebra of CS,, generated by
Opi1s-n 0, The usual tensor product V,®V, is a module for
CS,®CS,, _,; this wiill not be a module for CS{; ,_,, unless k=1 or
k=n-— 1. The essential problem is that the generators of CS; and CS,,_,
will commute on ¥, ® V,, whereas they must anticommute on V, & V.
This problem can be fixed by recognizing that S, x S, _, has an obvious
Z’-quotient, and thus, a two-dimensional projective representation p as in
(3.5). It follows that we may impose a CS{;, ,,-module structure on

pR(V,®V,) via

x0 @00, @0, if j<k

qi(v®vl®02):{yv®vl®ﬂjvz if j>k,

with x and y as in (3.5). We now define ¥V, ® V, to be any of the
irreducible submodules of p ® (V, ® V,). By Theorem 3.2, there are essen-
tially three possible types of structure:

Case 1. 1If neither V, nor V, is self-associate with respect to the sign
character ¢, then p® (V,® V,) is irreducible, so in this case, we have
VidV,=p&((V,®V,)

Case 2. 1If only one of f/l or V, is self-associate, then there are two
distinct irreducible submodules of p ® (V, ® V,) (cf. Theorem 3.2(b)). The
®-notation is somewhat sloppy in this case as there are two choices for the
product. In situations where we need to emphasize the existence of these
two choices, we will write (V, ® Va),.
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Case 3. If both V, and V, are self-associate, with associators S, and
S,, then S;®1 and 1®S, are a pair of commuting associators for
V,® V,. Consequently, Theorem 3.2(c) implies that pQ (V,®V,) is a
direct sum of two copies of one irreducible module, so in this case there is
only one choice for ¥, ® V, (up to isomorphism).

The same construction of the &-product appears in [St1-2], and a
similar construction has been given by Hoffman and Humphreys [HH1].
If we ignore the fact that & is sometimes multi-valued (cf. Case 2), the
s-operation would give cl'(S)= @, cl’'(S,) a graded algebra structure.
Furthermore, ch’:cl’(S) —» Qc is nearly an isomorphism of this pseudo-
algebra in the following sense:

ch'(y 5 0) = {2ch’(x) ch'(p) if y and ¢ are not self-associate (46)

ch’(y)ch’(o) otherwise,

for irreducible spin characters y and ¢ [Stl, Sect. 5].

5. THE LINEAR REPRESENTATIONS OF W,

For each partition 4 of n, let X* denote the irreducible representation of
S, indexed by A, and let y* denote the corresponding character. The
irreducible linear representations of W, are indexed by ordered pairs of
partitions (4, u) with |4| + |u| =n (e.g., see [Z]). We will write X** for the
representation and y** for the character indexed by the pair (4, u). In the
usual parameterization, X*< is the extension of X* from S, to W, in which
the short reflections 7, act trivially, and X% is § ® X*2. (Recall the defini-
tion of d in Section 1.) In the general case, assuming [A| =k and |u| =n—k,
one defines

X)"" — Xf’-,@ o ngll’
where o denotes induction from W, x W,_, to W,; ie,
Vie V2=(V1® Vz)T Was

for any CW,-module V|, and CW,_,-module V,. We will also use o to
denote the corresponding operation on characters, so that y*# = y*< o y@#,

Let cl(W,) denote the space of W,-class functions, and let
c(W):= @, cl(W,) denote the graded C-algebra structure associated with
the o-product. The inner product of any pair y, ¢ e cl(W,) can be expressed
in the form

<Xa (P>W,.=Z Z;ﬁIX(a’ B) (ﬁ(d, ﬁ)’ (51)
x B
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where z, ;=2/*"Pz 7z, denotes the order of the centralizer common to
the class indexed by (a, ).

There is an analogue of the characteristic map for W, that maps a given
class function yecl(W,) to ch(y)e A® A via

ch(x)=3 200, B) polx) pp(x’),
o, f ZxZp
using the obvious embedding of A® 4 in C[[x, x']] in which the two
copies of A are identified with the symmetric functions of x,, x,, .. and
X, x5, ..., respectively. A similar map has been defined by Macdonald for
all wreath products of the form G S, [M2].

It is easy to see that ch:cl(W)—> A® 4 is a vector space isomorphism.
We may therefore define an inner product (-, -)» on A® A by transferring
the corresponding structure from cl(W,). The power sums p,(x) pg(x’) are
orthogonal with respect to this inner product, and furthermore (cf. (5.1))

{pu() po(x'), Polx) Pp(X) ) = 2,25/2"* 1P,

We remark that by (4.2), one may deduce that

Y 21Dz 2 0 (x) Pl y) Pa(x) Pa(Y)
. fi

1 1
-1 (52)

i j 1 —_xiyj)z (1 _x,{ng)z

is the generating function of this inner product.
We also claim that ch is an algebra isomorphism between cl(#) and
AR A5 ie.,

ch(y @) =ch(y) ch(e) (5.3)

for yecl(W,), ¢ ecl(W,_,). The proof of this is similar to the argument in
[M1], so we merely provide a sketch. One defines a 4 ® A-valued class
function 7, on W, by setting

m(w) = 2" Pp (x) py(x)

for w belonging to the class indexed by («, ). Since the restriction of n,, to
W,xW,_ ,is 1, ®%,_,, it follows that

Ch(XO(P)= <Xo(p, 7.Cn>W,,: <X®(pa nn>Wk>< Wa_k
= <X’ nk><(p’ 7tn¥k> =Ch(X) Ch(([)),

by Frobenius reciprocity.
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It is well known that the Schur function s, is the image of x* under the
characteristic map [M1]. To describe the analogue for W, -characters, let
us define an algebra automorphism f(x, x'}— f*(x, x’) of A® A by setting
p¥(x)=p,(x) and p*¥(x')= —p,(x'). (In the notation of [M1], one has
S*(x')=wf(—x").) Note that since (p,(x) py(x')*=(—1)""Pp,(x) ps(x')=
o(a, B) p.(x) pp(x’), it follows that this involution is isomorphic to the
action of § on cl(W,); i.e.,

ch(dy)(x, x"y=ch(x)*(x, x). (54)

PROPOSITION 5.1.  We have ch(y**)=s,(x, x') s}(x, x').

Proof. In view of (5.3), (5.4), and the fact that y*#*=y*Zoy2x it
suffices to prove ch(y*?)=s,(x, x). For this, note that since y*Z(«a, )=
x*(x U B), we have

ch(x"?) =Y. — 1@ u B) p.(x) pslx')
x fp Cxep
__ _1_ 3 Z}' ’
-; ot (v) ,Eu,; - PalX) pp(x).

If m; (resp., n;) denotes the multiplicity of i in a (resp., f), then we
have z,4/z,25=11 ("™™). 1t follows that the inner sum in the above
expression simplifies to p.(x, x’), and so we have

ch(x*2)=Y 2z 'y (y) p.(x, x") = ch(x*)(x, x').

;
The claimed formula is now a consequence of the fact that ch(y*)=s;. |

We remark that a corollary of this result is the fact that the class func-
tions y*# are indeed the irreducible characters of W,. Certainly they are

characters, so it suffices merely to prove that they are an orthonormal basis
of cl(W,). For this, observe that (4.2) implies

Z 5,06, X)) s;(y, y'y=H(x; ) I(x'; y) H(x; y') II(x'; y'),
where II(x; y)=T1(1 —x,y,)"". and similarly, (3.8) and (4.3') of [M1]
imply

Y sk Xy sE(y, ) =H(x; p) H(x'; y')/H(x; p') H(x'; p).

u

By Proposition 5.1, we know that the generating function

Y. chy**(x, x') chx**(y, ')

Ath



PROJECTIVE REPRESENTATIONS 417

is the product of the two previous expressions; ie., JI(x; y)* II(x', y')>.
Since this is the generating function of the inner product (-, -> (cf. (5.2)),
it follows that the symmetric functions ch(y*#) are an orthonormal basis of
A® A, and hence the characters y** must form an orthonormal basis of
cl(w).

As a second remark, we mention that there is a simple way to evaluate
the characters y**. Given any partition o and any subset /< {1, ..., I(a)},
we will use the notation «, for the subpartition of  indexed by [, ie., the
partition obtained by selecting the ith part of « for each ie L. Also, we will
write o} for the complementary subpartition, so that a=a,Uaf. Using
standard techniques for evaluating induced characters (e.g., [CR,
Sect. 10]), one may show that

R )= (= )i, 0 B) 7 o B9, (5.5)

LJ

where I and J are restricted to those subsets for which |a; U B,| = |4]. By
combining this with the Murnaghan-Nakayama rule for symmetric group
characters [JK], it is possible to give a combinatorial rule for evaluating
7**. (See for example [St3, Sect. 7], where a more general rule is given for
characters of the groups G} S,.)

PART II: REPRESENTATIONS

6. THE Factor SeT [+1, —1, +1]

Let @:W, - PGL, denote the projective representation obtained by
composing the natural homomorphism W, - Z3 with the representation
p: 25— PGL, of Section 3. One may define ® more explicitly by setting
O@(g;)=x and O(t)=y, where x and y are any pair of anticommuting
involutions, such as (3.5). By Proposition 1.2 we see that [ +1, —1, 417} is
the factor set of @. In this section, we consider the irreducible decomposi-
tions of the representations ® ® X**. According to the program laid out in
Section 3, the constituents of these representations (if not already
irreducible) can be constructed from the associators of ® and X** with
respect to each of the linear characters of W,,.

First consider © and its character 6. The associators of ® with respect
to ¢, §, and &6 are ty, +x, and +ixy. In the following description of the
difference characters, we have specifically chosen (—1)"~!yp, x, and
(—1)"ixy as the associators.
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PROPOSITION 6.1. The only nonzero values of 8 and its difference charac-
ters are

O(a, B)=2(—1)"H2 if (e, B)= +1andd(x, B)= +1
A°8(a, ﬁ)=2(—1)“(/})*”/2 if e, p)=+1andd(a, f)= —1
A0, B)=2(—1)"H" if elo, B)=—1andd(a, p)= +1

A%0(a, B) =2i(—1)VH -1 if e(a, B)= —1andd(x, B)= —1.

Proof. From the definition of w,; (2.1) and the fact that
O(t;)=(—1)/"" y (cf. (1.3)), it is easy to show that

O(1w,) = (— 1)t Daxlyt,

where [, =n— (o) —I(#) and [, = (). Therefore, 8(w,z)=0 unless /,; and
[, are both even. In that case, we have /,(2n—/[,—1)/2=1(§)/2 mod 2,
which yields the claimed formula for 6. The difference characters can be
treated similarly. For example, since the ed-associator S of @ is (—1)" ixy,
we have

S@(Wa/;) = (__ 1 )[2(2n~lz- 1)2+14 +nl'xll — lylz- 1,

which has nonzero trace only if /, and /, are both odd. Under these
circumstances, we have ,(2n—/,—1)2+/ +n=({(f)—1)/2 mod 2, and
so the formula for 4°%6 follows. ||

Now consider the problem of constructing the associators of the linear
representations X*# of W,. It will be convenient in what follows to have
an explicit description of a module for X** in terms of modules for X* and
X* For this we need to specify a particular embedding of W, x W, _, in
W, the most obvious choice is the inverse image W, , ,, of the Young
subgroup Sy , s, (cf. Section4) in W,. Given w, e W, and w,e W, ,, we
will identify (w,, w,) with the corresponding element of W, .. As a
collection of (left) coset representatives for W ,_,, in W,, we will use the
set W c S, consisting of all permutations w of 1,.,n such that
w(l)< .-- <w(k) and w(k+1)< --- <w(n). Now, given modules V| and
V, for CW, and CW, _, with characters y*< and y* 2, we may impose the
module structure of X** on the vector space CW*® V', ® V', by defining

wwo® v, ® ;) = d(w,) wo@w, v, @ w,v,, (6.1)

for all v,eV,, where wq, whe W5 wwo=wy(w,, w,), and (w,, w,)€e
W(k,n~k)'
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The g-Associators

It is well known that gx* =", where v’ denotes the partition conjugate
to v [M1]. Hence, X" is self-associate with respect to ¢ if and only if ve SC,
where SC denotes the set of self-conjugate partitions (i.e., partitions v such
that v=1v’). Similarly, X** is self-associate with respect to ¢ if and only if
A and p are both in SC.

Although there are known formulas for the difference characters 4y (for
ve SC), there does not seem to be any explicit construction known for the
corresponding associators. This would be equivalent to an explicit decom-
position of X” | A4, into its irreducible constituents. Nevertheless, we will
show that the e-associator of X** can be constructed in terms of the
associators of X* and X* and from this we will obtain formulas for the
difference characters 4°y**.

To describe 4y’, recall that there is a well-known bijection SC - DOP
in which the self-conjugate partition v is paired with the partition v* whose
jth part is the (evidently odd) hooklength of the jth node on the main
diagonal of the diagram of v. In these terms, we have A4y*(w)=0 unless w
is of cycle-type v*, and in that case,

Ay*(v¥) = jn—donz /o (6.2)

where d(v):= I(v*¥) denotes the number of nodes on the main diagonal
of v [JK]. Note that this formula presupposes a particular choice for the
associator of X".

To describe the e-difference characters of W,,, we will need a parameter
ei'; indexed by four partitions 4, u, a, f€ DP with AU p=au B. To define
this parameter, let (a;, .., a;) (resp., (by, .., b;)) denote the parts of (4, u)
(resp., (a, B)), labeled so that

(a], vees al) = ('119 i2’ e My Hos "')

(6.3)
(bla () bl) = (al’ Oy e ﬂl’ ﬂz’ )’

where /=1(4)+I(u)=I{x) + /(). By assumption, there exists a permuta-
tion 7 of 1, ..,/ such that b, =a,; this provides a matching between the
parts of (4, u) and (a, B). Let n,(n) denote the number of inversions in «
involving parts of the same parity, ie.,

ny(n) =1{(i, j): i< j, n(i)>n(j) and a;=a; mod 2}|,

and let n,(n) denote the number of parts of u assigned to f by n. We define

8;; — ( _ 1 )nl(n)+nz(n).
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Since the partitions involved have no repeated parts, a given integer r can
appear at most twice among the a’s and twice among the b,’s. For each
such integer r this allows the possibility of choosing = so that the r’s are
matched by n in an inverted or noninverted way. Since these possibilities
change the parity of both n,(n) and n,(n), it follows that ajjg is well-
defined. For example, if (4, x) = (973, 741) and (o, B) = (743,971}, then we
may choose m = (1452)(3)(6), so that n (n)=n,(n)=2 and 8:;:;: +1.

Let us assume henceforth that 4, ueSC, and let S, and S, denote
¢-associators for V', and V, as symmetric group representations. We claim
that the e-associator S** of X*# can be defined on CW*® V,® V, via

Si,u(w()@ul@lyz):g(wo) wo® S v, ® 85,0, (6.4)

for woe W* and v,e V,.

THEOREM 6.2. (a) S** is the e-associator of X**.

(b) The difference character A°y**(w) vanishes unless w belongs to a
W, -class of the form (a, f) with o, B DOP and A* o u*=a U f. In that
case,

A5 H(a, B) = 21087 R A w2 [

We remark that a simpler definition of ¢ ;*" could have been given that
takes advantage of that fact that all relevant cycle lengths are odd.
However, this parameter will also be needed later in situations with both
odd and even cycle lengths.

Proof. For any we W, and any coset representative woe W*, (6.1) and
(6.4) imply

SH 0000 @ 0, @ 0,) = 8(wh) 3(13) Wy @ 1,0, ® S50
WS;"”(W()® v, ®UZ) =6(W0) (5(W2) W6®Wl Slvl ® WZSZUZ,

where ww,=wgy(w,, w,). Since w S v, =¢(w,)S;w,v, (and similarly for
w,), it follows that the actions of S**w and wS** differ by a factor
of e(wowh(w,, w,)) =&(w). Since S** is clearly an involution, we may
conclude that it is indeed the e-associator.

The only subspaces Cw,® ¥, ® V, that contribute to the trace of S*»*w
are those for which w, = wj; ie., those for which wg 'wwoe W, _4). By
adding the contributions of these subspaces, we obtain

ASX)"'M(W) = Z ) e(wg) (W) try, (Syw;) ter(Sz W)
woe W

= Y &(wo) 8(wy) 4P (wy) AP (ws), (6.5)

woe WX
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where the sums are restricted to those w, for which wy 'ww,=
(Wi, wa) € Wien—s)-

For the remainder of the proof, we will assume that w=w,,; is the
canonical representative of some W, -class («, ). Since 4" is nonzero only
for cycle-type v*, (6.5) implies that A4%**(w)=0 unless A*Uu*=auU f
(and thus, «, f € OP). If there are any repeated parts in o or f§, then there
is an involution u that centralizes w by interchanging positions in the
corresponding cycles. Since ¢(u)= —1 (the cycles necessarily have odd
length), (3.2) would imply 4°y**(w)=0. Therefore, we may further assume
that o, fe DOP and A*up*=au f.

Let /=/(a) +/(p). For each permutation n of the parts that sends the
I-tuple (o, B) to (A*, p*), there is a corresponding coset representative
wo=wo(n) with wy 'ww,=(w,, w,) in which the S,-image of (w,, w,) is
(W, w,«), and conversely. Furthermore, each inversion in = involving two
parts /, and /, will add 1 to »,(n) and add an odd number of inversions
(namely, [,[,) to wy(n); ie, e(wy(m))=(—1)"". Since Jd(wy(n))=
(—1)2™), we may conclude that & ;" = e&(wo(n)) d(wy(n)), so (6.2) and

(6.5) imply

A“}(}"“(Oﬁ, ﬁ):z i(n—d()‘)fd(u))/zgi‘tifﬂ* el

™

Since each summand is independent of 7 and there are 2/*""#) =2/ h
such summands, the result follows. |

The o-Associators

Since §y*? =y2* and y**=y*Zoy@* (by definition), it follows in
general that §y*# = y** Hence, X** is self-associate with respect to & if
and only if A=u. An explicit construction of the d-associators and dif-
ference characters for X** can be found in [St3, Sect. 71; we will restate the
results here for the sake of completeness. Note that this amounts to a
construction of the representations and characters of the Weyl group of the
root system D, (ie., the kernel of §).

In this case, we may assume that 1 is a fixed partition of k=n/2, and
V,=V,=V. Let ue S, denote the involution (1, k + 1)(2, k+2)--- (k, 2k),
and define an endomorphism 7% on CW"?® V® V by setting

T}\(WO®UI®U2)= W0u®U2®U1,

for woe W and v,e V.

THEOREM 6.3 [St3]. (a) T* is the 3-associator of X**.

481/145/2-11
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(b) The difference character A°yx**(w) vanishes unless w belongs to a
W -class of the form (20, &) for some partition o of n/2. In that case, we
have

A% 4 2a, &)= 2"y H(a).

The &6-Associators

We have edy™* = y**, so X** is self-associate with respect to &b if and
only if A= y’. As in the previous case, we assume that A is a fixed partition
of k=n/2, and let V= V| be a module with character y*%. To impose the
module structure of X** on CW™?® V® V, we need to modify (6.1) to
take into account the fact that V,=¢® V,. In these terms, the action of
we W, can be realized via

w(wo® v, ®v,) = ed(w,) wo@ w0, @ w,0,,

where ww, = wy(w,, w,), as usual. We claim that the ed-associator U” of
X** can be defined with respect to this basis via

U(wo®@ v, @ v,) = i"%ed(wy) wou @ v, Qv

where u is the involution defined above.

THEOREM 6.4. (a) U’ is the ed-associator of X**.
(b) The difference character A*°y**(w) vanishes unless w belongs to a
W -class of the form (I, 2B) for some partition f of n/2. In that case, we
have

A7 (D, 28) = 2 P (B).
Proof. Continuing the notation defined above, we have
Ulw(wo @0, ® v,) = i"?ed(wow,) wot @ wov, @ wi vy, (6.6)

where ww,=wy(w,, w,). Conversely, to compare this with the action of
wU* note that u(w,, w,)u={(w,, w;), so wwou= (woulw,, w;). This
shows that wwyu belongs to the coset of wyu, and hence

WU/Z(Wo@Ul ®uv,)= in/zﬁ‘s(wowﬂ Wol ® wot, ® w, vy,

so wlU'=ed(w) U'w on CW"?QV® V. Since &d(u)=-¢e(u)=(—1)"? it
follows that U* is an involution, so it must be the ed-associator.

Observe that (6.6) implies that the only subspaces Cwy,® V® V that
contribute to the trace of U*w are those for which w, = wju. Since the trace
of any endomorphism of the form v, ® v, +—> Bv, ® Av, is tr(AB), it follows
that

AE(SX)"’I(W) =2 Z gd(wow,) X;"Q(Wlwz), (6.7)

woe W2
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where w, is restricted to those cases for which wy=wgu, ie., to those cases
for which uwg 'wwo=(w,, wy) € W, )

If wis not a zero of A4°y**, (3.2) would imply that there cannot exist
any ze W, with ¢d(z)= —1 that centralize w. Since the cycles of w cen-
tralize w, this eliminates the possibility of any positive cycles of even length
or negative cycles of odd length. One may also eliminate positive cycles of
odd length, by using the centralizing elements that appear in Lemma 2.2(c).
Thus, we may assume for the remainder of the proof that w is the canonical
representative of some class ((J, 28) where f§ is a partition of k =n/2.

To determine the representatives for which w,=wyu, first consider the
case in which 7(f)=1, so that w is a negative 2k-cycle whose S,-image
is (1,2, ..., 2k). One finds that there are two choices for w,; namely, the
permutations whose one-line notations are 2,4, .., 2k, 1,3,..,2k—1 and
1,3,.,2k—1,2,4, .., 2k In the first case, we have uw, 'wwy=(x, 1),
where x is a negative k-cycle whose S,-image is (1, 2, ..., k). Since wokhas
(1) inversions and &d(x)=(—1)%, it follows that ed(wow,)=(—1)2 in

this case. In the second case, w, has (%) inversions and we have

uw, 'wwg = (1, x), 50 ed(wow, ) is again (—1 )@ 1t follows that both choices
contribute *(— 1)y (x) = i y*(x) to (6.7).

In the general case, each cycle of w has an S,-image of the form
(2s+ 1,25 +2, .., 25+ 2r) for suitable r and s. The above analysis shows
that if uwy 'wwo€ Wi, .0, then there are two choices for arranging the
letters 2s+ 1, ..., 25 + 2r in the one-line form of w,; either the even letters
25+2,25+4,.. must appear in the left half and the odd Iletters
25+ 1, 25+ 3, ... in the right half, or vice versa. The first case will contribute
a negative r-cycle to w,; the second will contribute a negative r-cycle to w,.
It follows that the choices for w, may be indexed by subsets I of
{1, .., £(P)}, so that ie I iff the first alternative is used for the ith cycle of
w. In these terms, we have ed(w,)=(—1)""', and it is not hard to show
that the number of inversions in wq is (5)+|B,|. Since the S, ,-image of
w, w, will be of cycle-type B in all cases, it follows that each of the 2/'®
choices for w, contributes i*(— 1)@ y*(B) = **3*(8) to (6.7). |

Observe that X** is self-associate with respect to both ¢ and ¢ if and
only if A=pue SC. In that case, we have

SHATH(wo ® vy ® 03) = e(wott) wou ® Sv, ® Svy,

where S= S, =S, denotes the ¢-associator of V=V, =7V,. It follows that
(S**T*)? =e(u)=(—1)"% ie., S** and T* commute when n/2 is even and
anticommute when n/2 is odd. Therefore, Theorem 3.2(c) implies that
O ® X** is the direct sum of two copies of one irreducible representation
when n=0mod 4, and four distinct irreducible representations when
n=72mod 4.
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We are now in a position to classify the irreducible representations of W,
for the factor set [ +1, —1, 4+ 1]. First, observe that the action of L, on the
representations X** induces an action of Z3 on the labels (4, u). It will be
convenient to use the orbit of (4, u) to label each of the (isomorphism
classes of) irreducible submodules in @ ® X** A given irreducible module
for the corresponding twisted group algebra will be labeled by only one
orbit, and two modules will receive the same label if and only if they are
both summands of one of the representations @ ® X**.

The following result is a corollary of Theorems 3.2 and Theorems
6.2-6.4; it summarizes the overall structure of the irreducible representa-
tions for the factor set [ +1, —1, +1].

COROLLARY 6.5. The irreducible spin representations of W ([ +1, —1,
+1]) can be labelled by L,-orbits of pairs of partitions (A, u) with |1 +
lul =n, so that the orbit of (A, u) labels submodules of @ ® X**. In the
following table, n; , denotes the number of modules indexed by (4, ), m; ,

denotes their multiplicity in @ ® X**, and o . denotes the size of the orbit

of (4, u).

n 4 m

Ap Yiu Aot

1 1 2 if A=peSC n=0mod4
4 1 1 if A=peSC,n=2mod4
2 2 1 if A,peSC,ori=p ori=u',butnotdA=ueSC

1 4 1 otherwise.

The irreducible spin characters for the factor set [+1, —1, +1] can be
easily expressed in terms of the characters y** and 6, together with the for-
mulas for the difference characters in Proposition 6.1 and Theorems 6.2-6.4
(cf. the discussion following Theorem 3.2). However, we need to modify
(3.6), since it was derived under the assumption that 4°°04°°y** represents
the trace of (§,5%*® T, T*) w, rather than its negative.

To determine whether this is true for the particular choices we made,
note that

SAJTAW("’O@”] ®@v,) =e(wou) 6(w,) wou ® Swrv, & Swy vy,

assuming A= p e SC. By reasoning similar to the proof of Theorem 6.4, it
follows that

tr(S“* T w) =3 e(wo) ed(ws) ™2 (wyws),
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summed over all woe W such that uwg 'wwo=(w;, w,) € Wi n ).
Assuming &d(w)=1, we have ed(w,w,)=ed(u)=(—1)"?, and so by
comparison with (6.7),

tr(S’l’)‘T}“w*) — in/ZA e(SX}.,A(w). (68)

Next, recall that the ¢, 6, and ed-associators used for © in Proposition 6.1
were of the form S,, Ty, and iS,T,. Therefore tr(S,Tyw)= —id®6(w).
Together with (6.8), this implies

((Sy.S™* @ T, T w) = (— 1)~ D% 490 () 40> 4(w),

so the characters of the four constituents of @ ® X** that occur in the case
n=2mod 4 are the four expressions

%(ex// i AeHAsX),,)Vi AOGAOX/Ai (_1)(n—2)/4A569Ae(5X).,).)

in which an even number of the “+”-choices are “—" (cf. (3.6)).

When A€ SC and n=0mod 4, a similar modification of (3.4) is needed
to describe the characters of the four irreducible constituents that occur
when X** is restricted to the index-four subgroup of W,. According to the
information in (6.8), these characters are the four expressions of the form

%(X},)uiAeX)..AiA(SX).,).i(__l)nM Aso'xi./i)

in which an even number of the “+”-choices are “—.”

7. THE FacToR SET [—1, + 1, +1]

The spin representations of S, are labeled by the partitions 1 € DP of size
n. We will use the notation &~ for the representation indexed by A and ¢*
for the character. An explicit construction of the representations can be
found in [N] and a recurrence for the characters can be found in [Mol,
MY, St2]. In case Ae DP~ (ie., n—¢(A) is odd), there is actually a pair of
g-associate representations indexed by 4; we will write (D‘;L in situations
where we need to emphasize that there are two associates. For Ae DP™,
there is only one representation @%; it is self-associate with respect to &.
The associators of these representations have been constructed by Nazarov
[N, Sect. 5].

Let us agree to use W, as an abbreviation for the double cover
W.([-1,+1, +1]) and CW, for the corresponding twisted group
algebra. This is'to remind us of the fact (first noted in Section 1) that §,
is a subgroup of W, and CS, is a subalgebra of CW'. We will also use
W .n_ 1) to denote the W,-preimage of W, ,_,), and CW., ., for the
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corresponding subalgebra of CW,. Given w,e W, and w,e W, ., we
will use (w,,w,) to denote the element w,W,e W, ,, obtained by
substituting o, , 4 for ¢, and 7, ., for 7, (j=1, 2, ...) in any expression for w,
in terms of the generators g, and t, of W, _,.

Extend the projective representation p of Section4 from S,  to
Wiy Dy insisting that the short reflections 7, act trivially. In these
terms, p® (V,® V,) is a module for CW, , ,, whenever V', and V, are
modules for CW; and CW,_,. We may thus extend the &-product of
Section 4 by defining ¥, ® V, to be any of the (isomorphism classes of)
irreducible constituents of p® (¥, ® V,). Note in particular that there is
actually a pair of g-associate modules (V; ® V,), if and only if one (but
not both) of ¥, or V, is self-associate with respect to e.

We claim that the irreducible spin representations of W, can be con-
structed in terms of this product. Given i€ DP, we define @+ to be the
representation obtained by extending @* from S, to W, by having the t,’s
act trivially, and we define ®2* to be § ® ®*<. In the general case, given
A, ue DP with |A] =k and |u| =n—k, we define

OHHt = PrD 5 ¢D®’“,

where ¥, ¢ V, denotes the induction of V', ® V, from W(k‘,,*k) to W,. If
&(A, p)= —1 then either Ae DP~ or pe DP~, so there is actually a pair of
e-associates @%* for this case. Otherwise, if &(4, )= +1 then &** is self-
associate with respect to ¢.

THEOREM 7.1. The irreducible spin representations of W, are ®** ( for
(4, p)= +1) and ®** (for e(4, p) = —1), where 1, pe DP and || + |u] = n.

A more general version of this result for G¢ S, is due to Hoffman and
Humphreys [HH1]. Our proof will be structured along the lines of
Section 5.

According to Theorem 2.1, the split classes of W, are indexed by the
pairs («, ) with a, f€ OP along with those a, fe DP with &(a, f)= —1.
Although the character of any spin representation of W, is completely
determined by its values on (the canonical representatives of) these classes,
it will be convenient in what follows to know the values of characters at
certain non-canonical elements we W,; this amounts to determining
whether w is conjugate to a canonical element w,; or its negative.

To resolve questions like these, we will use a Clifford algebra representa-
tion of CW’,. To describe this representation, let &, ..., £, denote a set of
anticommuting involutions that generate the Clifford algebra €, (cf. [Stl,
Sect. 3]), and define

[o,-]=\%(é,—<,+l), [t]=1.
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By Proposition 1.1, this extends to a unique algebra homomorphism [ -]:
CW: —%,. Although this representation ignores the short reflections, it
contains sufficient information for our purposes.

Lemma 72. Let w, ue W, and suppose that [w] = p(&,, .., &,) is some
polynomial expression for [w]. If = is the S,-image of u, then we have

[uwuil] = E(W)Ip(én(l)’ ey én(n))’
where | denotes the number of inversions in .

Proof. 1t suffices to prove this when u is one of the generators of W,,.
In case u=1;, the result is obvious. For the case u=o0,, a simple calcula-
tion will show that

i1 if j=i
%(5:'_61'4(1)5]'(5,'_5”1): —¢; if j=i+1
—¢; otherwise.

Therefore, the effect of conjugation by ¢, on %, is to change the signs of the
generators and permute &, and £,,,. Since p must be homogeneous of
degree ¢(w) (with respect to the usual Z,-grading of €,), it follows that the
sign change introduces a factor of ¢(w), as in the claimed formula. |

Observe that the W,-image of the expression 6;,,0,,,---0,,, € W, is
a positive /-cycle that permutes an interval of consecutive coordinates.
Similarly, the W,-image of the expression o,,,0,,,---0,,, 17,,,1s a
negative /-cycle that permutes the same interval. We will refer to these par-
ticular expressions as canonical cycles. Note that the canonical elements w,;
were defined in Section 2 as products of disjoint canonical cycles.

LEMMA 73. Any product of disjoint, odd-length canonical cycles is
W ,-conjugate to a canonical representative.

Proof. Let w be a canonical cycle of odd length. Since g(w)=1,
Lemma 7.2 implies that the #,-conjugates of [w] may be determined by
letting S, act on the subscripts of &,, ..., £,. From this it follows that w is
conjugate to any other canonical cycle of the same length and parity.

Now consider any product w =w, ---w, of disjoint, odd-length canonical
cycles. Certainly there exists an element ue W, such that wwu ' = +w,, for
some «, f§ € OP. For such u, the above reasoning shows that the expressions
uw,u~ ' must be the canonical cycles that appear in the defining factoriza-
tion of w,,, except possibly for the fact that they might appear in a
permuted order. However, since the w;’s are odd-length cycles, they must
commute, so the order of the factors is immaterial. §
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Let ¢** (resp., %*) denote the character of ®** (resp., @%*). Note that
a corollary of Lemma 7.3 is the fact that the S, -image of w,, 1S conjugate
to w, 4 for a, € OP. In particular, it follows that for a, € OP, we have

@*2(a, ) =@ (@ B). (7.1)
We now define an analogue of the spin characteristic for W, that maps

a given spin character y to ch’(x) e 2 ® Q¢ via

ch'(y)= 3 (1) 1wy iy U (2 (a, B) pu(x) pa(x’).

%, e OP

This map fails to be injective, since it ignores the behavior of y on the
classes with e = —1. In order to create an inner product [+, -] on 2, ® Q¢
that makes ch’ nearly isometric, we insist that the power sums p,(x) py(x’)
(a, p e OP) be orthogonal, and we define

LPu(x) Po(X'), Polx) P (X)) = 2 2/220 20D,

The inner product of two spin characters for W, can be expressed in the
form

6 @dw, =), 2, 52(e B) @(a, B),
a2, f

with the sum is restricted to (OP, OP) and the e = —1 portion of (DP, D~P)
(cf. (5.1)). It follows that if ¥ or ¢ vanishes on the ¢= —1 portion of W,
then

@) w,= [ch'(x). ch'(9)]. (7.2)

We also remark that a consequence of (4.5) is the identity

i

L

pat(x) p[f(x/) Pa(J’) Pﬂ(}”),

l—x;y; 1=xiy/

L+ x,y, 1+x;y;>2_ 22 +2 )
x,feOP ZxZp

(7.3)

which may be identified as the generating function of the inner product
[" . ] N
The following is an analogue of (4.6) for ..

LEMMA 7.4. If y and @ are irreducible spin characters of W,,, then

ch'(x3 @)=

)= {ZCh’(x) ch'(¢) if x and @ are not ¢ self-associate
ch'(y)ch’(p) otherwise.
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Proof. Let V, and V, be modules for CW; and CW, _, with characters
y and @, and let » denote the W(k,,,,,k,-character of p®{(V,® V,). Since
the e-associates of a given spin character have the same image under ch’,
it suffices to prove that ch'(w 1 W,,)=2ch’(x~) ch’(p). For this we define

an Qc® Q2c-valued class fuuction n, on W, by setting m,(w)=0 for
E(W)= _1’ TEn(—W)= —TCn(W), and

T (O( [g) :(_ 1 )(,,, o)~ £OBY2 2(/ta)+/(/1))/2p1(x) p,,(x’)
for a, f € OP. In these terms, we have
Ch,(wT WH) = <(1)T Wn’ TEn>W,,= <(U, nn)W(kv,,,;‘,’

by Frobenius reciprocity. Also, by Lemma 7.3 it follows that
(Wi, wo) =7 (w,)m, 4(w,) for w e W, and w,e W,_,. Similarly, we
have o(w,, w,) = 2x(w,) ¢(w,) provided that e{w,) = &(w,) = +1.
Therefore,

<(,O, Tcn> W(k,n—k)= 2<X’ nk> W <(P’ Ty k>W,,,A = 2Ch'(X) Chl((p) I

We remarked in Section 4 that the spin characteristic of ¢’ is a scalar
multiple of the corresponding Schur Q-function. The precise relationship is

ch'(p*)=n;'27"Y20,(x), (7.4)
where ;1,¢=\/_2_ for Aie DP~ and y,=1 for Ae DP* [Stl1, Sect. 7].

LemMMa 7.5. We have
Cch'(ph*) = 7 2 A0 (6 x) 0, (x, —x),

where n;.“,:\/ifor e(d, p)= —1landn; ,=1 for e(4, p)= +1.

Proof. Recall that in Section 5, we defined the algebra automorphism
* of A® A by setting p¥(x)=p,(x) and p¥(x')= —p,(x’). Since Q. is
generated by the odd power sums, it follows that for fe Q. ® Q, we have
f*¥(x, x")=f(x, —x'). In particular, it follows that ch'(dy)(x, x')=
ch’(x)(x, —x') for any spin character y of W, (cf. (5.4)). In view of (7.4)
and Lemma 7.4, it therefore suffices to prove that ch'(¢p*?)=
ch’(¢*)(x, x'). For this, note that by (7.1), we have

Ch'((p;"@) = Z (_ 1 )(nf/(oz)—» /4,/3))/22;12512(/(z)+/4p>)/2(p;.(a U ﬁ)
x,feOF

X polx) pyl(x’)

= Y (D) o2 rmRphyy Y T b (x) palx’).

yeOP }'=1Uﬂz°‘ #
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As in the proof of Proposition 5.1, the inner sum simplifies to p,(x, x’), and
so we have

ch(p"@)=§ (=1D)" (D000 y) po(x, x) = ch'(@P)(x, x). B

yveOP

Proof of Theorem 7.1. Recall that we have an g-associate pair of
representations indexed by (4, u) in case &(4, u)= —1. In that case, since
@**+ @** vanishes on the ¢= —1 portion of W,, (7.2) implies that &**
and @** are irreducible if and only if the norm of ch'(¢**) is 1 /\/5. Hence,
to prove that the representations @** are irreducible and form a complete
list thereof, it suffices to show that the characteristics ch’(¢**) are of length
1/n; , and form an orthogonal basis of 2, ® Q. In other words, we want
to show that

Y n2ch(@™*)(x, x")-ch'(¢™*)(y, y') (1.5)

Ap€DP

agrees with the generating function (7.3) of the inner product [ -, -].
To prove this, note that by (4.5), we have

Y 27P0,(x, X)) Quly, ¥ =(x; p) I(X'; y) H(x; y') H(x'; p"),

i€ DP
where [T(x; y)=T1,, (1 +x,y,)(1 —x[y,)”‘, and similarly

Y 277 (x, —x") Quly, =y ) =H(x; y) H(x'; y)I(x"; y) H(x; p").
ueDP

The product of the two previous expressions is (7.3), the generating func-
tion of the inner product. Using Lemma 7.5, we see that this agrees with
(7.5), so the proof is complete.

The following result provides a description of the irreducible characters.
Note that part (a) is an analogue of (5.5). We remark that it is possible to
deduce from this a combinatorial rule for evaluating ¢**, although we will
not pursue the details here.

THEOREM 7.6. Define c; ,=2 for i, ue DP™, and ¢, ,= 1 otherwise.
(a) If o, e OP, then

o7 )= s X (=D 9Her0 By) 0¥ (a5 0 B5),
1J

summed over subsets I and J such that |a,; 0 B,| = |A|.
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(b) If o, BeDP and e(a, B)= —1, then ¢%*(a, B)=0 unless
Aupu=av f. In that case, we have

(p);#(a’ ﬁ) = i_zf(?-ﬁll)ei:%i(n* A=/ (p)— 1)/2 %Z;.Zw

where e};'; denotes the parameter defined in Section 6.

Proof. Let V, and V, be modules for CW) and CW/, _, with characters
0“2 and (pQj ‘¥, Let w denote the W(k =k -character of p® (V,® V). Note
that w1 W, is either @”*, @i*+ ™", or 2¢p**, according to whether
nelther one, or both of 4 and u belong to DP*. This implies that

P20 W,)=2¢"** on the ¢ = +1 portion of W,.

Let w be the canonical representative of some class («, ).

Recall that in Section 6, we defined a collection W* of coset repre-
sentatives for W[k_,,,k) in W,. By choosing one of the two W, -preimages
for each w,e W*, we may thus form a collection W* of coset repre-
sentatives for 4 (kon— k); Now consider the possible choices for w, e W* with
wo 'wwg=(w,, w,)€ W, _« These choices correspond to each of the
possible ways to assign a subset of the cycles of w to w,, with the
remaining cycles being assigned to w,. (Of course, we must also insist that
k be the sum of the lengths of the cycles assigned to w,.) The class of w,
will thus be of the form (a,, ) for some suitable subpartitions of « and f;
similarly, the class of w, will be of the form (a9, 89). Note that by our
choice of coset representatives, both w, and w, must be products of disjoint
canonical cycles, modulo +1.

In case «, fe OP, Lemma 7.3 implies that w, and w, must be conjugate
to the canonical representatives of (a,, #,) and (a5, f5). In particular, it
follows that

o(wy, wy) =28(w,) o*(a, U B,) pH(ag v BY).

By the usual formulas for induced characters, we therefore have
2(/))””(“7 B) = C,«_’“((,OT Wn)(a’ ﬂ) = 2C}_,;4 z ( - 1 )lJ“ (pl(al w BJ) (p“(a7 i B.(l)s
1,4

and thus (a) follows.

Now consider the case in which e(w)= —1. For this, we may assume «,
fe DP, since this is necessary for the class of (x, f) to be split. We may
further assume that ¢** indexes a pair of e-associates (ie., &(4, p)= —1),
since @**(w) would otherwise be zero. In that case, either ¥, or ¥, must
be self-associate with respect to ¢ (not both), and w has two irreducible
constituents, say w , and w_. For simplicity, we will assume that V| is self-
associate (and hence, Ae DP*, ue DP") and let the reader supply the
details when V, is self-associate.
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The action of (w,, w,)e W(k_,,, non p®(V,®V,) can be represented
via

(Wi, wo)(0e®@ v, ® v,) =x1'y}2’)0®wxl71 @ w,v,, (7.6)

where g(w,)=(—1)", &w,)=(—1)2 and x and y denote the anticom-
muting involutions on C” used to represent p, as in Section 3.

Let S denote the s-associator of V. Since y is the g-associator of p on
W,, it follows that y®S®1 is a nontrivial involution that commutes with
W(k_,,,k,, and hence,

(@, = )(w, wy) =tr((y@S®@ 1) w, w,).

If we compose the action of y® S® 1 with (7.6), it is easy to see that there
will be a nonzero trace only if &(w,)= +1 and &(w,)= —1; in that case, we
get

20, (Wi, wy)=(0, —w_)(w, W2)=2A€(02’G(W1) (PQ'"(W2)~

Therefore, since w, 1 W,,z(p*i'“, we may conclude that for e(w)= —1 we
have
QW)= X 8(wa) 49”2 (w)) 9" Z(w,), (7.7)
woE W

where wy 'wwg = (w,, w,) € W(k,h,() as usual. It should be emphasized that
the sign depends only on the choice of associate, not on w.

To evaluate the terms in this sum, we will need to know the ¢= —1
portion of the character table of S, as well as the difference characters
A@’. If ve DP~ is a partition of n, then we have ¢°, (w)=0 for all we 3,
with e(w)= —1, except for those w of cycle-type v. In that case, we have

o= T (78)

and this defines a particular labeling of the two associates @°, and @’ .
(For a proof, see, for example, [Stl, Sect. 7], but remember to adjust for
the fact that a different covering group of S, is being used.) In case
ve DP™, so that @' is self-associate, we have 4¢"'(w)=0 for all we S,
unless w is of cycle-type v. In that case, we have

A(pv(v)=l'(n’/(\'))/2 \/Z_v’ (79)

and this defines a particular choice of associator for @* [Stl, Sect. 7].

Note that (7.8) and (7.9) imply that a given summand of (7.7) will
vanish unless w, has cycle-type / and w, has cycle-type u. Hence, for the
remainder of the proof we may assume AU u=ouU f, since p%*(a, f) would
otherwise be zero.
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Let (ay, ..., a;) and (b, ..., b;) denote the sequence of parts in (4, ) and
(o, B), as in (6.3). Following the proof of Theorem 6.2, we know that for
each permutation = such that b, =a,, there is a corresponding coset
representative wy(n) such tlat the elements w,(n) and w,(n) appearing in
(7.7) have S,-image +w, and S, _,-image +w,, respectively. Each pair of
odd-length cycles in w that are inverted by = will contribute an odd
number of inversions to wgy(n); the odd-even and even-even pairs
contribute an even number of inversions. Also, in order to sort the cycles
of wo(m) ™" wwg(n) so that they appear in the same order as they do in the
definitions of w; and w,, it is necessary to introduce a factor of —1 for
each pair of even-length cycles that are inverted by =, since these cycles
anticommute. An application of Lemma 7.2 therefore implies that the
S,-image of wo(n) ' ww,(n) agrees with the S, -image of (— 1) (w,, w, ),
where n(m), as in Section 6, denotes the number of inversions in =«
involving parts of the same parity. Hence, by (7.8), (7.9), and the fact that
eyl =(—1)"" 8(w,), (7.7) can be rewritten in the form

(0 Agps(n- FAY—= /() —1)/2 1 -
e w)= i’Z Eapl N 2242y

bis

Since each summand is independent of n, and there are 27"/ =27~ w
such summands, the result claimed in part (b) follows. ||

8. THE FacTOR SET [ -1, —1, +1]

Following Section 3, we know that the irreducible projective representa-
tions of W, with factor set [—1, —1, +1] can be obtained as the
irreducible constituents of @ ® ®** for i, ue DP. By Theorem 3.2, these
constituents and their characters can be constructed from the associators
and difference characters of the representations ®** that are self-associate.
Note that for the character ¢, the self-associate cases occur for A, ue DP™
and A, ue DP~. For the character 6, we have 0 ® @~* = @**, so d** will
be self-associate with respect to ¢ if and only if 4= pu. In that case @** is
also self-associate with respect to ¢ and &d. Similarly @** will be self-
associate with respect to & only if it is also self-associate with respect to
¢ and 9, ie, only if A=p.

It will be convenient to explicitly describe the module structure of @*#
in terms of the module structures of @* and &*. For this, assume || =k,
|ul| =n—k, and let V', and V, denote modules for CW; and CW’, _, with
characters ¢*% and ¢*%?. (In case i, ue DP~, assume that ¥, and V,
have characters ¢*%< and ¢*9 in the labeling imposed by (7.8).) Recall
from Section 7 that we defined a set W* of coset representatives for
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Wi i in W, We may thus impose a CW,-module structure on
CW*®C*®V,® V, by defining
Wwwy® 1o ®@ v, @ v,) = 6(Ww,) wo ® x"y20, @ w, v, ® W, 05, (8.1)
for all weW,, where wy, woe W%, wwo=wh(w,, w,), e(w,)=(—1)",
e(w,)=(—1)" and x and y denote the anticommuting involutions in GL,
used to represent p, as in Section 7. In case A, ue DP ", this defines the
module structure of @*#; if 1, ue DP*, then this is isomorphic to the sum
of two copies of @**,
In case 4, ue DP*, then both V, and V, are self-associate with respect

to ¢; we will denote their e-associators by S, and S,. For this case, we will
also need to define a pair of involutions E%* on CW*®@ C’® V,® V, via

. 1
E;“zﬁU@x@l@Szi1®Y®51®“-

It is easy to see that both involutions commute with the action of #,. In
fact, the algebra of endomorphisms that commute with W, is generated by
I®y®S, ®1 and 1®x®1®S,. It follows in particular that the
eigenspaces of E4* and E** all carry the module structure of @*# for the
case L,ue DP*.

The e-Associators
Define an involution S$** on CHW*® C?® V,® V, via
Si’“(Wo Rve® v, ®0v,)

ie(wg) wo ® yxv,®@ v, @ v, if A, ueDP~
e(wy) Wo®1v,® S0, ® S, v, if A, ueDP*.

THEOREM 8.1. (a) For A, e DP~, the e-associator of ®** is S**. For
A ueDP*, the e-associator is the restriction of S** to either of the
eigenspaces of E*;* (or E™").

(b) The difference character A*@**(w) vanishes unless w belongs to a
class (o, B) such that o, B DP and Au p=0o U . In that case, we have

AS(p’i’”(a, ﬁ) — 2K(i~mu)8;‘;:gi(n‘ L) — £(u))/2 /ZAZ#.

Proof. First consider the case 4, ue DP~. Using the notation of (8.1),
we have

S w(wy ® v ® v, @ v5)

= ie(wy) 8(wy) wo ® (1x) X"y, @ wyv, ® w,v,
wS*H(wy ® v, ® v, ® v5)

= ig(wg) 8(w>) wo ® x"pH X)) 1o @ Wi v, ® WL v,.
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Since the (group) commutator of yx and xy2 is (—1)"*2=¢g(w,w,), it
follows that the actions of $**w and &(w) wS** agree, so S** is indeed the
associator.

For part (b), note that the only subspaces Cw,® C*® V,® V, that
contrlbute to the trace of S**w are those for which wy=wy; ie.,

wg Twwe=(w, wy) € W(k ). As a further condition for nonzero trace we
must have g(w,)=¢(w,)= —1, so that /, =/, =1 mod 2 and (yx) x"p" has
trace 2. Under these conditions, we obtain

A7 Hw) =20 Y. &(wo) d(wy) %52 (wy) 9% 2 (w,), (8.2)
wo e WX

with the sum restricted to those representatives w, for which w, 'wwge
W(k,n,k) and g(w,)=¢(w,)= —1.

By (7.8), we know that the terms of (8.2) will vanish unless w, and w,
have cycle types A and u. Therefore, assuming that w belongs to the
W -class (a, f), we will have 4%**(w)=0 unless Auu=aup. In case
« or B has a pair of repeated parts of some length r, then parts (d)
and (e) of Lemma 2.2 show that there will exist an element ue W, with
e(u)=(—1) such that uwu ' = (— 1)~ 'w. In that case, (3.2) would imply
A%p**(w)=0. Thus, we may assume for the remainder of the proof that w
is the canonical representative of some class («, f) such that Avu=au p
and o, fe DP.

As in the proof of Theorem 7.6(b), we know that for each permutation
n that maps the sequence (o, ) to (4, p), there is a corresponding coset of
W k.., for which the elements w, and w, have cycle types 4 and p. In this
case, each pair of odd-length cycles in w that are inverted by n will
contribute an odd number of inversions to wy= wy(n), and each pair of
inverted, even-length cycles will also introduce a factor of —1, since these
cycles anticommute. For each choice of 7 we therefore have

e(wo) (ws) %2 (wy) @42 (wy) =€k (1) 0 (1)

__8/1 =RV = )2 S,

2i e

the latter equality being a consequence of (7.8). Since these terms are
independent of n, and there are 2°“"# =27*"F guch terms, we thus
obtain the claimed formula.

Now consider the case A, ue DP*. Using the notation of (8.1), we have

S)"“W(W()@ Vo ® v, @ v,) = e(wg) d(w,) W6®xll)’lzvo® Siwiv; @ S,w,0,

WSA'“(W()@U()@W @ vy) =e(w,) d(w,) W6®xll)’lzvo®wlslvl ®w,S5,0,.
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Since wwo=wo(w,, w,) and w.S;=¢(w;) S;w;, on V,, it follows that the
actions of S**w and e(w)wS** agree. Since §** clearly commutes with
E%* it follows that S** also acts as the associator of ®** on each
eigenspace of E%*

The trace of S**w on CH*® C2® V', ® V, will either be 24°¢p**(w) or
else identically zero, depending on whether S*# acts as the same associator
on both cigenspaces or as a pair of opposite sign. As we shall see below,
the trace of S**w is not identically zero, so it must be that the former alter-
native occurs.

To compute this trace, we may restrict our attention to those coset
representatives w, for which wy 'ww, = (w,, w,) € W(,(_,,,k], as usual. From
the above expression for S**w, we see that as a further condition for
nonzero trace, we must have e(w,)=¢(w,)= +1 (so that /, =/, =0 mod 2).
We therefore have

4™ (w) =} e(wo) d(ws) 49" (w,) A" P (w,),

wo

with the usual restrictions on w,. Note that we need not explicitly require
e(w,)=¢&(w,) =1, since the difference characters of ¢* and ¢* vanish when
¢= —1. The remainder of the proof is now the same as the previous case,
except that (7.9) should now be used in place of (7.8). |

The remaining associators and difference characters arise only in the case
A =p. Thus, we will assume that Ae DP is a fixed partition of k = n/2, and
that V=V, =V, carries the CW,,-module with character ¢*~< (or ¢*2,
if Ae DP~). In the case Ae DP*, we will also write S=S5,=S, for the
associator of V.

To define the associators in these cases, we will need to make use of an
element xS, whose S,-image is the involution (1,k+1)(2,k+2)---
(k, 2k) of Section 6. Note that u is conjugate to either ¢,6,---0,, _, or its
negative, so we have

”2=(0'103"'Uqu)z:(‘1)(5)=(—1)n("72v8-

Of course, there are two possibilities for u, so to make our formulas for the
difference characters precise, we need to specify a particular choice for w.
For this, note that if o € §,, is one of the two preimages of the transposition
(i, j), then we have [0] = +(&,— £,)/</2, where [-]: CW/, - %, denotes the
Clifford algebra representation of Section 7. In these terms, we may define
u by insisting that

[ul=2"52& =& NEa—Exva) (& —Ex)

To evaluate the difference characters at a given element w, we will need
to analyze the coset representatives woe W™? such that wuwy'wwge
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W (2.n2)- These representatives can be obtained as the W ,-preimages of the
corresponding coset representatives that were determined during the proof
of Theorem 6.4(b). It follows that there are no such representatives unless
the cycles of w are all of even length; in that case, the representatives may
be indexed by subsets I of {1, .., /}, where / denotes the number of cycles
of w.

To describe the coset representative w, indexed by I more precisely,
let we W, be the canonical representative of the class (2y, &) for some
partition 7y of k=n/2. The ith cycle of w has an S, -image of the
form (2s+1,..,2s+2r) for suitable r and s (namely, r=y;, and
s=v,4+ - +7;,_,). The membership of i in I (or lack thereof) forces the
S,-image of w, to assign the elements s+ j and k+s+j (1< j<r) to one
of two possible permutations of 2s+1,.., 25+ 2r, as described in the
following table:

s+1  s+2 ---s4r k+s+1 k4+s+2---k+s+r
iel 2542 2s+4-..2542r 2541 2s+3 - 2542r—1
i¢l 2s+1 2s+43.--25+2r—1 2542 2s+4 254 2r

These constraints completely determine the W,-image of wo=wy(I); we
may thus use either of the W, -preimages since the expression uw, 'ww, is
independent of this choice.

LemMMA 8.2. Let w be the canonical representative of some class (2y, &),
and define n(y)=% (i—1)y,. If wo=wo(l), then uwg'wwo=(w, w,),
where

, (—1)"(”“”'1% if e(w)y= +1
WiWw,;= (__l)n(n72)/8+n(v)w” lf 8(W)=—1-

In either case, w, (resp., w,) has cycle-type 7y, (resp., %), and
B(Wo) — (_1)n(n~2)/8+lwl_

Proof. The number of inversions in the permutation 2,4, .. 2r, 1,
3,..,2r—11s (5)+r; in the permutation 1, 3, .., 2r — 1, 2, 4, ..., 2r there are
(3) inversions. It follows that the total number of inversions in w, is

; k

which agrees with the result claimed for &(w,).
Now let w=x,---x, and w, =y, -- - y€ §,,/2 denote the defining
factorizations of the canonical representatives for (2y, &) and (y, &) as

481:145/2-12
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products of cycles. Assuming that the S,-image of x, is the 2r-cycle
(25 +1, ..., 254+ 2r), we have

[x =27 "2 v = Eaya) o (Eagvar1 — o)

The involution (s+ L, k+s+1)---(s+rk+s+r)e§, has two
S ,-preimages; we define u; to be the particular preimage for which

[ui] = 2 ‘J/z(&s-f 17 ék+.\'+ ]) e (€s+r - ék-{»s-(»r)’ (83)
so that u=u,---u,. Under these circumstances, we claim that

(-1 (y;, 1) if iel

(1, y:) if i¢l (84)

e(wo) uwy X wo = {

To prove this, let us first suppose that je /. By Lemma 7.2, we have
[wo Lxiwo] =e(wo) 2~ 172 Crvvrr1— 1)

X 1—[ (fﬁjq _ék+x+j)(€k+s+j—éa‘+j)'

j=2

After a rearrangement of factors, we obtain

— —(3r— 2
Lu;wg 1x,—w0]=—8(w0)2 G I)/2(§k+.r+l_és+l)

n 5k+3+1 A+j)(§y+j‘l_€k+s+j)(5k+s+/_€x+j)'

\\)

“ 122

The presence of the extra “—” sign is accounted for by the fact that
we have reversed the internal order of each of the terms in (8.3) (thus
introducing a factor of (—1)"), and every term in (8.3) except the first was
moved past an odd number of the terms in [w, 'x;w,] to reach its position
in the above expression (thus introducing a factor of (—1)"~'). Since the
Jth term simplifies to —2(&,, ; ; —¢,, ), we therefore have

e(wo)lumwg 'xwol=(—1)"2"C" 2 (& =& o) (oot —Casr)s

which may be identified as the %,-image of (—1)" (y;, 1). The proof for the
case i ¢ [ is similar; we omit the details.
Since the commutator of u, and wy 'x;w, is e(u;)=(—1)" for i# ], it
follows that
!

uwg 'wwo=(—1)"0 T] u;wg 'x,w,.

i=1
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By repeated application of (8.4), we thus obtain uw; 'wwy=(w, w,),
where w, has cycle-type y,, w, has cycle-type 7}, and w,w,=
e(wo) (— 1)+l The claimed results now follow from the formula for
£(w,) and the fact that e(w)=(—1)" |}

The §-Associators
Define a pair of endomorphisms T% on CW"?® C?*V® V via

T/;(W’()@Uo@l’l@vz): Wou @ (x+ y) 1, ® v, @ vy,

-

We claim that if e DP~, then either 7% or T* is a §-associator (modulo
scalar factors), according to the parity of n/2. If Ae DP™*, then the restric-
tion of either 7% or T? to the respective eigenspaces of either E%* or E**
will be a d-associator. In this latter case, it will develop that the restrictions
yield two associators of opposite sign, so it will be more natural to treat
E ’;'_;“T; as the associator, since it will act as the same endomorphism on
both eigenspaces. To account for these various possibilities, we thetefore
define

" if n=0mod4and ie DP~
T " ER T if n=0mod4and ie DP*
jrnm2RTA if n=2mod4and le DP"

jU T DARLLTA if n=2mod4and ieDP™

Tueorem 8.3. (a) If Ae DP~, then T' is the $-associator of ®**; if
AeDP*, then the é-associator of ®** is the restriction of T* to the
eigenspaces of E%* (for n=0mod 4) or E** (for n=2mod 4).

(b) The only nonzero values of the difference characters are

A" H 24, ) = (— )@ 2 pynh e \/Z

if n=0mod4andleDP~
AP (P, 2R) = {0 DR {ya ¢ ) \/Z

if n=0mod4and e DP*
APph (S, 2A) = i T ynh) 9t () \/Z

if n=2mod4andie DP~
APQPH2A, @)= (— i)/ P = D2 (e \/Z

if n=2mod4andic DP*.
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Proof. Since (T7, )> =u?=(—1)"""2"% it is easy to see that i"*T% is
an involution for n=0mod 4, and that i ~2”*T* is an involution for
n=2mod 4. N

For we W,,, we have

Ti w(wo® vy @ v, ®v,)

1
= ——=0(wy) wou® (x £ y) XII)’IZU0®W2”2®W1”1’ (8.5)

7

using the notation of (8.1). By Lemma 7.2, we know that u o, Nu=
e(u)(1, 6;) and u (1, 1) u=(1, 1;), so for w,, w,e W, ,, we have

u”(wi, wyyu=e(u)"' 2 (1, w)(wy, 1).
Since wwou =whu -u~"'(w,, w,) u, it follows that

WT;(WO®UO®UI ®v,)

1
= —=d(wy) e()" " P wou® yIxE(x £ p) 0@ wrv, ®wy v

NG

Observe that d(w)=6(w,w,) and e(u)=(—1)"2% Since p'x%x+ y)=
(x+ ) x"p2 a comparison of T’ w and wT?% shows that wT’ =
S(w) T’ w in case n=0 mod 4. Similarly, when n=2mod 4, we have
e(u)= —1 and y'x*(x — y)=(=1)"*2 (x — y) x"y"? so wT* =8(w) T* w.
It follows that 7% is indeed the associator for Ae DP . In the case Ae DP™,
one also needs to verify that E%* commutes with 7%, and that E**
commutes with 7% ; we leave this easy exercise to the reader. Once verified,
it follows that T* acts as the associator on the eigenspaces of £%* (for
n=0 mod 4) or E** (for n=2 mod 4).

To evaluate the difference characters, first consider the case in which
n=0mod 4 and Ae DP~. Note that (x+ y) x"y" has nonzero trace (equal
to 2) only if ¢(w,w,)= —1 (ie., /;+/,=1 mod2). Since the trace of
v, ®v,> Bu,® Av, 1s tr(4B), (8.5) implies

AP w)=i" J2 Y () 9% (w w,), (8.6)

woe W2

with the sum restricted so that ww, 'wwo=(w,, w,)eW,,,, and
e(w;w,)= —1. Since ¢(u) =1, we may ignore the restriction on &(w,w,) by
insisting that ¢(w)= —1.

Given that g(w)= —1, Lemma 2.2(b) implies that if w has any negative
cycles, then there will exist an element z with 4(z) = —1 that centralizes w.
Such z will also exist if w has any positive cycles of odd length, by
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Lemma 2.2(c). Therefore, we may assume that w is the canonical represen-
tative of some class (2y, &), since (3.2) would otherwise imply 4°¢**(w)=0.

According to Lemma8.2, the choices for w, are indexed by
I<{l,..£(y)}, and for each such choice we have

@52 (wyw,y) = (— 1)V 0% (),

using the fact that n(n —2)/8 =n/4 mod 2 when n/2 is even. However, by
(7.8), we know ¢* (y)=0 unless 2=7. Under these circumstances, (8.6)
becomes

A2, @)=Y (=i DD "‘”f

7

Since each summand is independent of 7 and there are 2°‘* such sum-
mands, the claimed formula follows.

Now consider the case in which n=2mod 4 and A€ DP~. Note that
(x— y) x has trace 2, and (x — y) y has trace —2; otherwise, (x — y) x"y"
has trace zero. The analogue of (8.6) can thus be written in the form

A Hw) =i 2T e8(w) 942 (wywa), (87)

woe W2

with the usual restrictions on wg, w,, and w,; ie., uw, 'wwy=(w, w,) e
W(,,/zm/z, and &(w,w,)= —1. Since ¢(x)= —1 in this case, we may ignore
the restriction on &(w,w,) by insisting that e(w)= +1.

Given that ¢(w)= +1, Lemma 2.2(b) implies that if w has any negative
cycles of odd length, then there will exist an element z with (z) = —1 that
centralizes w. Similarly, by use of Lemmas 2.2(a) and 2.2(c), one can show
that if w has any positive cycles, there will exist either a similar z or else
a z' with 6(z’) = +1 that anticommutes with w. In any of these cases, (3.2)
would imply 4°¢**(w)=0. We may therefore assume that w is the canoni-
cal representatlve of some class (F, 2y).

As in the previous case, the choices for w, are indexed by subsets I of
{1,...2(y)}. Since w=w ,, is no longer in S,, we need to modify the
conclusion of Lemma 82 slightly. Assuming wg=wy(I), we still have
uwq 'wwo= (w,, w,) where the S, ,-image of w,w, is (—1)"®* ¥y but
w, and w, are now products of negative cycles. In particular, the W, ,-class
of w, is (J, v9), and so we have

&0(w2) 952 (wywy) = (= 1)+ 92D () = —(—=1)"Vg?, (3).

Again, (7.8) implies that 4°¢**(w)=0 unless A=y; in that case, (8.7)
becomes

Aé(p}../i(g’ 2/1)22 i(n—/().)+2)/2(~_1)n(2)\/z_2.

1
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Since each summand is independent of 7 and there are 2°“ such sum-
mands, the claimed formula follows.

Now consider the cases with 1e DP™*. Although (8.6) and (8.7) still
represent the traces of 7% w and T* w, these expressions are identically
zero in this case, since ¢* =0 on the e= —1 portion of S,,. Hence, the two
associators obtained by restricting 7% to the eigenspaces of E%* are of
opposite sign. Since we defined T* as (a scalar multiple of) E4*T?, we
thus obtain 24°p**(w) as the trace of T%w on CW"?*®C*QV® V.

To determine the trace of T%w under these circumstances, note that

EV T wwe®v,® 0, ®v,)
=18(w,y) wou ® [x(x + ¥) X"y 20, @ wov, ® Sw, v,
+y(xty) xllylzvo®swzvz®wlvl],

“ 2

using “+” throughout for n=0 mod4 and “—” throughout for
n=2mod 4. From this it is clear that we must have &(w,w,)= +1 (so that
l,=1l,mod 2) to obtain a nonzero trace. This forces e(w)= +1 for
n=0mod 4 and ¢(w)= —1 for n=2mod 4. By the same reasoning used
in the previous cases, we may therefore assume that w is the canonical
representative of some class (J, 2y) or (2y, &J), according to whether
n=0mod 4 or r=2mod 4. We leave the reader to evaluate the traces of
x(x+ y) x"y” and y(x + y) x"p? and thereby obtain

Y i"ed(wy) AP P (wywy) if n=0mod4

wg

X i P6(w;) 497 (wiwy)  if n=2mod 4,

wo

A°HH(w) =

with the usual restrictions on w,. Here one also needs to make use of the
fact that the trace of v, > w,v, ® Sw v, is 4°0*(w,w,), and the trace of
D, ® vy Swy0, @ wy vy is £(wy) 47942 (w w,).

The remainder of the proof is similar to the previous cases. Use (7.9) to
deduce that 4°¢**(w) will vanish unless A=y, and then apply Lemma 8.2
to evaluate each of the terms appearing in the above sums. ||

The eb-Associators

Of course, the gd-associator U* of &** can be obtained (modulo scalar
multiples) by composing S** and T* From their definitions, it is easy to
see that the commutator of S** and 7% is —e&(u) for Ae DP~, and &(u) for
leDP*. Hence, $** and T* will anticommute when n=2mod4 and
AeDP™*, or when n=0mod 4 and Ae DP~. By Theorem 3.2, it follows
that ® ® &** will split into four irreducible constituents precisely in these
latter two cases; i.e.,, when (1) is odd.
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In case S** and T* commute (ie., #(4) is even), our choices for U* are
+ S**T* Hence, to maintain the validity of (3.4), we will define U* to be
S**T* In case S** and T* anticommute, our choices for U* are +iS**T*,
Since the difference characters of @ described in Proposition 6.1 were
obtained by choosing associators for ¢, d, and & of the form S,, T, and
iSyT,, it follows that we may preserve the validity of (3.6) by choosing U*
to be —iS»*T* In summary, we define the ed-associators via

jin-VAgLIT if n=0mod4and AeDP~

| jprepragraT if n=0mod4and Ae DP*
U = M

i(n72)/4S/../1T/.7 f n=2moddand le DP™

i~ 9#EASAATAif n=2mod 4and Ae DP*.

THEOREM 8.4. The only nonzero values of A”¢** are

AR R, 2i)=itn\/(x)+3vz(_l)nmz/m\/;
if n=0mod4andieDP~
A" (2%, @) = (= i) WA= 1y D 2D [z,
if n=0mod4andlieDP™*
AP 24, @) = (—i) (D=2 (ynh) 2/ ) \/;
if n=2moddandlieDP~
AR, 20) = {0 =7 A1+ DR ynd) 97 (h) \/Z
if n=2mod4andleDP™*.
Proof. First consider the case Ae DP~. Using the notation of (8.1), we

have
SPAT, wwp ® v, @ v, @v,)

i
= 75 000) ) wou @yt ) Xy, ® Wy, @ Wy v,

We note that the respective traces of yx(x + y)x, yx(x+ y)y, yx(x — y)x,
and yx(x— y)y are —2, 2, 2, and 2; in all other cases, yx(x + y)x"y” has
trace zero. It follows that

V2T i e(wow,) 8(wa) %P (w w,) if n=0mod 4
A5 ) = "o
07w \/52i”‘”’/“s(wo)é(wz)(p’;z(wlwz) if n=2mod4,

wo

(8.8)
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with the usual restrictions on wy, w, and w,; L.e., uwg 'wwy = (w,, w,) and
e(w,w,)= —1. We may drop the latter condition by insisting that
e(w)=—1 for =0 mod4 and s(w)= +1 for n=2mod4. In case
g(w)= —1, one may apply Lemma 2.2 to show that if w has any positive
cycles, or any odd-length negative cycles, then there will exist elements z
with 6(z)= —1 that centralize w, and hence force 4”¢**(w) to vanish.
One can similarly use Lemma22 to show that if &(w)= +1, then
A @p**(w) will vanish unless all cycles of w are positive and of even length.
We may therefore assume that w is the canonical representative of either
(&, 2y) or (2y, &), according to whether n=0 mod 4 or n=2 mod 4.

As in the proof of Theorem 8.3, the only coset representatives that
contribute to the trace of U’w are those of the form w,(f). For these cosets,
Lemma 8.2 implies

e(wow,) o(w>) (P).“;Q(Wlwz)
— (_ 1 )n(rh 2)/8 + 171l ( —1 )le +1 (_ l)"("‘Z)/8+”("')qoi(y)
=~ (= 1"’ (7)
for the case ¢(w)= —1, and similarly,
&(wg) 6(w2) @42 (wywy) = (—= 1) = 2B+ I (1) Wl (y)

= (= 1) ()

for the case e(w)= +1. In either case, 4*°¢**(w) will vanish unless 4i=7.
Under these circumstances, (7.8) implies that the /th summand in (8.8) is

jn (IR Sz i n=0mod 4
(—)VP=22(_1y@ Jfzoif n=2mod 4.

Since each summand is independent of /, the claimed formulas follow.
Now consider Ae DP*. In these cases, we have

EXASHTA wwe® 0, ® 0, ® v,)
=15(w,) e(wou) wou ® [x(x £ ) X"y, ® Sw,v, @ wy v,
Ty(xty) X"y, @ w0, ® Swiv, ],

% ’

using “+” throughout for n=0 mod4 and “—” throughout for
n=2mod 4. From this it is clear that we must have &(w,w,)= +1 (and
hence /, =1, mod 2) to obtain a nonzero trace. This forces e(w)= +1 for
n=0 mod 4 and g(w)= —1 for n=2mod 4. By the same reasoning used
above, we may therefore assume that w is the canonical representative of
some class (2y, &) or ({, 2y), according to whether n=0 mod4 or
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n=2mod 4. We leave the reader to evaluate the traces of x(x + y) x"y”
and y(x + y) x"y2 and thereby obtain the following analogue of (8.8):

X 73(ws) elwo) 49 P(wiwa) il n=0mod 4

wo

Y i ed(w,) e(wo) A°9HP(wyw,) if n=2mod 4.

wq

Aed(p)..l(w) —

Here one needs to make use of the fact that the trace of U'w on
CH"RC*®V® V is twice the value of 4%¢**(w). The remainder of the
proof proceeds as usual. Apply (7.9) to deduce that 4*¢p**(w) will vanish
unless A =7, and then use Lemma 8.2 to evaluate each of the terms appear-
ing in the above sums. |

The following result is a corollary of Theorems 3.2, 8.1, 8.3, and 8.4; it
summarizes the overall structure of the irreducible representations for the
factor set [ —1, — 1, +11].

COROLLARY 8.5. The irreducible spin representations of W,([ -1, —1,
+17) can be indexed so that the submodules of @ ® @** are labelled by the
unordered pair {4, u}, where A, ue DP. In the following table, n, , denotes
the number of modules indexed by {4, u}, m; , denotes their multiplicity in
O ® ®**, and o, , denotes the size of their L,-orbit.

n; 011,;1 m;

Au M

1 1 2 if A=pand{(A)iseven

4 1 1 if A=pand{(A)isodd

2 2 1 if n—{0(A)—{(p)iseven and i # p
1 4 1 if n—£(A)—£(w)is odd.

9. THE FacTOR SETS [ +1, +1, —1]

The orthogonal group O, has a double cover Pin(n) that can be
represented as a subgroup of the multiplicative group of the Clifford
algebra %,. It follows that one may obtain a projective representation of
any subgroup of O, (e.g., a reflection group) by suitably restricting any
linear representation of %,. The representations of Weyl groups that arise
in this fashion were first investigated in a series of papers by Morris (e.g.,
see [Mo2]).

To describe the representations of W, that this technique produces,
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define an algebra homomorphism CW?! > %, for the factor set
y=[—1, —1, —1] by setting

U»/’H_ﬁ(éj_éﬂ—l), T!—)fl.

The fact that this does generate an algebra homomorphism is an immediate
consequence of the defining relations (1.2). We may thus obtain a projec-
tive representation of W, for the factor set [ —1, —1, —1] by composing
CW? — %, with any linear representation %, — End(V).

If n is even, the algebra %, is simple and thus isomorphic to the matrix
algebra M(2"?). For odd n, we have €, >~ M2~ ""2)y®@ M2~ 1/?). (See
[St1] or [ABS] for an explicit isomorphism.) It follows that %, has one
irreducible representation for even n, and two such representations for odd
n. Since CW?! —> ¢, is surjective, the above construction yields one
irreducible spin representation of W, ([ —1, —1, —1]) for even » and two
for odd n. We will denote these representations generically by ¥; in situa-
tions where we need to emphasize that there are two choices for odd n, we
will write ¥ .

Let y denote the character of V.

THEOREM 9.1. For a€ OP and fi € EP, we have

(_ 1 )(n~f £{a))/2 + f(ﬂ)z(/(u)+/(/f))/2 ifn is even
Yo, f)= (— 1)t £E2 @+ (B 112 if nis odd.

The only other nonzero values of Yo, B) occur when n is odd, « = &, and f
is arbitrary. In these cases, we have Y (&, B)= +i'" V3 (—1)"P 20 H-D

Proof. Take the elements &,=¢, ---&, as a basis of %, where
I={i < --- <i,} ranges over the subsets of {1,..,n}. For we CW?, let
¢,(w) denote the coefficient of £, in the &,-image of w. By Proposition 3.1
of [St1] (a description of the irreducible character(s) of %,), we have

Y(w)=2"2¢ H(w) if n is even

(9.1)
Y, (w)=2" "¢ (w) £+ (2)" 2 (w) ifnis odd,
where { = ¢, --- &, denotes the basis element corresponding to 7= {1, .., n}.
To evaluate &(w), first consider the case in which w is a positive,
canonical k-cycle. If the S,-image of wis (j+1,j+2,.., j+k), then the
%,-image of w is

270 =) ek — 1 — &)
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so there is no constant term unless k is odd. In that case, only one of the
2%~ terms that arise in the expansion of the above expression has a non-
zero constant term. This single term is of the form (—&; )&, 2)(—¢&;14)
(€;44) - s0 we conclude that & (w)=(—1/2)%* 12

To evaluate the constant term for a negative cycle, first note that the
%,-image of t;is (—1)/~"' &,. This follows by induction on j and the fact
that (&,— &) &(E,— &)= —2&,. Therefore, the €,-image of a negative,
canonical k-cycle w will be of the form

(‘1)k+f71 2,,(/( 71)/2(5‘,41 - éj+2) (é,‘+k -1 Cj+k) éj+ka (92)

so there will be no constant term unless k i1s even. In that case, it is easy
to see that & (w)=(—1)/"%2>~ " (1/2)%* V72,

For the general case, assume that w is the canonical representative of
some class («, ), and let w=w,---w, be its defining factorization as a
product of canonical cycles. Note that & (w)=E&4(w,)---&4(w,). We may
therefore assume ae OP and f € EP since the above analysis shows that
¢z(w) would otherwise be zero. Under these circumstances, the ith
negative cycle of w (the one of length B,) includes the element 1, , 4 as part
of its defining factorization, where j= || +f§,+ ---B,_,. However, since
o€ OP and B e EP, it follows that j=/(a)=#n mod 2, and so we have

7(x)

‘(B
fg(W)Z I_I (_1/2)(%71)/2 1(—[) (__l)n+/i,/271(1/2)(/1,71)/2
i=1

i=1

() DB 1y 2]\ - A )= A (B2
(1) (-1 (1/2) ~

To evaluate {(w), observe that the %,-image of w is a product of n —/(a)
linear terms, whereas { is a product of r such terms. Hence, in order for
{(w) to be nonzero, we must have o = ¢J (and thus ¢ EP, assuming # is
odd). It is easy to see that the coefficient of &, ,---& ,, in (9.2) is
(— 1) /=1 (172)* =172 50 we have

‘8
{w) = h) (=)t Bl (1) D2, 93)

i=1

For odd n, we have B+ --- +8,~1=8,, ,+f8;,,+ --- mod2, so the
above expression simplifies to {(w)=(—1)"# (1/2)" =742 The claimed
results now follow from (9.1) and our formulas for & (w) and {(w). |}

The tensor products ¥ ® X** and ¥ ® &** permit us to easily create a
large supply of projective representations for the factor sets [ -1, —1, —1]
and [+1, —1, —1], respectively. The following results show that all
irreducible representations for these factor sets are of this form.
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THEOREM 9.2. The irreducible spin representations of W ([ —1, —1,
—1]) are Y@ X*? (for n even) and ¥, ® X*2 (for n odd), where A
ranges over the partitions of n.

Proof. By separating a partition into its odd and even parts, it is easy
to see that for any cycle type u, there is a corresponding W, -class of the
form (OP, EP) whose S,-image is of type u. Since Theorem 9.1 shows that
Y(a, B) is nonzero for all classes of the type (OP, EP), it follows that for
even n, the characters yy*< are linearly independent. For odd n,
Theorem 9.1 shows that (¥, —y _)(, B) is also nonzero for all partitions
B of n, so the characters y , y*< are likewise linearly independent.

Conversely, Theorem 2.1 implies that the split classes for the factor set
[—1, —1, —1] are indexed by (OP, EP), along with ({J, P) for odd n.
Thus, the characters listed above form a basis for the space spanned by
spin characters, and so we need only to prove that these characters are
irreducible. For this, it suffices to show that yy*< is of norm 1 (for even
n) and that (Y , + _) 2 is of norm /2 for odd n. If (x, B) indexes a
W,-class such that an =¥, then the order z,; of the W, -centralizer
common to this class is 2/ * Pz .. Therefore, for the case of even n,
Theorem 9.1 implies

™27 =3, 20+ Pz S M B)I?
;sgP
e EP

=Y 2 PP =1hs, = 1
u
The case for odd » follows similarly. |

THEOREM 9.3. For even n, the irreducible spin representations of
W ([+1, —1, —1]) are Y@ ®*? (ieDP*) and Y@ ®*? (AeDP").

For odd n, the irreducible spin representations are ¥, @ ®-< (e DP™) and
¥, @42 (1eDP ).

Proof. Following the previous argument, recall that the spin characters
¢* of §, are supported on the classes indexed by OP and DP~. Note that
there exist W,-classes of the form (OP, EP) (and of the form (&, P) for
odd n) whose S,-image is of each of these types. Since Theorem 9.1 shows
that y is nonzero on each of these classes, we may deduce that for even n
(resp., odd n), the characters y¢*? and yYo*i? (resp., ¥, ¢*>? and
¥ . y%*?) are linearly independent.

Co_nversely, Theorem 2.1 shows that the split classes for the factor set
[+1, —1, —1] are indexed by (OP, ) and the e= —1 portion of
(DOP, DEP), along with (&, OP) and (&, DP ) for odd n. Since there is
an obvious one-to-one correspondence between DP~ and the e= —1
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portion of (DOP, DEP), it follows that the number of characters we have
constructed is correct; i.e., they span the entire space of spin characters for
this factor set. To complete the proof, we only need to verify that these
characters are irreducible. For example, assuming that » is even and
Ae DP~, Theorem 9.1 implies

(@42 +909)2=4 3 z;'lot (@ =lle’\ +o2 ]} =2,
xe OP

so Yy*? and Yo*? must both be irreducible. The other cases can be
treated similarly.

Since £3*9 = y*"2, it follows that ¥ ® X*¥ is self-associate with respect
to ¢ if and only if 1€ SC. Similarly, ¥ ® @*2 is self-associate with respect
to ¢ if and only if Ac DP ™. In either case, the g-associator is clearly of the
form 1® S, where S denotes the e-associator for X* (as in Section 6) or ®*
(as in Section 8). We therefore have

APyt P) = YAyt ? if AeSC
Ao P) =y a2 if ieDP*.

Since we already have explicit formulas for A°%*2 and 4°0*2 (cf.
Theorems 6.2 and 8.1), we now have explicit formulas for these difference
characters too.

Next consider the sd-associates. Since the classes of the form (OP, EP)
all lie in the ¢6 = +1 portion of W,, Theorem 9.1 implies that 0 @ P =¥
for even n. Also, since the classes of the form ((F, P) lie in the 6= —1
portion of W, (for odd n), we have ed @ ¥, = ¥ _. Hence, ¥ ® X*2 and
Y ® @2 are self-associate with respect to &5 if and only if # is even. In
that case, { anticommutes with each generator &;, and hence, with the
%,-images of both ¢, and 7, Since (*=(—1)"? it follows that (the
representing matrix for) i"%( is the sd-associator of ¥. From this we
may conclude that i"?{®1 is the ed-associator for both ¥® X*< and
Y ® $d*2, and hence

Aeé(lllxi,g) — X)..QAséw and Asé(l//(p).,g) — (p/‘.,QAeélp'
PROPOSITION 9.4.  For even n, we have A%y(w)=0 unless w belongs to a
W ,-class of the form (J, B). In that case,
AC&',//(Q, B) — (—i)"/2 (_ 1 )n(ﬁ)' /(ﬁ)zf(ﬂ)/z.

Proof. For any &€, the coefficient of & in 7/?(¢ is the same as the
coefficient of { in (—i)"? &. Since £ is the only basis element with nonzero
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trace in any representation of %, (cf. (9.1) and [Stl, Sect.3]), it follows
that

AY(w) = (=2i)" {(w).

In the proof of Theorem 9.1, we showed that {(w)=0 unless w belongs to
a W,-class of the form ((J, ). Assuming w is the canonical representative
of such a class, (9.3) implies

C(W) =(—1 )n(/f)~ f(ﬁ)(l/z)(nf /(ﬂ)/Z,

using the fact that §,+ --- +f8,=0,,+B,.,+ --- mod 2 for even n. The
claimed formula for 47y now follows. |

For the character 6, we have d®@ (PR X*2) = (6@ P)® (e ® X*2),
and similarly for ¥ ® ®*2. Therefore, the only representations that are
self-associate with respect to é are those that are already self-associate with
respect to both ¢ and ¢6. For ¥ ® X*2 this requires 1 € SC and n even; for
¥ ® &*2 this requires A€ DP* and n even. Since the associators 1 ® .S and
i ® 1 obviously commute, we may use i"?{ ® S as the d-associator, and
so we have

Ayt D) = A% - A%+ P if AeSCandniseven
Aé('/’(l’;"g)=é165¢'Aﬂ</’i’g if AeDP* and niseven.

Since we have now constructed all of the associators and difference
characters for the factor sets [—1, —1, —1] and [+1, —1, — 1], we may
now obtain the corresponding results for the factor sets [—1, +1, —1]
and [+1, +1, —1] as a corollary of Theorem 3.2. The following results
summarize the overall structure of these representations.

COROLLARY 9.5. The irreducible spin representations of W, ([—1, +1,
—1]) can be labeled by Z.,-orbits of the form {1, '}, where i ranges over
the partitions of n. The index {A, '} labels submodules of @ @ ¥ ® X*2. In
the following table, n, denotes the number of modules indexed by {A, .'}, m,
denotes their multiplicity in @ ® ¥ ® X*2, and o, denotes the size of the L,-
orbit of P ® X+,

0, m;
1 1 2 if AeSCandniseven
2 2 1 if AeSCandnisodd, or A¢ SC andn is even
1 4 1 if A¢SCandnisodd
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COROLLARY 9.6. The irreducible spin representations of W, ([+1, +1,
—11) can be labeled by partitions of n in DP, so that 1 indexes submodules
of OR YR D2, In the following table, n; denotes the number of modules
indexed by A, m, denotes their multiplicity in @ ® ¥ ® ®*2, and o, denotes
the size of the L -orbit of ¥ @ ®*2.

1 1 2 if AeDPY andnis even
2 2 1 if AeDP™* andnisodd, or Ae DP™ and n is even
1 4 1 if AeDP” andnisodd.

APPENDIX: THE WEYL Groupr W(D,)

Assume n >4 and define s,=1ts,¢, so that the reflections sq, 5y, ..., S, ..
generate W(D,), the Weyl group of the root system D,. If we fix a
particular factor set a=[¢,, ¢,, &;] for W, and define 6,= 10,7, then the
subalgebra of CW? generated by oy, .., 0,_, will be a twisted group
algebra for W(D,,). To classify the algebras that arise in this fashion, recall
that the Coxeter presentation for W(D,) consists of the usual relations for
Sis - S, (as Coxeter generators for S,), along with

s=1, (ss)? =1 (i#2), (s052)’ =1.
By comparison, as a consequence of (1.2), we have
(600,) = (10,)* =¢,, (000,)* =5, (i>2), (0002)° = +1.

By substituting o, — +0, (if necessary), we may insist that (¢,0,)>=1.
Since these relations are independent of ¢,, we conclude that there are four
distinct factor sets for W(D,) that arise as restrictions of W ,-factor sets.

As representatives for these four factor sets, we may choose
[+, +1, +1, [, +1, +1), [—1, =1, —1]),and [+1, ~1, —1]. The
corresponding W, -representations were constructed in Sections 5, 7, and 9;
namely, X** @** Y@X*? and Y® ®*2. Of course, the pairs of
d-associate representations in this list will be isomorphic when restricted to
W(D,) (or a suitable double cover), and the representations that are self-
associate with respect to ¢ will split into two irreducible representations;
namely the eigenspaces of the d-associators constructed in Sections 6, 8,
and 9. The self-associate cases are summarized in Table II.

The Schur multiplier of W(D,) is Z3 for n>5, and Z3 for n=4 [1Y, H].
It follows that in the case n > 5, all of the factor sets for W(D,) are restric-
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TABLE 1I
Factor set Representation Self-associate case Difference character
[+ +1, +1] X A=u A%
[—1 +1, +1] P A=p A%
[-1—1,—1] Y@ X 2 A€ SC, neven A AP
[+1,—1,—1] YR+ AeDP*, neven A4 p*?

tions of W ,-factor sets, and so all projective representations of W(D,) are
of the form described above. If n =4, the group of diagram automorphisms
for W(D,) permit arbitrary permutation of the generators s,, 5,, and s;. By
applying the same permutations to oy, 0, 65, we thus obtain the eight
twisted groups algebras, corresponding to the eight choices

(000,)° = +1, (0,05 = 41,  (0p05)°= %1,

Since the factor sets [+1, +1, +1] and [—1, —1, —1] are invariant
under these permutations, it follows that the projective representations
of W(D,) corresponding to the four new factor sets can be obtained by
applying the two 3-cycles of {0, 0,,0;} to the representations for the
factor sets [—1, +1, +1] and [+1, —1, —1]. ‘
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