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Abstract—The problem of determining the change in a material’s symmetries as it undergoes
an elastic-plastic deformation is considered. This is interpreted as the problem of evaluating
the anisotropies of the current elastic response. The discussion is presented in the context of a
particular form of constitutive equation which relates the Cauchy stress to the current value of
the deformation gradient and a second order tensor quantity which is a function of the defor-
mation gradient history. A sufficient condition is established for a transformation to be a ma-
terial symmetry transformation of the current elastic response. This condition relates the
minimum symmetries of the current elastic response to the initial material symmetry, the given
deformation history, and the structure of the constitutive equation.

I. INTRODUCTION

This paper is concerned with determining the changes seen in a material’s symmetries
after elastic-plastic deformations. Consider an initially isotropic material. There is a
range of deformations from this initial state for which this material will act as an iso-
tropic elastic solid. One can deform the material beyond this elastic limit to induce plas-
tic flow. After inducing plastic flow, there will be a new range of deformations in which
the material will only respond elastically. We call the response of the material in this
range of elastic deformations its current elastic response. In general, the current elastic
response of an initially isotropic material need not remain isotropic after the material
undergoes an elastic-plastic deformation.

In the work presented here, we discuss the problem of determining the anisotropies
of the current elastic response. In particular, we show how to evaluate the symmetries
of the current elastic response function as a consequence of the material’s initial sym-
metries, the structure of its constitutive equation, and its deformation history.

The discussion is presented within the context of a general type of constitutive equa-
tion, introduced in Section II. In this constitutive equation, the Cauchy stress depends
on the current value of the deformation gradient and a second order tensor quantity,
which is a functional of the deformation gradient history and which itself is considered
a deformation gradient. The choice and nature of this deformation gradient will differ
from model to model, but we will refer to it as the plastic deformation gradient. Thus,
the Cauchy stress is assumed to be a function of the current value of the total defor-
mation gradient and the value of the plastic deformation gradient. The constitutive equa-
tions for the stress and plastic deformation gradient are given in a general form to avoid
focussing on any particular model, and to provide the most general results possible. An
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alternate structure for the constitutive equation is introduced in Section III, in which
the plastic deformation gradient is replaced by the products in its polar decomposition.

The notions of a current elastic response and a yield function are defined in Section
IV. In Section V, the current elastic response is expressed in terms of the constitutive
equation presented in Section II. Also, the problem of finding the symmetries of the cur-
rent elastic response function is formulated and discussed. It is shown that a sufficient
condition for a transformation to be a material symmetry transformation of the cur-
rent elastic response is that it be a member of the material’s initial material symmetry
group and also that it satisfy a condition given in Section V. In this manner, the mini-
mum symmetries of the current elastic response are shown to be a consequence of the
initial material symmetry, the given deformation history, and the structure of the con-
stitutive equation for the plastic deformation gradient.

Two special cases are considered for the plastic deformation gradient in Section V1.
For each case, general conclusions are drawn about the nature of the material symme-
try properties of the current elastic response. These are then illustrated in Section VII
for an initially isotropic material. Up to this point, the material symmetry transforma-
tions of the current elastic response have been always referred to the initial reference
configuration of the material. In Sections VIII and IX, the consequence of a change to
a new reference configuration is presented. In Section X it is shown that similar results
can be obtained for a viscoelastic-plastic material.

I1. KINEMATICS, STATEMENT OF CONSTITUTIVE EQUATION

Let « denote a reference configuration and let X, (X) denote the position vector of
particle X in «. Let x(¢) denote the position vector of particle X at the current time, and
let the motion of a particle be described by

x(1) = x (X (X), 7). M

The deformation gradient evaluated at time ¢ is defined as

Ix (X, 1)
F (1) = ——. 2
() X 2
Let T(r) denote the Cauchy stress at time 7. A constitutive equation of the form
T(t) = T (F(2);FL (1)) 3)

is assumed, where T, is a function for the current value of the Cauchy stress tensor
T(¢) in terms of the current value of the deformation gradient F,(¢) and the current
value of the “plastic deformation gradient” F7(¢). One will note that the common as-
sumption made by LEE [1969] and others that the stress is a function of the “elastic de-
formation gradient” is a special case of this assumption since the elastic deformation
gradient is normally derivable from the total deformation gradient and the plastic de-
formation gradient.
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It is assumed that the plastic deformation gradient can be determined by a constitu-
tive functional® given by

F2 (1) = ‘Ff[FK'(S)} , @

s=t,

where F? is a functional of the total history of the deformation gradient from a start-
ing time ¢, to the current time ¢. Since in this development F7 is a general functional,
eqn (4) can be considered equivalent to the integral of the flow rule used in most theo-
ries of plasticity, but for the plastic deformation gradient.

This form of constitutive equation is selected because it generalizes many of the mod-
els of plasticity. We also observe that this model is a fully strain-based formulation.

We will interpret FZ(¢) to be the deformation gradient comparing some materially
significant configuration «, to the reference configuration «. As is commonly known,
in many theories of plasticity the configuration «, is not a true configuration.? For each
point and its neighborhood in the actual material body, «, will contain information
about the configuration of a materially significant neighborhood o\, of that point. Fig-
ure 1 gives a visual representation of this interpretation.

Eqn (4) implies that for each deformation gradient history there is only one FZ(¢).
For example, in the case where «,, is taken to be the current stress-free configuration,
by writing eqn (4) we imply that only one of the many possible stress-free configura-
tions® is used to represent all such configurations.*

The functional F ? for the plastic deformation gradient is a functional in its most
general sense and can be considered as the combination of a flow rule, hardening pa-
rameter, and yield function, for example. The recognition of this fact is the key to the
relevance of the following development.

As a convention, in the notation we will refer to the reference configuration only the
first time we introduce a new quantity and will otherwise refer to the reference config-
uration only when it is necessary for the development. The word configuration in this

Some authors might disagree with the assumption that all of the plastic deformation gradient can be given
by a constitutive functional (Casey [1991], private communication).

2In many theories of plasticity the intermediate configuration K, represents a stress-free configuration. Since
a continuous configuration cannot always be found which will make the stress go to zero for all points in the
material body, it is normally allowed for «, to represent a set of disjoint configurations.

3Any rigid body rotation of a stress-free configuration is another stress-free configuration.

4As can be seen from this example, there can be many intermediate configurations «p, all representing the
same physical interpretation. This results in the existence of many different F7(¢) which can represent the
same physical interpretation. There might be no physical justification for selecting among the many possible
Kp. Qne can consider this as a further restriction on the form of the constitutive equations. That is, if F7(¢)
and F?(r) represent the deformation gradients to two physically equivalent configurations, one can require
that

TAF (1 FO(0)) = T (F (0); ¥2(1)).

If one assumes that any rigid body rotation of «, is another physically acceptable intermediate configuration,
and one requires that the stress be form invariant to such changes of kp, this does result in a restriction on the
way in which T, depends on FZ(¢). Under such a restriction one can always write

T(2) = T (F(2);UZ(1)],

where U?(¢) is a symmetric tensor given by a functional of the deformation gradient history.
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N, = Intermediate Configuration

F.,(t)

N

Ne@) = Current Configuration
/Fm

N = Reference Configuration

Fi(t)

Fig. 1. A visual representation of FZ(¢). FZ(¢) is the deformation gradient comparing «, to «.

presentation will always be used to mean the configuration of the smallest neighborhood
around a material point.

The constitutive eqn (3) must be subjected to the restrictions of material frame indif-
ference. The imposition of these restrictions is discussed elsewhere (NEGAHBAN [1988]).
These restrictions imply that the constitutive eqn (3) has the form

T(t) = F(2)${C(2); FP(1)}F7 (1), 3
and that
Fe(r) = ‘f"{Ces)}, 6
where
C(s) =FT(s)F(s), s€E (&, 1]. (7

It is assumed, for convenience, that ¥2(¢) is also interpreted as a deformation gradient.
The two functionals in (4) and (6) are related by
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TP{CZs)} = frp{vis)}, @®

S=lg s=ls

where U(s) is the right symmetric part of F(s) in its polar decomposition.

Let g, () denote the group of material symmetry transformations associated with
the material at the starting time 7, and represented with respect to the reference config-
uration kx (NEGAHBAN & WINEMAN [1989a],[1989b]) and let H be an element of g(¢,).
The constraint imposed by the material’s initial symmetries at the starting time ¢, on the
response functional of (3) is given by’

T{F(2); FP(¢)} = T{F()H; F7 (1)}, )]

for every H € g(t), where

FP (1) = ‘F"{F(ts) H}. (10

s=i
The restriction given in (9) must hold irrespective of the deformation gradient history
F(s), for s € (¢,,¢], and will henceforth be assumed without mention. The correspond-
ing constraint on the response functional 8 given in (5) is

${C(¢); F7(¢+)} = HS{HTC(¢)H; F7"(r)}H” 11

for every H € g(¢), where

FP (1) = ffP{HTCEs) H}. 12)

s=t,

III. AN ALTERNATE STRUCTURE

Let the polar decomposition of F?(¢) in (5) be written as
Fr(t) = RP(1)U*(1), (13)

where R?(?) is orthogonal and U?(¢) is symmetric. The uniqueness of this decompo-
sition allows us to independently define the following functionals for R?(¢) and U”?(¢):

r ¢t )
R?(t) = ®?} C(s){, (14)
\ s=l; J
and
F ot
U?(t) = UP| C(s){. (15)
\ s=t; J

5See NEGAHBAN [1988] for more details.
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This allows us to redefine the constitutive eqn (5) such that
T(1) = F(1)S{C(2); R?(1); CP(1)}F (1), (16)

where C?(¢t) = FPT(¢+)F?(t) = UP2(¢), and is given by
C7(t) = @”{C(s)} = ffﬂT{C(s)}ffﬂ{C(s)}. (17

The constraint of material symmetry on (16) is stated in a manner similar to that in
(11) and can be written as

HS{HTC(:)H; R?"(¢2); CP (1)} HT = §{C(¢); R*(1); C (1)} (18)

for every H € g, (t,), and where R?(¢) and C?(t) are given by (14) and (17), and

R (1) = W{HTczs) H}, (19)
and
CP(t) = G”{HTCES) Hz. (20)

IV. CURRENT ELASTIC RESPONSE AND THE YIELD FUNCTION

The idea of elastic deformations associated with the current state and that of yield
surfaces are inherently interdependent. Consider a space in which every point represents
a group of deformation gradients which only differ in transformations associated with
rigid body motions (e.g., it can be the right Cauchy strain space).® This will be referred
to as the reduced deformation gradient space. In this space a line represents a deforma-
tion history. At each instant, a surface, called a yield surface, separates the space into
points which are obtainable by “elastic deformations” and those unobtainable by such
deformations. In this case “elastic” refers to deformations which will not alter the plas-
tic deformation gradient. The point representing the current deformation gradient will
always fall on or within the current yield surface. A path is drawn in this space as the
neighborhood of a material particle is deformed. If this path falls on or within the yield
surface, there will be no change in the yield surface. In such a case, the yield surfaces
at the beginning and end points of the path will coincide. On the other hand, if this path
attempts to penetrate the yield surface, the yield surface will move out to contain these
deformations within its boundaries.

Motivated by the above discussion, an elastic deformation is defined as a deforma-
tion which does not alter the yield surface and the plastic deformation gradient, as op-
posed to an elastic-plastic deformation which will alter the yield surface and plastic
deformation gradient.

1t cannot be a left Cauchy strain space.
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In order to provide a mathematical statement of these geometric ideas, consider a
yield function which is a scalar valued functional of the deformation gradient history,
F(s),s € (t,t]. The particular form that we use is

f@) =fIF@);FP(); k (1)), @1

where F7(t) is the tensor valued functional defined in (4), and where k(¢) is a scalar
valued functional of the deformation history given by

k(1) = k[F(’s)], (22)

s=t,

and which represents the “hardening” of the material.

We can now state the idea of elastic deformations and elastic-plastic deformations
as follows:

Given an initial deformation gradient history F°(s) for s € (¢, 1,1, then F?(¢#;) =

1
‘F"{F"(s)} . Note that f{F; F?(¢,); k(t,)} = 0 represents the yield surface at time ¢,.

s=ts
A subsequent deformation gradient history from time ¢, to ¢ is considered to be a set
of elastic deformations if

S{F(a);FP(h); k() =0 (23)

for every value of o € (#,,¢]. Such a history of deformations will draw a path within
the yield surface associated with time ¢,, and, as such, will not change the yield surface
and plastic deformation gradient as time increases from ¢, to ¢. Therefore, a deforma-
tion gradient history which satisfies the conditions given in (23) will result in

F?(a) =F7(t;) foralla € (1,¢]. (24)

In the event that condition (23) is violated at any o € (¢, ¢], then the material will
undergo an elastic-plastic deformation, and such a deformation history can result in
changes in the plastic deformation gradient, hardening parameter, and, as a result,
in the yield surface.

The yield function in (21) must be subjected to the constraints of frame indifference
and material symmetry. However, our discussion of the evolution of anisotropies in the
remainder of this paper can be carried out without determining the form imposed on
(21) and (22). For the purposes of brevity in presentation, this material is presented in
the appendix.

V. CURRENT ELASTIC RESPONSE

Consider a deformation gradient history F(s), s € (¢, ¢], whose points in the reduced
deformation gradient space lie inside a yield surface for some time interval ¢ € (¢,, t,].
In this case, condition (23) is satisfied and the values of F#(¢) and k(¢) remain con-
stant over this interval. Let F? denote the value of the plastic deformation gradient for
this time interval. The discussion concerning (23) implies that F?(¢), R?(¢), and C?(¢)
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are also constant for ¢ € (7, t,]. Their constant values will be denoted by F?, R?, and
C”, respectively.

Consider the restriction of the response function T in (3) to the set of F which lie in-
side the current yield surface. This form of the constitutive equation is written as

T(1) = R AF. (D)}, (25)

where X is the current elastic response function, and which can be defined in terms of
T of (3) as

R{F(1)} = T{F(); F~) (26)

for the particular constant value of F”. If the constraint of frame indifference is intro-
duced, we can write

T(t) = F()R{C()IFT (1), (27

where R is an alternate current response function which can be written in terms of § de-
fined in (5) as

R{C(1)} = ${C(1); F”} (28)
for the particular value of F”. This can also be written in terms of § given in (16) as
R{C(1)} = ${C(¢); R*; C*} 29

for the particular constant values of R” and Cr.

This description of the constitutive equation is equivalent to that of nonlinear elas-
ticity since— for the particular 7, R?, and C? in this interval — the response of the ma-
terial only depends on the current value of the deformation gradient.

V.1. Evaluation of the symmetry properties of the current elastic response function

The problem of evaluating the symmetries of the current elastic response function of
a material after it has undergone a plastic deformation can be stated as follows:

Problem Statement: Given g({,), find every unimodular linear transformation H
such that

T(z) = R{F(1)} = R(F()H], (30)

irrespective of the particular value of F(¢). That is, given the initial material symme-
try, find the invariance properties of X for the current elastic region. .

The problem can be restated in terms of the current elastic response function R as
follows.
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Alternate Statement: Given g(f), find every unimodular linear transformation H
which satisfies the condition

HR(H7C(:)H}HT = R{C(?)}, 31

irrespective of the value of C(¢). ) _
It is convenient to restate (31) using the definition of X in terms of § in (29): Given
g(t;), find every unimodular linear transformation H which satisfies the condition

HS{HTC(¢+)H; R?; C*JHT = §{C(¢); R?; C”). 32)

In order to arrive at a solution, recall that the material symmetry restriction on § due
to the initial symmetries of the material at the starting time £, is stated in (18). It is re-
peated here for convenience:

HS(HTC(t)H; R7"(1); C*"(1)JHT = §{C(¢); R?(¢); C?(1)}, (33)
for every H € g(t), and where R?°(¢) and C?°(¢) are given in (19) and (20).
A comparison of (32) and (33) leads to the following solution:

Solution: A sufficient condition for a unimodular transformation H to represent a
symmetry of the current elastic response function is that H € g(¢,) and also satisfies the
conditions

(RP{CES)} = (RP{HTCES) H}, (34)
and
G”{Cés)} = G”{HTCES) H} . (35)

Therefore, the problem of following the evolution of anisotropies in the elastic response
of the material has become the new problem of solving for those H € g(t;) which sat-
isfy (34) and (35).

Comment 1: The solution presented here is for the most general function § and func-
tionals ®” and C”. If §, ®”?, and C” are given more explicit or simpler structures,
there might be other transformations H which also satisfy (32). That is, the results ob-
tained here are common to all theories which are of the form given in (16). Therefore,
the solution presented here will identify the smallest group of symmetry transformations
of the function & which are common to all simple materials whose constitutive equa-
tion can be written in the form given by (16).

Comment 2: The transformations H for which (34) and (35) are satisfied depend on
the deformation history C(s),s € (,, t], and also on the explicit forms of the func-
tionals ®” and C~*.

The group of transformations representing the symmetries of the current elastic re-
sponse function of the material at time ¢ will be denoted by g¢(¢). In this notation and
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in the following presentation, the parameter ¢ will refer to the current yield surface and
the elastic response within the current yield surface as opposed to the actual current time.
The solution can be restated as follows.

Solution: g€(t) will always satisfy
gi(1) 2 g7(1) N g(Ly), (36)
where g”(f) is a mathematical group defined as
g?(1) = [H|R?"(t) = R?(1),C? (1) = CP(t), and det(H) = =1}, (37)

for the particular history under consideration.

An explicit statement of the values of H which satisfy (31) can be given once more
structure is given to the functionals ®” and C?. Since ®? is an orthogonal tensor val-
ued functional of its argument, there is an orthogonal tensor valued functional » such
that

(RP{HTC(S) H} = V{H;Czs)} (R”{Czs)} (38)

s=tg s=l s=1l

for every H € g(1,). Furthermore, since C” is a symmetric tensor valued functional,
there is a tensor valued functional x such that

G”{HTCES) H} = u{H; Cés)} GP{CES)} uT{H; Czs)] (39)

s=1, 5=t s=tg s=1

for every H € g(¢,).”
As examples, we consider the following two special cases:

1. v{H;Czs)} =1, and y,{H; Cés)l =H7.

s=tg 5=l

2. V{H; C(s)} =1, and p.[H; C(s)] =1.

s=f s=tg

In each case, we show how the assumptions influence the structure of the functionals,
and how they influence the elastic response of the material. The results will be presented

for the case of an initially isotropic material, even though this procedure is not limited
to such materials.

7Any two symmetric positive definite matrices A and B can be written as A = DBDT for some matrix D.
The symmetry of A and B guarantees the existence of A, = PAP” and B, = QBQ7, where A, is the diago-
nal matrix of the eigenvalues of A, B, is the diagonal matrix of the eigenvalues of B, and P and Q are or-
thogonal. Let A, = DIAG(a,, a2, a3) and B; = DIAG(by, b,, b3). Since A is not singular, one can always
write By = J7A,J, where J is a diagonal matrix given by § = DIAG(~/b,/a,,Nb,/a;,/b3 /a3 ). This results
in the relation B = Q7JTPAP7 JQ which gives D = Q737 P.
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VI. SPECIAL CASES

Before proceeding further, it will be useful to summarize the assumptions as follows:

1. The constitutive equation for the Cauchy stress is given by

T(t) = F()S{C(2); R?(¢); CP(1))F"(2), (40)

t !
where R?(¢) = (R”{C(s)} is orthogonal, and C*(¢t) = G"{C(s)} is symmetric.

s=tg s=t;

2. The yield function is given as
f(t) = FIC(2); RP(1); CP(2); k (1)}, (41)
!
and k(t) = IEK{ C(s)] (see the appendix for details).

s=tg

3. For a fixed yield surface, R?(¢) and C?(¢) are both constants, denoted respec-
tively as R? and C?. For deformations within this yield surface, the elastic re-
sponse is given as

T(t) = F(1)R{C(1)}F7(¢) (42)
where

R(C(1)) = §[C(2); R7; CP). 43)

It will henceforth be assumed that for all times and histories

R?(t) = (RP{CEs)} =18 (44)
Then (40) and (43) become
T(1) = F()8{C(¢); I; C*(1)}F7 (1), 45)
and
R{C(1)) = 8{C(1); ;C"}. (46)

It 1_s worth mentioning at this point that a relation can be established between R”(¢)
and RZ.(¢), where «’ denotes a new reference configuration. Even though we have

8This assumption is not in contradiction with any invariance conditions imposed by material frame indif-
ference on the stress. These conditions are all satisfied directly in Section II. As has been shown by Casey
and NacHupI [1980],[1981], it is possible to violate invariance conditions associated with frame indifference
if restrictions are put on both F¢ and F? and if it is also assumed that F = FeF?. This is not the case in our
presentation. (Also see footnote 4 of Section I1.)
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made_the assumption in (44) that R?(¢) is always equal to the identity, it can be shown
that R (¢) # I, in general (NEGAHBAN [1988]).

VI.1. Case 1. v=1, p = HT

With this assumption applied to (38) and (39), the statement of the restrictions im-
posed by the material’s initial symmetry, given in (18), becomes

HS{HTC(:)H;L; HTC?(t)H}HT = §{C(¢);1;C* (1)}, @n

for every H € g( ). The problem of finding the symmetries of the current elastic re-
sponse function R, as defined by (32), can be restated as: Find every unimodular H
which results in

HS{H"C(1)H;I; CP}H” = §{C(¢);1;CP) (48)

for all values of C(¢). )
A comparison of (47) and (48) shows that H will be a symmetry of R if H € g(z,)
and satisfies the equation

H’CPH = C” (49)

for the particular value of C” corresponding to X. The transformations which satisfy
(49) form a group, and are denoted by g”(¢).

The solution to the problem of evaluating the symmetries of the elastic response for
the case currently under consideration can now be stated as:

ge(1) 2 g(t;) NgP(), (50)
where
g(t) NgP(t) = (H|H € g(1,) and H'C”H = C*}. (51)

Hence, when the value of C? corresponding to the current yield surface is known,
the problem is reduced to solving for all H which satisfy (51).

VI.2. Case 2: v =1, p =1

With this assumption applied to (38) and (39), the statement of the restriction imposed
by the material’s initial symmetry, given in (18), becomes

HS{H”C(t)H;1; C?}H" = §{C(¢); I; C?}, (52)
for every H € g(t,). A comparison of (48) and (52) leads to the conclusion that each

symmetry transformation H € g(,) is also a symmetry transformation of the current
elastic response function X. In other terms, for the present case

ge(1) 2 g(t,). (53)
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It must be noted that both g¢(¢) and g(,) are groups representing the symmetry in
terms of linear transformations of the same initial reference configuration «.

VII. INITIALLY ISOTROPIC MATERIALS

For materials which are initially isotropic, g(¢,) = O = {the full group of orthogonal
transformations}.

VII.1. Case 1: v =1and p = H”

The condition (39) becomes

HTG”[CES)]H = G”[HTCZS) H] (54)

S=lg s=is

for every H € g(t;) = © and every arbitrary C(s) and ¢. This constrains C# to the form
of an isotropic functional of the history of C(s) (in discussing isotropic materials, we
use the terminology “isotropic function” and “isotropic invariants.” This is consistent
with common usage in the literature and as given in SPENCER [1975]). Using the repre-
sentation developed by WINEMAN and P1pkiIN [1964] for such functionals, the constitu-
tive equation for C”(¢) can be written as

I 5
C*(¢1) = GP{C(S)} =LY 1, ..., I}, (55)

s=t, i=0
where each L? is a functional which is linear in the argument 3¢, where
JO =1 (56)
IN = 4(ID + Oy, i=1,...,5

I =Cy)...C¥), fort, <y, =<t

and where I,,. .., I are scalar invariants of C(s) defined by
I =tr[C(¥1)C() .. .C(¥)], i=12,...,6 (57

,<¥ist,

and where tr stands for the trace operation. Each functional L’ depends on all values
of its arguments as the time variables y; and ; vary in the indicated intervals. Even
though this representation is more general than that normally used for theories of plas-
ticity, any representation of plasticity which satisfies (54) should have a C? expressible
in this form.

In the constitutive eqn (45), the response functional § must satisfy the material sym-
metry restriction in (47) for every H € g(#;) = O. Therefore, § is an isotropic function
of its two symmetric tensor arguments C(¢) and C?(¢). Its representation, given by the
results of RIviIN and EricksoN [1955] on isotropic functions of two symmetric second
order tensors, is



532 M. NEGAHBAN and A. S. WINEMAN

S{C(1); L; CP(1)) = a1 + a,C(1) + a;C* (1) + a,CP (1)
+asCP2(t) + ag[C(1)CP (1) + CP()C(1)]
+ @, [C*(1)CP (1) + CP(1)C2(£)] + ag[CP2(H)YC(t) + C(1)CP (1))
+ ag[C(£)CP2 (1) + CP2(1)C (1)), (58)

where a4, . . ., a9 are functions of the 10 isotropic invariants of C(¢) and C?(r) given by
IT = tr[C(0)], I3 =t [CHN)], [T =tr[C(1)],
17 =t[CP()], 17 =u[CP(n)), 1§ =tr[CP3(1)], (59)
L =u[CO)CP(N], I§ =t[C)CPN)], IS5 =t[C(NCP(1)],
fo = tr[C*(1)CP2(1)].

According to (42) and (43), the current elastic response function R is given by $ in
(58), in which C”(¢) has a constant value, denoted by C”. Thus,

T(z) = F()R{CUNFT (1), (60)
in which

R{C(1)} = ;1 + a,C(1) + a3 C*(¢) + a,C? + a;CP?
+ ag[C(£)C? + CPC(1)] + a,[C*(1)C? + CPC3(1)] (61)
+ ag[CP2C(1) + C(1)CP?] + ao[C3(¢)CP? + CP2C2(1)].

Note that, by (51), R has the property
HX{H'C(1)HJHT = R{C(¢)) (62)

for every H € gP(1) N g(&y).

The structure of the group of transformations g”(¢) N g,(¢) has been discussed in
NEGAHBAN and WINEMAN [1989a]. It is shown there that the material symmetry of the
current elastic response function depends on the principal values of C?, denoted as
Ap1>Ap2, Aps, in the following manner:

The transformations in g#(¢) N g(t,) are those associated with

1. Isotropy if Ay = Apy = Aps,
2. Transverse isotropy if A, = Apy # Aps,
3. Orthotropy if A,y # Ay # Aps # Ay

The preferred axis of transverse isotropy is along the principal axis of C” associateéd
with the principal value A,;. The preferred axes of orthotropy are along the principal
axes of C”.

In short, the symmetry of the current elastic response function of the material will
at least be that of isotropy, transverse isotropy, or orthotropy, depending on the eigen-
values of C? (no other choices exist for this material).
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VII.2. Case 2: v=1and p =1

In this case, condition (39) becomes

GP{CES)} = G”{HTCZS) H} (63)

s=lg s=1g

for every H € g(¢,) = 0. Therefore, C” must be a functional of the history of the six
isotropic invariants of C(s). That is,

Co(t) = CP{I,. .., L}, (64)

where I, ..., I are given in (57).

In constitutive eqn (45), the response functional § must satisfy the material symme-
try restriction (52) for every H € g(t,) = O. Thus, § is an isotropic function of only
C(t). It is well known, in this case, that the most general constitutive equation has the
form

T(?) = pol + pB(¢) + p,B?(¢), (65)

where B(¢) = F(¢)F7(¢t). The three scalars p,, p,, and p; will be functions of the three
isotropic invariants of B(¢) and the six independent components of C?(¢). It is seen
that the principal directions of the Cauchy stress will be the same as that of the left
Cauchy strain B(?).

Recall that the current elastic response function is obtained from the general response
function when C?(¢) has a constant value. In this case, the current elastic constitutive
equation will be given by an equation similar to (65) in which p,, p,, p; are functions
of only the three isotropic invariants of B(#). This representation for the current elas-
tic response function illustrates the statement in (53) that gf(r) 2 g(¢,) = 0.

In concluding this section we make the following comments and comparisons about
cases 1 and 2.

1. The principal directions of the Cauchy stress, T(#), and the left Cauchy strain,®
B(¢) = F(¢)F7(t), do not coincide for the first case (in general), but always co-
incide for the second case.

2. Consider a history of deformations in which the material returns to the reference
configuration «, corresponding to B(¢) = I. The state of stress corresponding to
this configuration could have any structure for the first case under consideration,
but it can only correspond to hydrostatic pressure or tension for the second case.

3. Because of the similarity of constitutive eqn (65) and that of nonlinear isotropic
elasticity, universal relations which have been obtained for nonlinear elasticity ap-
ply directly for the second case, and can be used for experimental verification of
this model.

°The left Cauchy strain is measured relative to the initial reference configuration x and not the interme-
diate configuration «,,.
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4. The second case allows a distinct possibility that there exists a stress-free config-
uration corresponding to an equal triaxial extension from the reference configu-
ration « (i.e., B = AI).

VIII. CHANGE OF REFERENCE CONFIGURATION — GENERAL MATERIAL

It is common in plasticity to write the constitutive equation for stress in terms of the
“elastic strain” (strain measured with respect to the intermediate configuration «, and
not with respect to the initial reference configuration «). To show how our results com-
pare with these models, we will rewrite the above constitutive equations relative to the
intermediate configuration «,. This will be accomplished by a proper change of refer-
ence configuration.

As distinction between reference configurations is necessary in this development, we
will add the reference configuration to all variables of the development.

To simplify the presentation we assume F?(t) to be the same as ¥?(t). This elimi-
nates the possibility of F£(¢) changing with the superposition of rigid body motions on
the deformation history.

The current response function R, is associated with a specific yield function and a
specific value of F7(r). The argument of X, is the deformation gradient F,(¢) which
compares the current configuration to the reference configuration «. The transforma-
tions H which describe the symmetries of X, are transformations of the reference con-
figuration « to mechanically equivalent ones.

We now consider a change from the initial reference configuration « to the configu-
ration «, associated with the current yield function. There will be a change in the form
of the current response function. There will also be different material symmetry trans-
formations representing the same symmetries, but which now are transformations from
the new reference configuration to mechanically equivalent ones.

In Section II F?(¢) was interpreted to be a deformation gradient which compares Kp
to the initial reference configuration . Since a constant value of F? is associated with
a fixed yield surface, the configuration «, can also be taken as constant (up to a pure
translation). In this section, we will rewrite the response functionals with respect to this
configuration, and discuss the corresponding material symmetry transformations.

The deformation gradient of the current configuration with respect to configuration
K, is defined as

=5 (66)

where X, is the position in configuration «, of the particle which had position X, in
configuration «.'® Deformation gradients F, (¢) and F,(?), defined in (2), are related
by

F (1) =F _(OFZ, (67)

105 stated in Section II, since the intermediate configuration is not a real configuration in most theories
of plasticity, we consider «, to be a set of configurations each representing a neighborhood.
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where, according to the interpretation discussed in Section 2,

= X
P = X
F, ——EaXK . (68)

The constitutive equation in (25) establishes the relation between the current response
function R,, associated with reference configuration «, and the response function X, ,
associated with reference configuration «,,

T(1) = R (F. (1)) = 8, (F, (1)} (69)
R, can be expressed in terms of X, by means of (67) and (69) as
R, (F, ()} = &,(F, (£)F7). (70)

The form of the constitutive equation in (27) can be referred to configuration «, by use
of (67). Thus

T(t) = F ()R, (C,(NF((t) =F ()R (C (NF] (1), 1

where C, (f) = FT (t)F, () and
R, (C, (1)) = FZR (FZTC, ())F2)FLT. (72)
A transformation H’ will be a material symmetry transformation associated with «,

of the response function X, if it satisfies an equation which is analogous to (30),
namely

R (F, (1)) = R (F, (1)H'}. (73)

Each transformation H’ for which (73) is satisfied is related to a transformation H for
which (30) is satisfied through an application of NoLL’s rule [1958] (also see NEGAHBAN
& WINEMAN [1989a]). Noll’s rule states that

=F’HF? . (74)

Let g¢ (7) denote the group of all transforlmatlons H’ which satisfy (73). Therefore,
Noll’s rule states that ge (1) = FPge(t)F?
In a similar manner, 1t can be established from (25), (27), (30), (31), and (71) that

H'R, (H7C, (NHJHT =&, (C, (1)}, (75)

where H’ = FPHF? ™, for each H € g£(¢).
These results are now applied to the two special cases treated in the previous sections.
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VII.1. Case 1: v, =1and p, = HT

Corlsider_ a_tlransformation Hegl(t)Nglt) and its coiresponding transformation
H' =F HF{ € g; (7). By use of the definition C = FPTF? in (17), the property (49)
satisfied by H can be restated as

H7F’"F’H = FF'F? (76)
or
(FZ-THTF?T)(FPHF? ') = L. a7

This is a statement that H’”H’ = 1. In other words, each material symmetry transfor-
mation H € gF(t) O\ g, (t) corresponds to a transformation H' which is orthogonal.
Equivalently, the material symmetry transformations of ﬁxp, which correspplnd to those
in g7(¢) N g.(¢,), form an orthogonal subgroup of g, () = FPg (t,)F .

VIIL.2. Case 2: v, =1 and p, =1

Since by (53), £(¢) 2 g.(£), it follows that g¢ (1) < FPg (1)F7 .

In concluding this section, note that the last form in (71) is very similar to the con-
stitutive equation proposed in some theories (like LEE [1969]). This can be seen if we
write (71) in the form

T(t) = F(OR,, (CFT (1), (78)

Kp

where F¢(¢) = F,(¢) is the “elastic deformation gradient,” and C¢(t) = F¢7(1)Fe(1).
In contrast to these theories, where the symmetries of G are independently prescribed,
it is shown here that the symmetry properties of RKp cannot be independently prescribed
since they are constrained by the initial symmetries of the material given by g, (#,), and
other specific constitutive assumptions and the deformation history. In particular, this
can present a problem when modeling initially anisotropic materials.

IX. CHANGE OF REFERENCE CONFIGURATION —ISOTROPIC MATERIALS

The results in Section VIII are illustrated here for the case of initially isotropic ma-
terials, for which g, (#,) = O. Let the constitutive equation in (71) be written with re-
spect to configuration «, in the form given in (78), where F¢(¢) = F, (1) = F ()F/™,
and Cé(t) = FT(¢)Fe(t) = C,(p(t).

For this particular transformation of configuration it can be shown (see NEGAHBAN
[1988]) that if we assume RZ = I for all deformation histories, then R =1 for all de-
formation histories.
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IX.1. Case 1: v, =1 and p, = H”

By use of (60) and (61), R, in (78) can be written as

R, (C(1)) = ayBY + a,B{C*(1)BY + a3 B C*(1)B{ C*(¢)BY
+ a,B?% + asBP + ag[BP C(¢)B?* + BP2Ce(1)B?)
+ a,[B?Ce(t) BPCe(¢)B?* + B> Ce(¢)BP Ce(¢)B?] (79)
+ ag[BP2Ce(1)B? + B2 Ce(1)B?*)
+ ao[BPCe(1)B? Ce(1)BP? + B2 Ce(1)BP Ce(¢)B?].

In this equation, a,, ..., ay are functions of the three isotropic invariants of C,(¢) =
F?TCe(¢)F?, and the four mixed isotropic invariants of C,(¢) and C? (given in (59)),
and B? = FPF?7. The functions a,, . . ., @y can be also written in terms of the invariants
expressed in terms of C¢(¢). In this form, }_{Kp will have the property

H'R (HTC(OH' JH'T = R, (C*(1)}, (80)

which holds, at least, for H' € F”[g? N g, (£,)]F?"

It was shown in Section VII that the transformations representing the symmetries of
the current elastic response for an initially isotropic material represent one of three pos-
sible symmetries (i.e., isotropy, transverse 1sotropy, or orthotropy). As shown above,
the symmetry groups F”[g” N g, (¢,)1F?  are simply conjugate (through Noll’s rule
[1958]) to the groups given in Section VII.

IX.2. Case 2: v, =1 and u, =1

If (65) is written with respect to configuration «,, the constitutive equation for the
current elastic response will have the form in (78) where

R, (C(2)) = rBY + r,BY C*(+)BY + r;BZ Ce(1)BY C*(¢)B?. (81)

The function R, will satisfy (80) for every H’' € FZOF7 "', As has been discussed in
NEGAHBAN and WINEMAN [1989a] and WINEMAN ef al. [1988], the group F?OF?" con-
tains both orthogonal and unimodular non-orthogonal elements. This is in strong con-
trast to the results for case 1, in which F?[g? N g, (¢,) 1F” ™' contained only orthogonal
elements. It is worth noting that the orthogonal elements of FZOF? ™ coincide with
those of FZ{g? N g,(£)]F?" of case 1, and, therefore, describe isotropy, transverse
isotropy, and orthotropy, depending on the principal values and vectors of B? in the
same manner as in case 1. lIt is also worth mentioning that the unimodular non-orthog-
onal members of FYOF? " impose further restrictions on the form of the constitutive
equation for the present case. These additional symmetries are responsible for the dif-
ferences between (81) and (79).
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X. VISCOELASTIC-PLASTIC MATERIALS

Consider a viscoelastic-plastic material as discussed in NEGAHBAN {1988]. The con-
stitutive equation is given by

T(¢) = ‘T[Fzs);F”(t)}, (82)

s=1,

where F”(t) is given by an equation similar to (4) and the notation implies that the
range of deformation gradients needed to evaluate the viscoelastic response is given as
all F(s) for s € (4,,¢]. The constraint of frame-indifference is satisfied by the introduc-
tion of the alternate form of (82) as

T(1) =F(t)8{C(s);l—~‘P(t)zFT(t), (83)

s=t1

where F?(¢) is given in (6). An alternate form for this can be written as

T(z) =F(f)S{CQS);R”(f);ép(t)}FT(t), (84)

s=1

where R?(¢) and C?(r) are the orthogonal and the square of the right symmetric part
of F7(¢) in its polar decomposition, respectively, and given in (14) and (17).

The existence of symmetry in the response of the material at the starting time ¢, re-
quires that the functional § satisfy the condition

HS{HTds) H;FP*(t)}HT= S{C(s);F”(t)} (85)

s=ig s=1

for every H € g(¢,), and where F?’(¢) is given in (12). This restriction applied to the
alternate form given in (84) will require that

HS{HTCZs) H;R”"(1); CP*(:)]HT = S{Czs); R7(1); C"(t)] (86)

s=l s=1

for every H € g(t,), and where R?"(¢) and C?"(¢) are given in (19) and (20).
Henceforth we will assume that relative to configuration « the value of R?(#) =1 for
all deformation histories. Let

T(t) = F(t)f«{czs)} FT(t) (87)

s=i

give the current viscoelastic response functional of the material within a given yield sur-
face. The functional X is given in terms of § as

&[cin] = S{ds);l;ép} (88)

Ss=is §=ig
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for which the fixed value of €?(¢) within the yield surface under consideration is de-
noted by C?.

The symmetries of the current viscoelastic response can be evaluated through find-
ing every H which satisfies the condition

HR{HTCES) H} HT = fc{czs)}, (89)

S=i5 S=lg

irrespective of the actual hi_story of C(s) for s € (¢,,t]. Equation (89) can be written
in terms of the functional 8§ through (88), and is

HS{Hrczs) H;I;(_Z"(t)}HT=S{C(s);l;é”(t)}. (90)

S=l¢ S=ig

Comparing (90) to the restrictions imposed on the material by its symmetries at the start-
ing time and given in (86), the solution to the problem of finding the symmetries of the
current viscoelastic response can be stated as

g (1) 2g(t) Ngre), on

where g¥(¢) is the group of transformations which represent the symmetries of the cur-
rent viscoelastic response and g”(¢) is given in (37).

It is seen that the evolution of the symmetries in the current viscoelastic response of
a viscoelastic-plastic material is given by an equation which is identical to that for the
evolution of the current elastic response in an elastic-plastic material. Thus, all state-
ments made about the symmetries of the current elastic response of the elastic—plastic
material, given in Section V, can be directly restated for the current viscoelastic response
of the viscoelastic-plastic material.
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APPENDIX

YIELD FUNCTION AND HARDENING PARAMETER

The yield function in (21) must be subjected to the constraints of frame indifference
and material symmetry. Consider first the restriction of frame indifference. For two his-
tories which differ by rigid body motions, the corresponding deformation gradients are
F(s) and Q(s)F(s), where Q(s) € O for each s (O is the group of linear orthogonal
transformations). We assume that the restriction of frame indifference on the yield func-
tion requires that:

FIF(OFP(1); k(O) = FIQUOF(0); EP(1); k() (92)
where
Fr() = T”{Q(S’Filf)}’ (93)
and
k(t) = k{Q(s)l:_E’s)i. (94)

Letting Q(s) = R7(s), the orthogonal part of the polar decomposition of F(s), restric-
tion (92), requires

f{F(t);F"(t) =¢P[Fés>};k(z>}

(95)
s=i, S=t

=f[U(t);F”(t) = pr{U'(s)};lé(t) = k{U(s)}}.

This can be written as

FIFQYFP(); k(1)) = FIC(); FP (1) k(D) (96)
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where F7(¢) is given by (6), C(¢) is defined in (7), and k(¢) represents the value of k
evaluated for the history of deformation gradients U(s) derived from the actual history
F(s). As in Section III, we can represent F7(7) by the products of its polar decompo-
sition and introduce the alternate form

SIFQ@);FP(t); k(1)) = FIC(2); RP(2); CP(1); k (1)}, 97

where R?(¢) and C”(¢) are defined in (14), (17), respectively.
We assume the restriction of material symmetry to require that

SEQ@FP(); k(D) = fFFQH;FP(2); k*(2)}, (98)

for every H € g(t;), and where the “*” indicates that the functional for the parameter
is evaluated for the history F(s)H. By using (97), this can be restated as

FIC@; R (1); €P(2); k(1)) = FIHTC()H; RP(¢); C7"(1); k*(1)), (99)

where I_{"*(t)_and CP"(1) are defined by (19) and (20), respectively. We will henceforth
assume that k(¢) follows the material symmetry restriction

k() = /ex{cég} - EK{HTcEs) H}. (100)

s=l s=tg
A.1. Initially isotropic materials
For materials that are initially isotropic, g(z,) = O.

A.1.1. Case 1: v =1 and p = H”. The material symmetry restriction on the yield
function, stated in (99), becomes, in view of the assumptions of the present case,

SHTC(OH; LHTCP(1)H; k(1)) =fIC(t); LCP(1); k(1)) (101)

forevery He g(t,) = 0. Therefore, f will be an isotropic scalar function of the two
symmetric tensors C(z) and CP(¢). This results in S(¢) given by

J@) = fUr, .. s k(1)) (102)

where I7, ..., I}, are given in (59).
The constraints given in (100) requires that k(¢) be an isotropic scalar functional of
the history of C(s) which can be written as

k(t)y =k (I, ... 1) (103)

for Iy,. .., I given in (57).
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A.1.2. Case 2: v =1and p =1. In this case, the material symmetry restriction on the
yield function is given as

FHTC(HH; L CP(1); k(1) = FIC1); L,CP (1) k (1)), (104)
for every H € g(¢,) = O. Therefore, we can write
f)y =FUNL I3, €703 k(1) (105)
where If, I5, and IF are the three isotropic invariants of C(t).

The constraint of material symmetry on £ (r) is identical to the first case and is given
in (100) and these constraints result in the same equation as is given in (103).



