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1. INTRODUCTION 

THE THEORY of the structure and deformations of hyperbolic 3-manifolds depends in an 

essential way on a good understanding of the geometry of incompressible maps of surfaces 

into these manifolds. Consider, for example, a hyperbolic 3-manifold N homeomorphic to 

S x R where S is a closed surface of genus g > 1. Thurston and Bonahon showed how to fill 

the convex hull of N with “pleated surfaces” homotopic to the obvious map S -+ S x {0} (see 

Sections 2.3, 2.4) and these surfaces have induced metrics which determine points in the 

Teichmiiller space r(S) of conformal (or hyperbolic) structures on S. It has been conjec- 

tured that the locus of these points is related in an approximate way to a geodesic in F(S), 

and this is known to be true for a class of examples arising from hyperbolic structures on 

surface bundles over a circle (see [S]). This kind of information has implications concerning 

the geometry of N, which will be discussed more fully in a forthcoming paper ([25]). 

From a more differential-geometric point of view, one can consider, for any metric 0 on 

S, a mapf, : S -+ N of least “energy” (see Section 3) in the above homotopy class. This least 

energy is then some function 8(c), andf, is a harmonic map. One can then ask about the 

locus of points [o] in 3(S) where 8 is bounded above by a given constant, and its 

relationship to the above set of metrics induced from pleated surfaces. 

We give here a proof of the following result in this direction, where the crucial restrictive 

hypothesis we need to make is a positive lower bound on the injectivity radius inj,(x) for all 

x E N. 

THEOREM A. Let N = H3/r be a hyperbolic 3-manifold, S a closed surface of genus at least 

2, and [f: S + N] a 7cI-injective homotopy class of maps. Suppose that there is some constant 

Ed > 0 so that inj,(x) 2 e0 for all x E N. 

Then there is a Teichmiiller geodesic segment, ray, or line L in the Teichmiiller space F(S) 

und constants A, B depending only on x(S) and e. such that 

1. Every Riemann surface on L can be mapped into N by a map in [f] with energy at 

most A. 

2. Every pleated surface g : S -+ N homotopic to f determines an induced hyperbolic metric 

on S that lies in a B-neighborhood of L. 

The main application of this result is to answer affirmatively Thurston’s “ending 

lamination conjecture”, for the special case of hyperbolic manifolds (with incompressible 

boundary) admitting a positive lower bound on injectivity radius. This theorem, together 

with some extensions of results of Cannon and Thurston on the structure of limit sets of 

surface groups, will appear in [25]. 
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The ending lamination conjecture states, roughly, that a hyperbolic manifold is deter- 

mined uniquely by the asymptotic geometry of its ends. Let us state here one version of this, 

which is proven in [25]. 

Let e be a simply degenerate end of N (see Section 2.4), corresponding to an incompress- 

ible boundary component S of the compact manifold homotopy-equivalent to N. The 

ending lamination of e is an element of CL(S) (see Section 2.1) which is obtained as a limit of 

any sequence of simple closed curves in S whose geodesic representatives in N are 

eventually contained in any neighborhood of e. The connection of this to Theorem A is, 

essentially, that the ending lamination determines an “endpoint at infinity” for the ray L, 

which in turn prescribes the internal geometry of N. Thus we have, for example: 

AN ENDING LAMINATION THEOREM ([25]). Let N1 and N, be two homeomorphic hyper- 

bolic 3-manifolds, homotopy-equivalent to a compact manifold with incompressible boundary, 

and for which inj,,(x) 2 Q, > 0 for all x E Ni. If all ends of Ni are simply degenerate and 

corresponding ends have the same ending laminations, then the two mantfolds are isometric. 

(We omit for simplicity the statement of the case when geometrically finite ends occur). 

One can interpret the ending lamination, at least in certain cases, as encoding informa- 

tion about the topological structure of the action of a Kleinian group on its limit set. In 

particular, the ending lamination theorem and the techniques of its proof also yield 

A TOPOLOGICAL RIGIDITY THEOREM ([25]). Let rI and r2 be Kleinian groups isomorphic 

to a closed surface group x1(S), and suppose injni(x) 2 e0 for all x E Ni = H3/ri. 

Zf the actions of rl and r2 on the Riemann sphere are conjugate by a homeomorphism 

@ whose restriction to the domains of discontinuity is conformal, then @ is in fact a Miibius 

transformation. 

Note that this is an extension, in this particular case, of a deep theorem of Sullivan [31], 

which gives the same conclusion but requires as an additional hypothesis that CD be globally 

quasi-conformal. Sullivan’s theorem is in fact used in the proof of the above theorems-our 

techniques are used to supply the quasi-conformality. 

Remarks. A few words are in order on the significance of the restrictive hypotheses of 

the theorem. 

The assumption of n,-injectivity of [f] is made in order to apply the geometric 

tameness results of Thurston and Bonahon [32, 43 (see Section 2.4). In the general case of 

interest, when a boundary component of the compact core of N may be compressible, it is 

not known that N is geometrically tame. Canary [6] has made progress on this question, 

and in particular has shown that if N is known to be homeomorphic to the interior of 

a compact manifold with boundary, then N is geometrically tame. One can speculate that, 

in these cases, it should be possible to prove an analogue of Theorem A. 

The second serious restriction is the lower bound on injectivity radius. Our methods 

depend heavily on this, and in particular on the compactness of certain spaces of hyperbolic 

manifolds, which holds because of the lower bound (see Section 4). In general, manifolds can 

develop “thin parts” and cusps, and a direct extension of our methods fails. Indeed, it is not 

even clear in that case what the precise form of the theorem should be. The presence of thin 

parts in the three-manifold leads to pleated surfaces which also decompose into thick and 

thin parts, and any successful extension of the ideas of this paper should involve relative 

versions of the various estimates (Lemma 5.2 in particular), which hold on subsurfaces. 
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Although there is hope for this to work, there seem to be serious combinatorial and 

geometric complications. 

A final comment on the method is that the role played by harmonic maps in the proof is, 

in fact, minor. Most of the technical lemmas are about pleated surfaces, and it should be 

possible to construct a similar proof from which harmonic maps are entirely absent. It 

seems unclear at this point whether the harmonic map techniques or the pleated surface 

techniques offer greater hope for approaching the general case. 

Plan of the paper 

The proof is rooted in the profuse but slippery analogies between Teichmiiller space and 

hyperbolic space. Given the initial data of a rc,-injective homotopy class of maps 

[f: S + N], let 9 c F(S) denote the set of hyperbolic metrics on S induced by pleated 

surfaces (see Section 2 for definitions). The main step in proving Theorem A will turn out to 

be showing that 9 is quasi-conoex, in the sense that any geodesic with endpoints in 9 lies in 

a uniformly bounded neighborhood of 9. To do this, we shall exhibit 9 (or rather a closely 

related set) as the image of a contracting projection, in analogy with the closest-point 

projection onto a convex set in H”. 

The main arguments of the proof start in Section 6, where we define the projection H, 

and relate it to the energy function B: F(S) + R,, which assigns to (7 E Y(S) the energy of 

the unique mapf, -fwhich is harmonic with respect to 0. Roughly speaking, II(a) may be 

thought of as an approximation to the pullback by JO of the metric of N. We show in 

Proposition 6.2 that log &(a) is approximately the translation distance, d(a, H(a)). We then 

define 

_Y;“, = ([o] E Y(S):d(o, n(a)) < a} 

which, for suitable a > 0, approximates both the bounded-energy locus #A = {CO]: 

&(a) I A}, and the locus 9 of pleated surface metrics. 

In Section 7 we prove the main result about KI, Theorem 7.1, which states that II is 

“contracting”, in the sense that arbitrarily large balls sufficiently far from dpLl are mapped by 

II to sets of bounded diameter. This allows us to show, in Theorem 8.1, that in fact, 9, is 

quasi-convex. The rest of the proof of Theorem A, which is given at the end of Section 8, is 

a fairly brief topological argument, utilizing the geometric tameness results of Thurston and 

Bonahon. 

Section 5 contains some technical lemmas regarding pleated surfaces, among which 

Lemma 5.2 is the most important. This lemma controls the placement of pleated surfaces in 

N in terms of the intersection number of their pleating loci. It is also one of the places in the 

paper where the most crucial use is made of the injectivity radius condition. 

The basis for most of the estimates in the paper is provided by the discussion in 

Section 4 of geometric limits and compactness of spaces of hyperbolic manifolds (with 

appropriate injectivity radius bounds). 

Sections 2 and 3 are essentially expository. Section 2 reviews some basic definitions and 

theorems from the theory of surfaces and hyperbolic 3-manifolds. Section 3 introduces 

harmonic maps, and states Theorems 3.2 and 3.3 from [24], which provide the link between 

harmonic maps and pleated surfaces. 

2. NOTATION AND BASIC FACTS 

The following notation will be used throughout: if A and B are subsets of a metric space 

X we define dx(A, B) to be the injimum of d,(a, 6) over a E A, b E B. We will use this notation 
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when X is a hyperbolic manifold N, or Teichmiiller space F(S). In the latter case we will 

tend to omit the subscript. 

2.1 Laminations 

In this paper, S will always be a closed surface of genus g > 1. Let Y(S) denote the set of 

homotopy classes of simple closed curves on S. If a hyperbolic metric cr on S is chosen we 

may represent each class in Y’(S) by a (unique) geodesic representative, and then include 

Y(S) in the set GL(S, CT) of geodesic laminations, namely all closed sets in S foliated by 

a-geodesics (see [32, 71). This set carries a natural (albeit non-Hausdorff) topology of 

geometric convergence. 

Denote by JZ.Y(S, a) the set of transversely measured geodesic laminations~--a trans- 

verse measure assigns positive Bore1 measures to arcs that intersect the lamination trans- 

versely, and these measures are taken to each other under isotopies that preserve the leaves 

of the lamination. JZ_Y(S, a) is a much nicer space-under the weak topology induced by 

the measures (and with respect to which the measure-forgetting map from .&!_Y(S, CJ) to 

GL(S, a) is continuous), &T(S, a) is homeomorphic to R69-6. 

The choice of metric is not important-there is a canonical homeomorphism between 

GL(S, a) and GL(S, c’), and between ~?‘_fZ((s, C) and J%‘.Y(S, r~‘), for any CJ’, which restricts to 

the identity on Y(S). Thus we will suppress the metric, writing CL(S) and &Y(S). (See also 

[14, 19, 261). We also define the projectivized space PJYY(S) = _&‘_Y(S)/R+, formed by 

identifying proportional measures. PJZ-~“(S) is in fact a sphere, but it is only important to 

us that it is compact. 

For a simple closed geodesic a measure is given by a single positive number, called 

a weight. The set R.!?(S) of weighted homotopy classes is dense in &5?(S), and some basic 

geometric notions generalize from closed curves to measured laminations. 

Given a hyperbolic metric CJ and y E Y(S) denote by l,(y) the length of the geodesic 

representative of y. This extends (by scaling) to RY(S), and from there to a continuous 

function on Jz_~Y(S). I,(i) can also be described directly as the mass of the measure defined 

locally as the product of the transverse measure with length along the leaves of 1.. In 

addition, this function is continuous in (T (taken as an element of the Teichmiiller space 

of S-see the next section). 

The geometric intersection number i(,) of two closed geodesics is the cardinality of their 

set of transverse intersections. More topologically, this is the minimum of the cardinalities 

of intersection of any homotopic representatives. This function also extends to a continuous 

symmetric function on ~&‘d;p(S) x &s(S), which is homogeneous under scaling of the 

measures. If i(i., p) = 0, then any two components of their supports are either disjoint or 

equal. This means in particular that the union of their supports forms a lamination, which 

we denote 2 u p (we note that one may sum the measures of i. and p to obtain a measure on 

2 u p, but this will not be important for us). 

Finally, recall Ahlfors and Beurling’s notion of extremal length E,(y) for “J E Y(S) (see, 

for example, the books by Strebel [30] and Gardiner [12]). This is the quantity sup,, I,$($), 

where the supremum is over metrics 0’ of area 1, which are conformally equivalent to (T. 

Here 1,, is the infimum of a’-lengths of representatives of y (note that there is not necessarily 

a unique geodesic). It is useful to know that this supremum is actually realized by a metric 

which is Euclidean except on a finite set of singularities, and which is foliated (away from the 

singularities) by geodesic curves which are representatives of y. Hence in this metric S is 

obtained by identifications on the boundary of a Euclidean cylinder whose core is 

homotopic to y, and E,(y) is the reciprocal of the modulus of this cylinder. 
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Extremal length extends to a continuous function on &Y(S) (see Kerckhoff [17]), 

which scales according to E,(cA) = c2E,(1). The dependence on e is again continuous. 

We remark that the comparison between extremal and hyperbolic lengths on a given 

Riemann surface is not completely straightforward (see [21]). The inequality 

k?(A) 
E,(i) 2 ~ 

27tlX(S)I 

follows immediately from the definitions and the Gauss-Bonnet theorem, but a bound in 

the other direction for E, of a closed curve is, in the worst case, exponential in 1,. When both 

are small (for a closed curve), they are related approximately linearly. We will use the 

following comparison, which is natural because it is scale invariant, but does not hold 

uniformly in r(S). A proof, which is just a compactness argument, appears in [23, $81. 

LEMMA 2.1. Given a closed surface S and .zO > 0 there exists co such that, for any 

hyperbolic metric o on S with injectivity radii at least ~~ at any point, 

for any 2 E AY(S). 

2.2 Teichmiiller space 

Good general references for this material may be found in the books by Abikoff [l] and 

Gardiner [ 133. The Teichmiiller space Y(S) of a surface is the space of conformal structures 

(alternately hyperbolic structures) on S, where two structures are considered equivalent if 

there is a conformal map (alternately isometry) between them isotopic to the identity. F(S) 

carries a natural topology which is induced by a variety of possible natural metrics. We will 

work with the Teichmiiller metric, which assigns to [a], [t] E F(S) the distance 

&(c, z) = 4 log K, where K is the smallest quasi-conformal distortion of a homeomorphism 

from (S, a) to (S, r) that is isotopic to the identity (note that dr is symmetric, which may not 

be obvious from the definition). For our purposes it will suffice to know that 

THEOREM 2.2 (Kerckhoff [17]) For any two points [o], [t] E Y(S), 

-%(Y) 
K = sup- 

Y E,(y)’ 

where E denotes extremal length as in the previous section, and y ranges over the measured 

laminations in S. 

F(S) is homeomorphic to R6g-6 where g > 1 is the genus of S (and in fact has a natural 

smooth and even a complex structure). The metric is not non-positively curved as was once 

thought (see [22]), but it has some qualitative properties of a non-positively curved space. 

In particular, between every two points is a unique shortest path, called a Teichmiiller 

geodesic, which extends uniquely to an infinite geodesic. We will also need to know that 

Y(S) is complete, and that the following holds: 

LEMMA 2.3. Let K c F(S) be a compact set and (Li} a sequence of Teichmiiller geodesics 
such that Li n K # 8. Then there exists a subsequence of {Li} that converges on compact sets 

to a geodesic L, whose length (possibly injnite) is l(L) = lim sup l(Li). 

This is in fact true for any complete, locally compact geodesic metric space, by an 

application of Ascoli’s theorem (see e.g. [9]). In our case it follows immediately from the 
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above claims about geodesics, or from the stronger fact that one can define an exponential 

map for y(S) based at any point, which is a diffeomorphism. 

2.3 Pleated surfaces and realizability 

Let N denote a complete hyperbolic three-manifold. A pleated surface (or pleated map) is 

a map g : S + N together with a hyperbolic metric p on S, such that g is path-isometric with 

respect to p (takes rectifiable paths to paths of equal length) and which maps at least one 

geodesic segment through any p E S to a geodesic segment in N (see [33, 32, 71). 

It follows from this definition that there is a geodesic lamination 2 on (S, p), called the 

pleating locus of g, such that g is totally geodesic on S - A, and maps the leaves of 2 to 

geodesics. (One thinks of the surface as being bent along the leaves of 1, although this 

bending is complicated since the leaf space of 1 in any small neighborhood is typically 

a Cantor set.) 

In general, fixing a homotopy class of maps [f: S -+ N], we say that a lamination 

i E GL(S) is realizable in [f] if there is a pleated surface g : (S, p) --f N with g E [fl, such 

that 1 is mapped geodesically by g. 

We note some facts as a proposition (see [32, 71 for proofs). 

PROPOSITION 2.4. Fix a x1-injective homotopy class [f: S --f N], and assume that N has no 

cusps. 

1. Every homotopically non-trivial simple closed curve in S is realizable in [fl. 

2. If A is realizable in [fl then the leaves of its geodesic image are uniquely determined. 
3. Zf 2 c p and I. is realizable, then p is realizable. 

Lamination lengths. If i E &P’(S) is realizable in [fl we can denote by lN(A) the length 

of its image (keeping the homotopy class [fl implicit), measured as in the case of 

laminations on surfaces, by pulling back length along the leaves from N, and integrating the 

product of this with the transverse measure. Equivalently, we can just set in(A) = l,(A), where 

p is the metric induced on any pleated surface mapping 2 geodesically. In general, we note 

that lN(,u) I l,(p) for an arbitrary pleated surface g:(S, p) + N in [f], and p E JzZ~(S). 

This definition extends the standard notion of length of the geodesic representative of 

f(y) for y E P’(S), and is again continuous in A. In fact it is still continuous at an unrealizable 

lamination 1” E _&!P’(S), if we set lN(%) = 0 ([32, 34, 41). 
One more piece of notation we will use is the following: iff: S -+ N is a continuous map 

(actually, Lipschitz or differentiable in all the cases we’ll consider), and y E Y(S), let If(y) 

denote the minimal N-length of an image by f of a representative of y. (We refrain from 

letting y range freely in &y(S) to avoid the technicaiities that may arise with non- 

hyperbolic metrics on f(S)). Iff: (S, p) -+ N is a pleated map then 1, = I,, and at any rate we 

always have 1, 2 1,. 

2.4 Geometric tameness 

The convex hull of a hyperbolic three-manifold is the smallest convex submanifold 

C(N) c N for which inclusion is a homotopy equivalence. The theory of geometricallyJinite 

manifolds, those for which C(N) has finite volume (or, in our cusp-free case, for which C(N) 

is compact) is well-understood (see [3,20]). To understand geometrically infinite manifolds 

we must resort to Thurston’s notion of geometric tameness. 
Restrict, for ease of exposition, to the case that N has no cusps. There is a compact 

3-dimensional submanifold M c N, called the Scott core (see [29]), whose inclusion is 
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a homotopy-equivalence. The ends of N are in one-to-one correspondence with the 

components of N - M or, equivalently, the components of 8M. We say that an end of N is 

geometrically~nite if it has a neighborhood that misses C(N). 

We say an end of N is simply degenerate if it has a neighborhood homeomorphic to 

S x R, where S is the corresponding component of ?M, and if there is a sequence of pleated 

surfaces homotopic in this neighborhood to the inclusion of S, and exiting every compact 

set. N is called geometrically tame if all of its ends are either geometrically finite or simply 

degenerate. In particular N is then homeomorphic to the interior of M. 

Suppose that CTJM is incompressible (the inclusion is a x,-injection). Group-theoretically 

this may be stated as the fact that 7ci (N) has no non-trivial decomposition as a free product. 

Bonahon proved in [4] that, in this case, N is geometrically tame. For further discussion, 

and progress in other cases, see Canary [6]. 

We shall always work with rc,-injective maps of surfaces, so after lifting to an appropri- 

ate cover we may always assume that n,(N) = rci (S). Thus, by Bonahon’s theorem we know 

that N is geometrically tame, and in particular homeomorphic to S x R. 

3. ENERGY AND HARMONIC MAPS 

For a differentiable map f: M --+ N between two Riemannian manifolds the energy is 

defined as 

c?(f) =; ldf12d@f). 

A map is harmonic if it is a stationary point for this functional in the space of maps. The 

theory of existence and regularity for such maps is extensive and begins (at this level of 

generality) with [lo]. 

In our situation it suffices to know that if M is a compact surface of genus at least 2 with 

Riemannian metric and N is a complete hyperbolic manifold, then any homotopy class of 

maps from M to N which is injective on the level of fundamental groups (actually much less 

is needed) has a unique, energy minimizing, harmonic representative (see [24] for refer- 

ences). 

Further (when M is two dimensional), both energy and harmonicity do not depend 

strictly on the metric of M but only on its conformal class. Thus these notions are properly 

defined on Riemann surfaces and we may say that given an incompressible homotopy class 

[f: S + N] and a point [a] E Y(S) there is an energy minimizing harmonic mapf, : S -+ N 

in [f], unique up to reparametrizations of the domain (if we fix the representative c of [a], 

fb is in fact unique). 

If we set 

&(a) = KL) 

we obtain a continuous, and even smooth, function on Y(S) (see [27]). 

We shall need a simple lemma which is really a standard fact about negatively-curved 

surfaces. 

LEMMA 3.1. If f: M -+ N is an incompressible harmonic map from a Riemann surface to 

a hyperbolic three-manifold whose injectivity radii are at least .q, then 

dium(f(M)) I D 

where D depends on x(M) and Q. 

TOP 32:3-M 
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Proofof3.1. In [24], a bound 

Area(f(M)) 5 ~~cIx(M)I 

is obtained, using a family of smooth, non-positively curved metrics pE converging as F + 0 

to the pullback metric p =f*h on M (this tactic is unnecessary iffis an immersion, because 

then p itself is a smooth metric of curvature at most - 1 at any point). The metric pE is 

pointwise bigger than p, and lim,,, Area@,) I 2n(~(M)(. 

Consider E such that Area I 27cl~(M)l + 1. Let x, y be two points in S and L the 

shortest p,-geodesic segment connecting them. Since pE > p pointwise, we know the injectiv- 

ity radius of pE is at least sO at any point. This im,plies that L has an embedded s0/2- 

neighborhood. For otherwise, there is a geodesic arc of length at most so connecting two 

points of L, and the resulting loop is either shorter than 2s0, in which case it is homotopi- 

tally trivial and contradicts the non-positive curvature of pE, or is longer, in which case it 

contradicts the choice of L (the new arc is a short cut). 

Thus (using the non-positive curvature to bound from below the area of the neighbor- 

hood), col,,,(L) I (27c(~(M)I + l), and the lemma follows. 0 

In [24], we prove 

THEOREM 3.2. There is a constant C depending only on the topological type of S, such that 

where 1” is any element of Y(S) and uc is a particular element of A’_%‘(S), determined by the 
map. 

(We can of course replace lf(;l) by the possibly smaller in(A), in which case we may as well 

take I E AT(S).) 

We call ,ud the maximal-stretch lamination of fO. It is obtained from the horizontal 

foliation of a certain holomorphic quadratic differential associated to fb, namely the dz’ 

part of the pullback by dfof the metric of N. (This foliation may be described by the fact that 

its leaves are tangent at each point to the direction of greatest stretch of df: See also [35].) 

In addition, we show that, when 8( f,) is sufficiently high, the image of fO approximates 

in a fairly strong sense a map that sends pLb to its geodesic representative in N. In particular 

plr is realizable in [f]. Jn this paper we will use the following weak version of this fact: 

THEOREM 3.3. There exist numbers n, bo, depending only on x(S), such that if&( fO) 2 bO 

then f,(S) is no more than n away, in N, from the geodesic representative of pO in [f3. 

(We may in fact choose q to be as small as we like, at the cost of increasing 8,). 

Iff, has low energy this theorem tells us nothing about the location of pa in N. However, 

the following is still true: 

LEMMA 3.4. There exists Do > 0 such that fO(S) zs within a distance Do in N of the image of 

some pleated surface in [f]. 

Proof of 3.4. This is a straightforward consequence of the following theorem from [32]: 

THEOREM 3.5. (Thurston). If [ f: S -+ N] 1s an isomorphism on rcI then every point in the 

convex hull of N is within a uniformly bounded distance of the image of a pleated surface in [f]. 
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(Note that Thurston proved this assuming the additiona assumption that N is geomet- 
ricalfy tame, but this now follows from Bonahon’s theorem.) 

Lifting~~ to the cover fl of N corresponding to~*(~~(~)), we first argue that the liftA 
is contained in the convex hull of this cover. This is just the maximum principle argument of 
[IS]-there is a distance-nonincreasing projection of fl to its convex hull, so any energy- 
minimizing map must be contained there. We then apply Theorem 3.5. 

For ~ompIeteness, let us also give a self-contained proof of Lemma 3.4, which is an 
observation of Dick Canary. fn this proof, the bound Do will depend on x(S) and so. 

It follows from the area bound in Lemma 3.1 that there is some bound A(x(S)) such that 
S always contains a homotopically non-trivial curve y with rI/,(i) < A (see also Lemma 5.4 in 
[24]). Lemma 6.4 therefore implies that the geodesic representative f(r>* is a bounded 
distance BfA, F~) away from .fb(r). Thus, setting g:(S, p) + N to be a pleated surface 
homotopic tofand taking y to this geodesic (see Theorem 2.4), the proof is complete. 

We note also that, using an argument such as that given at the end of Section 8, one can 
in fact give a proof of Theorem 3.5 in this context, using harmonic maps. n 

We conclude this section with an easy estimate for the energy of a map between surfaces, 
in terms of Teichm~~~er distance: 

LEMMA 3.6. !I’ g and p are hyperbolic metrics on S, such that d*(c~, p) = slog K and 

inj,(x) 2 E. for all x 65 S, then 

C1 K 5 J(c, p) 2 Cz K 

where (si‘(o, p) is the energy of the unique harmonic rnu~~orn (S, a) to (S, p) in the homotopy 

class of the identity. The constants Ci depend only on co and x(S). 

The proof is just a combination of Theorem 3.2 and Lemma 2.1 (together with the fact 
that K 2 1, to remove additive constants). 

4. COMPACTNESS THEOREMS 

We shall make repeated use of the fact that a variety of spaces of hyperbohc manifolds, 
and pleated surfaces within them, are compact, in an appropriate geometric topology. We 
discuss here the concepts and results that we shall need, and refer the reader to [7], Cl83 and 
[14a] for a more careful and complete treatment of the topic. 

Let us begin with the notion of the geometric topology on spaces of hyperbolic 
manifolds. Recall, first, the Chahauty topology on the set 9, of closed subgroups of 
Isom(H”): We say that a sequence {ri) converges ge(~metr~ca~~y to r if I” is the set of all limits 
of convergent s&-sequences {gi, E Tii 1, and if all elements of I- are also obtained as limits of 
sequences {gj E ri}. $9, is compact in this topology. Denote by 9” the set of discrete 
subgroups of Isom(H") and by g”(xO, E) the set of discrete subgroups whose elements move 
a fixed basepoint x0 E H” at least c > 0. Then it is also known that the latter is compact. 

This gives rise to a topology on X9,, the space of hyperbolic n-manifolds N with 
distinguished baseframes. i.e. with a choice y, e,, . . . , e,, where y E N and (e;) is an ordered 
orthonorma~ basis for 7;.N. The correspondence between Xgm and gfi is obtained, after 
fixing a “standard” baseframe x0, (si) for H”, by associating (N, y, (ei)) to the unique group 
f such that H”/T is isometric to N and the resulting covering map rr : N” -+ N takes x0, (si) 

to y, (ei). 
The set of choices of bases (ei) for a given (N, y) produces a compact set (namely O(n)) in 

29, in this topology, and we shall henceforth automatically identify these choices and 
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consider just the set of hyperbolic manifolds with basepoints, X9?,,, with the quotient 

topology. 

An equivalent description of the geometric topology on this set is that (Ni, yi) + (N, y) if 

there are sequences Ri + CC , 6i + 0, and maps fi : (B,,(yi), yi) + (IV, y) which are (1 + Si)- 

bilipschitz homeomorphisms onto their images (where BR,(yi) denote Ri-neighborhoods of 

the basepoints in Ni). 

We can now topologize the set of pleated surfaces. Let 9’9 denote the set of triples 

(r,, r2, g), where l-r E s2, Tz E g3, and g:H2 + H3 is a pleated map, equivariant in the 

sense that there exists a homomorphism cp : rl -+r,suchthat@y=cp(y)oQforally~T,. 

Normalize, also, by requiring that d maps the standard baseframe in H2 to the standard 

baseframe in H3. Clearly g descends to a pleated map g: S + N, where S = H2/T1, 

N = H3/r2. To recover the groups from this description, (up to orientation coming from 

choice of baseframes) we keep track of the images in S and N of the standard basepoints. 

The topology here is defined by convergence in the Chabauty topology of l-r and r2, 

together with uniform convergence on compact sets for the map Q. The basic compactness 

theorem, due to Thurston [32, 71 is the following. 

Fix A > 0 and E > 0. Let PoY(A, E) denote the set of pleated surfaces (I-,, T2, 8) where 

the area of H*/r, is at most A, the injectivity radius of HZ/T1 at the base-point is at least E, 

and the induced homomorphism cp: rl + r2 is injective. 

THEOREM 4.1. (Thurston) The set PY(A, E) is compact in the geometric topology, for 
a given A > 0 and E > 0. 

This kind of compactness property is useful, but some information is lost in general 

under geometric limits, for example the isomorphism type of the groups. Under further 

restrictions, which are natural for our context, we can keep track of this. (Note that the 

results we will state are not the most general known). 

Let S be a closed surface of genus at least 2, and consider 9”9F(S, E), the subset of 9pY 

for which r 1 z x1(S) and the injectivity radius of H*/rr is at least E at every point. Let 

{(f-t, ri,, 8)) b e a sequence in PP’y((s, E), which converges in 9’9’(2nI~(S)I, E) to 

(r,, r2, 8). The injectivity radius bound implies that the diameters of HZ/T1 are uniformly 

bounded, so the bilipschitz homeomorphisms given by the convergence of H2/T’; in XB2 

are eventually defined on all of H2/r\. Therefore the limit group rI is isomorphic to f’i, 

and the same injectivity radius bound holds in the limit. We conclude that 

(I-, , r2, E) E PP’g(S, E), or in other words 

COROLLARY 4.2. 9’pYy((s, E) is compact in the geometric topology. 

However, we note that under a limit in this space, the isomorphism type of T2 may still 

not be preserved. This is a considerbly subtler problem, and it is unknown whether in 

general an injectivity radius bound on H3/r2 suffices to control it. However, we can reduce 

further to a useful special case. 

Define 99’9(S, E) c PP’y((s, E) to be the subset for which cp: rl -P r2 is required to be 

a group isomorphism, and the injectivity radius lower bound is applied to all of H3/r2, not 

just H2/rI. 

Given an element (r,, r2, Q) in 99,9((s, E), we may choose an identification 

f: X,(S) -+ rI such that a fixed set of generators of n,(S) are mapped to elements of rI with 

uniformly bounded translation distances-this is guaranteed by the injectivity radius 

bound on H2/T1, and the resulting uniform bound on the diameter of the surface. The same 

bound then holds for the images of the generators by cp of: If we now consider a sequence 



TEICHMiiLLER GEODESICS AND ENDS OF HYPERBOLIC 3-MANIFOLDS 635 

Ii, I\, #) which converges in ,GFYY((S, E) to (I,, TZ, g), it is easy to see that the corres- 

ponding representations R’ = @ofi : 7~~ (S) -+ PSL,(C) converge as maps to a discrete, 

faithful representation R (this is known as “algebraic convergence”). 

It is clear, also, that R(7r1(S)) is a subgroup of the geometric limit group 12, so that it 

only remains to show that R is onto I 2, to conclude that the limit lies in g,VS(S, E). This 

fact is due to the following theorem of Thurston, a sketch of whose proof can be found in 

Theorems 9.2 and 9.6.1 of [32] (see also [S]). We state a simplified version here: 

THEOREM 4.3 (Thurston). Suppose {pi : rcl (S) + PSLZ (C)} is a sequence of discrete fuith- 

fil representations converging algebraically to a representation p, such that no element of 

pi(7CI(S)) or of p(rti(S)) is parabolic. 

Then p(zI(S)) is also the geometric limit of oi(n,(S)). 

(We note that Thurston states this with the additional assumption that H3/‘Pi(nI(S)) are 

geometrically tame, but this now automatically follows from Bonahon’s theorem). 

The condition on parabolics, in our case, follows from the injectivity radius bound on 

I\. (See the remark at the end of this section for a discussion of what can go wrong when 

this bound is removed.) We conclude, therefore, that the limit lies in YYY(S, E), and thus: 

COROLLARY 4.4. (Compactness for surface groups) YYPg(S, E) is compact in the geomet- 

ric topology. 

Our first application of these compactness results is the following lemma, showing how 

the internal geometry of a pleated surface gives information about the geometry of the 

manifold around it. 

LEMMA 4.5. Fix S and E > 0. Given b,, b2 > 0 there exists A such that ifg : (S, p) -+ N is 

a pleated surface, g* is an isomorphism on rtl, and inj,(x) > e for all x E N then the following 

holds. 
Let ct c S be a simple closed p-geodesic, and let fl denote the shortest curve in N freely 

homotopic to g(cr) such that dN(/?, g(S)) I b,. Then 

Ii&?) I b2 3 l,(cc) I A. 

(Note that, unlike our usual notation, here I,&?) refers to the length of the actual curve /I, 

rather than its geodesic representative.) 

Proof of 4.5. If the lemma is false, there is a sequence (gi, pi, Ni, Hi, /Ii) such that 

l,,(ai) + CC but dN(lji, Si(S)) 2 bi and lN,(Pi) I b2. By Corollary 4.4, we can extract a con- 

vergent subsequence and a limit in .YYPg(S, E). This produces a pleated surface g : (S, p) -+ N 

where rci (N) = g*(rri (S)). Let yi E gi(S) be basepoints of Ni, y E g(S) the basepoint for N, and 

fi: : (B,,(yi), yi) -+ (N, y) the (1 + bi)-bilipschitz maps in the definition of the geometric limit. 

Note first that pi must be geodesic except possibly at one point. Otherwise, we could find 

a shorter homotopic curve that still meets the b,-neighborhood of g(S). By the length bound 

on pi we know that /Ii remains in a (b, + bJ2)-neighborhood of g,(S). Thus, we may extract 

a further subsequence so that_&&) --t /I, which is also geodesic in N except possibly at one 

point. Moreover, p is homotopic to A(/$) for sufficiently high i, and the homotopy takes 

place in a small neighborhood of /I. 

Since g* is an isomorphism, there must be a curve u c S such that g(a) is freely 

homotopic to /3 in N (and thus tofi(Bi), for high enough i). Pulling this homotopy back byf, 
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we obtain a homotopy betweenA-‘-’ and Bi, concluding thatA-’ is homotopic to ai. But 

I,,(ai) + CO whereas I,,(fi-‘(a)) is bounded, a contradiction. 0 

An extension of this is the following, which shows how to compare the geometry of 

nearby pleated surfaces. 

COROLLARY 4.6. Fix S and E > 0. Given a > 0 there exists b > 0 such that ifg : (S, p) -+ N 
and h : (S, CT) + N are homotopic pleated surfaces which are isomorphkms on 7~~ and inj,(x) > E 

for all x E N, then 

dN(g(S), h(S)) I a * d+, P) I b. 

Proof of 4.6. Let X = {tl, . , (,} be a collection of simple closed curves in S. We say 

that X is binding (see [34]) if their geodesic representatives in a hyperbolic metric cut S into 

a union of topological disks (note that this does not depend on the choice of metric). Given 

[a] E Y(S) we define 1,(X) = &1,(&). 

The injectivity radius in (S, CJ) is at least E at every point, since h is incompressible. It 

follows that there is some A(E) such that there exists a binding collection of curves X with 

l,(X) < A. (One can for example take the shortest pair of pants decomposition, and add 

enough curves to cut the pairs of pants into disks. With more care one could even show that 

a binding collection of bounded length can be found which consists of only two curves.) 

The images g(ti) and h(5i) are freely homotopic for 5i E X, and d,(g(tJ, h(ti)) I a + 20, 
where D = D(S, E) is the universal bound on the diameter of a hyperbolic metric on S with 

injectivity radii at least E. Further, IN(h(ti)) = 1,(5i) < A (here again l,(h(5,)) is the length of 

the curve and not its geodesic representative), so by direct appeal to the previous lemma we 

obtain a bound on l,(rJ, and hence on 1,(X) as well. 

The proof is completed by the following lemma. 

LEMMA 4.7. Let X = {g,, . . , &,} be a binding collection of simple closed curves on S. 
Given A > 0 there exists B > 0 such that the set 

T(X, A) = {[o] E T(S): I,(X) < A} 

has diameter at most B in the Teichmiiller metric. 

Proofof4.7. This is a well-known fact, and there are many possible proofs. We shall give 

one that is quick given the tools we have at hand. Define i(z, X) = ci(q tk). We shall show 

Cli(cr, X) I I,(z) I C*i(c(, X) (4.1) 

for (r E T(X, A) and CI E Y(S), where Ci depend on A and x(S). 

Let oz*, 5: denote geodesic representatives in the hyperbolic metric c’. Let (Oj} denote 

the (disk) components of S - u {z, and observe that each Dj is isometric to a convex set in 

H2, and 

diam,(Dj) I diam,(dD,) I 2/,(X) I 2A. 

This bounds the length of any segment of CI * traversing Dj, and the number of such 

traversals is bounded by i(a, X). Thus, l,,(a) 5 2Ai(%, X). 

On the other hand, each Sk has an embedded regular neighborhood (also known as 

a collar) of radius at least some constant 6(A), by an application of the thick-thin 

decomposition (see [16]). It follows immediately that l,(a) 2 G(A)i(a, tk). Since there must 

be some 5, such that i(cc, 5,) 2 i(a, X)/n, we have proved the second half of (4.1). 
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Now consider any two points [a], [p] E T(X, A). Because X is binding, i(cc, X) > 0 for 

any non-trivial c(. Thus, By (4.1), we have 

By Lemma 2.1 we obtain a corresponding bound on E,(cc)/E,(a), and by Theorem 2.2 we get 

a bound on dT(o, p). Note that to use Lemma 2.1 we need to know a uniform lower bound 

on the injectivity radii of 0 and p, but this follows immediately from (4.1). 

Remark. To properly appreciate the subtlety of Theorem 4.3, let us briefly describe an 

example, due to Kerckhoff and Thurston [lS], in which the lack of a global injectivity 

radius bound in H3/r permits the existence of a sequence of groups I: whose algebraic 

limits and geometric limits are different. 

Denote by @(a, z) a quasi-Fuchsian group uniformizing the Riemann surfaces (S, 0) 

and (S, z) (this group is determined up to conjugation in PSL,(C); see e.g. [2]). Let y be 

a simple closed curve in S, and let D, denote the action on F(S) of a Dehn twist around y. 

Fixing 0, let I” = QF(o, D;(o)). This sequence of groups converges algebraically (after an 

appropriate choice of conjugations) to an isomorphic group I” in which the element 

corresponding to 5’ is parabolic. The geometric limit Ig, however, contains an additional 

parabolic element which, together with y, generates the fundamental group of a torus cusp. 

In fact H3/rg is homeomorphic to (S x R)\(y x (0)). 

It is also true that the hyperbolic structures on the boundaries of the convex hull of 

H3/I” remain boundedly near D and o;(a), respectively, by a theorem of Sullivan (see 

Epstein-Marden [l 11). In particular the injectivity radius on the boundaries of the convex 

hull remains bounded below. Thus, letting I; = I” and taking Hz/r; isometric to one 

boundary component of the convex hull of H3/r”, we can obtain a sequence in 9’9Y(S, E), 

which converges to a configuration in which I, and I2 are no longer isomorphic. We leave 

it to the reader to consider how Corollaries 4.5 and 4.6 fail in this context. 

5. CONTROLLING PLEATED SURFACES 

Before proceeding with the main constructions of the paper, we require some technical 

tools that relate the placement of pleated surfaces in a 3-manifold to quantities such as the 

length and intersection numbers of their pleating laminations. 

LEMMA 5.1. Let (S, CJ) be a closed Riemann surface and I., p E &2’(S). Then 

This is an elementary consequence of the definitions, and we note in passing that 

Gardiner and Masur [13] have proved a stronger related fact, namely that this inequality is 

actually an equality if and only if 3, and ,U appear as the horizontal and vertical foliations of 

a a-holomorphic quadratic differential; that is, if CJ lies on the Teichmiiller geodesic 

determined by 1. and p. 

Proof of 5.1. Consider first the case that 1, and p are closed curves, and let h be the 

extremal metric for E. (normalized to have area 1). That is, h is Euclidean except for a finite 

number of singularities, and admits a foliation whose non-singular leaves are closed 

Euclidean geodesics homotopic to A. These leaves form a flat cylinder C, of height E,(A)- “* 
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and circumference E,(~)“2 (see Section 2.1). Any curve homotopic to p must traverse this 

annulus at least i(3., p) times, and thus its length is at least E,(~~))“2i(%, p). The definition of 

extremal length now gives 

This proves the lemma for ,I and p, and it follows for any two elements of &9(S) by 

continuity. 0 

Fixing a hyperbolic manifold N and a homotopy class [f: S + N], we may define the 

following weighted intersection number: 

iG, 1.4 
rN(a ‘) = (&)l,(/i) 

which projects to a continuous function on 9&9(S) x ~J@‘_!?(S) (if we allow GO as a value, 

when one of the laminations is unrealizable). Similarly if p is a hyperbolic metric on S itself 

we can define I, (this is really a special case wherefis the identity). 

The next lemma is our most crucial technical tool, and will be used repeatedly in the 

proof of Theorem A. It shows that measured laminations that are realized far apart in 

a three-manifold must have some definite amount of intersection as curves in S. 

LEMMA 5.2. (Distance implies intersection) Let g : (S, p) + N be a pleated surface which 

induces an isomorphism on nl, and suppose that inj,(x) > .zO at every point x of N. Suppose 
that g maps 1. E A!Y(S) geodesically. 

There exist constants D1, cl > 0 depending only on x(S) and go such that for any 

p E AY(S), 

Here dN denotes the distance in N between the realizations of i and p in [g] (or cc if p is 

unrealizable). 

Proof of 5.2. Note first that the last implication follows immediately from the fact that 

1, 2 IN. 

Let D(S, Ed) again be the universal bound on the diameter of a hyperbolic surface with 

injectivity radii bounded below by so. 

Suppose the theorem is false for D1 = D + 1. Then there is a sequence of examples 

gi: (S, pi) -+ Ni mapping ii geodesically, and pi such that I,,(~i, pi) + 0 while dN,(~i, pi) 2 D1. 
Applying Corollary 4.4 (Compactness for surface groups), we may restrict to a sub- 

sequence that converges in gy$((s, so), obtaining a limit pleated surface g : (S, p) -+ N, with 

(1 + ai)-bilipschitz maps hi : (S, pi) + (S, p), fi : ,lri --* N (where Jfi are large neighborhoods 

of gi(S) in Ni), such that the lifts to the universal covers offi 0 gi approximate those of g 0 hi 
on large compact sets. 

Using the compactness of 9~&‘9’(S), we may restrict to a further subsequence so that 

[hi( and [hi( converge to [A] and [p], respectively, in 9&U(S). Then 9 maps 

I geodesically (see [7], for example), and dN(A, 11) 2 D1. 
By continuity of the intersection number and length on a surface (see §2.1), I,@, p) = 0. 

Therefore p and I. are disjoint, or have common components, so that i u p is a lamination. 

Since A is realizable, I. u p is also realizable, by part 3 of Proposition 2.4. 
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But now we have a contradiction: if h: (S, p’) + N is a pleated surface homotopic to 

fwhich maps ;( u /J geodesically, then diam(h(S)) I D, whereas dN(A, p) > D. 0 

Now consider the opposite case, when two laminations are realized nearby. In this case 

the length of each lamination in N is approximated well by its length in either pleated 

surface: 

LEMMA 5.3. Suppose g : (S, p) -+ N is a pleated surface inducing an isomorphism on x1, and 

inj,(x) > Ed for all x E N. Given D > 0 there exists c, depending on D, x(S) and Ed, such that 

d&, p) I D = I,(p) I clr&). 

Proof of 5.3. This is a consequence of Corollary 4.6, which gives a constant b such that 

d&, a) I b. This bounds the ratio I,(y)//,(y) by a constant c(b, co) for all y E J?‘=!?(S) (by 

Theorems 2.2 and 2.1). But for /J we have I,(p) = IN(p), since p is mapped geodesically by 

h : (S, 0) + N. This produces the desired inequality. 0 

6. A QUASI-SELF-MAP OF 9-(S) 

Fix now a complete hyperbolic 3-manifold N with a bound on injectivity radii 

inj,(x) 2 &o > 0 for all x E N. Fix a closed surface S and a homotopy class of maps 

[If: S -+ N], injective on the level of fundamental groups. 

Secretly, what we want is a map lI : Y(S) -+ r(S) which assigns to each D the conformal 

structure of the pullback metricf,*h, where h is the hyperbolic metric on N. The translation 

distance dT(o, n(a)) of this map should be directly related to &(a). However, this involves 

delicate technical issues (for example iffc fails to be an immersion) that for our purposes do 

more harm than good. It turns out, in fact, that a certain amount of indefiniteness in the 

definition of II is natural to our results and techniques. 

We will define a map 

n : F(S) + 9lB(S(S)), 

where aB(Y((s)) is the set of subsets of Y(S) whose diameter is bounded by a certain B > 0. 

The intention is that the pullback metricf,* h determines a point in Y(S) that lies near II(a). 

However, we will not need to prove this. 

Let P(a, D) denote the set of pleated surfaces (g, p) such that g -f and 

dN(g(S), fC(S)) I D. By Lemma 3.4, there exists Do(x(S), eO) such that P(a, Do) is 

non-empty, for all g. Define 

II(o) = {[p] : there is a pleated surface (g, p) E P(a, Do)}. 

By Lemma 3.1 these pleated surfaces all lie in a subset of N of uniformly bounded diameter, 

and thus by Corollary 4.6, II(a) has uniformly bounded diameter in Y(S). Let us state this 

as: 

LEMMA 6.1. There is a constant B. > 0 depending on x(S) and Ed such that 

diam(n(a)) < B, 
for any [CT] E F(S). 

The first interesting property of II is the following: 



640 Yair N. Minsky 

PROPOSITION 6.2. For any [a] E S(S), 

d(o, II(o)) - c2 I :1og a(o) I d(cr, l-I(a)) + c2 

where c2 depends only on x(S) and tzO. 

Proofof6.2. Let [p] be any point in II(g), and (g, p) a pleated surface in P(a, Do). If 

h : (S, g) + (S, p) is the harmonic map isotopic to the identity and b(h) is its energy, then by 

Lemma 3.6, 

d(cr, p) - c I t log b(h) I d(a, p) + c 

for some c(x(S), eO). 

We now wish to prove an estimate of the form 

$8(h) - d I b(o) I b(h). (6.1) 

This suffices to prove the lemma, because II(a) has bounded diameter, and because there is 

a uniform positive lower bound on a(o) (which bounds how negative the logarithm can be). 

This lower bound arises from the lower bound on injectivity radii in N, together with the 

first inequality in Theorem 3.2 applied to a short curve in (S, g). 

One direction of (6.1) is easy. Since the pleated map g is, in particular, 1-Lipschitz with 

respect to the metric p, the map g 0 h gives an upper bound &(a) s b(h). (The technicality of 

go h not being differentiable is treated, for example, in [28], where it is sufficient to have L2 

distributional derivatives. Alternatively one could approximate g by a smooth map with 

derivatives of norm nearly 1). 

To prove the bound in the other direction, consider first the case where &(a) 2 &‘,, 

where b1 is a constant to be named later. 

Since (g, p) was an arbitrary member of P(c, D,),, if we assume that &1 is at least as large 

as the constant Q0 in Theorem 3.3, we may choose g to be a pleated surface which maps 

p geodesically, where p = pg is the maximal-stretch lamination for fO. 

Let h be as before, and let p’ denote the maximal-stretch lamination for h (the theorems 

in [24] hold for two dimensional targets as a special case-see also [23]). 

We first show that p’ and p have small intersection number relative to their lengths in 

(S, p). Lemma 5.1 gives 

&(F)&($) 2 i(k CL’)~. 

Dividing by the squares of the p-lengths, 

Noting that I,(p) = I&) and applying Theorem 3.2 to both p and p’, we obtain 

1 

“(” “) ’ 4(&(a) - C)@(h) - C) 

for sufficiently high a(o). Note, by the easy direction of (6.1), that b(h) is then high as well. 

Thus we may choose &1 such that I&, ~1’) is no larger than cl, the constant in Lemma 5.2 

(Distance implies intersection). It then follows that 

where the distance is between the geodesic realizations of the two laminations. Lemma 5.3 
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then tells us that 

where c depends on x(S), cO and Di. Another invocation of Theorem 3.2 tells us that 

There remains the case where &(a) < Bi. Let (g, p) again denote an arbitrary member of 
P(n, D,,). In this case it suffices to bound B(h) by any fixed bZ. This follows from the 
compactness results of Section 4, by an argument similar to that of Corollary 4.6, as follows. 

In view of Lemma 3.6 relating energy of surface maps to Teichm~ller distance, to bound 
b(h) it suffices to bound dr(a, p). Consider a binding collection of curves {ti} in S, as in the 
proof of Lemma 4.6, such that l,(ci) < u = a(~,,). It follows that E,(ri) I ~‘(a, ~0) by Lemma 
2.1, and therefore the left side of Theorem 3.2 implies that 

We now apply Lemma 4.5 to argue that there exists a uniform B such that !,(ti) I B. It 
follows, by Lemma 4.7, that d&, c) is uniformly bounded, and we are done. El 

The next lemma shows that the harmonic map associated to a metric induced by 
a pleated surface is of low energy, and located near the pleated surface. 

LEMMA 6.3. There is a constunt Dz depending on x(S) and go such that, ifg : (S, p) + N is 
a pleated surface homotopic tof; then 

and 
fW s WX(S)I 

dN(g(S)r f,(S)) I D2. 

Proofof6.3. The first inequality is immediate, as in the proof of Proposition 6.2, from 
the existence of the 1-Lipschitz map g. 

It therefore follows from Proposition 6.2 that, for some z E II(p), 
d&, T) 5 _5log2zIx(S)/ + c2. Let h:(S, z) + N be a pleated surface in [f], such that 
d,(h(S)&(S)) < DO. It remains to bound dN(g(S), h(S)) using the bound on d,(p, T). This is 
essentially a converse to Lemma 4.6, and can be shown using the following simple lemma: 

LEMMA 6.4. Given A there exists B(A, Em) such that, if” a is a homotopically non-trivial 
curve in N with length IN(a) I A, then dN(a, a*) I B, where a* is the geodesic representative 

OfCX. 

Proof of 6.4. Suppose d(a, CI*) > R. Lift IX* to a geodesic 5* in H3, and consider the 
corresponding lift E of c(, which lies outside an R-neighborhood of E*. Since the closest-point 
projection to a geodesic in H3 is contracting by a factor of at least coshR outside this 
neighborhood, we may conclude that IN(a) 2 cash Rl,(ct*). By the injectivity radius assump- 
tion on N, and the hypothesis on IN(~), we obtain A 2 2so cash R, which bounds R as 
needed. El 

Now let y be the non-trivial homotopy class in S with minimal o-length. Then l,(y) and 
&(y) are bounded by some fixed Q(S), sot d&, T)). Let y* be the common geodesic 
representative in N of g(y) and h(y). Applying Lemma 6.4 to both g(y) and h(y), we obtain 
a bound on dN(g(S), h(S)). cl 
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Our goal is to show that II is, in a certain approximate sense, like a closest-point 

projection to a convex set in S(S). Usually a projection fixes the points in its image, but in 

our quasi-situation we can only hope for an approximate version of this. For any positive 

number a, define 

$Pa = {[a] E 5(S): d(o, n(a)) I a}. 

Then the points in _!ZO are “nearly fixed”, and the next proposition shows that II has the 

approximate properties of a closest-point projection to Y,, for appropriate a. 

PROPOSITION 6.5. (Quasi-projection) There exist constants ao, al, a2 depending on x(S) 

and go, such that 

1. H(o) E L.ZOOfor any [a] ES(S). 

2. For any [a], [t] E y(S), 

d(a, n(a)) I d(a, t) + d(r, n(z)) + a,. 

3. For [a] E y(S), 

d(o, n(o)) - a2 I d(o, zpa,) I d(a, n(a)) 

Proof of 6.5. Part (1) follows from Lemma 6.3, applied to any p E II(o), and from 

Proposition 6.2. In particular if a o = ilog2rr1X(S)I + c2 then d(p, n(p)) I a, for any 

P E I-I(o). 
To prove part (2) consider [p] E II(t). Then p represents a metric on a pleated surface in 

N, so the energy to map (S, 0) to (S, p) gives an upper bound for &(a), as in the proof of 

Proposition 6.2. Applying that proposition we have 

d(a, I-I(o)) I d(a, P) + ~2. 

The rest is just the triangle inequality together with the diameter bound on II(t). 

The right side of part (3) follows directly from part (1). To obtain the left side, apply part 

(2) to any [r] E 5;li,,,. 0 

7. SLOW HARMONIC MAPS 

We are now ready to demonstrate the central property of the map n-it is distance- 

decreasing, on the average, far away from .JZ’~,. 

Denote by JV~(X) an r-neighborhood in the Teichmiiller metric of a subset or point X in 

r(S). We shall also abuse notation slightly by writing II(X) to mean UxEXII(x), 

for X c y(S). 

THEOREM 7.1. (High energy maps move slowly) There are constants, B1, B2 depending 

on x(S) and &o such that: 
For [a] E y(S) and r > 0, if 

then 
d(J’“k-4 y,,) > BI 

diam(H(Jlr*(o))) < B2. 

(Recall that d(X, Y) is the shortest distance between points in X and Y.) 

An interpretation of this is that “in the large”, the average speed of the harmonic mapf, 

(and equivalently of II) goes to zero when &(a) goes to infinity-in fact, the average speed at 

0 is inversely proportional to d(o, LZ’~,,) - d(a, l-I(a)) - log&(a). 
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Proof of 7.1. Let g1 = 6, and take any oz E NJ(T). As the proof progresses we shall 

indicate how to choose the constants Bi. 

Let pi be the maximal-stretch lamination off,, (for i = 1,2). If C, b0 are the constants in 

Theorem 3.2 and Theorem 3.3, let 6, = max(&,,, 2C). Then, when &‘(oi) 2 br, Theorem 3.2 

gives 

1 Ii(L) li(Pi) -~ 

2 E&(i) s 6Ji) s E,,(,L&) 
(7.1) 

for any i E &Z(S). 

Let us then require that B, 2 +log B1 + c2, where c2 is the constant in Proposition 6.2. 

Applying Proposition 6.2 and Proposition 6.5 (Quasi-projection) (part 3), we may conclude 

8(0i) 2 8,. 

To show that II and II are close, we shall first show that 

MfOl(~)~fb*c9) 5 Dl + 207 + D), (7.2) 

where D, is the constant in Lemma 5.2 (Distance implies intersection). 

If r] is the constant of Theorem 3.3, and D is the universal bound on the diameter of 

a pleated surface with injectivity radii at least sO, we have 

where the left-hand side is distance between the geodesic representatives in N. 

Now suppose, by contradiction, that (7.2) fails to hold. Then &(pr, ,uJ 2 D1 and it 

follows by Lemma 5.2 that 

IN(CL1, p2) 2 Cl. 

By Lemma 5.1, 

E,,(@i)E,,W 2 c: ~~(~Xo2). 

Now, note that d(o,, 02) I r implies, via Theorem 2.2, that 

so 

or, via (7.1) 

-kI(P2) < e2, 

J&&2) - ’ 

Using (7.1) again, we have 

1 MPl) 
6(0,) 2 - 

1 ah) > J- cqa,) 
2 m ’ 2 eZ’Eo,(pl) - 2e2’ 

(7.3) 

(7.4) 

This implies 
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or, combining with Proposition 6.5 (part 3) and Proposition 6.2, 

d(a1, y&J I &logW,) + c2 

fi 
I Y + ilog- + c2. 

Cl 

Thus, let us choose B1 = max(t log$, )log 8,) + c2. Then, since the hypothesis of the 

theorem and the triangle inequality imply 

we obtain a contradiction at this point. 

Therefore, we must conclude that (7.2) holds so that the images of fO, and f& are 

uniformly nearby in N. Now applying Corollary 4.6, it follows that there is a fixed I3 such 

that 

diam(rI(a,) u rI(a,)) I B. 

Setting B2 = 2B, we have a bound on diam(TI(~V~(a,))). 0 

8. QUASI-PROJECTIONS AND THREE-MANIFOLDS 

In this section we will prove our main theorem. The main step is to complete our 

understanding of the map II by showing that the set $PO, where (I” is bounded is 

“quasi-convex”. 

As before, assume a fixed homotopy class [f: S + N] into a hyperbolic 3-manifold 

N with injectivity radius bounded from below by so. 

THEOREM 8.1. (Quasi-convexity) For each r > 0 there exists r’ > 0 such that if 

[o], [t] E &rl(_.Y,,o) then the Teichmiiller geodesic Oz connecting them lies in JV~.(.YJ. 

Note. By Proposition 6.5, 

so we may conclude equivalently that [o], [r] E =!Za,+, implies gr G 9ao+az+rz. 

Proofof 8.1. The proof is a standard argument in synthetic geometry, in which Theorem 

7.1 plays the central role. The main idea is that a path venturing far away from dpaO is 

inefficient since its image under TI is much shorter. Let us quantify this with the following 

corollary of Theorem 7.1: 

LEMMA 8.2. Let L c Y(S) be a geodesic segment lying outside JV~(Z’~,), where 

b 2 B1 + kB2, k > 1. Then, if x and y are the endpoints of L, 

diam(n(x) u II(y)) I &d(x, y) + B2. 

Proof of 8.2. Partition L by points x = x1, . . . x,, x,+ 1 = y such that d(xi, xi+ 1) = kB2 

for i < n and d(x,, y) < kB2. Thus d(x, y) = (n - 1 + 6)kBz, for 0 < 6 I 1. 

NOW, d(xi, .JYO,) 2 b, SO d(ArkBZ(xi), YIIp,,) 2 b - kB2 2 B1. Since Xi-r, Xi+ 1 E Jt?kBz(Xi) 
for 1 < i I n, we may apply Theorem 7.1 to conclude that 

diam(II(xi+l) u n(xi_l)) I B2. 
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Applying the triangle inequality we easily obtain 

n+l 
dium(rI(x) u rI(y)) I y-- B2. 

Since n = d(x, y)/kB, + 1 - 6, we get 

diam(II(x) u II(y)) I $d(x, y) + 

from which the statement follows. 0 

We assume now, with no loss of generality, that r 2 B1 + kBz. Let [o], [r] be as in the 
statement of the theorem, and suppose that d(p, _I?~,,) > I for some [p] E iE. Then, since 
d( *, S?p,,) is a continuous function, p must be contained in a segment Ej7 E E such that 
d(x, _Y,,,) = d(y, _YO,) = Y and d( ., U,,,) > Y on EJY 

The triangle inequality, Lemma 8.2 and Lemma 6.5 (part 3) give: 

4x7 Y) s 4% W-4) + di~ww u WY)) + dW(Y), Y) 

I $(x. y) + B2 + 2(r + az). 

Setting k = 1, say, we have 

d(x, y) I 2B2 + 4(r + uJ. 

Now, since p lies somewhere in the geodesic segment Q, we have 

4th zao) I 34.~ Y) + r 
<Bz+3r+2u2. 

Since p was any point in 8, we can set r’ equal to this bound, completing the proof. 0 

We conclude with a restatement, and proof, of the main theorem. Define, after fixing 

Cf:S + Nl, 

.t? = {[p] E S(S): there is a pleated surface g: (S, p) + N in [fl> 

and 

=Px = {[CJ] EF(S):&(o) 5 K}. 

THEOREM A. Let [f: S + N] be a zI-injective homotopy class of maps of a closed surface 

S of genus g > 2 to a hyperbolic 3-manifold N with inj,(x) 2 v. > 0 for all x E N. 
Then there is a Teichmiiller geodesic L in Y(S) and constants A, B depending only on x(S) 

and Ed, such that 

Furthermore, let ti be the cover of N for which n1 I? = f,(nI S). Then the following cases 
arise: 

(a) If I+ is geometricully$nite, L is a finite segment. 
(b) If fi has one simply degenerate end, then L is a ray. 
(c) If i has two simply degenerate ends, L is an infinite geodesic. 
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Proof of Theorem A. Note that Proposition 6.2 implies 

z& expZ(o-Cd c 9, c ~exp2(a+c2): 

and that Proposition 6.5 implies 

so these sets are all essentially equivalent. In particular, to obtain (1) we will find L such that 

L c 9, for some a. 

We may as well assume, taking a lift offif necessary, that ?? = N. Let e be an end of N. If 

e is simply degenerate, then (see Section 2.4), there is a sequence { (gi, pi)} of pleated surfaces 

in [fl such that g,(S) is eventually contained in any neighborhood of e. If e is geometrically 

finite, let (gi, pi) denote the pleated surface determined by the boundary of the convex hull 

that corresponds to e (so there is no dependence on i). Do the same for the other end e’, 

obtaining a sequence { (gj, pi)}. 

As in Proposition 6.5, pi, pi E 9,, for all i. Thus the Teichmiiller geodesic segments 

Li = pip: are contained in 04”,, for a fixed as, by Theorem 8.1 (Quasi-convexity). If N is in 

case (a) the Li are all equal and we take L = Li for any i. If not, we have to find a convergent 

subsequence. This is again easy in case (b): the Li share a common endpoint, so a sub- 

sequence must converge to a ray L, by Lemma 2.3. In case (c) we must show that all the Li 

intersect a fixed compact set, and again apply Lemma 2.3. 

Let (g, p) denote any fixed pleated surface in [f], and let y E g(S) be any point on its 

image. We will show that, for sufficiently large i there must be some oi E Li such that 

Y E&(S). 
Fix an identification of N with S x R such that y E S x (0). We claim that, for sufficiently 

large i,f,,(S) is contained in S x [l, CC ), andf,;(S) is contained in S x ( - a, - 11. This is 

because g,(S) is eventually in S x [K, acj ) for any K > 0, and by Lemma 6.3 f,,(S) is 

a uniformly bounded distance from gi(S) (similarly for pi). 

Let [ai(t t E [0, l] parametrize Li, and define F: S x [0, l] -+ S x R by F(x, t) = 

fCzct,(x). Let 7~: S x R + S x [ - 1, l] be the retraction defined by X(X, s) = (x, s) for Is[ 5 1 

and x(x,s)=(x,sgn(s)) for 1~121. Then n~F:Sx[O,l]-+Sx[-l,l] is a proper 

homotopy equivalence, and its restriction to the boundary is a homotopy equivalence on 

each component, since the boundaries of S x [0, l] are incompressible. It follows that n 0 F 

has degree 1 on the boundary, and therefore degree 1 on the interior. In particular y lies in 

its image, and must therefore be in the image of F. 

In other words, for some [oil E Li we havef,,(S) n g(S) # 8. 

By definition, [p] E II( and since d(ai, n(ai)) I a3 + a2 (Proposition 6.5) we con- 

clude that Li n APO, +so(p) is non-empty. By Lemma 2.3 a subsequence of {Li} must 

therefore converge to an infinite geodesic L, which is contained in p4,,, proving con- 

clusion (1). 

Fixing this convergent subsequence of Li we can repeat the same argument, replacing 

p by any other t E 8, and concluding that JV~, +BO (t) n Li # fJ for sufficiently large i. Thus, 

giving conclusion (2). Note that this works in cases (a) and (b) as well, where the boundary 

conditions for the map F are automatically satisfied on the geometrically finite ends. q 
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