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ABSTRACT

This paper develops a state-space theory for the study of linear shift-invariant
finite-dimensional hybrid dynamical systems. By hybrid system, we mean an input-
output operator relating hybrid signals, that is, signals which consist of two parts: a
continuous-time part and a discrete-time part. We first introduce the hybrid state-space
model and show the closedness properties under the fundamental operations. We next
investigate the standard basic issues associated with this formalism: reachability,
observability, and internal stability. We define the notion of Hy-norm of the hybrid
system and show how to evaluate it. Since the analysis result can be applied to any
hybrid system with the proposed hybrid state-space model, we apply the analysis
result to the optimal digital control problem for standard four-block configuration with
Hy-norm performance measure. The solution, with computational algorithm, is
derived for the time-delay case.
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1. INTRODUCTION

This paper introduces a state-space theory for the study of linear shift-
invariant finite-dimensional hybrid dynamical systems. By hybrid system, we
mean an input-output operator relating hybrid signals, that is, signals which
consist of two parts: a continuous-time part and a discrete-time part. Such
systems are encountered in practice in every instance where a digital com-
puter interacts with an analog environment. Obvious examples are in digital
control, digijtal filtering, and signal processing. In particular, in [8, 11, 12] it
has been shown that hybrid systems constitute a promising formalism to
investigate the intersampling performance of sampled-data control loops.
Although the modified z-transformation has been used for the analysis of the
intersampling behavior, the results cannot be directly applied to the synthesis
problems with the intersampling performance taken into account. Hence, we
need a uniform system theory for hybrid systems, which is useful both for
analysis and for synthesis.

The state-space framework for hybrid systems was introduced in [8, 11,
12], but it was not completely developed there, since the main focus was on
analysis and synthesis of L,-induced norm optimization for sampled-data
control, and the hybrid system treated there has only continuous-time input
and output, ie., there was no discrete-time input or output. The main
purpose of this paper is to develop a general hybrid system theory based on a
hybrid state-space model. Since the (A, B, C, D)-form representation plays a
key role in developing a nice and uniform system theory for continuous-time
or discrete-time linear time-invariant systems, we here introduce a hybrid
state-space (A, B, C, D) form for developing a hybrid system theory which is
a natural extension of the conventional linear system theory. The model is a
generalization of our previous one in [8, 11, 12], and it has hybrid state,
hybrid input, and hybrid output vectors.

We first introduce the hybrid state-space model in Section 2.1, and
Section 2.2 gives several interesting hybrid systems which can be represented
by the model. Since the closedness properties for the fundamental opera-
tions, namely cascade, parallel, and feedback connections, must be satisfied in
order to develop a uniform theory, they are investigated in Section 2.3. This
implies that the hybrid model is general enough to represent any hybrid
system consisting of several unit systems such as a continuous-time system, a
discrete-time system, a sampler with a single sampling rate, or a hold with a
periodic function. We_ note that the unit systems themselves have hybrid
state-space forms.

There are two other interesting models for representing sampled-data
systems. One is a lifting or function-space model proposed by Toivonen [18]
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and Yamamoto [22], and it has been used for the analysis and synthesis of
sampled-data feedback systems. For example, Toivonen [18], Bamieh and
Pearson [2], and Hayakawa et al. [9] have investigated the H, control
problem, and the tracking condition was discussed by Yamamoto [20], on the
basis of this model. The lifting model is time invariant but is infinite
dimensional, while our model is finite dimensional but is periodic with the
sampling period. The relationship will be briefly remarked on in Section 3.1.
Another model is a state-space model with discrete jumps, which was recently
proposed by Sivashankar and Khargonekar [17]. The discrete jump represents
the sampling operation in that model, whereas it appears explicit in our
state-space model. The relation between the two models will be discussed
briefly in Section 2.1.

In order to develop a hybrid state-space theory, we investigate the
standard basic issues associated with this formalism: reachability, observabil-
ity, and internal stability. This is done in Section 3, based on the general
solution for the hybrid state-space model, which includes the intersampling
behavior. The notions and the results are natural generalization of the
previous ones, and they give the basis of the hybrid system theory.

Next we define the notion of H,-norm of the hybrid system and show
how to evaluate it. The norm is defined in the same manner as in [13]. In
Section 4, we derive a discrete-time system which preserves the H,-norm and
give a computational algorithm for deriving the equivalent discrete-time
system. Since the result can be applied to any hybrid system with the
proposed hybrid state-space model, we apply it to the optimal digital control
problem for the standard four-block configuration with H,-norm perfor-
mance measure.

In Section 5.1, we can easily show that the problem in the sampled-data
setting can be reduced to an equivalent discrete-time H,-norm optimization
problem, since our hybrid state-space model covers the four-block configura-
tion. We also consider the case where the continuous-time plant and /or the
digital controller have time delays. Since computational time delay is in-
evitable in digital computation, this problem is important for implementation.
Chen and Francis [4] have investigated the time-delay cases for H, optimal
control by an operator-theoretic approach, and Nakajima [15] has discussed
the robust stabilization problem for the delay case. In Section 2.2 we will
show that the hybrid state-space model can represent any time lag followed
by a hold device, and hence the results based on the hybrid state-space model
can be directly applied to the sampled-data feedback control problem with
time delay at the control input channel. The concrete solution for the
H,-norm optimization problem is given in Section 5.2.

Though the results are only slight extensions of the previous results in [13]
and [4], we should emphasize that we can easily make a general formulation if
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we use the hybrid state-space model and that the synthesis result in any
setting can be directly derived by applying the general analysis result in
Section 4. This is an advantage in developing a general hybrid state-space
theory.

2. HYBRID STATE-SPACE MODEL

2.1.  Model Representation

In this subsection, we will introduce a hybrid state-space model with
hybrid state, input, and output vectors, where “hybrid” means the signal is
composed of two types of signals, namely analog and digital.

We first consider a sampled-data feedback control system shown in
Figure 1 as a typical example of the hybrid system, where P(s) and K[z]
denote a continuous-time plant and a discrete-time controller, respectively.1
u(t), y(¢), and d(¢) are analog signals of the control input, plant output, and
disturbance input, respectively, while z[k], v[k], and n[k] are discrete signals
of the input and output of the controller and measurement noise, respec-
tively. n[k] reflects the quantization error in the A /D conversion. %, denotes
the sampling operator (or A/D convertor) with sampling period 7 satisfying

Fy(t) = y(kt) = y[k], k=0,1,2,.... 2.1)

! Throughout the paper, parentheses (-) around an independent variable indicate an analog
function of continuous time or the Laplace transform of such a function, whereas square brackets
[-] indicate a discrete sequence or the z-transform of such a sequence.

+ u(t)

d(t) —‘T—v P(s) y(1)

H, X S,

olk] Kz nfk]

Z[k] +

Fic. 1. Sampled-data feedback control system.
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# denotes the hold operator (or D/A convertor) with 7-periodic hold
function H(¢) = H(t + 1) satisfying

Zvlk]l =H(o)olk] =v(kt+0), O<o<T. (2.2)

Let the state-space representations of the continuous-time plant P(s) and
the discrete-time controller K[z] be respectively given by

2,(t) =A,x,(t) + Bu(t),
P(s): { y(t) = Cpxp(t); (2.3)
x [k + 1] =A x,[k] + B, z[k],
K[=] { v[k] = C,x4[k] + Dy z[k]- (24)

Then we can readily see that the state-space equation of the sampled data
feedback control system in the period of kr < t < (k + 1)7 can be expressed
as

ip(t) A, - BPH(t)Dky,Cp —BPH(t)Ck xp(t)
[xd[k + 1]} - B.#C, Ay xq[k]

+[B,, —B,,H(t)DkHd(t) | 25)

0 B, n[k]

g | _| G O flm®] o ofld()
o[k]| | DeHC,  Ci||x4[k] [O Dk] n[k]|

The above representation has the following features:

(1) There are three hybrid signals: for the state vector (x,(¢), x,[k]), the
input vector (d(t), n[k]), and the output vector (y(¢), v[k].

(2) We have two types of state transition equations. Orie is a differential
equation for the analog state, and the other is a difference equation for the
digital state.

(3) The expression contains the sample operator %, and 7-periodic func-
tions such as B, HQ@)C,.

We now introduce a hybrid state-space model which adopts the above
features and is a natural extension of the (A, B, C, D) form for continuous-
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time or discrete-time system. Consider a class of hybrid systems expressed as

(2.6)

2, X,[k] = A(t) X, [k] + B(t)U,[k],
: { Y, [k] = C(2) X,[k] + D(2)U,[ k]

for kT <t < (k + 1)7, where X,, U, and Y), are hybrid signals for the state,
input, and output, respectively, defined by

= xC(t) . uc(t) — yc(t)
Xh[k] = [xd[k]]’ Uh[k] = [ud[k] > Yh[k] = [yd[k] >

and 2, is an operator satisfying

: (2.7)

()| | %(t)
gh[xd[k] _[xd[k+1]

A(t), B(¢), C(#), and D(t) are in a class .# defined by

C,UTS. T

cs C,

: (2.8)

T

where

C, = constant matrix operator (continuous signal — continuous signal),
TS, = 7-periodic matrix operator X.% (continuous signal — continuous
signal),
T, = rperiodic matrix operator (discrete signal — continuous signal),
CS, = constant matrix operator X .%, (continuous signal — discrete signal),
C, = constant matrix operator (discrete signal — discrete signal).

We use the simple notation
g, = {A(t),B(t),C(t),D(t)} €%,

for representing the hybrid system with the state-space form above, if A(#),
B(t), C(t), and D(t) are all in .#. In this case, a concrete representation of
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the hybrid state-space model is given as follows:

Ac + Acs(t)‘% Acd(t)

x (1)

[ %,(t)

xg[k + 1] Ay Ay (k]

Bc + Bcs(t)‘y; Bcd(t) uc(t)

1 B,= B, ||u,k1|
A (2.9)

yc(t) — Cc + Ccs(t)x Ccd(t) xc(t)
yd[k] Cu?s Cy x4l k]

Dc + Dcs(t)‘z Dcd(t) uc(t)

" DS, D, uylk]

for kr <t <(k + Dr, where x(¢t) € R* and x,[k] € R"¢ denote the
analog and discrete state variables, respectively; u (t) € R™ and u k] €
™ are the piecewise continuous and discrete inputs, respectively; y (¢) €
R P and y,lk] € RP< are the continuous and discrete outputs, respectively;
A,, A, and A, in A(t) are constant matrices of appropriate dimensions;
and A_(¢) and A_,(¢) in A(t) are T-periodic matrices of appropriate dimen-
sions. We have the same description for the matrices in B(¢), C(¢), and D(¢).

Figure 2 illustrates the reason why we consider the class .# for the
operator from a hybrid signal to a hybrid signal. M, € C, and M, € C,
represent the analog-to-analog and digital-to-digital operators, respectively.
The operator M_; % from the digital signal w,[k] to the analog signal z (¢)
belongs to T,, while the operator M,;..%, from the analog signal w,(t) to the
digital signal z,[k]is clearly in CS,. In general, we need two more operators.
One is an operator from analog signal to analog signal through sampler and
hold, denoted by Z M_ %, in Figure 2. We can see that #Z M_.%, belongs to
TS,. B,H(t)D,.%,C, = B,H(t)D,C,%# in (2.5) corresponds to this term,
so it cannot be neg{écted for the general expression. Finally, we have an
operator from digital signal to digital signal through hold and sampler,
denoted by %, M, ;% in Figure 2. However, .%, M, ;% is just a constant
operator, i.e., . M, # € C,. Hence, we need not take account of this kind
of operation independently.

REMARK. Recently, another state-space model for sampled-data systems
was proposed by Sivashankar and Khargonekar [17], where they introduced
the notion of discrete jump of the state at each sampling instant. The model
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M.,
— M —
H, s,
zc(t) ’L M. wc(t)
s
Mcd
Mds
H,
24[k] - Q My ; wq(k]
I R
i Sr E v He
Soor e romm--- - '.__:_-.'
bt My oo J

Fic. 2. Operation for hybrid signals.

is expressed as
%(t) = Ax(t) + Bu(t), t #kr,
x(k7t) = Ayg(kt) + Byauy(kT),
y(t) = Cx(t),
ys(kr) = Cyy(kT).

(2.10)

We can show that our hybrid state-space model can be converted to the
above model if we augment the state appropriately. For example, we consider
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a hybrid system

Ac + Acs'%‘ Acd
Adsx Ad

1,(t)
x [k + 1]

xc(t)]
xa[k] |

Then we have the form (2.10) with

(| [a, 4, A4,]*®)

@ [=]lo o o ||x()

gty LO 00 flxy(t) ]
(k™Y | 11 o0 o] x(kr)
x (k) |=| 1 0 0 ||x,(k7)
(k) | [Aa O Adfle (k) |

where we need an additional state x (¢) for representing the A term.

2.2.  Examples of Hybrid Systems

Using the hybrid state-space representation, the cascade, parallel, and
feedback operations of hybrid systems are defined in the same manner as
in the continuous-time case, as will be discussed in the next subsection.
In this subsection, we will show several examples of the hybrid state-space
representations.

We first confirm that the sampled-data feedback control system shown in
Figure 1 can be represented by the hybrid state-space model (2.9). Let us
define X, U,, and Y, by

xh[k]=[;:f,?]], at =[] - 1)

Then it is easy to see that the sampled-data feedback control system shown in
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Figure 1 can be represented by a hybrid state-space model with

(A, — B,H(t)D,C,%, —B,H(t)C,
A(t) = B.C,, A, :
B, —B, H(t)D,
B(t)=| 7 P , 2.11
) =1, B, (2.11)

[ Cp 0 0 0
C(t)=Lchp5f, ck]’ D(t)=[0 Dk]'

Since the model (2.9) is general, it contains pure continuous-time and
discrete-time systems as special cases, and it also covers systems without
continuous-time or discrete-time states. For example, the sampler and the
hold themselves can be represented by the model, and it is easy to show that
an open-loop system with sampler, discrete-time system K[z] given by (2.4),
and hold H(t), as depicted in Figure 3, has a hybrid state-space model

A(t)=[: Zk] B(t) = | g, x5 :]’

C(t) = [_ H(t)—_x Ck], D(t) = [H(t) X Dy X% —

Moreover, we can show that any time delay followed by a hold Z as
shown in Figure 4 can be represented by the hybrid state-space model.
Suppose that the time delay L can be rewritten as

L=Ilr+pn

Sr
U.c(t) >< I([Z] H‘r yc(t)

FIG. 3. An open-loop sampled-data system.
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“d[k] ?IC(t)

—_— A, PR P S

Fic. 4. A time delay with hold.

where [ is a nonnegative integer and u € (0, 7). Since H(¢) is 7-periodic, we
can easily see that the output y(#) in the kth sampling period [kr <
t < (k + 1)7] can be expressed as

H(t —pluydlk—1-1), kr<t<kr+p,

y.(2) = {H(t—n)ud[k—l}, kr+p<t<(k+ .

Let us now define two 7-periodic functions H,(¢) and H,,(¢) as

u o, kr<t <kr+p, 219

ui(t)'_ H(t—p), kr+pu<t<(k+ 1), (2.12)
_JH(t—p), kr<t<kr+p,

Hiug(t) = {0, kr+p<i<(k+ 1. (2.13)

Then we have the following hybrid state-space model of the system with
input u,[k] and output y (¢) for the case | = 0:

xalk + 11 = 0-x,[k] + uy[k],
yo(t) = H,o()x[k] + H, (#)u,[k].

Since the form for the case I > 1 can be readily derived in the same manner,
it is omitted.

This property is quite useful for real control situations, since the computa-
tional time delay 0 < L < 7 is inevitable in the implementation of any digital
controller. This notion can also be applied to the continuous-time system with
any time delay at the control input channel. We note that the delay may not
be synchronized with the sampling period 7. An H, optimal control problem
for such situations will be investigated in Section 5, based on the H,-norm
analysis for the general hybrid system in Section 4.
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2.3, Connections in Z,

In order to show that any system composed of several subsystems in #
can be described by a hybrid state-space model (2.9), it is enough to show
that the hybrid state-space representation is closed under four fundamental
operations, namely scalar multiplication and parallel, cascade, and feedback
connections.

It is obvious that scalar multiplication is closed in . More precisely, we
have

al = {A(#),B(t), aC(¢), aD(t)} €7, (2.14)

for any scalar a and L = {A(¢), B(¢), C(¢), D(¢)} € 7. Therefore, we need
only show the closedness of the parallel, cascade, and feedback connections.

Before doing so, we introduce three operations—sum, product, and
inverse—in the class .#. Let P,(¢) in .# be given by

Pic + Pics(t)s'r Picd(t)

P,.(t)=[ ps b €2 (=12 (219

Then we can define:

(1) Sum. If addition in .# is defined by
Pi(1) & Py(t)

— (Plc + P2c) + {Plcs(t) + P20s(t)}s7' Plcd(t) + P2cd(t)
(Pras + Paay) S, Py + Py

} (2.16)

then we have

P\(t) &y Py(t) EA (2.17)

and

u(t)

{P(t) & Py(t)}U = P(t)U+ P(t)U VU= [k]]' (2.18)
Ug

(2) Product. 1If multiplication in .# is defined by

(2.19)

ME + Mcs(t)s'r Mcd(t)
Pl(t) ®m PZ(t) = Md S Md 4
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where
M, =P Py,
M, (2) = P Poy(t) + Pioy(t) Py, + Pyy(t) Py (0) + Pyy(2) Pyy,,
M 4(t) = Py Porg(t) + Pry(#) Paca(0) + Py oy(t) Pyy, (2.20)
My, = P g, Py, + Prg Py (0) + PPy,
M, = P4, Py.4(0) + PPy,
then we have
Pi(t) ®, Py(t) €4 (2.21)

and

{P(t) & Py(t)}U = P(t){Py(t)U} “U=

uC(t)
ud[k]]. (2.22)

(3) Inverse. Suppose P, and P(0) are nonsingular and P['(0) is
expressed as

Pri(0) =

-1 A A
PI(O) + Plcs(o) Plcd(o) - Pcc Pcd (2 23)
Plds Pld p p ' '

Pdc dd

Then there exists P; '(¢) € .# which satisfies

PT(t)(P(t)U)=U VU= Zdﬁ)]] (2.24)
and it is given by
=[O BO) s
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where
F, =P},
E (1) = =P P () B + Pra(2) B},
Fq(t) = —Pl_cl{Plcs(t)l;cd + Plcd(t)ﬁdd}’ (2.26)
Fy, =Py,
F, =Py,

We are now ready to show the closedness of the parallel, cascade, and
feedback connections.

PROPOSITION 2.1.  Suppose %; = {A,(t), B,(),C,(),D,(t)} €7, (i =
1, 2). The parallel connection of 2, and 2,, 3, = 3, + 3, belongs to 7,

and its hybrid state-space model is given by

3, ={A,(t).B,(t).C,(t).D,(t)} (2.27)
where
a0 ] B
A, (t) =R 0 A1) R™%, B,(t)=R By () | 225)
Cp(t) = [Cl(t) Cz(t)]R_ly Dp(t) = Dy(t) & Dy(t),
and
I, 0 0 0
0 I, 0
R=| Lo o (2.29)
0 0 0 I

PROPOSITION 2.2. Suppose %, = {A,(1),B,(¢),C(t), D)} €%, (i =
1,2). The cascade connection of 2, and 3,, 3 = 2, -3, belongs to Z,,,
and its hybrid state-space model is given by

2, = {A(t).B(t).C(1),D,(t)}, (2.30)
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where
—Al Bl C2 _
A1) = (()f) (t) ?Elt) (1) 1
Bi(t) @, Dy(t
B(t) = B,(1) ) (2.31)

C.(t) = [Cut) Dy(t) ® Cy(t)|R",
D, (t) = Dy(t) & D,(1).
PROPOSITION 2.3.  Suppose
det {I ® D(0) ® D,(0)} ' #0, det(I+D,D,) " #0

hold for 3, ={A,(t),B(t),C,(t),D,(t)} €%, (i = 1 2). There exists a
feedback connection of E and 22 Sp=(I+3%,-3)7"3,, which belongs

to Z,,, and its hybrid state-space model is given by

3p= (A (1), B;(1).C,(¢), Dy(1)}, (2.32)
where
A/() =R Alét) Bl(t)A?t)cz(t) R 6, (<R) Bl(t)Bngt)Dz(t)
&y {I & Dy(t) & Du(t)} ' & [Ci(t) Di(t) & Co(t)]R™,
B, =1 "0 2 P oy (10, D0 8 D) (g

C/(t) = [0 Cy(1)]R™' @, — Dy(t) &, (I & D\(t) & Dy(t)} '
®,[Ci(¢) Dy(t) &, Cy(t)]R7!,

D,(t) = Dy(t) ® {I &, Dy(t) & Dy(t)}"'
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These results imply that the hybrid state-space model is closed under the
fundamental operations of scalar multiplication and parallel, cascade, and
feedback connections. Note that the structure of the matrices in (2.28),
(2.31), and (2.33) is essentially the same as for the usual state-space expres-
sion (A, B, C, D), except for the presence of a permutation matrix R defined
in (2.29) for adjusting the order of analog and discrete signals. This closed-
ness property with similar matrix structure is useful in the development of
CAD systems for sampled-data systems [16].

REMARK. We have several interesting subclasses. If we consider the class
of hybrid systems in which all the functions in the hybrid model (2.9) are
constant, it turns out to comprise sampled-data systems with zero-order
holds, i.e., H(¢) = I. We can readily see that this subclass is also closed under
the above fundamental operations. Another interesting subclass is that of
hybrid systems with only continuous-time input and output, i.e., m; = 0 and
ps = 0, which has been already investigated in [8, 11, 12].

3. STABILITY, REACHABILITY AND OBSERVABILITY

3.1.  Intersampling Behavior

Before discussing the stability, reachability, and observability of the
system J, with the hybrid state-space model (2.9), we will derive the solution
of (2.9).

We first solve the differential equation for the analog state x(¢) in (2.9).
Then, we can readily see that the hybrid state variable at sampling instance is
given by

[xc((k + 1)7)
x, k + 1]

et [ferroa ey de [Terom0,(6) de|[xkr)
= 0 A 0 A xq[k]
4 d

s

[T er OB u (kr + £) dg

)

0
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| [ OB ey de [[er OB, (£) de [uc(kf)

B, B, uglk] |’

(3.1)

and the intersampling behavior of the analog state x (k7 + o) for0 < o < 7,
k=0,1,2,..., is expressed as

x (kt+ o)

[ [eneonneras [Tere o) ae) "””‘”]
0 0

xd[k]

+/UeAc("_§)Bcuc(kT + &) dé
0

+ [ folfeAc(a—ﬂBcs( £)d¢ fotfeAa(a—g)Bcd( £) dg][uc(k") ]

“d[k]
(3.2)

Therefore, we have the intersampling behavior of the continuous-time output
ylkt+ o) for 0<o<7, k=0,1,2,..., and the discrete-time output
yslklfor k =0,1,2,..., as follows:

[yc(k7+ o)
9d[k]

C::s( ag ) Ccd( o )
Cds Cd

_ [chc(k’r+ 0')] +
0

x4l k]

u (k1)
ud[k]

xc(kr)]

+ Du (kt+ o) 4
0 ]

Dds Dd

D, (o) Dcd(ff)]

€.(0) %ulo)][x.(kr)
Cas Ca xd[k]

Dcuc(k1'+0)' D.(o) D, (o) ||lu(kT)
N 0 -+[ Dy, D, Hud[k] ’

(3.3)
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where
(1) = Cc(e““+fte““““Am(§)d§ +C (1), (3.4)
0

Fa(t) = C, [ M08, ,(£) dE + Coyt). (35)
0

The above solution for the hybrid state-space representation (2.9) will be
used for the analysis of stability, reachability, and observability in the succeed-
ing subsections. We note that the above solution gives a unified treatment of
the simulation for any type of sampled-data system, which may have many
components consisting of both continuous-time and discrete-time systems.

REMARK. If we consider continuous-time signals such as u (k7 + o)
and y (k7 + o) in the above solutions as functions over the interval k7 <
t < (k + 1), then the appropriate arrangements of the above equations lead
to a lifting model in [18] and a function-space model in [22].

3.2. Stability

We introduce the notion of exponential stability for the hybrid system,
which must take into account the fact that some state variables evolve in
continuous time while others evolve in discrete time.

DEFINITION 3.1. The hybrid system J, given by (2.9) is uniformly
exponentially stable if there exist positive constants a,, B,, a4, and B; such
that

c?

lx(6) ) < B.e™ | X, 0] Vi >0, (3.6)

lx,lk] < Bge™* | X, [01] Kk =0,1,..., (3.7)

holds for every initial condition X,[0] = [xZ(O) xE[O]] " whenever u)=0
and u, [kl = 0.

In Definition 3.1 the uniformity refers to the fact that the positive
constants a,, B, ag, Tand B; are independent of the initial condition
X001 = [+7(0) %3001]"

ProPOSITION 3.1. The hybrid system 9, given by (2.9) is uniformly
exponentially stable if and only if all the eigenvalues of the matrix &7, defined
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by

T T
AT 4 AT 8)A d AT= 64 d
de: € ’/(.)6 cs(f) § /(;6 cd(g) f
A, Ay

(3.8)

s
belong to the interior of the unit disk.

Proof. The proof is the same as that for hybrid model in [12], so it is
omitted. [ ]

Since the above stability condition can be applied to any hybrid system in
nys, we can easily derive the stability condition for the sampled-data feedback
control system shown in Figure 1 with zero-order hold [i.e., H(¢) = I] and

strictly proper controller (i.e., D, = 0) as follows:

.
eds” e* B dEéC
Ay = [o p 46 G (3.9)

_Bka Ak

has no eigenvalues inside the unit disk. Also note that the proposition covers
the stability conditions for both pure continuous-time system and pure
discrete-time systems as special cases:

(1) A continuous-time system % (t) = A, x(¢) is exponentially stable iff
all the eigenvalues of ¢*-" are inside the unit disk, i.e., all the eigenvalues of
A, belong to the open left-hand half complex plane.

(2) A discrete-time system x4k + 1] = A, x,[k] is exponentially stable
iff all the eigenvalues of A, are inside the unit disk.

3.3.  Reachability and Observability

Reachability generally refers to the ability to drive the state vector of a
system from the origin to a specified final condition in a finite time. It is also
generally understood that all the components of the state vector achieve their
desired values at the same final time. However, since in (2.9) some state
variables evolve in continuous time and others in discrete time, we introduce
the following notion.

DEFINI'TFION 3.2. For the hybrid system J, given by (2.9), the state
[chf, ng] is sample time reachable (STR) if there exist a nonnegetive
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integer k, u(t) defined on [0, k7], and u,{l], 0 <! <k, such that the
system 7, starting with initial conditions x (0) = 0, x,{0] = 0 and driven by
u(t), u4(1), achieves the final condition [ xI (k7), x5[k]] = [xff, ng]. The
system Z, given by (2.9) is sample time reachable if all the states are STR.

Sample time reachability of 7 is readily checked using the following
result.

PROPOSITION 3.2. Consider the discrete pair (¥, B,), where & is
defined in (3.8) and B is defined as

fTe%v-“Bw(f)dg fJeAJBCBﬂfﬂfdf ffemgBm(é)df
0 0 0 '
B, 0 B,

Bd=

8§

(3.10)

Then the hybrid system I, given by (2.9) is sample time reachable if and only
if the pair («;,B,) is reachable.

Proof. The proof is similar to that for the hybrid model in [12], so it is
omitted. |

Observability generally refers to the ability to determine the initial
condition of a homogeneous system from the time history of its output. Since
the initial time occurs simultaneously for all components of the state vector,
there is no difficulty in following the usual path to extend the concept of
observability to the hybrid system 7] given by (2.9).

DEFINITION 3.3. For the hybrid system Z, given by (2.9), the vector
[xzo, xgo]T is unobservable if, using as initial condition [ch(O), xg[O]] =
[T, 275, and input v ® =0 > 0), ulkl=0 k=0,1,2,...),
we have y,(t) = 0 for almost all t > 0 and y,[k] = 0 forall k = 0,1,2,....
The system J, given by (2.9) is observable if the only unobservable state is
the origin.

Observability of 7] is also easily checked with the following result.
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PROPOSITION 3.3.  Define a positive semidefinite matrix M as

7| Eeo( @) cl,
M= L[fgcfi(a)][%(g) €a(0)] do+ [c}][c‘“ c,], (3.11)

and factor it as
M = CiC,, (3.12)
where %, (a) and %,,(c) are defined by (3.4) and (3.5), respectively. Then

the hybrid system J, given by (2.9) is observable if and only if the pair
(&7, C,) is observable.

Proof. The proof is similar to that for the hybrid model in [12], so it is
omitted. m

4. H,-NORM ANALYSIS

In this section we first define an Hy-norm of the hybrid state-space model
I, given by (2.9), and then show how to compute the H,-norm.

Let L% be the space of piecewise continuous square-integrable functions.
The Ly-norm of z(t) in L% is defined as

e 1/2
BT OROrI (41)

I, denotes the space of square-summarable sequences, and the [;-norm of
z4lk]in I, is defined as

® 1/2
2kl = ( > zﬂk]zd[kl) . (42)

k=0

Combining these two, we define a type of L,-norm of a hybrid signal

z.(t) ]
zd[k]
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as follows:

DEFINITION 4.1,

lzc(t)
zq[k]

Since .9, is a T-periodic system, we cannot apply the definition of the
Hy-norm for continuous-time systems based on the frequency-domain charac-
terization. However, we can define the correspondences for the hybrid
system based on the time-domain interpretation. Here, we extend the defini-
tion by Khargonekar and Sivashankar [13], where they introduced a type of

H,-norm, so it can be applied for any periodic system in general.?

= VI 2 + 2k - (4.3)

DEFINITION 4.2. The Hy-norm of the hybrid system J, given by (2.9) is

defined by
R o o\ 172
| 1 I )
0 134) 5

1 rme mg e
2 2
- (— [ Nzl do + Zuzhdjuz) , (4.9
T 0= j=1

2

171, = (i [E

where 8(t) and 8 denote the Dirac and Kronecker delta functions, respec-
tively. e, is the umt vector whose ith element is 1 and others are all zero, and
Zpo; and %j,4; denote the corresponding hybrid outputs for w () = 8(t — v)e,
and wy[k] = 8,¢;, respectively.

We can easﬂy see that B,(t), B,,, D,, D.(t), and D, in the hybrid
state-space model (2.9) must be zero to assure the boundedness of the above
H,-norm. Also we note that the continuous-time input w/(¢#) cannot be
directly sampled in this case, and hence the Dirac delta function can be
allowed to be an input for the evaluation of the Hy-norm by a reasonable
slight extension of the input space.

Therefore, we here consider a subclass of the hybrid systems with hybrid

2 Of course, we can also extend another definition of the H » norm by Chen and Francis [4]
in a similar way.
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state-space representation®

xc(t) _ Ac + Acs(t)‘s’; Acd(t) xc(t)
xalk + 11| AyS] Ay xqlk]
+ Bc Bcd(t)][wc(t)
0 B, wy[k] (45)
zc(t) _ Cv + Ccs(t)‘s’; Ccd(t)][xv(t)
z4[k] - Cuss Cq xq[k]

0 D.y() || we(?)
+[0 ld)d de[k] ’

where kT <t < (k + Dr.
We now start to compute the H,-norm. Let %,(¢), &,,, and Z,(t) be

e _[8.) £a(0)

[%dz ] Ca éd ’ (46)

9,(t) = C, [ A OB (£) dt+ Du(t), (4.7)
0

where %, (t) and %,,(¢) are defined in (3.4) and (3.5), respectively. Also
define

1
7 (t) = ;Ccfotef*chchTeAif d¢CT. (4.8)

Then a direct calculation based on the definition of H,-norm above with the
solution (3.3) for the hybrid state-space model (4.5) leads to

1712 = race{ [ (€282 (1) +7(0)) )
+ trace{j:{?cl(t)%%g(t) +2,(1)27 (1)} dt}

+ trace{€, 28, } + trace{,,2,€}; + D, DI}, (4.9)

% We use w and z rather than 4 and y for representing the input and output of the system
to accommodate the synthesis problem which will be investigated in the next section.
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where 2, and £ denote the solutions of the following Lyapunov equations:

Z =A LA + [‘6" (0)], (4.10)
2y = A2y A] + By By, (4.11)

and W and &, are defined as follows:

n 1 .7
= = [e*4B, BleAt dg, (4.12)
T 70
2, T Al-)p d
B, = [ Bd] - foe «al£) dE| (4.13)
d
B,
Let 2 be defined by
Z =2 + 2 (4.14)
or equivalently, as the solution of the following Lyapunov equation:
X = A ] + [‘g’ 8] + By Bl (4.15)

Then we have another expression for the H,-norm:
2 _ . T T T
1571 = trace{ [ (0282 (1) + 2V 27 (1)} |

0

+ trace{fTW(t) dt} + trace{%,, 2%, + D,DJ}. (4.16)

0

The above investigation leads to an equivalent discrete-time system which
preserves the H,-norm.

THEOREM 4.1. Consider a uniformly exponentially stable hybrid system

G, given by (4.5). The Hy-norm of I, defined in Definition 4.2 is given by

Iy =17 21 (4.17)
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where the realization of F;[z] is expressed as*

699

n, ng e my
R K Fpe | By Zea e
A Md Bd Ads Ad 0 Bd ng
Tlz] = | ‘ —| = |= - A — | n+n, (4.18)
C,; | Dy Cin Cae | Dan Dars
Cu C, 0 D, Pa

Here &; and B,; are defmed by (3 8) and (4 13), respectively. The other
matrices in (4.18), By,,, C 110 Carer D1y, and Dy, are given as follows:

Step 1. By, € R""" is obtained by the following factorization:
BynBin = W. (4.19)
Step 2. Define M and factor M into partitioned matrices as
it
M= f%l(t)‘gcl(t) dt = [C ][Cdu Cd12] (4.20)
d12
where C,,, € RrndXne gnd G, € RintndXng,
Step 3. Let A, be an n_, X n, real matrix satisfying
I L N ¢ T AT¢ T
Am=—[[ef&&eCMﬁQq.
T 7070
* We use
Cq | Da
for representing a discrete-time system x [k + 1] = Ayx k] + Byuylkl, y k] = Cyx k] +

Dyu k]
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Then we obtain Dy, € R*F10>" g5 follows:

A A n
Dy, = [ 1] ng
Step 4. Dy, € ROH"OX™a is any arbitrary matrix satisfying
A A T
trace{DdT12 de} = trace{f 27()2.(t) dt}.
0
For example, if my < (n, + n,), let A, be an my X m real matrix such that
AT A T
ATA, = fogc (t)D.(t) dt.

Then we obtain D), € RCTrd*me g follows:

D, = Ay | ma
dlz " -
0 n,+ng—my

Proof. The proof is in two steps. The first step is to show that the
controllability gramian of T,[z]is given by £, and the second is to compute
the H,-norm of T,[z] with 2.

Step 1. The controllability gramian of fd[z] is defined to be the unique
solution L, of the Lyapunov equation

f‘d =Mdf‘d‘5{g + ﬁdﬁT, (4.21)

and it is easy to see from (4.15) that L, =2 holds.
Step 2. Using the standard definition of the H,-norm for discrete-time
systems, the square of the H,-norm of Tlz]is expressed as

I7.1211 = trace{€, £,€% + D, DT }.
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Tedious calculations yield the following relation:

trace{Cde } trace{f > ()L &L (¢) dt + %dzid%fz}

We can also obtain
trace{D , DT} = trace{ TW t dt}
{D,DF) [ 7@
+ trace{fTQGT(t)Qc(t) dt} + trace{D, D7 }.
0

From step 1, the controllability gramians of fd[z] and & are coincident.
Consequently, we have

s =170 = mace{ [ (@025 (1) + 2,021 (1)

+ trace{fTW(t) dt} + trace{ &, Z %}, + D;DJ}
0
This completes the proof. [ ]

REMARK. If the hybrid system (4.5) is sample time reachable, we can see
that the controllability gramian L, of the equivalent discrete-time system
Td[ z] given by the solution of the Lyapunov equation (4.15) or (4.21) is
positive definite. The dual is also true. In other words, if the hybrid system
(4.5) is observable, we can see that the observability gramian of the equiva-
lent discrete-time system T,[z] is positive definite.

The H,-norm of 9, can be calculated by a simple computational algo-
rithm with three exponentiations for the case where all 7-periodic matrices in
(4.5) are constant. The algorithm can be derived by using the fundamental

results for the relation between the integrals and the matrix exponentiations
in [19].

5. H, OPTIMAL CONTROL

Consider the sampled-data feedback control system shown in Figure 5,
where w(t) € RA™, u(t) € R, z(t) € R™, and y(¢) € R P2 denote the
exogenous input, control input, controlled output, and measured output
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respectively, all of which are analog signals, while w;[k] € R™4, ¢, [k] € R P,
and v [k] € R™: denote the discrete-time exogenous input, input to con-
troller, and output from controller, respectively, all of which are discrete
signals. G(s), K[z], #(t), and .%, denote the continuous-time generalized
plant (including frequency-shaped weighting matrices and antialiasing filters),
the discrete-time controller to be designed, the given hold function, and the
sampling operator with the sampling period 7> 0, respectively. The state-
space representations of G(s)° and K[z] are respectively given by

x(t) = Ax(¢) + Byw(t) + Byu(t),
G(s): {z(t) =C,x(t) + Dyu(t), (5.1)
y(t) = Cyx(¥),

K[]: x, [k + 1] = A, x, [k] + Beer[ K], (52)
ve[k] = Cyxi[k] + Dyeg[k],
where x(¢) € R" and x,[k] € R™.

The time delay ¢ " followed by the hold represents the pure time lag in
the continuous-time plant and/or the computational time delay in the digital
controller, which may not be synchronized with the sampling period 7. We
notice that 0 < p < 7 is inevitable for the digital implementation of the
controller K[z]. If we compute the second equation in (5.2) rather than the
first one in each sampling interval, then v;[k] and hence the control input
can be determined after this calculation. In this case, the computational time
delay w is equal to the time for computing the second equation. Chen and
Francis [4] have investigated a similar problem by an operator-theoretic
approach, where the generalized plant itself is assumed to be stable and there
is no discrete-time input w,[k]. We note that our setting with one time delay
after hold covers the case discussed in [4], where each element in the
generalized plant has independent time delay, since the time delays in the
portions of w(t) and z(¢) can be removed without changing the H,-norm,
and that in the portion of y(¢) can be combined with that in the control input
portion. Hence, our setting is general enough to treat many problems
occurring in the real world.

Suppose that the time delay L can be expressed as

L:=Ilr+p,

* The assumption Dy, = 0 is posed to assure the Ly-stability of &, [11]. D}, = 0*is also
required for the H, problem, as in the continuous-time case.
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where [ is a nonnegative integer and u € (0, 7). Then we can easily see that
the control input u(t) is given by

H(t — p)(o [k =1 = 1] + Bywy[k]), kr<t <kr+p,

u(t) = {H(t _ M)(Dk[k . 1] + Bdlwd[k])’ kr+u<gt< (k + l)T.

The inputs of the controller are determined by
eclk] = y(t) + Dygywalk]. (53)

Dy,, denotes the discrete-time measurement noise such as the quantiza-
tion error in A/D conversion, and By, reflects the discrete-time roundoff
error accumulated in the digital computation. Since it is well known that the
quantization errors can be treated as white noises with zero means (see e.g.,
[10D and the deterministic H, control problem is essentially equivalent to a
stochastic problem [6], the problem for reducing the effect of the quantiza-
tion errors can be posed as an H, control problem.

Hence, the setting above is more general than the previous ones, and it
completely models the real situation except for indirect considerations of the
roundoff errors in the digital computation.

The main purpose of this subsection is to show that we can directly obtain
the synthesis results by just applying the analysis result, to the hybrid
state-space model for the above closed-loop system with time delay. This is
one of the merits in developing a general hybrid state-space theory.

We make the following reasonable assumptions to assure the existence of
the stabilizing controller:

(A1) (A, B,) is stabilizable, and ( A, C,) is detectable.
(A2) The sampling period 7 is chosen so that (A, B,,) is stabilizable and
(A,,C,,) is detectable, where

A, =e*, B, = fOTeA(T_f)BQH(g)df, C,,=C,. (54)

First, we will show that the system ®, with such a time-delay can be
represented by the hybrid state-space model. Let us define two r-periodic
functions H,,, and H,, as in (2.12) and (2.13), respectively. Then the direct
calculation leads to the hybrid state-space representation (4.5) for the closed-
loop system @, as follows:
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Case 1. 1=0:
A, =A, A, (t) = ByH,(t)D,C,,
Ay(t) = BQ[H;Ll(t)Ck Huz(t)],

A, O
c, of

Bk
D [Coo A=

B, = By, Bcd(t) =B, H,m(t)(Dk Dygy + Bdl)’

B.D
Bd=[ k Pag1

Ad=

$

, C,=C,, C,(t)=DyH,(t)D.C,,
Dde21+Bd1 1 () 12 [.Ll() k™2

Cea(t) = Dip[ Ha(t)Ch - Huo(1)],
D,4(t) = D13H,(t)( D Dyyy + Byy).
Case 2. 1> 1:
A, =A, Acs(t) =0,
Ag(t) =By[0 = 0 Hu(t) Hy(0)],

Bc = Bl) Bvd(t) = O’

B, FAk 0 ()
D, c, ©
Ay =10 |Cy, A,=10 I, ,
0 0 = 0 L, 0
B, Dysy
Dy Dy, + By,
Bd - O ’
0

Cc = C17 Cc‘s(t) = 0’

Coa = Dlz[o 00 Hy(e) Hy.2(t)], D, (t) = 0.
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We can therefore apply the analysis results in Theorem 4.1 to the system
with time delay.

THEOREM 5.1. Consider a sampled-data feedback system ®,, and sup-
pose assumptions (A1) and (A2) hold. Then a discrete-time compensator
Kl z] stabilizes ®, and optimizes ||®ll; if and only if K[ z] stabilizes the
fictitious discrete-time plant G,[z] and optimizes the Hy-norm of the fictitious
discrete-time closed- loop system ®, [z] = Zd(G [z], K[z]), where G,[z] is
composed of G,[z), 27!, and B, as depicted in Figure 6. The realization of
G,lz]is expressed as

A, A# B, 0 E B“2
o o |0 o i1
G”[z] = Car Cus | D 0 I: D,z (55)
_(_:s;____0__J[__0____D_d;1_1:__0__

Here, A, and C,, are defined by (5.4); B, and D,,, are defined by (5.6) and
(5.7), respectively. The other matrices in (5.5), A,, B,,, B, Dy, Cuyy,

n2
C,.13> and D,,,, are obtained as follows:

Step 1. Define A, and B,, as follows:
AP’ = j(; eA(T_‘L)Bz H/.LQ( g) dg,
B, = fo eAT"WB, H \(£) dE.
Step 2. B,; € R"*" is obtained by the following factorization:
1 r
B, Bl =~ [ ¢*B,Ble* ¢ d¢. (5.6)
T70
Step 3. Let A, be an n X n real matrix satisfying
1
T . _ e A€ T,AT¢ T
AAT Tfofo B,BTe4'¢dedtCTC,.

Then we obtain D,;, € R"*" as follows:

b - |3 (5.7
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Step 4. Define

HO
M, = [ Ca() |[Ct) Cu(t) Cu(®)]dr,
N[0

where C\(t), C,5(t), and C,4(t) are defined by

Ci(t) = CleAtv

t
C,Lz(t) = leo eA(tﬂg)BzH,u( £)de+ DIZHyl(t)’

t —
C,U.B(t) = Cl];) e’ §)BzH,Lz( £)dé+ Dlepz(t)-

Factor M,, into partitioned matrices as

C:ll
Mp, - D;Tl2 [ C,u.ll D;Ll2 C;LIZ ] N
Cuo

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)

where C,), € R"mx Cue € R +madxmy g D, € Pntmy)xmy

Proof. For the sake of brevity, we only show the case of | = 0, since the

proof for the case of [ > 1 is similar.
%,,(t) in Theorem 4.1 is given by

I 0 0

Zu(t) = [Ci(t) Co(t) Co(O)]{DiCy C, O

0 0 I

Thus M in Theorem 4.1 is given by

T

. I 0 0 I 0
M= [€l()%,(t)dt=|DiC, Ci 0| M[DC, C 0.
0 0 0 I 0 0

0

I
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Also, Z(t) in Theorem 4.1 is given by

D,(t) = Co(¢)(DyDygy + Byy)-
Therefore, applying Theorem 4.1 to @, we have a discrete-time system

which preserves the H,-norm. The state-space representation of the equiva-
lent discrete-time system is given by

As + B;LZDkCQ B Ck A le B[L2(Dde2l + Bdl)

n2 "
B,C, Ay 0 0 B, Dy,
D, C, C, 0 0 D, Dy, + By

C“u + D,12 DiC, D,uzck Cuio Dy, Dp.lZ(Dk Dy, + Byy)

It is easy to recognize that the above discrete-time system is exactly the
@M[z] generated when K| z] regulates the fictitious discrete-time plant

éﬂ[ zl. [ ]

The computational algorithm for deriving the equivalent system is given
as follows:

COMPUTATIONAL ALGORITHM (H, synthesis for the time-delay case).

Step 0. Computation of A,, A,, and B,,.
Step 1. Computation of By,.

Step 2. Computation of M,. Let

Ay CiCy (r— 1* T
Pl o Ay TR = 0 o,

e Ay CyCy _l* Iye

Pllo a4, |70 o)

Then we have

M, = q)lj\;lFNl’ M, = ¢1{72er>

“ n

where

efo 2] e
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M, is given by
M,L = Bz{rlMule + Bg]szz By,

where

Factor M, as in (5.12).

REMARK. The technique used above can also be applied to the H,
problem as discussed in [7]; there is also an independent treatment of the H,,
problem with time delay by a lifting approach [14].

6. CONCLUSIONS

We have developed a hybrid system theory based on a hybrid state-space
model. We first showed the closedness properties of the proposed model for
the fundamental operations. We next investigated the standard basic issues of
internal stability, reachability, and observability. The notions and the results
are natural generalizations of the previous ones, and they give the foundation
of the hybrid system theory. We also defined the notion of Hy-norm of the
hybrid system and showed how to evaluate it. The analysis result can be
applied to any hybrid system with the proposed hybrid state-space model; we
applied it to the optimal-digital-control problem for the standard four-block
configuration with H,-norm performance measure. The solutions with com-
putational algorithms have been derived for both non-time-delay and time-
delay cases.

Though the results are only slight extensions of the previous results, we
should emphasize that we can easily make a general formulation if we use the
hybrid state-space model and that the synthesis result in any setting can be
directly derived by applying the general analysis result. This is an advantage
for developing a general hybrid state-space theory. It is also of note that the
unified treatment is desirable for developing a CAD package [16].

Interesting future areas of research related to this paper are

(1) application to the H,-type control problem with hybrid input and
output signals,

(2) the investigation of the relation between the state-space methods and
the frequency-domain approaches (20, 21, 1].
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