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1  .0 INTRODUCTI ON 

1.1 General 

The purpose o f  t h i s  p r o j e c t  has been t o  expand t h e  Crash V i c t i m  

Simul a t i o n  so f tware ,  o r i g i n a l  l y  developed a t  Cal span Corp. The ob jec -  

t i v e s  were t o  : 1  . rev iew t h e  capab i l  i ty  o f  advanced fea tu res  o f  t h e  

so f tware ;  2. improve the c o n t a c t  a l g o r i t h m  i n  t h e  CVS; 3. develop s o f t -  

ware f o r  use i n  c o r r e l a t i o n  and v a l i d a t i o n  s t u d i e s ;  and, 4. app ly  t h e  

sof tware t o  problems i n  s i d e  impact .  T h i s  t h r e e  volume r e p o r t  cons i -  

ders t h e  f i r s t  two o f  the  o b j e c t i v e s .  

1.2 Organ iza t i on  o f  Report  

Th is  r e p o r t  i s  o rgan ized i n  th ree  volumes. The f i r s t  volume deals 

w i t h  t h e  a n a l y s i s  o f  t h e  new f e a t u r e s  and i s  supplementary t o  t h e  i n i -  

t i a l  CVS wr i t eups  ( 1 )  and updates ( 2 ) .  This  vo l  m e  i s  in tended fo r  t he  

a n a l y s t  who wishes t o  understand t h e  b a s i c  assumptions i n c o r p o r a t e d  i n  

t h i s  model. The second volume presents an updated u s e r ' s  manual f o r  t he  

e n t i r e  CVS model as now c o n s t i t u t e d  and i s  expected t o  serve as s u f f i -  

c i e n t  documentation f o r  t h e  o r d i n a r y  user  o f  t he  model. The t h i r d  v o l -  

ume presents  i n f o r m a t i o n  concern ing t h e  CVS model as a  computer program 

and i s  in tended f o r  p r o f e s s i o n a l  programmers who need t o  make changes i n  

t h e  program. 

Vol ume One con ta ins  s e c t i o n s  deal i n g  w i t h  t h e  new e l  1  i pso id -p lane  

c o n t a c t  a lgo r i t hms ,  the  m a t e r i a l  p r o p e r t i e s  now a v a i l  able, and shared 

d e f l e c t i o n .  

Vol ume Two con ta ins  sec t i ons  deal i n g  w i t h  t h e  updated, machine- 

produced i n p u t  w r i t eup ,  a  general  d e s c r i p t i o n  o f  o u t p u t  o p t i o n s  and an 

example run.  

Volume Three conta ins  sec t i ons  d e s c r i b i n g  t h e  1  ayout  o f  pack ing 

t a b l e s  f o r  v a r i a b l e  i n f o r m a t i o n ,  t h e  s t r u c t u r e  o f  t h e  program and a  de- 

t a i l e d  l a y o u t  o f  p o s s i b l e  o u t p u t  from t h e  program. 

1.3 Scope o f  Changes 

The HSRI Vers ion o f  t h e  CALSPAN CVS Model i s  based on Vers ion 18A 

o f  t h a t  model augmented by some o f  t h e  c o r r e c t i o n s  o f  Vers ion 19 con- 



c e r n i  ng Eul e r  j o i n t s .  HSRI r e f i n e d  t h e  con tac t  a1 g o r i  thms f o r  e l  1  i psoid-  

panel i n t e r a c t i o n s .  Three impor tan t  b a s i c  problems i n  t h e  con tac t  a1 go- 

r i t h m s  were addressed. The f i r s t  problem i s  accurate  computation of  de- 

f l e c t i o n s  even f o r  t h e  case o f  complete p e n e t r a t i o n  o f  an e l l i p s o i d  i n t o  

a  con tac t  sur face.  The second problem i s  the  computation o f  con tac t  

fo rces based on mutual deformat ion o f  t h e  i n t e r a c t i n g  elements. The 

t h i r d  problem i s  hand1 i n g  o f  permanent deformat ion by con tac t  surfaces.  

The con tac t  s e c t i o n  o f  t h e  o l d  CVS was l a r g e l y  rep laced w i t h  an a l -  

go r i t hm based on t h e  approach taken i n  e a r l i e r  HSRI models(3,4,5) i n -  

c o r p o r a t i n g  some o f  the  ideas o f  B r i t i s h  Leyland ( 6 ) .  I n  ou r  e a r l y  

dea l ings  w i t h  t h e  o l d  CVS, we m o d i f i e d  the i n p u t  s e c t i o n  t o  read and 

check t h e  I D  f i e l d  o f  the i n p u t  cards. I n  a d d i t i o n ,  we m o d i f i e d  the  ou t -  

p u t  s e c t i o n  t o  use o n l y  one l o g i c a l  dev ice and t o  p r i n t  o p t i o n a l l y  i n  

equal increments o f  s imula ted t ime. These changes were made t o  p a r t i a l l y  

f a c i l i t a t e  t h e  use o f  t h e  model. A  more general s p e c i f i c a t i o n  o f  v e h i c l e  

i n i t i a l  c o n d i t i o n s  and more f l e x i b i l i t y  i n  r e p o r t i n g  o f  k inemat ics  were 

l a t e r  i nco rpora ted  f o r  the same reason. I n  general ,  we have fo l l owed  

the p o l i c y  o f  making changes o n l y  where such changes were defendable by 

t h e i r  u t i l i t y  t o  Occupant Side Impact S imu la t ion .  
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2.0 E l l  i pso id -P lane  Contact  Determinat ion  

A body segment i n  t h e  fo rm o f  an e l l i p s o i d  c o n t a c t  and penet ra tes  a  

v e h i c l e  panel i n  t h e  form o f  a  para l le logram.  To determine t h e  f o r c e  t h a t  

i s  developed by t h i s  contac t ,  a  p e n e t r a t i o n  depth, ti, must f i r s t  be d e t e r -  

mined. Th i s  s e c t i o n  Presents expressions f o r  p e n e t r a t i o n  due t o  t h e  var -  

i ous  p o s s i b l e  e l  1  ipso id-pane l  contac ts .  

Sec t i on  2.1 descr ibes  t h e  geometry and de f i nes  p e n e t r a t i o n  f o r  mid- 

plane, edge, and co rne r  contac ts .  

S e c t i o n  2.2 presents  a  d e r i v a t i o n  o f  expressions f o r  t h e  mid-panel 

case. 

Sec t i on  2.3 dea ls  w i t h  p e n e t r a t i o n  a t  edge one. 

Sec t i on  2.4 dea ls  w i t h  p e n e t r a t i o n  a t  a  general  edge. 

S e c t i o n  2.5 presents  t h e  r e s u l t s  o f  Sec t i on  2.4 f o r  each o f  t h e  o t h e r  

t h r e e  edges. 

2.1 D e f i n i t i o n  o f  Pene t ra t i on  

We d e f i n e  an x, y, z, c o o r d i n a t e  system by t a k i n g  t h e  x-y p lane as t h e  

panel surface w i t h  t h e  p o s i t i v e  x -ax i s  a long  one edge. The coord ina tes  o f  

t h e  c e n t e r  o f  t h e  e l l i p s o i d  i n  t h i s  system a r e  (xo,  yo, zO). The p r i n c i p l e  

axes o f  t h e  e l l i p s o i d  a r e  6 ,  n ,  s w i t h  semi-major axes l e n g t h s  o f  a, b, c  

r e s p e c t i v e l y  so t h a t  t h e  e l l i p s o i d  equat ion  i n  t h i s  system i s :  (Re fe r  t o  

F igu re  1.) 

The two systems a r e  r e l a t e d  by 



where 
h A A  

and where i, j, k a r e  u n i t  v e c t o r s  
A n 

i n  t h e  x ,  y, z system and el, e2, 
A 

e3 a r e  u n i t  vec to rs  i n  t h e  6 ,  q ,  

5 system. 

F igu re  1  E l  1  i pso id  Seen I n  Panel System 

The z va lue  o f  t h e  p o i n t  on t h e  e l l i p s o i d  which a t t a i n s  t h e  abso lu te  

minimum z va lue  ( t h e  l owes t  p o i n t  o f  t h e  e l l i p s o i d )  w i l l  be termed -6 max. 

If t h i s  p o i n t  l i e s  w i t h i n  t h e  panel boundary and i s  beneath i t s  su r face ,  

then we d e f i n e  p e n e t r a t i o n  6 t o  be equal t o  6 max. 



Even i f  the location of 6 max i s  outside the panel boundary, there i s  

s t i l l  a poss ib i l i ty  of intersect ion with one o r  more of the edges of the 

panel. In t h i s  case, we determine a lowest point fo r  each of the four 

edges of the panel define each edge penetration t o  be the negative of the 

z coordinate of the corresponding low point,  and f ina l ly  define penetration 

t o  be maximum of the four: 6 = max 161 ,  6 2 ,  63,641. 

An edge penetration can best be described fo r  the edge formed by l i n e  

segment OP1 i n  figure 1 (edge one) ; the other edges are en t i r e ly  similar.  

Figure 2 i l l u s t r a t e s  two views of edge one. Figure 2a shows the x-z plane 

in the panel system while f igure 2b shows the  y-z plane. 

Figure 2a 

x - z  Intersection Ell ipse 

Figure 2b 

y-z Projection Ellipse 

Figure 2a shows the  intersect ion of the e l l ipsoid  and the x-z plane 

whereas f igure 2b shows an orthographic projection of the e l l ipsoid  onto 

the y-z plane so as t o  contrast  61  from 6 max. 



It may happen t h a t  the  lowest  p o i n t  i n  t h e  i n t e r s e c t i o n  o f  the e l l i p -  

so id  w i t h  t h e  x-z p lane l i e s  ou ts ide  t h e  panel boundary. One o f  these cases 

i s  i l l u s t r a t e d  i n  f i g u r e  3. 

I 
Figure 3 Minimum Above Panel Boundary 

I f  t h e  x-coord inate  o f  the  lowest  p o i n t  i s  g r e a t e r  than XI, then we 

d e f i n e  t h e  edge p e n e t r a t i o n  t o  be the  d i s tance  from t h e  panel sur face t o  

t h e  p o i n t  on t h e  e l l i p s e  which i s  d i r e c t l y  beneath x,:il. S i m i l a r l y ,  

i f  t h e  x -coord ina te  o f  the lowest  p o i n t  i s  l e s s  than x  = 0, as shown i n  

f i g u r e  4 ,  then we take  as t h e  edge p e n e t r a t i o n  the  d i s tance  from t h e  panel 

su r face  t o  the  p o i n t  on t h e  e l l i p s e  which i s  d i r e c t l y  beneath x = o : S ~ ~ .  

F igure  4 Minimum Below Panel Boundary 



Thus, we see that  the different  types of penetrations which can ar ise ,  
and for which we must derive expressions, are: 

h h P 

dw) 21, g ~ ,  & , & ,  6 , )  d ,  ,S, 6, 
where the edges are defined in figure 5. 

Y 

and the panel and el l ipsoid systems are related by 

0 

P% 
(4%) L W  3 

S 
(a3 1 ( * I + & & )  5%) 

(3%) ($3) 

GO& \ PI )< 

%S ( 5 ,  ) (k 3 6 )  Figure 5 Panel Nomenclature 
( J O l  (0 

2 . 2  Calculation of Maximum Penetration for thenid-Panel Case. 

Recalling that  the e l l ipsoid  i s  

'I' ,' 3% 
C + - 4 . - -  = I 
of && c = 



we f i n d  t h a t  t h e  equa t i on  o f  t h e  e l l i p s o i d  i n  t h e  x, y, z system i s  

where a 

2, A 1, &:a 
-+-t- A =  &% ,% 



The coordinates of the lowest point of the el l ipsoid can be determined 

as follows. The intersection of the el l ipsoid with t h e  z = -6 plane forms 

an e l l ipse  which has the equation 

By performing a suitable translation and rotat ion,  i t  i s  possible t o  reduce 

th i s  equation to  the canonical form 

Now 'max i s  determined by finding the value of 6 for  which a and vanish 

and th is  happens i f  and only i f  
a 

( A + +  g E z -  ~ E F  + DIG - 4 ~ 5 ~ )  6- 
+ (m - 14FH + D F G - l B E G  t Q h B I -  bY)S,,,,,,+ 

+ ( A H % +  BG%-DGY ~ V J - ~ A Q J )  = 0 
( 7 )  

The appropriate root of the quadratic i s  easi ly identif ied and we have 



The e l l i p s o i d  i n t e r s e c t s  t h e  z  = -6,,, p l a n e  a t  t h e  p o i n t  w i t h  t h e  c o o r d i -  

na tes  

-   AH - ~ G - ( z A F - ~ E ) ~ +  C6*- 
U L - Q \ D  

2.3 P e n e t r a t i o n  a t  Edge One 

The i n t e r s e c t i o n  o f  t h e  e l l i p s o i d  and t h e  x -z  p l ane  i s  o b t a i n e d  by  

s e t t i n g  y=o. 

The c o o r d i n a t e s  o f  t h e  a b s o l u t e  minimum z va lue  o f  t h i s  e l l i p s e  may be de- 

t e rm ined  as f o l l o w s .  S e t t i n g  z  = zmin g i v e s  us t h e  q u a d r a t i c  e q u a t i o n  i n  

x :  

The c o n d i t i o n  t h a t  ( 1 1 )  possesses a  doub le  r o o t  g i ves  a  q u a d r a t i c  e q u a t i o n  

The r o o t  o f  t h i s  co r respond ing  t o  t h e  minimum i s  

A1 so, - - - G + E ? & , & .  
+ J n L  



Now i f  X min - > X 1  as pictured in Figure 3,  z min s a t i s f i e s  

and  we find 

I f  on the other hand, X min 5 0 as pictured in Figure 4, z min sa t i s -  

f i e s  

2.4 Penetration a t  a General Edge 

We will next consider the penetration a t  an edge defined by y = ax+$ 

i n  the panel system. I t  i s  convenient t o  define a coordinate system x ' ,  

y '  such t h a t  x '  l i e s  along the l i n e  y = ax+$ w i t h  i t s  origin a t  (xc,  x c t s ) .  
This will  be termed the edge system as i s  i l lu s t r a t ed  in Figure 6. 

1 

Y 1 Y 

Figure 6 The Edge System 



The two coordinate systems a r e  r e l a t ed  by 

where 

The r e l a t i on  between x '  , y '  , z '  and 5, 11, r; i s  

where 

Now previously we began w i t h  t h e  r e l a t i o n  



and we d e r i v e d  fo rmulas  f o r  t h e  p e n e t r a t i o n  which r e s u l t s  from t h e  i n t e r -  

s e c t i o n  o f  t h e  e l l i p s o i d  w i t h  t h e  y = 0 edge. Based upon t h i s  correspon- 

dence, we conclude t h a t  t h e  formulas f o r  t h e  p e n e t r a t i o n  which r e s u l t s  from 

t h e  i n t e r s e c t i o n  o f  t h e  e l l i p s o i d  w i t h  t h e  l i n e  y  = ax + B i s  ob ta ined  by 

making t h e  rep1 acements 

i n  t h e  p rev ious  formulas.  Once these coo rd ina tes  a re  worked out ,  t h e  co- 

o r d i n a t e s  w i t h  respec t  t o  t h e  x, y, z system can be o b t a i n e d  by making use 

o f  t he  i n v e r s e  t r a n s f o r m a t i o n :  

F i n a l l y ,  t h e  r e s u l t s  f o r  each o f  t h e  panel edges i s  ob ta ined  by choosing 

a p p r o p r i a t e  va lues  f o r  a, B ,  and xc.  

2 . 5  P e n e t r a t i o n s  a t  Edqes TWO, Three, and Four 

We p resen t  t h e  r e s u l t s  o b t a i n e d  from c a r r y i n g  o u t  t h e  method i n d i c a t e d  

i n  l a s t  s e c t i o n  f o r  t h e  o t h e r  t h r e e  edges. I t  i s  conven ient  t o  begin by  

d e f i n i n g  a  s e r i e s  o f  q u a n t i t i e s  i n  o r d e r  t o  sho r ten  expressions.  

L e t  



' - 
where the  b . .  . a re  minors o f  D. 

- k 
I n  what f o l  lows, t he  d i s c r i m i n a n t s  o f  t h e  va r i ous  q u a d r a t i c  equat ions 

a r e  g iven names ai. bi a re  so i d e n t i f i e d  because they  g i v e  i n f o r m a t i o n  on 

t h e  type o f  r o o t s  o f  t h e  q u a d r a t i c  and t h e r e f o r e  on c o n d i t i o n s  f o r  c o n t a c t  

between t h e  e l l i p s o i d  and the  panel edges. For example, l e t  us cons ider  

* l o  

If t h e  x-z p lane i n t e r s e c t s  t h e  e l l i p s o i d  i n  an e l l i p s e ,  then t h e  

e l l i p s e  w i l  l have an abso lu te  minimum and an abso lu te  maximum z  value.  

These a r e  ob ta ined  by so l  v i n g  a  q u a d r a t i c  equat ion,  t h e  minimum corresponding 

t o  one r o o t  and the  maximum corresponding t o  t he  o the r .  I f  AI, t he  d i s c r i -  

m inant ,  i s  p o s i t i v e  then these r o o t s  a re  d i f f e r e n t  -- which means we have 

an e l l i p s e .  I f  i s  zero, then t h e  r o o t s  a r e  t h e  same and t h e  x - z  p lane 

con tac ts  t h e  e l l i p s o i d  a t  a  s i n g l e  p o i n t .  I f  i s  negat ive ,  t h e  r o o t s  are  

imag inary  and t h e r e  i s  no i n t e r s e c t i o n  between t h e  e l l i p s o i d  and t h e  x -z  

p lane.  

Now we 1  i s t  t h e  formulas f o r  t h e  remain ing  th ree  edges. (Refer  t o  

f i g u r e  5 ) .  

I f  3~~ v6, , then we use 



NO c o n t a c t  w i t h  t h i s  edge i f  A S  < 0. I f  y62 < 0, t hen  we use 

where 

 to'^ 
and 

There i s  no c o n t a c t  w i t h  t h i s  edge i f  A 3  < 0 

Edge 3. I f  x 2  2 x 6 3  5 XI + x2 ,  t hen  we use 

where r- 4 ,%( ~ L - ~ u ~  + ~3 
49, = ,bp L 

No c o n t a c t  w i t h  t h i s  edge i f  A-/  < 0. 

If 4 , t ~ ~ ~  < Vt3 , then  we use 



No c o n t a c t  w i t h  t h i s  edge i f  A8 < 0. 

I f  x < x2, then we use G 2  as d e f i n e d  p r e v i o u s l y .  
6edge3 

There i s  no con tac t  w i t h  t h i s  edge i f  A 5  < 0. 

Edge 4 I f  0 5 
Y g 4  

5 y2, then  we use - 

and 

+: , Q L + ~ & z 3 i ' . , h i L *  $ L p ~  - ( G 4 L - 9 ~ 4  
2- 

l - -%,q,JL (M oJ=- 

No c o n t a c t  w i t h  t h i s  edge i f  Ale < 0. 

If Y2 < Y 6 4  ,. then  we use 6 3  as d e f i n e d  p r e v i o u s l y .  

There i s  no c o n t a c t  w i t h  t h i s  edge i f  A8 < 0. 

If yg4 < 0, then we use 



No contact i f  a 2  < 0 .  

We also res ta te  the resul ts  of Sections 2 . 7  a n d  2 .3  in terms of th i s  notation. 



2.6 Calculation of Edge Effects 

When an e l l  ipsoid approaches a  planar panel from the side, the defini- 

tions of penetration in the previous sections can lead to a  discontinuity 

in penetration when the t i p  of the el l ipsoid intrudes below the panel. 

Figure 7 i l l u s t r a t e s  th i s  s i tuat ion.  

Figure 7. D I S C O N T I N U I T Y  A T  EDGES 

If  the material i s  s t i f f ,  the resulting discontinuity in force can up- 

s e t  the tracking of the integration in a  way which cutting down the inte- 

gration time step will not be correct. In order to protect against th is  

type of discontinuity, force i s  l inearly scaled on as a  function of the 

distance of the el l ipsoid center from the panel edge which i s  closest.  

The distance used t o  scale against i s  taken as the radius of the 

sphere which circumscribes the e l l ipsoid .  The scaling i s  adjusted so the 

factor is  .5 when the el l ipsoid center 1  ies over the dominating edge. 
Figure 8 i l l u s t r a t e s  the s i tuat ion.  



PI L 
Fi sure 8. Edge Scal i ng Factor Zones 

The Normal Force Scal ing Factor (SF) i s  defined one when t he  e l  l i p so id  
cen te r  i s  over t h e  fu l l  con tac t  panel zone (PlH-P2H-P4H-P3H-P1H) and i s  zero 

when the  e l  1 ipsoid  cen t e r  i s  ou t s i de  the panel contact  zone, (Pl L-P2L-P4L-P3L- 

PI L ) .  When t h e  e l l  ipsoid  i s  w i t h i n  the  panel contact  zone and without the  

f u l l  contact  panel zone, t he  Scal ing Factor takes on a value between zero and one. 

The Normal Force Scal ing Factor i s  defined a s  

1 ,, %.-% S F -  5 %.&I,L (0, & ( 2 ,  i t -  
fi ' > 

Ti 



( y o )  ?U ) '$o) a r e  t h e  coo rd ina tes  o f  t h e  e l l i p s o i d  cen te r  i n  t h e  
panel system, 

( 5 u j  0 )  a r e  t h e  coo rd ina tes  o f  p o i n t  P1 i n  t h e  panel system, 

(31 
Continued 

( & X I  %,0) a r e  t h e  coo rd ina tes  o f  p o i n t  P 2  i n  t h e  panel system, 

( 41, 0 1  0 )  a r e  t h e  coo rd ina tes  o f  p o i n t  P 3  i n  t h e  panel system, 

and 

j f .  = max(a ,b ,c )  S e e S e c t i o n 2 . 1  f o r d e f i n i t i o n s  
o f  e l l  i p s o i a  and panel system. 

2.7 Tangen t i a l  Forces 

Many m a t e r i a l  panels r e s i s t  mo t ion  a long  t h e i r  su r faces  as w e l l  as 

mo t ion  i n t o  t h e i r  sur faces .  Two types  o f  t a n g e n t i a l  r e s i s t a n c e  a r e  appro- 

x imated i n  t h i s  model : Coulomb F r i c t i o n  and "Snapback" Force. 

The Coulomb f r i c t i o n  i s  d e f i n e d  as: 



where 

u J a r e  the  input ted f r i c t i o n  coe f f i c i en t s ,  

5 i s  t h e  pene t ra t ion ,  

F,v i s  t h e  normal fo rce  due t o  load-def lect ion,  
, 

k i s  t h e  t angen t ia l  ve loc i t y  along face o f  panel,  

and 

-rl i s  t h e  input ted ve loc i ty  threshold fo r  ful l 
f r i c t i o n .  

( 3 2 )  
Continued 

The Snapback fo rce  dea l s  w i t h  the  "pi1  i n g  up" of  panel mater ia l  i n  

f r o n t  of t he  e l l i p s o i d  a s  i t  continues ac ross  t h e  panel su r face  and i s  de- 

f ined  a s  

where 

(L~ J U L  a r e  t he  input ted snapback c o e f f i c i e n t s ,  

and 

d i s  t h e  d i s tance  along t he  face  of the  panel from 
the  po in t  o f  con tac t .  



Coulomb f r i c t ion  a n d  Snapback force are combined t o  form total  tan-  
gential force which i s  scaled to  ramp on force for f a s t  moving e l l ipsoids ,  

i s  also scaled for edge effects ,  and  i s  also subject t o  an absolute maxi- 
m u m .  

where ( s') 

i s  the distance from the el l ipsoid center a n d  the lowest point 
o f  t h e  el l ipsoid in the oanel system, 

FT* i s  the inputted maximum tangential force, and a l l  other 
quantities as previously defined. 



2.8 Recognition of Being Behind the Panel 

There are many circumstances i n  which an el l ipsoid may be positioned 
behind a panel without having penetrated through the panel (e .g . ,  the feet  

underneath the steering wheel or the dash). Automatic recognition of 'this 
s i tuat ion i s  handled i n i t i a l l y  by the simple c r i t e r i a  of whether the e l l ip -  
soid breaks the plane of the panel and whether i t  has a non-zero penetra- 
t i o n  as defined i n  the previous sections. If  b o t h  c r i ter ion are met, the 
intrusion i s  defined to be from the front .  In succeeeding times, the s t a t e  
of being behind or coming from the front i s  remembered i n  a switch main- 
tained for each interaction. The switch i s  modified back to the i n i t i a l  
condition i f  e l l ipsoid  to ta l ly  l i e s  above the panel plane or goes out of 
contact t o  the side of the panel. 

2 .9  Calculation of Sol i d  Corner Effects 

I t  i s  possi bl e to designate that  any panel i s  the face of a sol id .  
In th is  case, normal edge scaling is replaced w i t h  special corner 
scal i n g  when an e l l  ipsoid i s  deemed to be following the sol i d  round the 
corner. I f  the user does not so designate a panel, then scaling i s  ap- 
plied as explained above. Figure 9 i l l u s t r a t e s  a typical solid corner w i t h  

an el 1 i psoid moving around the corner. If  these two panels are  treated ac- 

Figure 9. The Solid Corner Situation 



c o r d i n g  t o  t h e  r u l e s  o f  t h e  p rev ious  sec t i ons ,  a t  t h e  f i r s t  two t imes,  t h e  

e l l i p s o i d  w i l l  be i n  f u l l  c o n t a c t  w i t h  Panel 2 and be be ind  Panel 1 .  A t  

t ime  tg, edge s c a l i n g  w i l l  reduce t h e  e l l i p s o i d  c o n t a c t  w i t h  Panel 2 and 

s t i l l  no c o n t a c t  w i t h  Panel 1 .  A t  t h e  l a s t  two t imes,  we would see i n -  

c r e a s i n g  f o r c e  due t o  Panel 2 and s t i l l  no c o n t a c t  w i t h  Panel 1.  

The S o l i d  Corner E f f e c t  would produce non-zero f o r c e  due o n l y  t o  Panel 

2 a t  t h e  f i r s t  two t imes,  due t o  bo th  panels a t  tg and due o n l y  t o  Panel 

1  a t  t h e  l a s t  two t imes.  

For programming convenience, an a d d i t i o n a l  requ i rement  i s  made t h a t  t h e  

a l g o r i t h m  r e q u i r e d  t o  a p p l y  t o  each panel s e p a r a t e l y  w i t h o u t  knowledge o f  

t h e  o t h e r  panel ( s )  forming the  s o l i d  co rne r .  An e n a b l i n g  assumption i s  made 

t h a t  t h e  unknown panel.(s) l i e  a t  r i g h t  angles t o  t h e  panel under considera-  

t i o n .  

where 

f h ' b ~ l ~  a r e  t h e  coo rd ina tes  o f  t h e  e l l i p s o i d  c e n t e r  i n  panel 
systen,  

and 

i s  t h e  maximum semiax is  l e n a t h  n f  t h e  e l l  i y s o i d .  

F igu re  10 ill u s t r a t e s  t h e  s i t u a t i o n .  



Figure 10 .  Panel Treated as Part of Sol i d  Corner 



The SCF i s  applied in addition t o  the edge scaling factors.  The control 
regions shown i n  Figure 10 are  used to turn on and shut off computation 
of SCF depending on the previous events. The current s t a t e  and previous 
history of a  contact interaction i s  recorded by means of the values as- 
signed to a  s e t  of "s ta te"  switches, the deta i ls  of which will not concern 
us here. 

Referring to Figure 10, when an el l ipsoid has been in contact w i t h  

the in te r io r  of a  panel which has been designated part of a  solid corner 
and the center of the el 1  ipsoid makes i t s  way i n t o  R1 o r  1 ies  above R1 , then 

normal edge scaling i s  used. When an e l l  i  psoid center enters R?, normal edge 
scaling continues as long as deflection is  not increasing, b u t  when de- 
f lect ion increases, corner scal i n g  begins i n  addition to edge scaling. 
When the e l l ipsoid  center passes below R3, the e l l ipsoid  i s  considered 
behind the panel. When an el l ipsoid has been behind the panel and i t s  
center passes into R 1 ,  motion towards the midpoint of the panel i s  moni- 
tored. If  motion i s  away from the midpoint, the el l ipsoid i s  s t i l l  con- 
sidered behind the panel. I f  the motion i s  towards the midpoint then 
corner scaling i s  used until the el l ipsoid center crosses i n t o  R p  when 
the contact i s  considered to be in te r io r  from the top ( fu l l  o n ) .  A simi- 
l a r  computation i s  used for each of the other panels forming the sol id 
corner when they are separately considered. 



3.0 Load-Defl ection Properties 

El 1 i psoids and Panels each can have load-defl ection properties spe- 
cif ied by the user. This section describes the characterist ics which 
i t  i s  possible to ascribe t o  el l ipsoids and panels. The five following 
sections deal with loading characterist ics,  unloading characterist ics,  
reloading characterist ics,  bivariate tables, saturation and breakdown. 

3.1 Loading Characteristics 

Three general classes o f  loading curves are allowed. First is  the 

bivariate polynomial. Second i s  the bivariate table. Third i s  null or 
zero properties. 

The bivariate polynomial i s  of the form 

of which a t  l eas t  one a i j  must be non-zero. 

There are a maximum of twenty-seven such terms which may be used 
to describe polynomials u p  to a homogeneous equation of 
degree six (case when i + j = 6). 

The random bivariate table can be described as a s e t  of t r ip les  
( t i i ,  B i ,  F i )  for i = 1 ,  . . . , N where N i s  a t  l eas t  four. Tables may 
also be specified on a fixed l a t t i c e  and/or w i t h  dependence on only deflec- 
tion or deflection ra te  alone. A succeeding section discusses the ap- 
proach taken to interpolation i n  each of these cases. 

The nu1 1 possibil i ty enables some special ef fect  such as tangential 
resistence coup1 ed w i t h  no normal resistence t o  simulate "wind". 

3 . 2  Unloading Characteristics 

Four basic types of unloading characteris t i c s  are provided. The 

f i r s t  type i s  unloading back down the loading curve. I f  the loading 

curve contains ra te  dependence then a hysteresis effect  can be simulated 
i n  this  way. I t  is  also possible to specify "e las t i c  behavior as a 



variation in which only the magnitude of rate i s  used in computing rate 

terms. The second type i s  unloading down a bilinear curve computed 
from G and R rat ios.  The third type i s  unloading down a l inear curve 

of specified slope. The fourth type i s  unloading down a l inear curve 

computed using only the G ra t io .  

The G ra t io  i s  defined as the ra t io  of permanent deformation to 

deformation beyond previous permanent deformation. G = 0 represents a 

completely res i l i en t  material. The R ra t io  i s  defined as the ra t io  of 

conserved energy upon complete unloading t o  potential energy a t  turn- 

around. R = 1 describes a completely energy-efficient material. The G 

and R rat ios are n o t  completely independent and i t  i s  the users respon- 

s ib i l  i  ty t o  maintain an  appropriate relationship between the two. Either 

G and/or R may be specified as a constant or as a tabular function of 
turnaround deflection. Clearly the following two inequal i t i e s  must 

always be sa t is f ied .  o 5 G c l  4 O++C I (37) 

The turnaround deflection (n) i s  defined as that deflection for 

which deflection rate i s  zero. This deflection i s  approximated from the 

current deflection and deflection ra te  together with the l a s t  two such 

pairs. 

where 

a,, io are deflection and deflection ra te  a t  current time step 

"1 9 L1 are deflection and deflection rate a t  l a s t  previous time step 
* 

6-2 9 6-2 are deflection and deflection rate a t  next t o  l a s t  previous 
time step 



I f  any of the denominators in  (38) vanish then 

Permanent deformation and conserved energy a r e  computed using 

where 

= permanent deformation 
E = current  potent ial  energy 

I f  b i l i nea r  unloading i s  being used then 



where 

? i s  f o r c e  v a l u e  a t  tu rnaround d e f l e c t i o n  
A 

F - b - 1 = A-W un load ing  s lope  f o r  s t r a i g h t  1 i n e  from turnaround 

t o  permanent d e f l e c t i o n  

i s  t h e  changeover d e f l e c t i o n  

h jh  a r e  c o e f f i c i e n t s  o f  l ower  l i n e a r  segment 

A%, 8 2  a r e  c o e f f i c i e n t s  o f  upper l i n e a r  segment 

and un load ing  f o r c e  i s  d e f i n e d  as 

I f  l i n e a r  un load ing  based on G r a t i o  a lone  i s  be ing  used then 

I f  l i n e a r  un load ing  based on s l o p e  i s  b e i n g  used then 



3.3 Reloading Character is t ics  

Two basic types of re1 oading cha rac te r i s t i c s  a re  provided. Regular 
reloading sca les  on deflect ion u p  to the corresponding force a t  the maxi- 
mum deflect ion and the current deflect ion r a t e ,  Alternate reloading 
uses the original  loading curve pushed so tha t  the zero point corresponds 
to the  permanent deformations. 

The equation used fo r  regular reloading i s  as follows: 

where 

4 

;> i s  the  deflect ion a t  which unloading changes to  reload, the mini- 
mum value 

- 
F i s  the  unloading force a t  [L 

k i s  a general iza t ion  of 1 obtained by loading force evaluation 
w i t h  6=n and = current  6 

Equation (44) then l i nea r ly  scales  from the turnaround point (&o) 
i n  the 6 , i  plane to the point along the 6=n 1 ine corresponding to 
the current  value o f  deflect ion r a t e .  This scal ing has the property 
of producing continuous forces w i t h  the resumption of  the loading 
curve when s>n. 

A1 t e rna t ive  reloading simply eval uate s force as  F(~-U]:) . 
3.4 Bivariate  Table Interpol a t ion  

The most general form o f  tab le  avai lable  i s  a random s e t  of t r i p l e s  
( a i ,  6';' F i )  fo r  i = 1 to N .  In the i n p u t  sect ion,  a l a t t i c e  of boxes 



i s  s e t  u p  in the 6 - b  plane and  the t r ip les  are sorted into boxes. When 
interpolating f o r  an arbitary point ( t i , : ) ,  a  search s t a r t s  in the box 
containing ( 6  $ 8 )  and then continues i n  increasing surrounding t i e r s  un-  
t i l  the three closest  points are identified. A planar interpolation i s  

then done using those three points. I f  the input i s  given for a regular 
or irregular  l a t t i c e  in 6-8 plane then the l a t t i c e  box i s  found containing 

the ( 6 , 6 )  and computed with l inear  interpolations along the t o p ,  bottom, 

and the vertical l ine  containing the point. 

and the four corners of the l a t t i c e  box are ( S ~ , ~ ' ~ , F ~ ) ,  ( 6 1 3 g o , F p ) 9  

(61  ,F4) 

Bivariate tables can be also simp1 i f i ed  to tables in deflection or 

deflection rate alone. If  th is  i s  the case, piecewise l inear  interpola- 
tion i s  used and only pairs are stored (tii , F i )  or (ii , F i )  as applicable. 

3.5 Saturation and Breakdown 

Saturation i s  a force maximizing. The normal definition of loading 
force i s  modified 

where FL i s  normal loading force, 

a n d  FS i s  inputted saturation force. 



I f  force i s  not saturated a l l  normal unloading and reloading options 
ex i s t  as described i n  previous sections. 

I f  force i s  saturated then unloading and reloading i s  governed by a 
s t ra ight  1 ine which i s  computed e i ther  as slope unloading or G-unlaading. 

where 

f s  i s  inputted saturation force, 

GS i s  inputted saturation slope, 

and sc  i s  the yield deflection. 

Breakdown occurs when deflection increases beyond the breakdown 
point. Breakdown supercedes a1 1 other loading options incl u d i n g  satura- 
t ion.  Breakdown proceeds l inear ly  from the force obtained a t  the break- 
down point t o  zero a t  the breaking point. Once the breaking point i s  
reached, no further force will be generated under any circumstances. I f  
unloading occurs, the regular unloading options specified i s  used. If  
reloading occurs, i t  i s  l inear  from the unloading force a t  the turnaround 
defl ection a t  the maximum deflection reached i n  breakdown loading. Be- 
yond that  point, breakdown loading resumes. 



Breakdown loading i s  

where 

b D  is input ted breakdown d e f l e c t i o n  

FD i s  loading fo rce  a t  tiD and cur ren t  6 

b F  i s  input ted breaking o r  f a i l u r e  point  

Reloading to  breakdown i s  

F = q - C L 3  2 -"&.;l) + F 
where previous d e f i n i t i o n s  apply. 



4.0 Shared D e f l e c t i o n  

When two phys ica l  bodies a r e  pushed together ,  bo th  w i l l  deform. 

F igure  11 i l l u s t r a t e s  t h e  s i t u a t i o n .  The shared d e f l e c t i o n  a lgo r i thms  

approximate t h e  amount o f  deformat ion o f  each body. L e t  us d e f i n e  

~ ( 6 , ~ : ) ~  t h e  f o r c e  imbalance f u n c t i o n  as 

where 

' ( J [ ~ ~ ~ )  = f o r c e  f u n c t i o n  f o r  f i r s t  body 

) = f o r c e  f u n c t i o n  f o r  second body 

, , , a r e  d e f l e c t i o n  and d e f l e c t i o n  r a t e  f o r  f i r s t  body 
. .  

a r e  d e f l e c t i o n  and d e f l e c t i o n  r a t e  f o r  second body s,, tL 
The shared d e f l e c t i o n  problem can then be s ta ted :  g iven 6,: f i n d  

6 1 j 1 ~ 2 6 2  such t h a t  

Since a and 6 a r e  f u n c t i o n s  o f  the o v e r a l l  problem, i n  general (51) 

can n o t  even be w r i t t e n .  The approach taken i s  t o  s e t  up one o r  more 

new problems a t  each new t i m e  s t e p  based on c u r r e n t  values o f  6, and d 
and a p p l i c a b l e  forms o f  F and G and then r e q u i r e  c o n t i n u i t y  o f  61{1,62,and 

i2  w i t h  p a s t  values o f  these q u a n t i t i e s .  Viewed i n  t h i s  l i g h t ,  t he  

problem becomes one o r  more h i g h l y  non -1 i n e a r  f i r s t  o rde r  d i f f e r e n t i a l  

equations i n  61. The mu1 t i p l e  equat ions come from t h e  load ing-un load ing-  

r e l o a d i n g  op t ions  p r e v i o u s l y  exp la ined  which F and G depending on ranges 

i n  61Ald2 ,and d2. 
> 



Figu re  1 1 .  Mutual Deformation o f  an 

E l  1 ipse on a Line  



A general in terac t ive  procedure was developed and i s  presented in 
the next sect ion.  An algorithm for  the special case when both F and G 

are f i r s t  order i n  both deflection and deflection ra te  i s  taken u p  in 
the next sub sect ion.  The next section discusses the s i tua t ion  when 
both F and G are s ix th  order polynomials i n  pure deflection or  pure de- 

f lec t ion  ra te .  The next subsection deals w i t h  the general function of 
deflection alone. The f inal  subsection deals with the case when F o r  G 

o r  both a r e  b ivar ia te  tables .  

This mu1 tip1 i c i t y  of approaches was dictated by the gross simp1 i f ica-  
t ions necessary to  get even a crude approximation to  the solution for  
t h i s  problem. 

4.1 General A1 gori t h m  

I f  A i s  considered a function of 6 1  and $1 alone and i s  plotted over 
the 61-bi plane, then ~ ( 6 ~ 6 ~ ) = 0  i s  a closed contour w h i  ch changes shape 
from one time s tep  t o  the next. Only one pr in t  on t h i s  contour i s  cor- 
r ec t  for  the  physical condition and the materials involved. The general 
algorithm i s  designed to find the contour and then follow i t  around un-  
t i l  the appropriate point on the contour i s  found. This is a two s tep  
process . 

The f i r s t  s tep  s t a r t s  with the solution found a t  the l a s t  time s tep  
on the 01 d contour and extrapolates i n  time to  the new contour. 



where 

and 

dl i a r e  t h e  combined de f l  e c t i o n  a  nd  d e f l e c t i o n  r a t e ,  

a r e  t h e  combined d e f l e c t i o n  and d e f l e c t i o n  r a t e  a t  t h e  
'? ) ' P  l a s t  t ime  s tep ,  

a* i s  t h e  t i m e  s tep ,  

and 

? '1 '2 ? a r e  t h e  cor respond ing  p a r t i a l s  

'6;p ' a & ' eva lua ted  a t  t h e  l a s t  t ime  s t e p .  

The second s t e p  i n  t h e  genera l  procedure i n v o l v e s  t r y i n g  t o  improve 

t h e  s o l u t i o n  by moving around t h e  c o n t o u r  t o  f i n d  t he  p o i n t  t h a t  f i t s .  

T h i s  i s  ach ieved by combin ing t h e  exp ress ion  f o r  zero d i f f e r e n t i a l  

o f  A w i t h  a  f i r s t  o r d e r  c o n t i n u i t y  express ion .  

where 

an; 
a T  - J , p  -+-A% (d , i+  6, - O i  

C 

34; aa; $n* - C -  
2 3 ,  a 5, 

t h e  i s u b s c r i p t  denotes t h e  i t e r a t i o n  b e i n g  stepped o f f  from, 

t h e  .i s u b s c r i p t  denotes t h e  i t e r a t i o n  be ing  computed, 

t h e  p  s u b s c r i p t  denotes a  va lue  from t h e  l a s t  t ime s tep ,  

30 - 3 F  4 - - - a 6 ,  as, as; 



4.2 F i r s t  Order B i v a r i a t e  Polynomial  Case 

Assume t h a t  

and 

6 (8%) ciL) = & I  JL + )L, J,v +bQ 
then 

where 

and 

;s t h e  i n p u t t e d  d e f l e c t i o n  a t  which t h e  r a t e  terms 
become f u l l y  e f f e c t i v e .  



4.3 S i x t h  Order  U n i v a r i a t e  Polynomial  Case 

Assume t h a t  

where 

- b6 J ' ~ L C ~ P + L (  ~ F + L ~ J ~ + L . A J ? L ! J + ~ ~ - ~ ,  t o  - 

- , 6bgp+51-s~e eqbq6' 4 3 L 3  J \ Z G ~ ~ + ~ L . , + ~ :  



4.4 General Pure D e f l e c t i o n  Case 

I n  t h i s  case, 

where f and g  a r e  a r b i t r a r y  f u n c t i o n s  o f  t h e  a p p r o p r i a t e  d e f l e c t i o n s .  

L i kew ise  A becomes a  s i n g l e  v a r i a b l e d  f u n c t i o n  i n  terms o f  s l  and t h e  

t a s k  t o  f i n d  i t s  a p p r o p r i a t e  zero.  We use a t h r e e  s t e p  i t e r a t i o n ,  t h e  

f i r s t  o f  wh ich  takes advantage o f  t h e  p rev ious  h i s t o r y .  - 

where 

The second s t e p  i s  a  d i r e c t  a p p l i c a t i o n  o f  Newton's method. 

where 

t h e  second s u b s c r i p t  on t h e  6 ' s  s i g n i f i e s  t h e  i t e r a t i o n  s t e p  number 

and 

The t h i r d  s t e p  employed depends upon t h e  outcome o f  t h e  second s tep .  

I f  t h e  second s t e p  o r  any l a t e r  s t e p  i s  on t h e  o p p o s i t e  s i d e  o f  t h e  zero 

o f  ~ ( 6 ~ )  f rom t h e  p rev ious  s tep ,  t h e  method o f  h a l v i n g  t h e  i n t e r v a l  i s  

employed t o  complete t h e  i t e r a t i o n .  



where 61, and a r e  chosen from a l l  previous values of 6 1  such t h a t  

~ ( 6 ~ + ) > 0 ,  ~ ( 6 ~ - ) < 0 ,  and 161+ - 61-1 i s  minimized. 

I f  a t  t he  t h i r d  s t ep  or l a t e r  s t ep s  i t  has n o t  y e t  happened t h a t  

two evaluat ions  o f  ~ ( 6 1 )  have s t raddled the  zero point ,  the  c lass ica l  

secant  method i s  employed. 

This type o f  s t ep  i s  continued un t i l  a  point  i s  obtained fo r  which 

the value o f  ~ ( 6 ~ )  has the opposite sign o f  previous evaluat ions .  The 

t o t a l  number o f  s teps  due t o  a l l  methods i s  l imited t o  an inputted num- 
ber.  

4 .5 Tabular Case 

I f  the loading force  o f  a t  l e a s t  one of the mater ia ls  is  spec i f i ed  

t o  be t abu l a r ,  then the  approach taken i s  t o  reduce the  problem to  a  

sequence o f  simple problems, each w i t h  a  range o f  va l i d i t y .  When a  

so lu t ion  i s  found within the range o f  v a l i d i t y ,  then the  so lu t ion  is 

accepted. I f  n o t ,  the problem is se t  u p  again s h i f t i n g  the  range of 

v a l i d i t y  i n  the  d i r ec t i on  of  the  l a s t  inva l id  so lu t ion .  
@ 

A t ab l e  i s  always reduced t o  a  planar form: F = a6. t b6. t c  
1 1 

with the  range o f  v a l i d i t y  determined from the t ab l e  points used t o  
compute the  coe f f i c i en t s .  

I f  a  polynomial i s  involved and t he  polynomial i s  l i n e a r ,  then the 

algorithm of  Sect ion 4.2 i s  used to  obtain  a  t e n t a t i v e  so lu t ion .  I f  

the polynomial i s  pure de f l e c t i on ,  then the  algorithm of  Section 4 .3  i s  

t r i e d .  Any o ther  case ,  the  algorithm of Section 4.1 i s  used. Work re- 

mains t o  be done i n  the handling of  table-general polynomial. The thought 

i s  t o  s e t  u p  a  planar form of  l imited v a l i d i t y  fo r  the  general poly- 



nomial as well as for  the table and use Section 4 . 2 .  The deta i l s  of the 
appropriate reduction of the general polynomial to planar form w i t h  the 
same range of val idi ty as the planar form f i t t e d  to the table remains 
incomplete a t  th is  writing as does bet ter  hand1 ing of the pure deflec- 
tion-bivariate tab1 e case. 






