
Volume 13, number4 P H Y S I C S  L E T T E R S  15 December 1964 

a r e  m o r e  s t rong ly  c o r r e l a t e d  to (rf than to each  
other .  However ,  th i s  wi l l  p robabIy  not be t rue  
fo r  mos t  cho ices  of f s ince  fo r  f d i s t an t  f rom g, 
the  s i t e s  l, m and n mus t  be much c l o s e r  to each 
o ther  ( s ince  they  a r e  c l u s t e r e d  a round  g)  than 
they  a r e  to f ,  and C o w l e y ' s  app rox ima t ion  for  
th i s  t e r m  should be c o n s i d e r a b l y  in e r r o r .  On 
the o ther  hand C o w l e y ' s  t heo ry  does  work  qui te  
wel l  fo r  mos t  s y s t e m s .  The r e a s o n  fo r  th is  i s  
p robab ly  the  fac t  that  at  t e m p e r a t u r e s  suf f ic ien t -  
ly above the o r d e r i n g  t e m p e r a t u r e ,  only  the t e r m  
l inea r  in/3 g ives  a s ign i f ican t  contr ibut ion.  Th is  
sugges t s  that  the  e x p r e s s i o n  d e r i v e d  f r o m  (8) by 
r e t a in ing  only the f i r s t  t e r m :  

in the  exact  high t e m p e r a t u r e  expans ion  for  
<af ag> c o r r e c t l y .  

I am deep ly  indebted to Prof .  Simon Moss  for  
in t roducing  m e  to the c u r r e n t  t h e o r i e s  of o r d e r  
in a l loy  s y s t e m s  and for  many i n t e r e s t i n g  d i s -  
cuss ions .  Prof .  Moss  and the author  a r e  c u r -  
r e n t l y  working  on an analogous  d i s cus s ion  for  
the ca se  of b i n a r y  a l loys  of g e n e r a l  compos i t ion  
and i t s  app l ica t ion  to the e x p e r i m e n t a l  m e a s u r e -  
men t s  of the shor t  r ange  o r d e r  p a r a m e t e r s  in 
s e v e r a l  a l loy  s y s t e m s .  

ag = -½f3 ~ VOh ah (10) 
h 

should be as good as Cowley's approximation and 
has the advantage of being much simpler to solve. 

The expression of Christy and Hall is obtained 
from (8) by retaining only the correlations of vf 
with itself and does not give even the f i rs t  term 
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Th i s  l e t t e r  g ives  a t h e o r e t i c a l  a n a l y s i s  and some  e x p e r i m e n t a l  i l l u s t r a t i o n s  for  the extens ion  to the 
X - r a y  domain  of wavef ront  r e c o n s t r u c t i o n  imaging  p r i n c i p l e s  [1-6] *, for  the c a s e s  where  high r e s o l u -  
t ions ,  a s  we l l  a s  high magn i f i ca t ions  and fa i thful  r e c o r d i n g  of the p h a s e s  in the d i f f r ac ted  wave f ron t s  
a r e  n e c e s s a r y .  High magn i f i ca t ions ,  phase  r e c o r d i n g s ,  a s  wel l  a s  high r e s o l u t i o n s  have a l l  been p r e -  
v ious ly  d e m o n s t r a t e d  in X - r a y  work  [7-9] ,  but high r e s o l u t i o n s  did not he r e to fo r e  appea r  a t t a inab le  in 
c o m p a r a b l e  i m a g e - f o r m i n g  X - r a y  m i c r o s c o p y  us ing  h e r e t o f o r e  d e s c r i b e d  ho lograph ic  wavef ron t  r e c o n -  
s t ruc t ion  me thods  [1-5 ,10] .  Indeed,  r e s o l u t i o n s  of only 5000 A to 10000 A,  r a t h e r  than 1 A,  a p p e a r e d  
h e r e t o f o r e  a t t a inab le  by m e a n s  of "convent iona l"  wavef ront  r e c o n s t r u c t i o n  methods .  

The b a s i c  t h e o r y  of h i g h - r e s o l u t i o n  m i c r o - h o l o g r a p h y  (wavefront  r e c o n s t r u c t i o n  imaging)  can be 
given by m e a n s  of the fol lowing o n e - d i m e n s i o n a l  model .  Let  T(~) be a s m a l l  p e r i o d i c  s t r u c t u r e  whose 
complex  ampl i tude  t r a n s m i t t a n c e  i s  

T(~) : r e c t  ( ~ )  S A  n e x p [ i ( ¢  n + n ~ ) ]  (1) 
n 

where  2 / ~ )  i s  the length (per iod)  of the  s t r u c t u r e ,  andA n exp (i Cn) a r e  the  cons tant  F o u r i e r  coef f i -  
c i en t s  **. When T(~) i s  i l l umina ted  by  a p lane  wave (wave-number  k) i t  wi l l  ac t  a s  a d i f f rac t ion  g ra t ing  

* For a recent review of this field, see e4g. ref. 6. 
** The rect  function is defined in the usual way as a unit transmission function over the extent of the argument [11]. 

See also re f s .  6 and 12). 
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and produce a number of diffraction orders  (one for each Fourier  component) in an x-plane (x paral le l  
to ~). It a coherent re ference  beam is superposed at an angle 0 on the scat tered field according to 
refs .  4 and 5, the resultant  amplitude A(x) will be proportional  to 

x • fn2  2 
A 0 exp[-iotx] + ~ ree t  ( / - k ~ / ) A  n exP[i(~o n + n ~ x - ~ 2 " )  ] "  (2) 

n 

where k is  the wave-number of the radiation, A 0 is a large constant represent ing the coherent back- 
ground radiation, and ~ = k0. The nth order  has been diffracted upwards along x by a distance according 
to conventional grating theory [13]. The intensity I(x) which would be incident on the x-axis  under these 
conditions would be proportional  to 

2 : ¢ f ~  2 E r e c t  (-~- k~ / )  A n - 2A 0 E r e c t  (~-  kl ) cos (cvx+~0 n +~nx-f~2~2/2k)  (3) I(x) cc A0 + 
9Z n 

where [(x) has been written to show the o rders  separated. (For the insensitivity of eq. (3) to the ~ of the 
f i lm,  see ref.  6. Photographic f i lms do not reproduce spatial frequencies which exceed some resolution 
limit. In applications to X- r ay  wavefront-reconstruct ion microscopy,  /3 will be many orders  of magni-  
tude grea te r  than the resolution capability of the film. Consequently each t e rm of the second sum of eq. 
(3), (except for n=0) would be averaged out during the recording process .  For  high resolutions,  the 
t ransmit tance H(x) should however he given by an equation of the form 

H(x) cc 2A 02 + ~ ~ rect (?-x "-~fr~) A2- A0~, ~ r e c t n  (/-k~/~)exp[i(ax+~°n -f'n2B2/2k)] (4) 
n n 

- A0~, E r e c t  (-~" k'~l ) exp['i(ax+(Pn "-f'n2~2/2k)] 
/z 

ra ther  than simply by the equation which one would obtain by recording the intensity of eq. (3). The 
t ransmit tance described by eq. (4) could be real ized f rom the intensity given by eq. (3) for  instance by 
f i r s t  "rect ifying" the third t e rm  in eq. (3) by means of an optical equivalent of a "half-wave rec t i f ie r" ,  
comparably to half-wave rectification of a modulated radio-frequency signal, when producing an audio 
signal in a loudspeaker [14]. Several means of realizing the recording of eq. (4) as  well as additional 
details and background will form the subject of a subsequent paper.  

A highly manified and well resolved image of the scattering object can be "reconst ructed"  using the 
"high-resolution hologram" of eq. (4) by means of an optical sys tem,  such as that shown in fig. 1. 

NEGATIVE L E N S  HOLOGRAM POSITIVE LENS ~J-AXIS 

pLANE WAVE 

(wavenumber k') 

f ,  I - f ,  
I 1 

Fig. 1. 

The plane wave incident on the hologram in fig. 1 is diffracted in the usual way into a central  beam, r e -  
presenting the f i r s t  two t e r m s  of eq. (4), an upper beam,  represent ing the third t e rm of eq. (4), and a 
lower beam,  represent ing the fourth t e rm of eq. (4). The negative lens se rves  to cancel the phase fac-  
tor fn2~2/2k in the third t e rm of eq. (4), while the positive lens se rves  to effect the Fourier  t ransform 
of the wavefront leaving the surface of the hologram. The final " image"  is  produced by the Fourier  
t ransformation of the third t e rm of eq. (4), as car r ied  out by the positive lens. I[ the wave-number of 
the light used in the reconstruction p rocess  (for instance laser  light) is  k ' ,  then the image produced by 
the third t e rm  will be proportional to 
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f ~ r e C t n  (x f 'nf l) l  kl I l(°tx+q~n--ff~k' x ) ]  I /  - ~ ) - ~ } ]  A n exp dx~-2 l~Anexp  i (pn+(~-~,~ = 
n 

=2l~Anexp i i (C~n+n~ ' ) ]  (5) 
n 

where  ~' = ~ + otf,/k and 
M = k f ' / k ' f  (6) 

i s  the magni f ica t ion  c h a r a c t e r i s t i c  of the o v e r a l l  two-wavelength  p r o c e s s .  ( f  = d i s t ance  of the s c a t t e r i ng  
objec t  f r om the ho log ram in the cons t ruc t ion  p r o c e s s ,  and f '  = foca l  length of the  pos i t ive  lens  used in 
the r e c o n s t r u c t i o n  p r o c e s s ) .  I t  wi l l  be noted that  the s e r i e s  in eq. (5) has  indeed the same  fo rm as  the 
s e r i e s  r e p r e s e n t i n g  the s ca t t e r i ng  ob jec t  d e s c r i b e d  by eq. (1), and 6ne m a y  t h e r e f o r e  conclude that  a 
w e l l - r e s o l v e d ,  magni f ied  "im~tge" of the  s c a t t e r i n g  objec t  has  been ~eproduced along the ~' ax i s ,  wi th-  
out los ing  the g e n e r a l  s impl i ' c i ty  and speed which axe c h a r a c t e r i s t i c  of ho lography  [1-6]. 

Fig.  2. 

A g r e a t l y  magni f ied  (150 ×), wel l  r e s o l v e d  m i c r o - p h o t o g r a p h  of a por t ion  of a f l y ' s  wing (fig. 2a) 
was r e c o n s t r u c t e d  f rom a ho logram such a s  that  shown in fig. 2b [5,6] by i l lumina t ing  the ho log ram in 
l ight d ive rg ing  f rom a point  s o u r c e ,  and by p lac ing  the f i lm at  a d i s t ance  f '  f r om the ho logram.  The en- 
t i r e  r e c o r d i n g  and r ep roduc t ion  p r o c e s s  was c a r r i e d  out in 6328 A l a s e r  l ight without the a id  of any 
focuss ing  e l emen t s .  Fig .  2 s e r v e s  to i l l u s t r a t e  the focuss ing  ( l ens - l i ke )  and magnifying p r o p e r t i e s  
known to be inhe ren t  in h o l o g r a m s  [1,2] (see  a l so  e.g. ref .  6), and m o r e  p a r t i c u l a r l y  he re  the f ' / f  fac -  
to r  in eq. (6). 

It i s  a p l e a s u r e  to acknowledge  h e r e  the s igni f icant  con t r ibu t ions  to th is  work  by John Winthrop,  as  
wel l  a s  the constant  i n sp i r a t i on  r e c e i v e d  f rom and the many  f ru i t fu l  d i s c u s s i o n s  held with P r o f e s s o r s  
S. K r i m m ,  L . J .  Oncley,  C .R .  Worthington and Dr.  H. M. A. El -Sum.  We a l so  wish to thank D. B r u m m ,  
as  wel l  a s  E. N. Lei th ,  J. Upatn ieks  and A. Funkhouse r  for  a s s i s t a n c e ' i n  obtaining the photographs  of 
fig.  2. F ina l l y  i t  i s  a p l e a s u r e  for  one of us  (GWS) to acknowledge v e r y  f ru i t fu l  conve r sa t i ons  with 
P r o f e s s o r s  D. Gabo.  and P.  K i r k p a t r i c k ,  as  wel l  a s  with Dr.  A. Lohmann,  and to thank Dr.  J. B la i se  and 
Prof .  R o i z e n - D o s s i e r  for  a s s i s t a n c e  in loca t ing  the r e f e r e n c e  to the r e c t  notat ion used in the equations.  
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Ea r l i e r  r e s e a r c h  by Skinner and Appleyard 
[1,2] has shown that radia t ion emitted by m e r -  
cury  vapour,  when excited by a beam of e lec-  
t rons ,  is  polar ised.  They observed that in mos t  
cases  the degree  of po la r i sa t ion  as a function of 
the energy of the bombarding  e lec t rons  approach-  
es zero at threshold.  This ,  however,  is  cont ra -  
d ic tory  to theory [3-5]. For  he l ium,  exper iments  
[6] have suggested that the po la r i sa t ion  does not 
go to zero at threshold.  

By using improved methods of m e a s u r e m e n t  
( smal le r  energy spread in the e lec t ron beam and 
a more  sens i t ive  way of measu r ing  smal l  light 
in tens i t i es )  we succeeded in measu r ing  the pola-  
r i sa t ion  close to threshold  more  accura te ly .  

Measuring method. A short  descr ip t ion  of the 
appara tus  follows he re ;  for a more  detai led one 
see [7,8]. The sealed excitat ion tube contains  
m e r c u r y  vapour ,  that can be excited by means  
of a beam of e lec t rons  of adjustable  velocity. 
The m e r c u r y  vapour p r e s s u r e  is  the sa turated 
vapour p r e s s u r e  at a given t empera tu re  of the 
tube wall.  A na r row c ro s s  section of the e lec-  

t ron beam is imaged onto the en t rance  sli t  of the 
monochromator  in such a way that the light en-  
t e r s  f rom a d i rec t ion at r ight  angles  to the e lec-  
t ron beam. The light of a selected spec t ra l  l ine 
coming f rom the monochromator  p a s s e s  through 
a polaroid f i l te r  and fa l l s  on the photo-cathode 
of a mul t ip l i e r  tube. Each photo-e lec t ron  gives 
a cu r r en t  pulse at the output of the mul t ip l i e r .  
These pu lses  a re  amplif ied with a fas t  ampl i f ie r  
( r ise  t ime 0.5 ~ sec) and f inal ly recorded with a 
counting device. 

The percentage  degree of po la r i sa t ion  P is  
defined as follows 

P = ( [ t l -  I . ) / ( I t l +  [~) × 100 . 

By rota t ing the polaroid f i l te r  we measu re  suc- 
cess ive ly  the in tens i ty  of the light with the e lec-  
t r i c a l  vector  pa ra l l e l  and perpendicu la r  to the 
beam,  here  denoted by [kl and I~, respect ively .  
In our case the polaroid f i l ter  is rotated at 25 
r / s e c .  The pulses  f rom the photo-mul t ip l ie r  are  
supplied to a two-channel  e lec t ronic  switch, 
which opera tes  synchronica l ly  with the rota t ing 
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