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for the E2 transition between the ½" and ~" levels. 
Besfdes these considerations some other argu- 

ments against the application of tha core particle 
coupling model to V -5-1 have been quoted (re[. ~)), 
whereas the energies of the ~', ~-, ~-, ~" and 
levels in V 51 a re  in agreement  with the prefljctiqns 
of the three  par t ic les  configuration model 1~, 1~). 
HOwever some problems remain  unsolved when ap- 
pl~mg ~ e  three par t ic les  configuration model to 
V ~=, fo r  instance the d isagreement  noted previously 
for  the ra t ios  and absolute values of the various 
B(E2) with respec t  to the predict ions of the three 
par t ic les  configuration model. 

We thank Prof. M. Demeur and Dr. M. N~ve de 
M~vergnies for helpfull discussions. 
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In this note, we repor t  the resul ts  of using the 
exact eigenstates of the pa i r ing- force  Hamiltonian 
in the pairing models of Pb 206, Pb 204 and Pb 202. 
The eigenstates of the models of these isotopes be- 
long to the res t r i c ted  class  of eigenstates descr ibed 
in re[.  1). Using these eigenstates,  we find that the 
pai r ing- interact ion strength should be about 30% 
s t ronger  than the value used in previous approxi-  
mate calculations 2). This s t ronger  pairing inter-  
action plus the exact theory of the pairing model 
predict  the observed pairing energies ,  within the 
experimental  e r r o r s ,  and the excitation spec t ra  
(excluding the lowest 2 + states),  with an average 
e r r o r  of 0.09 MeV for these isotopes. The expres-  
sions for the wave function and energy of an eigen- 
state of the pa i r ing-force  Hamiltonian which we 

will use have been given in re[.  1). There ,  the 
unnormalized wave function and the energy of a 
state containing 2Npa i red  par t ic les  were given 
by 

N 

O(fl'''fN)= ~ P (JR [ (2~fR - EPR)-')( 
= 1 i) 

and 
N 

=I E i' (2) 

where cf is the energy of the single-particle 
state with quantum numbers f, ZpP is a sum over 
the AP. permutations Pof the indices Pl" " "PN, and 
* Supported by the National Science Foundation. 
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the N p a i r  ene rg i e s  E p i  are r o o t s  of the N coupled 
equat ions  

1 = gi ~,,f ( 2?  - E p i ) - I  , i = 1 . . .  N ,  (3) 

where  
1 -1  

than the value ,  g = O.Ul MeV, which has  been used 
in p r ev ious  ca lcu la t ions  2). 

With ef and g d e t e r m i n e d ,  a l l  the p a r a m e t e r s  c~ 
the m o d e I a r e  f ixed and the re  r e m a i n s  the solution 
of (3) f o r  the Epi. The solut ions  and the excitation 
ene rg i e s  f o r  s o m e  s t a t e s  of Pb 206, Pb 204 and Pb 202 
a r e  g iven in t ab les  2, 3 and 4. We identify the s t a t e s  
by giving the i r  spin and pa r i ty  and the con i igura t imm 

The  r e s t r i c t i o n  on this  c l a s s  of s t a t e s  is  that  the pa i r  to which they c o r r e s p o n d  in the l imi t  g -. 0 ( c o n ~ . ) .  
ene rg i e s  mus t  sa t i s fy  We a l so  l i s t  the Observed leve l s  of these  nucle i  ~J 

E p i ,  Epj, all i ~= j ,  (5) 

in addition to (3). 
In considering a specif ic system, the single par -  

t ic le spectrum of, and the pair ing interact ion 
strength, g,  must be determined. For  the isotopes 
of lead that we consider ,  we use the s ing le-par t ic le  
(hole) s p e c t r u m  of Pb 207 to d e t e r m i n e  the cf ' s  a s  (spin) 
was  done in re[ .  2). This  s p e c t r u m  is  g iven  in 
table  1. In this  table ,  O n = j +  ½i s  the  pa i r  degene -  l°l i  
r a c y  of the level  n.  In what  fo l lows ,  we wil l  identify (1)T 
the l eve l s  by the index n r a t h e r  than (lj) s .  Thus ,  (2)+ 
equat ion (3) now r e a d s  (2) + 

5 (2)+ 
l = g i  n= ~1 f l n ( 2 ' n - E P i ) - I  (6) (4)+ 

(3) + 

(4) + 
f o r  s t a t e s  conta ining no unpa i red  p a r t i c l e s .  (4) + 

(5) - 
Table 1 (5)- 

The single-particle spectrum in MeV (6)- 
(7)- 

(0) n n ~n  % 

(p½)- 1 1 0.00 

( f~)-  2 3 0.57 

(p~)- 3 2 0.90 
( / t~ )+  4 7 1.63 

(f~)- 5 4 2.35 

In o r d e r  to d e t e r m i n e  g ,  we use  the r e l a t ion  1) 

Pn (z,2N) = 2E(z,  2N- l )  - E (z ,2N)  - E (z ,2N-2)  
(7) 

= 2c F - E F 

between the o b s e r v e d  pa i r ing  ene rgy ,  Pn, and the 
pa i r  ene rgy  E F .  This ,  to~ether  with the m a s s  data  
given by Ever l ing  et al. o/, can  be  used  to d e t e r -  
mine  E F .  Eqs.  (6) then d e t e r m i n e  the r ema in ing  
N - 1  g r o u n d - s t a t e  pa i r  ene rg i e s  and the in te rac t ion  
s t r eng th  g .  However ,  Pn is  not known a c c u r a t e l y  
enough to d e t e r m i n e  g uniquely and in t e rac t ion  
s t r eng ths  in the r a n g e  0.135 < g < 0.165 MeV will  
r e p r o d u c e  the o b s e r v e d  P~  s. We t h e r e f o r e  pick the 
value  of g in this  r a n g e  which r e p r o d u c e s  the exc i -  
ta t ion s p e c t r a  bes t .  This  leads  to the value  g = 
0.146 MeV. Note  that  this  is cons ide rab ly  s t r o n g e r  

(Exp.)  next  to the s t a t e s  of the mode l  with the s a m e  
sp ins  and pa r i t i e s  which bes t  r e p r o d u c e  the ob- 
served excitation energies. The pair  energies given 
are the roots of (3) which we now discuss separate- 
ly fo r  the three systems. 

Table 2 
Excitation spectrum of Pb 206 in MeV 

Conftg. Exp. 

(1) 2 0.00 
(2) = (1 .19)  

(1) (3) (1.72) 
(1) (2) 0.80 
(1) (3) 1.47 
(2) 2 1.85 

(1) (2) 1.34 
(2) 2 1 .68  

(2) (3) 2.00 
(1) (5) (2.95) 
(2) (4) (2.78) 
(3)(4) 3.02 
(1) (4) (2.38) 
(1) (4) (2.20) 

Model Pair energies 

0.00 E 1 = -0.59 
1.03 E 2 = 0.44 
1.49 
1.16 
1.49 
1.73 
1.16 
1.73 
2.06 
2.94 
2.79 
3.12 
2.22 
2.22 

(spin) 

(o), + 
(0)- 
(2) + 
(4) + 
(4) + 
(9) - 

Table 3 
Excitation spectrum of Pb 204 in MeV 

Config. Exp. Model Pair energies 

(1):, ~ ) 2  0.00 0.00 ~ = - 0 . 3 0 ,  1] 2 = 0.15 
(:) 2 - 1.48 ~ 0.'44, 112 = 0.093 

(1)' (2) 0.90 1.35 E 1 =-0.39 
(1)' (2)2 1.27 1.35 E 1 -0.39 
(1)' (2)(3) 1 .56 1.66 E 1 -0.41 
(1)' (2)(4) 2.19 2.30 E 1 -0.44 

spin) 

(0) + 
(0) + 
(2)+ 
(4) + 
(4) + 
(5) - 
(9) - 

Table 4 
Excitation spectrum of Pb 202 in MeV 

Config. Exp. IModel 

IB 212~ 4 0.00 0.00 
li2i2i2(3) 2 - 1.76 

(1)2(2) 4 0.96 1.42 
1 2 4 ( )2(2)3 1.38 1.42 

(1)o(2)o(3) 1.62 1.62 
(1)=(2)°(4) 2.04 2.26 
(1)2(2)3(4) 2.19 2.26 

Pair  energies 

El=-0.30, 4=0.06, 112=0.498 
El=-0.12 , E2=0.17, E3=1.53 
El=-0.13 , E2=0.23 
El=-0.13 , E 2 --0.23 

=-0.015 7~ =0.00925 
=-0.06 , 1] =0.035 
=-0.06 , ~ =0.035 
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The solution of eq. (3) for  Pb 206 is quite s imple  
s ince,  in this case ,  they reduce  to the single equa- 
tion 

1 ffi g~'n ~n (2en - Ep )-1 (8) 
fo r  the one unknown, Eb, and the r e s t r i c t i ons  (5), 
play no rule .  Two rootS,  E 1 and E2, of eq. (8) a r e  
gi~,en in table  2 and they cor respond  to the ene r.Kies 
of the ground and first excited 0 + states of Pb zoo. 
The energies of the remaining states, which do not 
contain any paired particles, are given by E l + Cm, 
where I and m are the single-particle states which 
are occupied. 

For Pb 204, study of eq. (3) indicates that for 
g > 0.115 MeV the two pair energies of the ground 
state are complex and in fact are complex conju- 
gates of each other. This is also true for the state 
(2)~+ for g< 0.209 MeV. We therefore represent 
the two pa i r  energ ies  of these  s ta tes  as 

E l ,  2 = ~ :~ iv .  (9) 

Equating the r ea l  and imaginary  pa r t s  of eq. (3) 
then g ives  the equations 

nn(2~ n _- t:) (10) 
1 = g~"n (-~Cn_ ~)2~2  

fln 
1 = V 2 ~ n  (2e n -  ~)2+V2 (11) 

for  ~ and 7. The r e s t r i c t i o n s  (5), fo r  these  s ta tes  
a r e  ~7 ¢ 0. The energ ies  a r e  then given by (2) 

E = E  1 +E 2 =2~ . (12) 

In table 3, we give the values of ~ and z72 for these 
two states for g = 0.146 MeV. 

The remaining states of Pb 204 which we treat 
contain two paired and two unpaired particles. The 
eq. (3) for these states are the same as (8) with the 
one change that ft n is replaced by Gn - 5nl - 5nm, 
where l and m are the states occupied by the un- 
paired particles. The energies of these states are 
given by 

E = e  l + ¢ m  + E ' P "  (13) 

For  the ground s ta te  of Pb 202, study of eq. (3) 
indicates  that one pa i r  energy El ,  i s  r ea l  and two 
pa i r  energ ies  E 2 and E3, a r e  complex as  in (9). 
Equating the r ea l  and imag ina ry  pa r t s  of eq. (3) 
then yie lds  the equations 

4g(~ "El) = g 2 n ~ n ( 2 ~ n - E l ) - I  (14) 
1 + (~_EI) 2 +V 2 

2g(~- El) = g~n ~n(2Cn-~) (15) 
1 (~ _E1)2+V2 (2en_~)2+V 2 

fo r  El ,  
come V 
(2) 

2772 .2 V Gn (16) 
I + ( ~ _ E 1 ) 2 + V  2 = .  /,n(2en_~)2+V2 

and V- Again, the r e s t r i c t i ons  (5) be-  
e 0. The energy of this s ta te  is given by 

s= s i +s 2+ s 3-- El+ (17) 

For the other 0 + state that we treat, the pair en- 
ergies are real and may be obtained from a 
straightforward solution of eq. (3). 

The remain ing  s t a t e s  of Pb 202 that we t r ea t  
contain four  pa i red  and two unpaired pa r t i c l e s .  
For  the s t a t e s  (1)2(2)~ 4 +, the two pai r  energ ies  
a r e  r e a l  and may be oi~tained by solving eq. (3) 
using G n - 25n2 instead of ~rr The energ ies  of these  
s t a t e s  a r e  then given by 

E =2¢ 2 +  E l + E  2 .  (18) 

For  the other excited s t a tes ,  the pa i r  energies  
have the f o r m  (9), where  ~ and V sa t i s fy  (10) and 
i l l )  with t'I n r ep laced  by G n - 5nl - 5rim. The en- 
e rg ies  of these  s ta tes  a r e  given by 

E = e l + C rn + 2~. (19) 

If we exclude the lowest  2 + s ta tes  of these  
nuclei  f r o m  our considera t ion (since these  a r e  
col lect ive  levels  2), we obtain an ave rage  e r r o r  of 
0.09 MeV in the predic ted  excitat ion spec t ra .  This  
is  about ¼ the ave rage  e r r o r  in the ap.Rroximate 
t r ea tmen t  of the model  given in ref .  ~'). 

In addition to the excitat ion energ ies  of the 
s t a t e s ,  we have given the pa i r  energ ies  in tables  
2, 3 and 4. These  may be inse r ted  in (1) to obtain 
the model  wave function. The ma t r i x  e lements  of 
any opera to r  may then be calculated using these  
exact  model  wave function. 

The detai ls  of these  calculat ions will be  r e -  
por ted at a l a te r  date. 
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