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for the E2 transition between the §” and ™ levels.

Besides these considerations some other argu-
ments against the a %phcatmn of the core particle
coupling model to V21 have been quoted (ref 3)§_
whereas the energies of the 87, § , 47, &
levels in V51 are in agreement with the pred1ct1
of the three particles configuration model »19),
However some problems remain unsolved when ap-
p ing the three particles configuration model to

for instance the disagreement noted previously

for the ratios and absolute values of the various
B(E2) with respect to the predictions of the three
particles configuration model.

We thank Prof. M. Demeur and Dr. M. Neve de
Mevergnies for helpfull discussions.
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In this note, we report the results of using the
exact eigenstates of the pa1r1ng-force Hamiltonian
in the pairing models of Pb206, Pb204 and Pp202,
The eigenstates of the models of these isotopes be-
long to the restricted class of eigenstates described
in ref. */. Using these eigenstates, we find that the
pairing-interaction strength should be about 30%
stronger than the value used in previous approxi-
mate calculations 2), This stronger pairing inter-
action plus the exact theory of the pairing model
predict the observed pairing energies, within the
experimental errors, and the excitation spectra
(excluding the lowest 2% states), with an average
error of 0.09 MeV for these isotopes. The expres-
sions for the wave function and energy of an eigen-
state of the pairing-force Hamiltonian which we
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will use have been given in ref. D), There, the
unnormalized wave function and the energy of a
state containing 2 N paired particles were given
by

N
offy ) = 5 P (Rl_jl (25, - EpR)")(l)

and
N

12  “pe

where €7 is the energy of the single-particle
state with quantum numbers f, ZpP is a sum over
the N. permutations Pof the indices py...py, and
* Supported by the National Science Foundation.

E= (2)



Volume 5, number 1

PHYSICS LETTERS

1 June 1963

the N pair energies Epi are roots of the N coupled
equations

1= )¢ Ce-Ep)Li=1..N, @)

where
-1

1
g; =g\1+2¢ ———) 4
The restriction on this class of states is that the pair
energies must satisfy
Epi¢Ej,aui¢j, (5)
in addition to (3).

In considering a specific system, the single par-
ticle spectrum &, and the pairing interaction
strength, g, must be determined. For the isotopes
of lead that we consider, we use the single-particle
(hole) spectrum of szo'} to determine the ¢'s as
was done in ref. 2). This spectrum is given in
table 1. In this table, Q, =j + 3 is the pair degene-
racy of the level n. In what follows, we will identify
the levels by the index » rather than (4)7. Thus,
equation (3) now reads5

= o -1
1=g; nzl Q,(2¢,-E,.)

(6)
for states containing no unpaired particles.

Table 1
The single-particle spectrum in MeV

G | n 0| &
@hH- |1 |1 0.00
UH- | 2 | 3 0.57
@H- |3 |2 | 090
GH* | 4 | 7 | 163
vh™ |5 |4 | 235

In order to determine g, we use the relation 1)

P, (2,2N) = 2E(2,2N-1) - E(z,2N) - E(2,2N-2)

(7)
=2¢p - Ep

between the observed pairing energy, P,, and the
pair energy E o This, together with the mass data
given by Everling et al. ¥/, can be used to deter-
mine Ep.Eqgs. (6) then determine the remaining
N-1 ground-state pair energies and the interaction
strength g. However, P, is not known accurately
enough to determine g uniquely and interaction
strengths in the range 0.135 < g < 0.165 MeV will
reproduce the observed P,/s. We therefore pick the
value of g in this range which reproduces the exci-
tation spectra best. This leads to the value g =
0.146 MeV. Note that this is considerably stronger

than the value, g = 0.111 MeV, which has been used
in previous calculations 2).

With ¢ and g determined, all the parameters of
the model are fixed and there remains the solution
of (3) for the Ep,. The solutiong and the excitation
energies for some states of Pb206, Pp204 3nq pp202
are given in tables 2, 3 and 4. We identify the states
by giving their spin and parity and the configurations
to which they correspond in the limit g - 0 (conf%. ).
We also list the ébserved levels of these nuclei
(Exp. ) next to the states of the model with the same
spins and parities which best reproduce the ob-
served excitation energies. The pair energies given
are the roots of (3) which we now discuss separate-
ly for the three systems.

Table 2 2
Excitation spectrum of Pb 06 in MeV

(spin) | Config. Exp. | Model | Pair energies

UM @2 0.00 .| 0.00 | E;=-0.59

o* 2 (1.19) | 1.03 E, = 0.44

(1): 1) (3) 1.72) 1.49 -

® 0@ 0.80 1.16 -

@* 1) (3) 1.47 1.49 -

@* 22 1.85 1.73 -

3" (5 3YP)) 1,34 1.16 -

I\ 2)2 1.68 1.73 -

@t @) (3) 2.00 2.06 -

(4)*: (5 (2.95) 2,94 -

(5) 2)(4) (2.78) | 2.79 -

(5)~ (3)(4) 3,02 3,12 -

6" (D4 (2.38) | 2.22 -

n- 14 (2.20) | 2.22 -

Table 3
Excitation spectrum of Pb204 in MeV
(spin) | Config. | Exp. | Model Pair energies
o+ |®2@2 |o0.00|0.00 | =-030, 12 =0.15
o | @4 - (148 |g = 0.44, 12 =0.093
@* |W2@2 |o0.90| 135 |E; =-0.39
@+ |(W2@?2 |127] 135 |E]=-0.39
@' | (W2@)@) | 1.56 [ 1.66 |E] =-0.41
©® |@Z@@ | 219 230 |E; = -0.44
Table 4

Excitation spectrum of Pb2%2 in MeV

(spin)| Config. |Exp.[Model Pair energies

©* |(m2@% ]0.00| 0.00 |E;=-0.30, £=0.06, T2=0.498
©* |(02@2@32| - | 1.76 [B;=-0.12, E2=0.17, E3=1.53
@* (2@ 0.96| 1.42 |Ey=-0.13, E9=0.23

@* |(12@)4 1.38| 1.42 E}=-0.13, E,=0.23

@* |(12@2)3(3) |1.62| 1.62 |g =-0.015, 12=0.00925
6" |[(12@°3@4) |2.04] 2.26 [E =-0.06 , 12=0.035

@~ |(12@3(4) [2.19| 2.26 [E =-0.06 , 12=0,035
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The solution of eq. (3) for Pb206 ig quite simple
since, In this case, they reduce to the single equa-
tion .

1= g),, 0, (¢, - p)'l (8)

for the one unknown, E,, and the restrictions (5),
play no rule. Two roots, E{ and E,, of eq. (8) are
given in table 2 and they correspond to the energies
of the ground and first excited 0% states of Pb200,
The energies of the remaining states, which do not
contain any paired particles, are given by €; + ¢,,,
where [ and m are the single-particle states which
are occupied.

For Pb204, study of eq. (3) indicates that for
g > 0.115 MeV the two pair energies of the ground
state are complex and in fact are complex conju-
gates of each other. This is also true for the state
(2)6+ for g< 0.209 MeV. We therefore represent
the two pair energies of these states as

E1,2=Eii17. (9)

Equating the real and imaginary parts of eq. (3)
then gives the equations

~ 0,(2¢, - ¢)
t-el, (2¢y, - £)%+n? 1o
Q
1 ="2 Zn (2€n-g)§+n2 @y

for £ and n. The restrictions (5), for these states
are n # 0. The energies are then given by (2)

E=E1+E2=ZE. (12)

In table 3, we give the values of £ and n2 for these
two states for g = 0.146 MeV.

The remaining states of Pb204 which we treat
contain two paired and two unpaired particles. The
eq. (3) for these states are the same as (8) with the
one change that 0, is replaced by Q, - §,; - 8 s
where [ and » are the states occupied by the un-
paired particles. The energies of these states are
given by

E=¢+e€ +E (13)

For the ground state of PbZdbz, study of eq. (3)
indicates that one pair energy El , is real and two
pair energies E9 and Ej, are complex as in (9).
Equating the real and imaginary parts of eq. (3)
then yields the equations

4g(e-~E1)

T e-BD? 4n2 =Y, 0, -E) 1 (19)

2g(¢- By)

0,{26,-0)

1 - — =

(£-E1)2+n2 gZ”(2€n-E) +n 9
22

Qn
1+ = — (16
(¢- Ep)2+n? " Z:"(2‘71-5)2“72 (16)
for Ey, ¢ and n. Again, the restrictions (5) be-
come nn # 0. The energy of this state is given by
(2)
E=E +Eg+ Ey=E; +2¢. (17)

For the other 0% state that we treat, the pair en-
ergies are real and may be obtained from a
straightforward solution of eq. (3).

The remaining states of Pb202 that we treat
contain four paired and two unpaired particles.
For the states (1)2(2)% 4+, the two pair energies
are real and may be oBtained by solving eq. (3)
using @, - 25,9 instead of ,. The energies of these
states are then given by

E'=2€2+ Ey +Eg. (18)

For the other excited states, the pair energies
have the form (9), where ¢ and 7 satisfy (10) and
(11) with @, replaced by @, - 6,7 - §,;,,- The en-
ergies of these states are given by

E=¢+€,+2t. (19)

I we exclude the lowest 2* states of these
nuclei from our consideration (since these are
collective levels 2), we obtain an average error of
0.09 MeV in the predicted excitation spectra. This
is about ¢ the average error in the a%groximate
treatment of the model given in ref. ¢/,

In addition to the excitation energies of the
states, we have given the pair energies in tables
2,3 and 4. These may be inserted in (1) to obtain
the model wave function. The matrix elements of
any operator may then be calculated using these
exact model wave function.

The details of these calculations will be re-
ported at a later date.
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