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t h e s e  m e a s u r e m e n t s  the  fo l lowing  c o n c l u s i o n s  can  
be  d r a w n :  

1. T h e  va lue  of the s u r f a c e  a n i s o t r o p y  ob t a ined  
f r o m  o u r  m e a s u r e m e n t s  i s  in good a g r e e m e n t  wi th  
the  t h e o r e t i c a l l y  c o m p u t e d  va lue  10) and with the  
exchange  s u r f a c e  a n i s o t r o p y  11) and h a s  the o r d e r  
of K s o b s e r v e d  e x p e r i m e n t a l l y  by  m e a n s  of th in  
f i l m s  s p i n - w a v e  r e s o n a n c e  12). 

2. The  i r r e g u l a r i t i e s  of t h e  s u r f a c e  p l a y  a m i n o r  
r o l e  in l ine  b r o a d e n i n g  a s  shown by the  s m a l l  d i f -  
f e r e n c e  be tween  w h i s k e r s  and e l e c t r o l y t i c a l l y  
p o l i s h e d  c r y s t a l s  hav ing  l a r g e l y  d i f f e r i n g  s u r f a c e  
s t a t e  s.  

3. The  l ine  b r o a d e n i n g  due to an i n c r e a s e  of the  
m e a s u r e d  a r e a  i n d i c a t e s  tha t  h e r e  the  i n h o m o g e n e i t y  
of the  d e m a g n e t i s i n g  f i e l d  b e g i n s  to a s s e r t  i t s e l f .  

4. The  a g r e e m e n t  be tween  the  t h e o r y  r e f e r r e d  
to above  and the  e x p e r i m e n t a l  r e s u l t s  on bu lk  s i l i -  
con i r o n  s i n g l e  c r y s t a l s  i s  good. I t  i s  p roo f  t ha t ,  
a t  l e a s t  in s o m e  m e t a l l i c  f e r r o m a g n e t s  hav ing  few 

i m p e r f e c t i o n s ,  the  i n t r i n s i c  r e s o n a n c e  l inewidth  
(without  sk in  e f f ec t  and s u r f a c e  a n i s o t r o p y  b r o a d -  
ening)  i s  u n d e r  10 Oe.  
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In t h i s  note  we w i l l  show tha t  t h e r e  e x i s t s  a r e -  
s t r i c t e d  c l a s s  of e i g e n s t a t e s  of the  p a i r - f o r c e  H a m -  
i l t on i an  which  con ta in  N p a i r s  of p a r t i c l e s  and 
which  a r e  n a t u r a l  g e n e r a l i s a t i o n s  of t h o s e  s t a t e s  
which  conta in  one p a i r .  The  wave  funct ion  of t h e s e  
N - p a i r  s t a t e s  has  the  f o r m  of an a n t i s y m m e t r i s e d  
p r o d u c t  of N 1 - p a i r  wave  func t ions  and the  e n e r g y  
i s  a sum of N 1 - p a i r  e n e r g i e s .  T h e s e  1 - p a i r  wave  
func t ions  and e n e r g i e s  a r e  ob t a ined  f r o m  a 1 - p a i r  
S c h r ~ d i n g e r  equa t ion  in which  the p a i r i n g  i n t e r a c -  
t ion has  been  r e p l a c e d  by  an e f f ec t ive  p a i r i n g  i n t e r -  
a c t i on  which  in t u rn  depends  upon the N 1 - p a i r  
e n e r g i e s .  T h e s e  e i g e n s t a t e s  m a y  be  u sed  to s tudy  
the  e f f ec t s  of i nc lud ing  a p a i r i n g  i n t e r a c t i o n  in the 
N i l s s o n  m o d e l  of the  a t o m i c  nuc l eus  1) and a l s o  in 
s o m e  n u c l e i  n e a r  c l o s e d  s h e l l s .  They  m a y  a l s o  be  
u sed  to e v a l u a t e  the  a c c u r a c y  of the  m e t h o d s  of the  
t h e o r y  of s u p e r c o n d u c t i v i t y  which  have  been  used  
by  m a n y  a u t h o r s  2 ,3 )  to inc lude  p a i r i n g  f o r c e s  in 
an independen t  p a r t i c l e  m o d e l  of the  nuc l eus .  

We s p l i t  the  p a i r i n g - f o r c e  H a m i l t o n i a n  into tha t  
p a r t  which  d e s c r i b e s  u n p a i r e d  ( i . e . ,  n o n i n t e r a c t i n g )  
p a r t i c l e s  and that  p a r t  which  d e s c r i b e s  the  p a i r e d  

p a r t i c l e s .  Thus  

H = H 1 + H 2 , (1) 

w h e r e  HI= ~ 2 e f t ,  (2) 
(fESl) 

H2 : f~eS 2(f Nf - g ~ ~ bj bf, , (3) 
( 2) ( feS2)  (f'e~-S2) 

and w h e r e  ef i s  the  e n e r g y  of the  s i n g l e - p a r t i c l e  
s t a t e  ( f , ~ )  (where  ~ = + d e n o t e s  s t a t e s  which a r e  
con juga te  with r e s p e c t  to t i m e  r e v e r s a l ) ,  S 1 i s  the 
s e t  of s t a t e s  o u t s i d e  a f in i t e  e n e r g y  i n t e r v a l  about  
the  F e r m i  e n e r g y  (which i s  spec i f i ed  by  the i n t e r -  
ac t ion)  p lus  t hose  s t a t e s  in th i s  i n t e r v a l  tha t  a r e  
occup ied  by u n p a i r e d  p a r t i c l e s ,  S 2 i s  the  f in i te  se t  
of s t a t e s  not  inc luded  in S1, 

(aj + <,f+ + af  + a f _ ) ,  

b f  = ~ f  _ ~ i+  , 
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and the a+ 's  and a ' s  a re  fe rmlon creat ion and anni- 
hilation opera tors .  

Since H I and H 2 re fe r  to different dynamical 
var iables  of the sys tem,  the eigenfunctions of H are  
products  of an eigenfunction of H I with one of H 2 
and the energy is a sum of the corresponding energy 
eigenvalues. Since H I is a l ready diagonal, we will 
only consider H 2 and i ts  eigenfunctions and we will 
r e s t r i c t  f to those values contained in S 2. 

The opera tors  N f a n d  bf satiefy the commutation 
relat ions 

[b: N:,] : 8::,hi ( 6 )  

[bf, q, ] = 8ff(1 - 2Nf) . (7) 

If we could neglect the t e rm 2Nf  on the right hand 
side of (7), we would have boson commutation r e l a -  
tions and the diagonalisation of H 2 would be s t ra ight-  
forward.  The p resence  of the t e r m ,  2Nf, ref lects  
the fact  thet the b's a re  products  of Fe rmi  opera tors  
which must  obey the Pauli  principle.  

We now formulate  a method in which the com-  
plicating t e rm,  2Nf, in (7) gives no contribution to 
the calculation of the mat r ix  elements of H 2. 

i. We f i r s t  expand an eigenstate of H 2 as 

I¢) = (~)--~ ~ ~'(f l . . . f~) b+ t'+ fl'''fN ~fl"'" YN I o ) ,  (8) 

where i0) is the vacuum state.  
if. We can impose two requi rements  on 

@(f l ' " fN )+  + 
1. Since [b ) ,  bfi] = 0, we requi re  ¢ ( f l ' '  . iN)  to be 

a symmet r i c  function of its arguments .  
2. Since b ?  = 0, the values of ¢ ( f l . "  "fN) with two 

or  more  arguments  equal a re  without physical  
significance. We are  therefore  f ree  to choose 
these values of ¢ in any convenient way. A con- 
venient choice is  zero.  

These two conditions may  be satisfied by letting 

¢ ( f l ' '  "fN) = 0 ( f l ' "  "fN) ~ f l ' "  "fN) , (9) 
where @ is a symmet r i c  function of its arguments  
and 

O( f l " " fN )  =1 , if A c fj , all  i c j , 

= 0 ,  if any f i  = Yj , i * j . 

In general  it may  be verif ied that 

o(:, ,,,>= o:12 <1o> 
iii. Fo r  ~'s of the form (9) the normalisat ion is 

@1~,) : :1 ~ y.N... I~ ( f l . . . /N ) l  2 : 1 (11) 

and the expectation value of H I is 

(¢IH~IO = f1~.~V (2Cfl + ... + 2CfN) l~Crl...fN)l z 
N 

- g ~ l  f ...fi_lfi~l ...fNff i ~b*(fl"'' fi-lffi+l"''fN) 

× o(h . . . f~- l f f~+l . .  "fN). (12) 
Note that these a re  the same resu l t s  that would 
have been gotten using boson commutation relat ions 
for the /~s by ignoring the t e rm 2Nf in (7). 

iv. We now determine the exact eigenstates of H 2 
by requir ing ¢ to satisfy the normalisat inn condition 
(11) and the Schr~klinger equation derived f rom the 
variat ional  equations 

5 (¢IH2-EI~)  5 (¢[H2-E[¢) 
~:*(f l""  "fN ) - &~(fl '" "fN) = O. (13) 

Using (9), (12) and 02 = 0, (13) becomes 

(2¢fi + ... + 2¢fN- E) 0(fl...fN) ~(fl...fN) 
N 

- g ~" ~" 0(fl'" "fN) 0(/i'" "fi-lff~-l'" "fN) 
i=l f 

x ip(fl , . "fi-lffi+l'' "fN) = 0 . (14) 

Since we obtain the same equation for  q0*, we can 
choose ¢ to be real .  F rom the definition of 0 it fol-  
lows that 

0(/1". " fN) O ( f l "  . f i - l f f  i+l. . "f N)  

= e ( f l . . . & )  [1 - 

N 

 f/l (15) 
j=l 

Therefore  ~o sat isf ies  (14) if 

(2Cfl +... + 2¢fN- E) ~fl'" "fN) 
N N 

- g  2 2ti- 151 i=-i f = 
(#0 (16) 

For N = I, (16) may be solved without any re- 
strictions. For ,  in this case (16) becomes 

(2cf l  - E) ~0~1) - g r . f ~ )  = 0 .  (17) 
The solutions of (17) are  

~p l ( f l  ) = g Cpl(2Cfl - E p l ) - I  , (18) 

where gCpl is a normal isat ion constant and E = Epl ,  

where Epl  is  a root  of the equation 

I = g~f(2{f- Epl)-I . (19) 

For  N > 1, we will show that there  exists a r e -  
s t r ic ted class  of solutions of (16) which a re  natural  
general isat ions of {18) and (19), i .e. ,  
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N 
: :  % 

w h e r e  gNCpl. .  "PN i s  a n o r m a l i s a t i o n  c o n s t a n t ,  

Z p  P i s  a sum o v e r  the  N.' p e r m u t a t i o n s  of the  in -  
d i c e s  (P l . "  .PAr), and  

N 

E = E p i .  (21) 
i=1 

The  E~ .  (i = 1 . . .  N) a r e  N distinct r o o t s  of the  
coup led  equa t ions  

1 =giZ f (2¢ f -EPi ) - i  i= 1. N ,  (22) • , * o  

w h e r e  N 

j--1% 
T h i s  m a y  be  v e r i f i e d  by  d i r e c t  subs t i t u t i on  of (20) 
in to  (16). H o w e v e r ,  the  r e s t r i c t i o n  

Epi ~ Epj , a l l  i ~ j , (24) 

i s  e s s e n t i a l  to the  d e r i v a t i o n  of (22) and (23). 
Given a s i n g l e - p a r t i c l e  s p e c t r u m ,  t f ,  and  an  in -  

t e r a c t i o n  s t r e n g t h ,  g ,  the  so lu t ion  of eq. (22) p r o -  
c e e d s  in two s t e p s :  
1. One m u s t  f i r s t  d e c i d e  w h e t h e r  the  r e s t r i c t i o n s  

(24) on the  E p / a r e  c o m p a t i b l e  wi th  the  E p / s a t -  

isfying (22). Thi s  m u s t  be c a r e f u l l y  c h e c k e d  fo r  
each  p a r t i c u l a r  p r o b l e m .  H o w e v e r ,  fo r  the  
N i l s s o n  m o d e l  of the  a t o m i c  n u c l e u s  1) (whose  
s i n g l e - p a r t i c l e  s p e c t r u m  s a t i s f i e s  t f  ~ t j ,  f o r  
f ¢ f ) ,  we  m a y  choose  the  i n d i c e s  Pi  so  tha t  

lira Epi= 2¢pi 
g..O + 

and t h e r e f o r e  (24) i s  s a t i s f i e d  in t h i s  l i m i t .  
Study of eqs .  (22) then i n d i c a t e s  tha t  t h e r e  i s  a 
r a n g e  of g ,  g >  0,  fo r  which  (22) and (24) a r e  
c o m p a t i b l e .  T h e s e  s a m e  c o n s i d e r a t i o n s  hold 
t r u e  f o r  any  s t a t e  of a s y s t e m  f o r  which 

l i m  Epi ~ lira % ,  i ~ j .  
g-O + g-O + 

Thus, there exists a large class of systems and 
interaction strengths for which (22) and (24) are 
compatible. 

2. F o r  s y s t e m s  fo r  which (22) and (24) a r e  c o m p a -  
t i b l e ,  eq s .  (22) m a y  be so lved  n u m e r i c a l l y  f o r  
the Epi. The so lu t ion  of eqs .  (22) i s  g r e a t l y  

f a c i l i t a t e d  by  the p r e s e n c e  of the  s a m e  func t ion ,  

F(E)  : Z;f (2¢f- E) -1 , 

e v a l u a t e d  fo r  d i f f e r e n t  v a l u e s  of i t s  a r g u m e n t  in 
each  equat ion .  T h i s  funct ion  m a y  be  c a l c u l a t e d  
once  and then eqs .  (22) m a y  be so lved  by  i t e r a -  
t ion.  

Some of the  a d v a n t a g e s  of t h i s  m e t h o d  o v e r  e x -  
i s t i n g  w o r k  (for e x a m p l e ,  s e e  r e f .  4)) on the  e x a c t  
d i a g o n a l i s a t i o n  of the  p a i r i n g - f o r c e  H a m i l t o n i a n  
a r e :  
1. The  c o m p u t a t i o n a l  e f fo r t  n e e d e d  to s o l v e  (22) i s  

in g e n e r a l  much l e s s  than  tha t  n e e d e d  to  p e r f o r m  
a d i r e c t  d i a g o n a l i s a t i o n  of H 2. 

2. G e n e r a l  p r o p e r t i e s  of the  e i g e n v a l u e s  of H 2 m a y  
be  s tud ied  by  c o n s i d e r i n g s  eqs .  (21) and  (22). 
F o r  e x a m p l e ,  the  p a i r i n g  e n e r g y  can  be r e l a t e d  
d i r e c t l y  to g .  The  p a i r i n g  e n e r g y  i s  de f ined  a s  

P(2N) = 2 E ( 2 N -  1) - E(2N)  - E ( 2 N -  2) , (25) 

w h e r e  E ( 2 N -  v) i s  the  g round  s t a t e  e n e r g y  of 
2 N -  v p a r t i c l e s .  Note  tha t  t h i s  de f in i t ion  of 
P(2N) a s s u m e s  tha t  E(2N- v) i s  a l i n e a r  func t ion  
of v p l u s  a d i s c o n t i n u o u s  p a i r i n g  t e r m  and tha t  
i t  n e g l e c t s  q u a d r a t i c  t e r m s  i n ~ .  If we a s s u m e  
tha t  the  e n e r g i e s  of the  p a i r e d  p a r t i c l e s  in the  
t h r e e  ground  s t a t e s  in (25) a r e  g iven  by  (21), 
then we ob ta in  the  t o t a l  e n e r g i e s  of the  s t a t e s  by  
add ing  the e n e r g y  of the  u n p a i r e d  p a r t i c l e s  to 
tha t  of the p a i r e d  p a r t i c l e s ,  i . e . ,  

N-1 

 2N- 2) -- E  (2N- 2) 
i = l  
N-1 

E(2N- 1) : Ep, 2N- 1) + W ,  
i=1 
N 

i=1 

w h e r e  t F  i s  the  e n e r g y  of the  l a s t  f i l l e d  l e v e l  in 
the  g round  s t a t e  of 2N n o n i n t e r a c t i n g  p a r t i c l e s ,  
Epi(2N- v) i s  the  e n e r g y  of the  i - t h  p a i r  in the  

g round  s t a t e  of 2 N -  ~ i n t e r a c t i n g  p a r t i c l e s ,  and 
PAr = F.  Subs t i tu t ing  t h e s e  e x p r e s s i o n s  into (25) 
and aga in  n e g l e c t i n g  t e r m s  q u a d r a t i c  in v, we 
have  

P ( 2 ~  = 2c F - E F ( 2 N  ) . 

T h u s ,  if P(2N) i s  g iven ,  then  E F i s  known and 
the N unknowns in eqs .  (22) a r e  g and Epi , 
i = 1 . . . N - 1 .  

3. The  wave  funct ion  i s  g iven  a s  a r a t i o n a l  funct ion 
of the  N p a i r  e n e r g i e s  Epi which m a y  be  c a l c u -  

l a t ed  a s  a c c u r a t e l y  a s  i s  d e s i r e d .  

We a r e  now p e r f o r m i n g  d e t a i l e d  a p p l i c a t i o n s  of 
t h e s e  equa t ions  and the  r e s u l t s  w i l l  be  r e p o r t e d  a t  
a l a t e r  da te .  
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