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A completely numerical quadrupole phonon model calculation enables one to obtain a satisfactory description 
of anharmonic energy levels, reasonable B(E2) ratios and quadrupole moment ratio for even-even spherical 
nuclei. The failure of the random phase approximation is clarified. 

Phonon description of vibrational energy 
levels in spherical nuclei has been attempted 
with some success [l]. Starting with the Hamil- 
tonian for the pairing plus quadrupole-quadrupole 
interactions, one may define a phonon operator in 
terms of quasiparticle pair operators, 

(-l)“byAvI_IM 1 (1) 
to satisfy an equation 

[Hd, d+] = wd+ (2) 

with a condition 

dlOJq =o , (3) 

where IO) 4 is the quasiparticle vacuum state in- 
cluding the ground state correlations. It has been 
a common practice to use a random phase (RPA) 
or a higher random phase (HRPA) approximation 
to find an approximate solution for the equation 
(2) [l], but there has been no successful solution 
in these attempts. 

On the other hand, Baranger and Kumar [2] 
have successfully described many properties of 
even-even nuclei in deformed regions, using the 
collective model Hamiltonian [3]. They have 
shown that their solution can be expanded in the 
phonon model scheme to connect the description 
in the deformed region to the one in the spherical 
region and successfully predicted level proper- 
ties of nuclei in a transitional region [4]. 

* This work is supported by the National Research 
Council of Canada. 

** On leave from Tokyo University. 

Recently, Kisslinger and Kumar [5] calculated 
energy levels of odd-even nuclei in the spherical 
region using an extended method of BK, and got 
an improved result, which is reminiscent of the 
calculation of Tamura and Udagawa to explain the 
large quadrupole moment of the first excited 2+ 
state of 114Cd [6]. 

The main purpose of this note is to point out 
that a numerical expansion of low excited state 
wavefunctions of spherical nuclei in the quadru- 
pole phonon scheme is quite adequate and that the 
numerical method can describe the level prop- 
erties well. The phonon model Hamiltonisn is 
given in terms of the ohonon creation oDerator 
B+ 1~ and the annihilation operator BIM = 
=(-l)‘-“BI_M, 

H = wo(2z+l)$B+~]o [BB’B’]O + [88]0 + 
t . 

+ w3 [B+B+B+]O + B’B+B]O + [B+sB]O + [mmp 
1 

+ 

I I 

I 

+ w4 [B+B+B+B+]O + [B+B+B+B]O +... +--. (4) 

and wavefunctions of low excited states are [5] 

IO+> = ao(0)+al(B+B+)o~O)+a2(B+B+B+)o~O)+... 

IO’+) ~~~~O)+U~~~B~)O(0)+~(B+B~B~)o(O)+... 

(2+)=b&+~O)+bl(B+B+)2~O)+b2(B+B+B+)2(0)+!? 

(2’+)=ClB+(0)+Co(B+B+)2(O)+C3(B+B+B+)2(O)+... 

(2”+) =d2B+(0)+d3(B+B+)2(O)+do(B+B+B+)2(O)+... 

We calculate matrix elements of H which contain 
unknown parameters wo,w2, w3, w4, and all co- 
efficients in the eq. (5). Since these coefficients 
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Fig. 1. Schematic d iagram of 0 +, 2 + and 4 + state energy levels for  a) Pt  region and b) Cd region. For  s impl ic i ty ,  
values of y's (x's and z 's) for 2 + states are set equal in their magnitude. (Yb = b3/b0, Yc = c3/c0 and Yd : d3/d0. 

z b ffi b2/b O, z c --- c2 /c  0 andz d =d2/d O, etc.) 

define m a t r i x  e l e m e n t s  of a uni tary  t r a n s f o r m a -  a r e  f i r s t  a s sum ed  and va r i ed  until  we can get  the 
t ion f r o m  a r ep re sen ta t ion ,  in which the ' t r u e '  bes t  fit  of the obse rved  2+ s ta te  energy  leve l s .  
Hamil tonian is  diagonal ,  to the phonon model  Then the coupling s t r eng ths  w2, w3 and w4, thus 
r ep re sen ta t ion ,  we can t r a n s f o r m  the ' t r u e '  de te rmined ,  a r e  used  to ca l cu la t e  0 + and 4 + 
Hamil tonian,  whose diagonal e l emen t s  a r e  ex -  energy  l eve l s ,  and the whole p rocedure  i s  r e -  
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pe r imen ta l l y  o b s e r v e d  leve l  ene rg i e s ,  into the 
one in the phonon model  s cheme ,  and equate al l  
m a t r i x  e l emen t s ,  t e r m  by t e r m ,  with those  
which have been calculated.  Fo r  a given set  of 
p a r a m e t e r s  w2, w3 and w4, one can solve  the 
s imul taneous  l inea r  equations,  in p r inc ip le ,  with 
al l  ene rg i e s  e x p r e s s e d  in the unit of co 0. In our  
ac tual  ca lcula t ion,  however ,  these  coeff ic ients  

pealed  until  the ove ra l l  bes t  f i t  i s  attained. Using 
these  wavefunct ions,  ra t ios  of va r ious  B(E2) ' s  
and a quadrupole moment  ra t io  [5] a r e  ca lcu la ted  
fo r  l l 4 c d .  The r e su l t s  a r e  shown in f igs.  1-3 and 
table  1. 

It should be noted that  s ince  it  ts i m p r a c t i c a l  
to include al l  phonon s ta tes  in the model  space ,  
we t runca ted  the model  spacing including up to 
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Fig. 2. Schematic diagram of energy levels in the unit of o~ O. Notations are the same as those in fig. 1. 
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Table 1 
Comparison of experimental and theoretical values of 
0 +, 2 +, 4 + state energies, B(E2) ratios and quadrupole 

moment ratio in 114Cd. 

B(E2, 2' -~ 0)/~ (E2, 2 -~ 0) 
B(E2, 2' --* 2)/B (E2, 2--* 0) 
B(E2, 0'-- '  2)/B (E2, 2--' 0) 

B (E2) ratios 

exp. this work 

0.015 * 0.005 0.016 
1.21 +0.25 0.96 
0.85 ± 0.17 1.13 

Quadrupole moment ratio 

exp. this work 

Q22/Q20 + 0.81 ± 0.20 + 0.63 

Energy level 

exp. this work 

E(2 +) 0.5585 0.5585 
E(2 '+) 1.208 1.23 
E(2 "~) 1.840 1.86 
E(0 '+) 1.133 0.92 
E (0 "+) I. 862 2.14 
S(4 ~) 1.282 1.09 
E(4 ,+) 1.730 1.91 

e i the r  th ree  phonon s ta tes  or  four phonon s ta tes ,  
and the effect of the t runca t ion  is  revea led  as a 
lack of the no rma l i za t ion  of the wavefunctions [5]. 
On the other hand, the or thogonal i ty  p roper ty  
within a t runca ted  space is  bes t  a t ta ined when- 
eve r  the best  fit i s  approached. It i s  observed  
that  the one phonon state  energy,  w0, is  always 
higher  than that of the 12+7 s tate ,  and this  may 
be unders tood as a reason  why the RPA (or 
HRPA) method failed. The si tuat ion is  quite 
eas i ly  seen f rom the fact that our  calculat ion is 
made with a subs id i a ry  condition, which is  a l -  
ways sa t is f ied au tomat ica l ly  though, in such a 
way that the energy shif ts ,  due to the a n h a r m o -  
nic i ty ,  f rom the ha rmon ic  spec t rum should have 
a set  of non - t r i v i a l  solut ions:  o therwise  one 
should get a t r i v i a l  solut ion which is nothing but 
the ha rmonic  solution. Another  r eason  why the 
RPA fai led may be that the calculat ion is  very  
sens i t ive  to the choice of the p a r a m e t e r s  involved 
and only a l i t t le  change in a s ingle  p a r a m e t e r  can 
make the energy  levels  e i ther  unphysical  o r  ex-  
t r e m e l y  high re la t ive  to that of the f i r s t  12+7 state. 
The la t te r  case may be said 'deformat ion  s ta r ted ' .  
This  r eminds  us  that  the BK calcula t ion for 196pt 
co r responds  to the ve ry  edge of the nea r ly  an -  
ha rmonic  spec t rum [4] (see  fig. 1). The f o r m e r  
case  is  encountered ,  on the other  hand, in the 
Cd region,  where the calculated value of the 
quadrupole moment ,  Q22, yields  a co r r ec t  s ign 

only when the ra t io  x b = b l / b  0 is  posi t ive,  which, 
in turn ,  makes  the equation for the 2 + state level 
ene rg ie s  to be given in t e r m s  of second o rder  
quant i t ies  with respec t  to the ra t io  Xb, and, t h e r e  
fore ,  one would get very  eas i ly  the unphysical  
solutions.  

It has been supposed that the anharmonic  level  
s t r uc t u r e  might be very  close to a case  of h a r -  
monic i ty  and hence it should be calculated by the 
pe r tu rba t ion  calculat ion.  This  is ,  in fact,  t rue  
because  the in te rac t ion  s t rengths  w2,w 3 and w 4 
a r e  very  sma l l  quant i t ies  and the deviation f rom 
the harmonic  spec t rum must  be very  smal l .  In 
the case  of l l 4 C d ,  these  s t rengths  a re  about 
0.02 MeV, -0 .08  MeV and -0 .06  MeV, r e s p e c -  
t ively,  and, in genera l ,  these a re  about ±0.04 coO, 
+0.10 w0, and ±0.04 coO, respec t ive ly ,  as long 
as  there  exis t s  a reasonable  solution. The fa i l -  
u re  of al l  previous  ca lcula t ions  is ,  however,  
s imply  because  of the i r  acc identa l ly  bad choice 
of the phonon scheme,  as an unper tu rbed  scheme,  
which is  always f a i r l y  away f rom the ' t r ue '  
scheme:  in other  words,  the choice of the coO 
was not the r ight  one to s ta r t  with. Our ca lcu la -  
t ion shows that o)0-E(2 +) should be about 10% of 
coO, and seems  not quite smal l  at all ,  and that if 
the ~0  is  not chosen co r rec t ly ,  this  affects the 
condit ion for  the exis tence of the non - t r i v i a l  so-  
lution substant ia l ly .  

The qual i tat ive d i scuss ions  of Ki s s l inge r  and 
K u m a r  [5] al l  agreed  with our  calcula t ion,  how- 
ever ,  we do not agree  with the i r  choice of the 
p a r a m e t e r s ,  espec ia l ly  for  the ra t ios  x b = 
= b l / b  0 and x a = u l / a  O. They a s s u m e  that all  
these  ra t ios  a re  about ± 0.33. This  is  actual ly a 
good choice as  a s ta r t ing  point,  but our  ca lcu la -  
t ion ends up with these ra t ios  x b to be about 
0.17 ~ 0.19 and a l / a  0 to be about ±0.0001. Our 
ca lcula t ion  of a ' s  a s s u m e s  exact o r thonormal i ty  
for  0 + s tate  wavefunctions,  and, therefore ,  the 
values  of a ' s  may not n e c e s s a r i l y  be close to 
those of ref. 5. In addit ion,  we often find the 
ra t io  a l / a  0 to be posi t ive,  whereas  they a s sume  
a negative value for  the rat io.  Since this  rat io 
has not come into a calculat ion of any physical  
quanti ty which is  sens i t ive  to the sign of this  
ra t io ,  it  i s  difficult  to see which s ign ag rees  
be t t e r  with an exper imenta l  value of the physical  
quantity. 

It should be ment ioned that we also used an 
expanded fo rm of E2 t r ans i t i on  opera tor  in t e r m s  
of the phonon opera to r s  [7]. This  subject  will be 
d i scussed  e lsewhere  in a paper  coming short ly.  

We would like to thank Prof.  L. S. K i s s l i n g e r  
for  h is  in te res t  and his  s t imula t ing  d iscuss ions .  
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Fig. 3. Schematic  d iag ram of coupling s t reng ths  in the unit  of E2+. 
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