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Matrix elements for configuration d5 in weak octahedral field 
using Racah methods 
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Abstract-The matrix elements of the spin-orbit and crystal field interactions in & weak-cubic- 
field scheme have been calculated for the d5 comigumtion. These matrices will be of use in the 
analysis of spectra of d5 complexes having octahedral or near-octehedral symmetry. 

1. INTRODUCTION 

THE matrix elements of the weak cubic crystalline field (including spin-orbit 
interaction) in the lS.LJr > scheme were first reported for the d2 configuration by 
LIEHR and BALLHAUSEN [l]. Since then the similar matrices for configurations d3 
and d* have been calculated by SCHONFELD [2] and DUNN and LI, [3], respectively. 
The matrices for the d5 configuration have been calculated by Low and ROSENBARTEN 

[4], even though the matrix elements were not given explicitly. Instead, Low and 
Rosengarten reported a few sets of eigenvalues by assigning numerical values for 
the parameters B, C, Dq and 1. However, it is desirable that these matrices should 
be made available to spectroscopists so that eigenvelues can be obtained for different 
sets of parameters. 

2. METHOD OF CALCULATION AND RESULTS 

The matrix elements of the spin-orbit interaction 

(d”)v’S’L’J’M’I I&,~ 2% ; Id”vSLJM), 
i 

where v is RACAH’S seniority number [5], have been evaluated by RACAH using 
irreducible tensor operator methods. These can be expressed in the form [5] 

(d”v’S’L’J’M’I cna zx - ;Fi Id”vSLJM) 
i 

= ( - 1) s+rJ(30)1’2(d”v’S’L’II V(ll) [Id”vSL) 

W(S’L’SL; Jl)dJJdaMM’~,a (1) 

The reduced matrix elements (d”v’S’L’ 11 V (11) jId”vSL) in (1) are tabulated in 
numerous books [S] and the coefficients W(abcd; ef) are the usual Racah coefficients. 

* Present address: Department of Chemistry, Chung Chi College, Shatin, Hong Kong. 
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Table 1. Non-vanishing matrix elements of (d5v’A”L’Jrr,l Vloct + V,, ~d5vS_L7~,~ 

v’S’L’J’ vSLJ Dq 5 nd v’SL’J’ vSLJ Dq 5 Rd 

2 ( 7O)‘/2/3 

0 

0 

4(165)‘P/99 
70(33)‘/2/99 

-2(110)‘/2/3 
0 
0 

20(385)‘/*/77 
20(77)‘j2/77 

0 
10(14)‘1*/7 

5(10010)‘1~/143 
-32(390)‘1y143 
20(646)‘P/143 

- lO( 143yy429 
32(715)‘P/429 

10(2145)11a/143 
-35(2)‘P/33 

-14(10)‘la/33 
-(llO)‘l~/ll 
--16(70)‘12/77 
-30(14)‘P/77 
26(164)‘18/77 

34, -13(165)‘/*/33 

S&h lO(33yq33 

0 XF,j 
:p,* 

- (42)&12 :Fdb 

-5(70)‘/*/28 :li;, 

$Fd,a. 
(33&B $Dt 

0 :D* 
2(5)‘ja/5 :D,+ 

- (330)‘1*/30 :P* 

0 :z,t 

:z,t 
(3;111 ;I,) 

0 :z,t 

0 BG 3 st 

0 iG,t 

0 iG,h 

0 :a,, 

0 :a,, 

0 iG*t 

0 EGa) 
2( 10)‘/2/5 iG,t 

0 iG,g 

0 :Gt$ 

0 iF,t 

(165)$12 
62FQ) 

3”Pt 
0 

-20(21)~iy21 
0 
0 

2(70)‘j8/7 
-4(105)1/e/21 

0 
0 
0 
0 
0 

-32(445)‘P/143 
140(13)‘l~/143 
25(6006)‘~*/1001 

-2(30030)‘1*/1001 

5 (3)1/a/3 
-16(35)‘Iz/21 
10(33)‘18/33 

--14(165)112/33 
2(15)‘/a/3 

40(7)‘/e/21 
35(11)‘1*/33 
-5(154)1/8/21 
14(55)1/2/33 

-2(77O)‘/2/21 
- (5)‘12 

3(70)‘/2/7 
0 

2(21)‘1*/7 
(66)‘P/12 
- (3oy/4 

0 
0 

(66)‘/2/6 
(21)1/a/6 

- ( 6)lla/3 
-2(14)‘1*/7 
- (21)‘jz/3 

(13)&2 
0 
0 

-3(3y/4 
0 
0 

-(165)1~‘/16 
0 

(I$‘,4 
0 
0 
0 

- (5)‘l”/4 
0 

2(6)‘ie/3 

Table 2. Non-vanishing matrix elements of (d%‘S’L’J’I’,l Voct + V,, I&uSLJI’,) 

v’S’L’J vSLJ Dq 5 nd V’S’ L’J’ vSLJ Dq 5 nli 

0 

-22(105)‘/2/49 
100(21)1/2/147 
-2(3O)‘/8/3 

0 
4(21p/49 

-22(106)‘1*/49 
-2(6)‘P 

0 
0 

-4(21)1/8/7 
-4(105)1/a/21 

-8(6)V/3 
0 

- (5)‘/a 

(106)‘~~/14 

0 

0 

-5(42)V/14 

0 

2(105)‘l*/21 

- (42&12 

-6(70)‘/8/28 

0 

0 

(3;l/n 

0 (70)‘1*/5 

-20(13)‘/2/39 (13)‘j2/2 

-5(182)‘/*/91 0 

10(910)‘ia/39 0 

10(70)‘y49 
-2O( 105)‘q49 

0 
0 
0 

- 30( 14p*/49 
60(21)‘P/49 

0 
0 
0 
0 
0 
0 
0 

16(70)‘/*/105 
0 

-5(2)*/* 
2(70)‘/*/15 

2(5)‘/*/15 
0 

2(21)‘je/7 
(66)V/12 
- (30)‘/2/4 
7(6)‘I*/lo 

-4(7)‘/*/21 
-2(7)l/*/3 

-2(14)‘/8/7 
4(5)‘l*/5 

-26(66)‘1*/154 0 
85(22)‘la/462 0 
(231O)‘/8/77 0 

-10(14)‘l*/21 0 



Table 2 (cont.) 

de we& field matrices 

v’S’L’J’ vSLJ Dq 5 lad v’S’L‘J’ vSLJ Dq r .nd 

- (2730)‘1*/39 
-16(910)~1~/273 
-20(546)‘Ia/273 

-10(39)‘12/91 
-16(195)lP/273 

90(66)‘P/91 
- 32(195)‘1!y273 
-5(386)‘1*/66 
5(110)‘/*/462 
85(22)W/924 

-30(33y/77 
22(5)‘P/21 

-10(16)‘~*/21 
40(7)W/21 
10(2)‘P/3 

-10(15)‘la/21 
9(5)‘1a/7 

20(21)‘1’/21 
6(6)‘/*/3 

44(5)V/21 
22(15)‘P/21 

20(7)‘1*/21 
-40(2)‘1*/21 

(5&3 

0 
-2(7)W/3 

-4(2)‘P/3 

0 
- (5)‘P/4 

0 

0 
2 (5)‘y3 

- (7&,3 

(2)‘/*/3 

--5(42)‘/*/21 
--8(10)‘1*/3 

-16(36)‘P/21 
39(165)V/77 

-3017 
--15(3)‘P/7 
-4(36)‘/*/7 

(lo)‘/*/7 
-10(33)‘/~/11 
-16(11)‘1*/11 

0 
0 

(16$,12 
0 

-3(3)‘P/4 

0 
0 

(11)&4 

Table 3. Non-vanishing matrix elements of (d5w’S’L’J’I’slV,,V,,, + V,, Id5vSLJI’,) 

v’S’L’J’ vSLJ Dq c “d v’S’L’J’ vSLJ Dq 5 l&d 

0 -(5)‘/2 
11(70)‘P/49 
11(105)‘/a/49 (105)&4 
20(35)‘P/49 0 
-5(lo)‘ly4 0 
-5(210)‘1*/294 0 
(30)1/S 0 
(30)‘/2/3 0 

0 --5(42)‘P/14 
-66(21O)1/8/245 0 
12(35)V/245 0 
22 (105)‘P/441 2( 105)11*/21 
20(30)‘/a/63 0 
-40(70)‘1*/147 0 
16(10)1~e/15 0 

17(66)‘/*/164 0 
40(22)‘12/231 
125(77)‘P/462 (33)‘/;6 
5(33)‘P/66 (33)‘je/6 
(231)‘ja/33 0 
- (231)‘P/ll 0 

0 2 (5)‘/*/6 
0 2(5)‘+5 

-6(10)1/a/5 
0 
0 

-3(231)1/e/77 
51(154)‘y154 
-20(462)‘/“/693 
--85(33)‘/“/198 
126(77)‘P/462 

(llyy33 
-21(11)‘~~/11 

0 
0 
0 
0 

-9(11)‘/=/11 

- (42;P,12 

-5(70)‘J8/28 
0 
0 

(33)‘1=;6 
(33)‘q 

0 
0 

2 ( 5)lja/5 
2(5)‘j2/5 
- (330)‘q30 
- (330)‘1*/30 

0 

8(166)‘P/55 0 
-52(165)‘/*/165 0 

0 (3)‘P 
0 (3)‘P 

-4(154)‘P/77 0 
-4(231)‘/8/77 0 
-20(77)‘P/77 0 
20(462)Va/231 0 
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Table 3 (cont.) 

WAI-?hE LI 

U’S’L’J’ vSLJ Dq 4 nd v'SL'J' vSLJ % 

0 -(330)'13/30 
0 -(330)'/*/30 

4(386)'1'/385 0 
-13(2310)'/*/385 0 
-6(770)'/*/77 0 
--6(66)'/*/11 0 

-26(1166)'~*/231 0 

0 (70)'/¶/5 
0 (5)'1*/5 

5(30)'1*/7 0 
-5(70)'1'/49 16(70)~l*/105 
--60(7)'1*/49 0 

0 -5(2)l/*/6 
0 2(70)'~*/15 
0 2(5)'i*/15 

4(10)'1¶/7 0 
-6(210)1~*/49 0 

-20(21)'1*/147 2(21)'/*/7 
0 (66)'/*/12 
0 -(30)'1¶/4 

(35)'1"/7 0 
-9(15)'1'/7 0 

0 2(30)'/*/15 
0 (105)'/*/15 
0 4(5)'/*/5 
0 (70)'/¶/5 

280(13)'/*/143 0 
200(273)'1'/429 0 
280(13)'/*/429 (13)'/*/2 
20(130)11*/429 (13)'/*/2 

-15(3003)'1*/1001 0 
6(858)11*/288 0 

26(2002)'1*~2002 0 
5(1001)'/*/33 0 

-3(5005)~1*/143 0 
-4(6006)'/*/231 0 
-8(1001)'~*/231 0 

70(3003)'~*/3003 0 
20(6006)'~*/3003 0 
31(30030)'~*/1001 0 
40(6006)'~*/3003 0 
24(143)1/*/143 0 
32(143)'/*/143 0 
4(1430)'1'/143 0 
-4(273)'1*/273 0 
-4(78)'/*/39 0 
-20(91)~/*/91 0 
12(465)'/*/91 0 
-40(91)'/*/91 0 
10(35)'P/33 0 
17(10)'/*/66 2(10)'12/5 

-8(66)'/*/11 
-8(66)V*/33 

0 
0 
0 

20(105)1/*/49 
-60(42)'1*/147 

i “d 

0 

(3p'l' 
(3)'/2 

2(6)'/*/5 
0 
0 

20(6)'l*/21 
0 

(lip* 
-9(35)'1* 

-40(14)'/*/49 
0 
0 
0 
0 
0 
0 
0 
0 
0 

(es):/*,6 
(66)'ln/6 

0 
0 
0 

(66)'/p/6 
(66)'/*/6 

2(106)'1*/15 
-(2)'/8 
-(3)'/¶/3 
7(5)'/2/1O 
-4(7)'1*/21 
-2(7)1/2/3 
-2(14)'/*/7 

-32(2730)'1*/429 0 
20(130)'/*/429 (13)'ln/2 
-380(13)'/*/429 (13)'/*/2 

--5(30030)'1*/1001 0 
-4(6006)'1*/1001 0 
10(10010)'l*/429 0 
--5(2002)'@/143 0 
8(15015)'/*/231 0 

-16(10010)'~a/3003 0 
2(78)'/*/143 0 

-30(182)'~*/143 0 
-152(78)'1*/429 0 
-248(196)1/*/429 0 
-31(2002)'~*/3003 0 
-2(143)'P/429 0 

13(385)'1*/77 0 
10(77)'/*/77 0 
-2(66)'1*/11 0 
-14(11)'1'/11 0 
-4(231)'/*/77 0 
-2(164)'/*/11 0 
-2O(15)1/s/33 0 
-25(210)'/*/462 2(10)'/*/5 
-(lop*/22 2(10)'/9/5 

13(165)'/*/231 0 
-2O(33)1/2/77 0 
-6(154)1~a/11 0 
-2(231)'1*/33 0 
-12(11)'/*/11 0 



Table 3 (cont.) 

v’S’L’J’ vSLJ Dq 

d5 weak field matrices 

5 “d v’s’ L’J vSLJ Dq 

1677 

5 nd 

-26(210)‘/*/462 

9(35)‘/*/77 
16(10)~/*/22 

26(210)‘~*/154 
-13(386)‘/*/231 

-16(77)‘1’/77 

4(66)‘/*/33 
-52(11)‘1*/33 
8(231)‘1*/231 

-52( 154)‘/*/231 

16( 14)‘P/77 
-20(21)‘1*/77 

- lO( 154)‘1*/231 
-5(770)‘/*/77 
--8(166)‘~*/33 
-8(110)‘1*/33 

- 10(42)‘1*/21 

213 
-2(6)V* 

- (14)‘/*/42 
(21)‘/*/7 

20( 110)1/*/77 
-25(385)‘/*/154 

- (165)‘1*/22 

3(10)11’/14 
20(2)‘/*/7 
2(21)l/*/3 

-2(14)1/*/7 
- (6)‘/“/6 

l/7 
-6(55)‘~*/11 

2(10)‘/“/5 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

0 
0 
0 
0 
0 
0 

-(165)‘/*/15 
- (165)‘/*/15 

0 
0 
0 
0 
0 
0 
0 

-10/7 0 

- 10(42)‘/*/21 0 

-20(7)‘/*/3 -2(7)‘/*/3 
-q3y/3 0 
-5(2)‘/*/3 - 4(2)‘/*/3 

- 1017 0 
-(@‘/a/7 - (5)‘l”/4 

2(210)‘1*/7 0 
4(35)‘/*/7 0 

(16)‘P 0 
(lo)‘/* 0 

-11(30)‘~‘/21 0 
-22(5)‘/*/21 2(6)‘1*/3 

9(6)‘/*/7 0 

:F*& 
tP*t 
46F*t 
WI& 
ID1t 
:Ds? 
P*) 
W*t 
:Dlt 
31t 
P*t 
W*t 
“,D1t 

-2(66)‘/*/33 

-8(2310)‘~*/231 
- 16(385)‘/*/231 
-13(165)‘~*/231 

-10(2310)1/*/231 
20(11)‘/*/77 
-6(16)‘/*/7 
5(3)‘/*/21 

22( 14)‘/*/21 
-4(21)‘/*/7 

-11/21 
(6)‘/*/7 

-10(2310)1/*/231 
17( 165)1/*/66 

-26(386)‘~*/154 
3(210)‘~*/14 

5( 11y*/33 
(330)‘/*/7 

-18(65)‘1*/77 
(66)‘1’/3 

3 (770)‘1*/22 
-10(164)‘1’/33 

(1155)11*/77 
-9(770)‘1”/77 
- (770)‘1*/42 

(330)‘/*/22 
20(66)‘/*/33 
-3(65)‘/*/11 
-3(330)‘1*/77 

- (330)‘/*/6 
-11(5)‘/*/21 

11(6)‘/*/7 
2217 
1517 

0 
10(42)‘/*/21 

0 
10(42)‘1”/21 
- 10(7)‘/*/21 

0 
- 40(3)‘/*/21 
-40(3)1/*/21 
20(2)‘/‘/21 

0 

0 

0 

(16$*,12 
0 
0 
0 

-3(3)‘/*/4 
0 
0 
0 
0 

0 
- (166)‘/*/16 
- (166)‘/*/16 

0 

(ll)‘i*/P 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

(&3 

0 
0 

(7)l:*,2 

(42)&e 

- (,;I*,3 
- (2)‘1’/2 

0 

(2)l:*,3 
- (3)‘/*/6 
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The matrix elements of the weak octahedral field interaction can also be obtained 
by means of Racah algebra. First the crystal field potential is written in terms of 
spherical harmonics [7] : 

Voot = (4/W) D&2 2 ri4[y40(ei, Vi) + (5/14)1’2(yM(ei7 Vi) + yG4(ei Vi))1 t2) 
i . 

Let 

v*, = 2 ykp(“i2 Vi)7 

then the matrix elements 

(d”v’S’L’J’M’~ V,, [d%SLJM) 

have the following form: 

(d%‘S’L’J’M’~ Vk, Id”vSLJM) = (- 1) L+k--L’[(2L + 1)(2J’ + l)]1’2W(lcw’X’; L’J) 

x (kJpMI J’M’)(d”v’S’L’j~ V, I[d”vSL) (3) 

For the details of this deviation, see Refs. [3, 41. The reduced matrix elements 
(dWS’L’]] V, Ild”vSL) in (3) can be calculated by means of a method based on the 
coefficients of fractional parentage. Explicit formulas are given by BRINK and 
SATCHLER [8]. 

As pointed out by FINKELSTEIN and VAN VLECK [9], it is convenient to use as 

basis functions those which diagonalize the octahedral potential apart from elements 
non-diagonal in J. Such functions must be classified according to their cubic repre- 
sentation I’ rather than according to their magnetic quantum number M. The 
transformation matrices (Jr1 JM) for J = l/2 to 9/2 can be found in GRIFFITH’S 
book. [lo] The matrices for J = 11/2 and 13/2 can be calculated by the method out- 
lined in Chapter 6 of the same book. These matrices are reported in the appendix. 

The matrix elements (d6v’S’L’J’I’iIVo’,,, + V801d5vSLJI’i), wherei = 6, 7, 8 and 
V,, is the spin-orbit interaction Hamiltonian, are thereby calculated and the 
non-vanishing ones are tabulated in Tables 1 to 3. As seen from the Tables, the 
crystalline field matrix elements are given in terms of the usual parameter Dq, 
which is also defined in the d4 paper [4]. These results were checked using other 
members of degenerate sets. 

The primed terms in Tables 2 and 3 arise from the existence of two linearly 
independent representations having the same classification. 

Acknowledgnzents-The author wishes to thank Drs. T. M. DUNN and S. M. BLINDER for many 
helpful discussions. 
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APPENDIX 

Behavior of the k&8 IJM) under the octahedral group for J = 5& and 64. (The not&ion 
used here is identical to Griffith’s [lo].) 

J = 5i 

IE'c$) = (2)1/g/4 j5gi) - (21)u2/12 156 44) - (105)"2/12 154 - 34) 

IE',fl') = -(2)v2/4 156 - 4, + (21)u2/12 154 - 44) + (105)v2/12 15& 34) 

IE"a") = (33)u2/12 15423) + (66)u2/12 154 - 14) - (5)1'2/4 154 - 54) 

I,?$",!?") = -(33)"2/12 15& - 2&> - (66)u2/12 154 14) + (5)112/4 15+5&j 

lau"~) = -(3)u2/3 (53 14) + (6)1/2/3 158 - 2*> 

laU"1) = -(30)u2/6 15843, + (6)"2/6 153 - 34) 

laU",u) = -(30)1'2/6 159 - 44) + (6)1/2/6 15634) 

lau"v) = -(3)u2/3 154 - 14) + (6)1/2/3 15429) 

~bu"x) = (11)u2/4 154 54) + (15)"2/12 154 - 24) + (30P2/12 154 18) 

I~U"A) = (14)u2/4 15&$> + (3)1'2/12 15644) + (15P2/12 154 - 34) 

lau",u> = (14)u2/4 154 - 3) + (3)1'2/12 154 - 44) + (15P2/12 15434) 

~bu"v) = (11)1'2/4 154 - 5+) + (15)1/2/12 15424) + (30)L/2/12 154 - 14, 

J = 6; 

(Pa') = (2)u2/4 1644) - (11)u2/4 169 44) - (3)1'2/4 164 - 33) 

IE',!?') = (2)u2/4 164 - 4) - (11)112/4 16,s- - 44) - (3)1'2/4 If34 34) 

luE"a") = 3(154)u2/56 164 24) + (770)1/2/56 IS& - 14) 

- (910)1'2/56 16&S&) - (70)1/2/56 I63 - 54) 

laFjY> = 3(154)u2/56 164 - 2:) + (770)1'2/56 l6414, 

- (910)u2/56 164 - 64, - (70)1/2/56 I6$5Q) 

IbE”a”) = (1365)112/84 16423) - (273)u2/28 164 - 14) 

+ (231)u2/S4 IS+ 64) - (3003)u2/84 169 - 54) 

IbE",Y') = (1365)u2/84 164 - 29) - (273)1/2/28 169 14) 

+ (231)u2/84 164 - 6:) - (3003)u2/84 I6&54) 

~aU”,c) = (5)u2/5 16813, - 3 (64 - 24) - (55)112/10 16454) 

laU”A) = (110)1/2/20 169 48) - 3(30)1/2/20 164 - 34) + (5)1'2/10 j6+$) 

lau",u) = -(110)~2/20 164 - 44) + 3(30)u2/20 164 34) - (5)1/2/10 164 - 4) 

lau"v) = -(5)u2/5 164 - 14) + 8 I6+2$) + (55)1'2/10 I6i - 54) 

Ibu",c) = (330)1'2/40 168 14) + (66)u2/24 16& - 24) 

+ (30)u2/120 l6&5$) + (390)"2/24 ISi - 6& 

Ibu"jl) = -(15)u2/20 IS& 44) - (55)u2/20 164 - 34) - (330)1'2/20 IS+i&) 

Ibu”/~) = (15)u2/20 163 - 49) + (55)u2/20 16434) + (330)112/20 164 - 4) 

Ibu"v) = -(330)"2/40 164 - 16) - (66)1'2/24 16&2&j 

- (30)1'2/120 164 - 54) - (390)"2/24 164 64) 


