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It is shown that the diagonal matrix elements of the Gillet particle-hole interaction can be well reproduced 
by retaining only those terms which are space scalars. 

There has been much interest in the accurate location of the energy positions of relatively compli- 
cated particle-hole states in light nuclei. Most of the recent successful calculations [l-5] have been 
based on the weak coupling model and have followed the approach of Bansal and French [l] whereby the 
major portion of the energy is taken from observed binding energies and only the particle-hole interac- 
tion energy needs to be calculated. Bansal and French point out that only the space-spin monopole or 
scalar part of the particle-hole interaction can make a contribution to the diagonal matrix elements if 
either of the particle or hole configurations are coupled to J = 0. In this case the particle-hole interac- 
tion (except for the Coulomb contribution) can be represented accurately by 

H ph = -a+bt .t 
P h’ (1) 

Zamick [2] has pointed out that the interaction of eq. (1) gives the major part of the particle-hole in- 
teraction energy even in those cases where neither the particle nor the hole configurations are coupled 
to J = 0. Despite its extreme simplicity, eq. (1) can be used with remarkable success to give a rough 
idea of the location of the particle-hole states [2,5]. 

It is the purpose of this note to show that a significant improvement can be achieved in many cases 
if the particle-hole interaction is taken to include the simplest space (rather than space-spin) scalar 
parts of the interaction. Such an interaction can be represented by 

Hph = - a+btp’th+CSp.Sh+d(sp’sh)(tp’th) (2) 

and may be particularly relevant for nuclei near the beginning of the 2s-ld shell where the spatial sym- 
metry (or Wigner supermultiplet) numbers may be good quantum numbers for both the particle and hole 
configurations. The calculation of the matrix elements of (2) in general algebraic form has been facili- 
tated by the recent calculation of the SU(4) (Wigner supermultiplet) Clebsch-Gordan coefficients which 
are needed for the calculation of space-scalar one-body and two-body operators [6]. The diagonal ma- 
trix element of eq. (2) leads to a particle-hole interaction energy of the form 

int. 
Eph 

= anph + bc2 + ~63 + d<4 (3) 

where n (n 
P h 

) = number of particles (holes), and where 

E2 = $ [T(T+l) - Tp(Tp +l) - Th(Thfl)] 

1 [JdT+l) -Jp(Jp+l) -Jh(Jh+l)] 
e3 =8 Jp(Jp+l)$(Jh+l) 

[Jp(Jp+l) +Sp(sp’l) - $(Lp + l)][Jh(Jh+I) +sh(Sh+l) -Lh(Lh + l)] (4) 
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Table 1 
The Wig le t  supermultiplet  factors 

SU(4) 
notation 

I l l  (a) 

[y y O] (b) 

[ y . y - l .  OI 

[3' 3' 11 

[y o Ol 

Iy y yl 

[y 1 11 

[ y , y - l . y - l l  

[y 10] 

[y y , y - l l  

S y m m e t r y  l a b e l s  

W i g n e r  s u p e r m u l t i p l e t  
n o t a t i o n .  [7] 

P P '  p ,  

y o o 

1 1 ~y-~ ½ 

1 1 1 ~y-~ ~ -½ 

½Y ½Y ½Y 

~Y ½Y -½Y 

½y ~y (½y-l) 

½y ½y -(½y-l) 

(½Y+½) 1 1 ~ (~Y-~) (~Y-D 

(}y+½) I i l I (~y-~) -%y-~) 

F([~], S, 7") 

0 

. [o'+b+2(sql(> >11 
4S(8+I) T(T+I) 

(y+2) 
z T = S in this case 

2S(S+I) 

(c) 

Case 1: S = T Case 2: S T = S ( S - 1 )  or (S-1)S 
z [yS(S+l)-(y+2)] (y+2) 

2S2(S+1) 2 z 2 ~ -  

Case 1: S = T Case 2: S T  = S(S-1) or (S-1)S 
[ (y+3)S(S+l)-(y+l)] (y+l) 

z 2S2(S+1) 2 z - -2S  2 

(a) [f]  =_ [ f l  - f4"  f2 - f "  fo - f - ]  where ~// = number of squares in the itb row of the Young tableau describing the g*" . d  z~ " 
symmetry  of the spm-~sospm part of the wave function. 

(b) 3' == arbi t rary  integer 

(e) z -- . P" 
i p ,  I " 

S u b s c r i p t s  p(h) r e f e r  to the p a r t i c l e  (hole) quan tum n u m b e r s ,  and J ,  T a r e  the to ta l  a n g u l a r  m o m e n t u m  
and i s o s p i n .  The  d e p e n d e n c e  on the W i g n e r  s u p e r m u l t i p l e t  quan tum n u m b e r s  I f ]  i s  g iven  by the  func -  
t i ons  F ,  which  (excep t  fo r  n o r m a l i z a t i o n  f a c t o r s )  a r e  W i g n e r  c o e f f i c i e n t s  fo r  the g roup  SU(4) D [SU(2) × 
× SU(2)], c a l c u l a t e d  in r e f .  6. The  func t ions  F a r e  g iven  in t ab le  1 fo r  many  of the  s i m p l e  W i g n e r  s u p e r -  
m u l t i p l e t s  of a c t u a l  i n t e r e s t .  

To  i n v e s t i g a t e  the  a p p r o x i m a t i o n s  i n h e r e n t  in the  u s e  of eq. (3), the  c e n t r a l  po ten t i a l  of G i l l e t  [8] has  
been  c h o s e n  fo r  the  p a r t i c l e - h o l e  i n t e r a c t i o n .  The  space  s c a l a r  p a r t  of th i s  po t en t i a l  g i v e s  a = 0.61, 
b = 3.72, c = 1.20, d = 5.89 MeV for  the  p a r a m e t e r s  of (3). Z a m i c k  [2] has  u s e d  the p a r a m e t e r s  c = d = 
= 0. and a = 0.34, b = 5.50, o r  a = 0.49,  b = 4.91,  which a r e  c o m p a r a b l e .  In c o n t r a s t ,  the  K a l l i o - K o l l t -  
v e i t  i n t e r a c t i o n  [9] which  g i v e s  good r e s u l t s  fo r  (sd) n y i e l d s  a = 1.43, b = 2.71, c = 1.11, and d = 7.63 
MeV, - c l e a r l y  too s t rong ly  r e p u l s i v e .  

T h e  t h i r d  t e r m  of eq. (3) g e n e r a l l y  g i v e s  r a t h e r  a s m a l l  e f fec t ,  but the  fou r th  t e r m  m a y  l ead  to i m -  
p o r t a n t  c o n t r i b u t i o n s  to the  p a r t i c l e - h o l e  i n t e r a c t i o n  e n e r g y  in many  c a s e s .  F o r  c o n f i g u r a t i o n s  wi th  an 
even  n u m b e r  of p a r t i c l e s  o r  h o l e s ,  h o w e v e r ,  the  m o s t  c o m m o n  s y m m e t r i e s  of the  s p i n - i s o s p i n  wave  
func t ions  a r e  t h o s e  g iven  by the  SU(4) l a b e l s  [y y 0] o r  [211]. F o r  t h e s e  the  F func t ions  of t ab le  1 a r e  
z e r o ,  and the  m a j o r  p a r t  of the  p a r t i c l e - h o l e  i n t e r a c t i o n  e n e r g y  is  t h e r e f o r e  g iven  by eq. (1) as  p r o -  
p o s e d  by Z a m i c k .  F o r  c o n f i g u r a t i o n s  wi th  both n D and n h = odd n u m b e r ,  (and s o m e  c a s e s  with n D (nh) = 
= even) ,  the  add i t iona l  t e r m s  of eqs .  (2) and (3) can l e a d t o  an i m p r o v e d  e s t i m a t e  of the  p a r t i c l e : h o l e  
i n t e r a c t i o n .  

S o m e  c h a r a c t e r i s t i c  r e s u l t s  a r e  shown in t ab l e  2. We c o m p a r e  the  m a t r i x  e l e m e n t s  ob ta ined  us ing  
the  c o m p l e t e  G i l l e t  po t en t i a l  fo r  the  p a r t i c l e - h o l e  i n t e r a c t i o n  to t h o s e  ob ta ined  by r e t a i n i n g  only i t s  
t w o - t e r m  s p a c e - s p i n  m o n o p o l e  pa r t ,  eq.  (1), and i t s  f o u r - t e r m  s p a c e  m o n o p o l e  pa r t ,  eq. (3). I t  can be  
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Tab le  2 

Diagonal  m a t r i x  e l e m e n t s  of the  p a r t i c l e - h o l e  i n t e r a c t i o n .  C o m p a r i s o n  of the  c o m p l e t e  Gi l le t  po tent ia l  with i t s  2 -  
t e r m  a p p r o x i m a t i o n  (eq. (1) and i t s  4 - t e r m  a p p r o x i m a t i o n  (eq. (3)). 

P a r t i c l e  s t r u c t u r e *  Hole s t r u c t u r e  Eq.  (1) Eq.  (3) 
N u c l e u s  np n h L p  [~p] Sp Tp J p  L h [J~h] Sh Vh J h  2 - t e r m  4 - t e r m  C o m p l e t e  

1 I - 2 . 1 8  160 1 1 2 2 

160 

160  

160 

170 

18 F 

180 

18 0 

20Ne 

20Ne 

1 1 

2 2 

3 3 

3 2 

3 1 

5 3 

5 3 

5 1 

5 1 

j r  T 

! 
O- 0 0 [11 ~- 

1 -  o 

1 2 -  0 2 [11 g 

3 -  0 

2 + 0 3 [2] 1 

3 + 0 

4 + 0 

5 + 0 

6 + 0 

1 2 - 0 2 [111] 

3 -  

3_+ ! 
2 2 
5+  ! 
2 2 
7+ 1 
2 
94.- ! 
2 2 

1 o-  0 0 [1111 

1-  0 

2 -  1 2 [2211 ! 2 

3 -  1 

1 -  1 2 [221] 1 2 

2 -  

3 -  1 

4 -  1 

1 2-  0 2 [I] 

3-  0 

2 -  0 1 [i]  ! 2 

2 -  0 

1 i [1111 t 2 2 2 

1 5 1 [ 1 1 1 ]  1_ 2 2 2 

1 4 1 [222] 1 

, s I [11 ½ 2 2 

t s 1 [222] 1 

I i 1 [111] £ 2 2 2 

3 s 1 [11 £ 2 2 2 

3 5 1 [2211 t_ 2 2 2 

l 5 1 [ 1 1 1 ]  ! 2 2 2 

!~ .~ 1 [1111 ½ 

1_ 1 -2 .18  
2 2 

1 2 -5.00 

1 1 ~- 2.71 

1 2 -0 .05  

i 1 -0 .96  
2 2 

1 1 4 . 5 1  2 2 

3 ~ - 1 . 0 7  

1 1 0 . 2 6  2 2 

l i ~- 0.26 

-0 .78 -1.21 

-2 .65  -3 .09  

-1 .52 -0 .61 

-2 .65  -3 .00  

-10 .17  -9 .03  

-8 .62 -7 .94  

-6 .55 -6 .08  

-3 .96  -3 .61 

-0 .86 -1 .28 

3.36 3.10 

2.24 1.08 

1.17 0.32 

0.91 0.66 

0.47 0.48 

-0 .14  -O.64 

-0 .93  -1 .86  

-1 .76 -2 .07  

-0 .69  -1 .O9 

4.94 5.21 

4.21 3.66 

-0 .85  -0.28 

-0 .93  -1 .02 

-1 .06  -1 .08 

-1 .22 -1 .82  

0.92 1.35 

-0 .20  -0 .86  

1.04 0.86 

-0 .20  -0.41 

* F o r  the  p a r t i c l e s  we have  t aken  the  (~t~) with the  h i g h e s t  va lue  of the  SU(3) C a s i m i r  i n v a r i a n t  [3]. Chang ing  ()t/~), 
with all  o t h e r  q u a n t u m  n u m b e r s  f ixed ,  t yp i ca l l y  c h a n g e s  the  " c o m p l e t e "  m a t r i x  e l e m e n t  by only  about 0.3 MeV. 

s e e n  t h a t  t h e  m a t r i x  e l e m e n t s  o f  t h e  f o u r - t e r m  i n t e r a c t i o n  d i f f e r  f r o m  t h o s e  o f  t h e  c o m p l e t e  i n t e r a c t i o n  
b y  o n l y  1 M e V  in  t h e  w o r s t  c a s e s ,  a n d  o f t e n  g i v e  s i g n i f i c a n t l y  b e t t e r  r e s u l t s  t h a n  t h e  t w o - t e r m  c a s e .  
In  p a r t i c u l a r ,  eq .  (3) r e p r o d u c e s  q u i t e  w e l l  t h e  J - d e p e n d e n c e  o f  t h e  m a t r i x  e l e m e n t s .  

S i n c e  t h e  o f f - d i a g o n a l  m a t r i x  e l e m e n t s  of  t h e  p a r t i c l e - h o l e  i n t e r a c t i o n  m a y  g i v e  r i s e  to  s i g n i f i c a n t  
m i x i n g  o f  s t a t e s  [3] ,  t h e y  m u s t  a l s o  b e  c o n s i d e r e d .  T h e  G i l l e t  i n t e r a c t i o n  g i v e s  t h e  l a r g e s t  o f f - d i a g o n a l  
m a t r i x  e l e m e n t s  b e t w e e n  p a r t i c l e - h o l e  s t a t e s  w i t h  t h e  s a m e  s p a c e  s t r u c t u r e .  T h e s e  a r e  q u i t e  w e l l  e s -  
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t ima ted  using the in te rac t ion  (2) in those  ca se s  where  a space  monopole in te rac t ion  can contr ibute .  (The 
Wigner  supermul t ip le t  f ac to r s  off-diagonal  in ST a r e  r e q u i r e d  and will  be given e l s ewhere  [6].) How- 
eve r ,  in gene ra l  i t  i s  not suff ic ient  to use  the s imple  space monopole in te rac t ion  s ince  s ignif icant  con-  
t r ibut ions  to the off-diagonal  m a t r i x  e l emen t s  can a lso  be obtained f r o m  the higher  space -mul t ipo le  c o m  
ponents.  

Despi te  i t s  obvious l imi ta t ions ,  e s t ima te s  based on the in te rac t ion  (2) may be used to give a rough 
idea of the posi t ion of the p a r t i c l e - h o l e  s ta tes  and may be pa r t i cu l a r ly  useful  in surveying  exotic  p a r -  
t i c l e - h o l e  s ta tes  to see  whether  they can lead to low-lying s ta tes  of nuclei .  
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