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2 s - l d  S H E L L  * 

A method is developed for calculating the positions of the particle-hole states in the sd-shell. Configura- 
tions with up to 4-holes have been included. Results are presented for the nuclei 160 to 20Ne. 

The presence of low-lying particle-hole 
states in the spectra of the sd-shell nuclei is 
well established. In a shell model description of 
such states one is confronted with two major 
problems. First, the number of possible excita- 
tions is very large and it is at present not clear 
which type of correlations are energetically fa- 
voured [I, 2]. Second, the energy positions have 
to be calculated rather accurately since the final 
aim is to make a comparison with the particle 
states and analyze the interference between the 
two types of configurations. In the method used 
here we have tried to minimize these difficulties. 
A similar approach has recently been used by 
Arima et al. [3]. 

The total Hamiltonian is expressed in the form 

H : H p + H h +  Vph (I) 

where H~ refers to the coordinates of the sd- 
shell particles H h the coordinates of the p-shell 
particles (or holes) and Vph the residual particle- 
hole interaction. The basic form of the wave 
functions is chosen to be 

}¢vJT ) : { l(sd) np aJpTp)}p-nhflJhTh)}j  T (2) 

where  np is the number  of p a r t i c l e s  in the sd-  
shel l ,  Jp and Tp the spin and isospin  of the p a r -  
t i c l e s ,  n h the number  of holes  in the p - she l l  with 
spin and i sospin  Jh and T h. Final ly ,  the wave 
function is coupled to total  spin J and i sospin  T. 

As a good physical starting point we choose 
the wave function in eq. (2) to be a solution of the 
two first terms in the Hamiltonian (I). The par- 
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ticle wave function is taken to be an eigenstate 
of Hp corresponding to the shell model problem 
for np particles in the sd-shell. Similarly, the 
hole wave function represents the shell model 
problem for n h holes in the p-shell. The struct- 
ure of such eigenstates are rather well known. 
Furthermore, to the extent that the two or three 
lowest eigenstates correspond to particles or 
holes outside a closed 160 core the energy eigen- 
values can be obtained from the experimental 
binding ene rg ie s  [4]. The e igens ta tes  with fixed 
numbers  of pa r t i c l e s  and holes for the total Ha- 
mil tonian a r e  in genera l  a l inear  combination of 
s ta tes  of the fo rm given in eq. (2). However ,  our  
main purpose  is  to ca lcula te  the energy posi t ion 
of the d i f ferent  p a r t i c l e - h o l e  configurat ions  and 
the energy exp re s s ion  is given by 

EvJT = EaJpTp + E~JhT h + <~ vJTI Vph 14~ vJT (3) 

The two f i r s t  t e r m s  a r e  taken f rom exper imen t  
and only the las t  t e r m  has to be evaluated expl ic -  
tty. When n e c e s s a r y ,  off -diagonal  m a t r i x  e l e -  
ments  which a re  due to Vph only, can be ca lcu-  
lated in a s i m i l a r  way. The calculat ion of the 
p a r t i c l e - h o l e  m a t r i x  e lements  i s  p e r f o r m e d  in 
the SU 3 coupling s cheme  where  the pa r t i c l e  and 
hole wave functions take a pa r t i cu l a r ly  s imple  
form.  The e l emen t s  which enter  the calcula t ion 
a r e  the coeff ic ients  of f rac t iona l  paren tage  for 
SU 6 -* SU 3 [5] toge ther  with the Wigner and 
Racah coeff ic ients  for the SU 3 group in the chain 
SU 3 -* R 3 [6]. The de ta i l s  of the calculat ion will  
be given e l sewhere .  For  the twobody in te rac t ion  
we have chosen Gi l l e t ' s  potent ial  [7], the Cou- 
lomb in te rac t ion  is a lso  included. As a bas is  for 
the wave functions we have used the calculat ion 
of Inoue et  al. [8] for the s d - s h e l l  pa r t  and that of 
Cohen and Kurath [9] for the p - she l l  par t .  So far  
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Table  1 
Posi t ions  of negative pari ty par t i c le -ho le  configurat ions.  The excitat ion energ ies  a re  r e f e r r ed  to the ground s ta te  of 

the respec t ive  nuclei.  

Number Pa r t i c l e  s t r uc tu r e  Hole s t ruc tu r e  EvjT 
Nucleus of holes  O, p//.p) Lp Jp/2 Tp (~.h I.th) L h Jh II T (MeY) 

160 3 

170 

180 

18 F 

19 F 

3 
190 1 

3 

20Ne 1 

(60) 0 1/2" 1/2 
(60) 2 5/'2 ~ 1/2 
(60) 0 1/2" 1/'2 
(60) 2 5/2" 1/'2 

(40) 0 0* 1 
(02) 2 2" 1 
(40) 0 1 ~ 0 
(80) 0 O- 0 
(80) 2 2 + 0 
(80) 2 2 ÷ 0 

(60) 0 1/2"  1/2 
(60) 2 5/2 ~ 1/'2 
(60) 0 1/'2 + I /2  
(60) 2 5/'2" 1/2 
(81) 1 3/2 + 1/'2 

(60) 0 1/2 ÷ 1/2 
(60) 2 5/'2" 1/2 
(60) 2 5/'2" 1/2 
(60) 0 1/2" 1/2 
(81) 1 3 /2"  1/2 

(80) 0 0 ~ 0 
(80) 2 2 + 0 
(80) 2 2 + 0 
(82) 0 O* 1 

(61) 1 2 ÷ 1 
(42) 0 0 + 2 
(82) 0 0 ¢ 1 

(8 I) 2 5/2 + 1/2 
(81) 1 3/2 + 1/2 
(81) 1 3/2 + 1/2 

(03) 1 1/'2- 
(03) 1 1/'2 - 
(03) 1 1/'2 - 
(03) 1 1/'2- 

(01) 1 1 /2-  
(01) 1 1 /2-  
(01) 1 1 /2-  
(03) 1 1 /2-  
(03) 1 1 /2-  
(03) 1 1 /2-  

(01) 1 1/2-  
(01) 1 1/2-  
(OD 1 1 / 2 -  
(01) 1 1/2-  
(03) 1 1 /2-  

(01) 1 1 /2-  
(01) 1 1 /2-  
(01) 1 1 /2-  
(01) 1 1 /2-  
(03) 1 1 /2-  

(01) 1 1 / 2 -  
(01) 1 1 / 2 -  
(01) 1 1/2-  
(03) 1 1 /2-  

(01) 1 1 /2-  
(01) 1 1/2-  
(03) 1 1 /2-  

(01) 1 1 /2-  
(01) 1 1 /2-  
(01) 1 1/2- 

T h J P  

1/'2 1 - 
1/2 3-  
1/2 0- 
1/2 2- 

1/2 1 /2-  
1/2 5 /2 -  
I /2  3/2 - 
1/2 ] / 2 -  
1/2 5 /2 -  
1/2 3/2 - 

1/2 1 - 
1/2 3- 
1/2 o- 
1/2 2- 
1/2 2-  

1/2 0- 
1/2 3- 
1/'2 2 - 
1/2 1- 
1/2 1- 

1/2 1/2- 
1/2 5•2- 
1/2 3 /2 -  
1/2 1 /2-  

1/2 5 / 2 -  
1/2 1 /2-  
1/2 1 /2-  

1/2 3-  
1/2 2- 
1/2 1- 

0 14.0 
0 14.0 
0 15.8 
0 16.0 

1/2 4.6 
I/2 6.8 
1/2 6.8 
1/2 6.1 
1/2 7.6 
1/2 8.3 

1 5,9 
1 5.8 
1 6.8 
1 7.2 
1 I0.1 

0 3.0 
0 4.0 
0 3.8 
0 4.0 
0 7.9 

1/2 0.5 
1/2 1.9 
112 2.6 
1/2 9.4 

3/2 4.8 
3/2 4.9 
3/2 7.1 

0 8.1 
0 8.3 
0 9.5 

on ly  the  m a j o r  SU 3 c o m p o n e n t s  f o r  t h e  p a r t i c l e  
and  h o l e  w a v e  f u n c t i o n s  h a v e  b e e n  i n c l u d e d  w h i c h  
r e p r e s e n t  at  l e a s t  70~0 of t h e  wave  f u n c t i o n s .  

T h e  r e s u l t s  in t a b l e s  1 and  2 s h o w  t h a t  the  
p a r t i c l e - h o l e  i n t e r a c t i o n  d e p e n d s  r a t h e r  w e a k l y  
on  t he  s p i n  and  i s o s p i n  q u a n t u m  n u m b e r s .  T h e  
m a i n  c o n t r i b u t i o n  i s  p r o p o r t i o n a l  to t he  p r o d u c t  
of t h e  n u m b e r  of p a r t i c l e s  and  h o l e s  and  i s  due  to 
t h a t  p a r t  of t h e  f o r c e  w h i c h  i s  a SU 3 s c a l a r  in  the  
p a r t i c l e  and  ho le  c o o r d i n a t e s  s e p a r a t e l y .  T h u s  
t h e  s p a c i n g s  b e t w e e n  t he  d i f f e r e n t  p a r t i c l e - h o l e  
s t a t e s  a r e  m a i n l y  d e t e r m i n e d  by  t h e  two f i r s t  
t e r m s  in eq. (3). F u r t h e r m o r e ,  t h e  p a r t i c l e - h o l e  
i n t e r a c t i o n  s h o w s  l a r g e  o f f - d i a g o n a l  m a t r i x  e l e -  
m e n t s  b e t w e e n  d i f f e r e n t  p a r t i c l e - h o l e  s t a t e s  wi th  
the  s ~ m e  s p a c e  s t r u c t u r e .  T h i s  c a n  in  s o m e  
c a s e s  g ive  r i s e  to  a s i g n i f i c a n t  m i x i n g  w h i c h  i s  
t h e  c a s e  f o r  t h e  2 - h o l e  s t a t e s  in  1 6 0  and  20Ne  
( s e e  f o o t n o t e  in  t a b l e  2). A n o t h e r  f e a t u r e  w h i c h  
s h o w s  up in  t he  r e s u l t s  i s  t h a t  t he  p a r t i c l e - h o l e  
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i n t e r a c t i o n  f a v o u r s  h igh  i n t e r m e d i a t e  Tp and  T h ,  
an  e f f ec t  d i s c u s s e d  in r e f s .  1 and  2. H o w e v e r ,  
t h i s  i s  u s u a l l y  c o m p e n s a t e d  by  a p r e f e r e n c e  of 
low T - v a l u e s  f o r  t h e  p a r t i c l e  and  ho l e  e n e r g i e s .  
A t o t a l  SU 3 c l a s s i f i c a t i o n  of the  p a r t i c l e - h o l e  
s t a t e s  h a s  e a r l i e r  b e e n  s u g g e s t e d  [ I0 ] .  We h a v e  
found c l e a r  i n d i c a t i o n s  t h a t  s u c h  a c o u p l i n g  
s c h e m e  i s  no t  f a v o u r e d  by  t he  p a r t i c l e - h o l e  i n -  
t e r a c t i o n .  F o r  e x a m p l e  in  160 ,  the  (h/~) = (84) 
J = 0 s t a t e  wi th  4 - p a r t i c l e  e x c i t a t i o n s  l i e s  a p -  
p r o x i m a t e l y  3 MeV a b o v e  the  r e s u l t s  o b t a i n e d  
h e r e .  T h i s  a l s o  s e e m s  to  b e  t h e  c a s e  i n  t he  o t h e r  
n u c l e i  s t u d i e d  s o  f a r .  

T h e  l o w - l y i n g  n e g a t i v e  p a r i t y  s t a t e s  a r e  we l l  
r e p r o d u c e d  in  n e a r l y  a l l  c a s e s .  I t  i s  e s p e c i a l l y  
e n c o u r a g i n g  to f ind  a 1 / 2 -  s t a t e  in  19F a l r e a d y  
a t  0 .5  MeV.  In a l l  n u c l e i  t h e  1 - h o l e  s t a t e s  l i e  
l o w e s t .  I t  h a s  b e e n  s u g g e s t e d  [11] t h a t  t he  3 - h o l e  
s t a t e s  in  1 6 0  s h o u l d  s t a r t  a t  a p p r o x i m a t e l y  10 
MeV in  o r d e r  to r e s o l v e  t he  d i f f i c u l t i e s  in  t h e  
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Table 2 
Posit ions of positive parity par t ic le-hole  configurations. The excitation energies  are  r e f e r r ed  to the  gro~,nd state  of 

the respect ive  nuclei 

Number Par t ic le  s t ruc ture  Hole s t ruc ture  E v j  T 
Nucleus of holes (~p#p) Lp Jp~  Tp (}'h~h) Lh Jh ~t Th j I l  T (MeV) 

0 0 160 

170 

4 

180 2 

4 

18F 2 

4 

19F 2 

190 2 

20Ne 2 

(80) 0 0 - 
(40} 0 a 

(60) 0 1/2 ~ 1/2 
(60) 2 5/2 ~ 1/2 
(60) 2 5/2* i /2  
(60) 0 1/2 ~ 1/2 
(81) 1 3/2* 1/2 

(80) 0 0 ~ 0 
(80) 2 2 ~ 0 
(80) 4 4 + 0 
(82) 0 0 ~ 1 

(80) 0 0 ~ 0 
(80) 2 2 ~- 0 
(80) 2 2* 0 
(82) 2 3 + 0 

(81) 1 3/2* 1/2 

(81) 1 3/2* 1/2 
(81) 2 5/2" 1/2 

(82) 0 a 

(04} 0 0 + 
(02) 0 a 

(02) 0 0 + 1 
(02) 0 0' 1 
(02) 2 1 + 0 
(02) 2 1" 0 
(04) o 0 ~ 0 

(02) 0 0 ~ 1 
(02) 0 0 ÷ 1 
(02) 0 0 ~ 1 
(04) 0 0 "~ 0 

(02) 2 1 ÷ 0 
(02) 2 1 + 0 
(02) 2 1 ~ 0 
(04) 0 0 ~ 0 

(02) 0 0* 1 

(02) 0 0* 1 
(02) 0 O* 1 

(02) 0 a 

0 k 0 8.9 
0 ~ 0 9.5 

1/2 + 1/2 7.9 
5/2" 1/2 8.2 
7/2-  1/2 9.0 
3/2 + 1/2 9.2 
3/2 + 1/2 9.2 

0* 1 3.9 
2* 1 5.6 
4* 1 8.5 
0" 1 9.7 

1 + 0 2.7 
3* 0 4.3 
2 * 0 4.0 
3 ~ 0 11.1 

3/2" 1/2 6.5 

3/2 ~ 3/2 4.4 
5/2 + 3/2 4.7 

0 + 0 8.9 

a. These  s ta tes  are  mixtures  of in termediate  Tp and T h with the same space s t ruc ture  

]160 ) = 0.888]Tp and T h : 1> - 0.459 [Tp and Th = 0> 

]20Ne) = 0 .908]rp  and r h = 1) - 0.419{Tp and T h = 0) 

For  comparison,  s ta tes  with tptal maximum space symmet ry  [f] = [4444] and [f] = [44444] respect ively,  the magni-  
tude of the coefficients is  2 -1/2 with the same signs as above. 

1 - p a r t i c l e  1 - h o l e  m o d e l .  H o w e v e r ,  we  do not  
f ind any s u c h  s t a t e s  b e l o w  14 MeV.  T h i s  m a y  
m e a n  tha t  the  i n t e r a c t i o n  has  to  c h a n g e d  s o m e -  
wha t ,  a l t hough  the  r e s u l t s  f o r  the  o t h e r  nuc le i  
do not  s e e m  to s u p p o r t  s u c h  a so lu t i on .  In 20Ne 
t h e  odd p a r i t y  s t a t e s  a r e  s o m e w h a t  too high.  
H e r e  t he  3 - h o l e  s t a t e s  could  m a k e  up the  d i f f e r -  
e n c e ,  but  t h e i r  p o s i t i o n s  h a v e  not ye t  b e e n  c a l c u -  
l a t ed .  

T h e  r e s u l t s  fo r  t h e  p o s i t i v e  p a r i t y  s t a t e s  show 
tha t  the  4 - h o l e  e x c i t a t i o n s  a r e  of l i t t l e  i m p o r t -  
a n c e  fo r  t h e  l o w - l y i n g  s t a t e s ,  e x c e p t  f o r  t he  160  
c a s e .  H e r e  the  two l o w e s t  0 + s t a t e s  c o m e  at  8.9 
and 9.5 MeV wi th  the  4 - h o l e  s t a t e  l o w e s t .  T h i s  
i n d i c a t e s  an a p p r e c i a b l e  a d m i x t u r e  of 2 - p a r t i c l e  
e x c i t a t i o n  in the  6.06 MeV s t a t e .  In 170  the  p o s -  
i t i ve  p a r i t y  s t a t e s  above  5 MeV a r e  found to be  
p r i m a r i l y  2 - h o l e  s t a t e s  wi th  s p i n  v a l u e s  in good 
a g r e e m e n t  wi th  e x p e r i m e n t .  T h e  180  c a s e  s h o w s  
only  f o u r  s t a t e s  b e l o w  10 MeV.  T h e  2 - h o l e  c o n -  
f i g u r a t i o n  wi th  Tp = 2 a s  s u g g e s t e d  by Z a m i c k  
[2] i s  c l e a r l y  too h igh  (~ 12 MeV).  A l s o  in  18F 
l o w - l y i n g  p a r t i c l e - h o l e  s t a t e s  a r e  i m p o r t a n t .  As  

e a r l i e r  s u g g e s t e d  [3], the  1 + s t a t e  a t  1.7 MeV 
s e e m s  to be  d o m i n a n t l y  a 4 - p a r t i c l e  2 - h o l e  s t a t e .  
The  190  s p e c t r u m  p r o v i d e s  s o m e  d i f f i c u l t i e s .  
The  s t a t e  at  3.22 MeV with  d = 1 /2  + which  d o e s  
not  a r i s e  f r o m  a 3 - p a r t i c l e  c o n f i g u r a t i o n  is  not  
o b t a i n ed  in t h i s  c a l c u l a t i o n .  H o w e v e r ,  two l o w -  
ly ing  s t a t e s  wi th  d = 3 /2  + and 5/2  + h a v e  b e e n  
found which could mod i fy  the  u sua l  3 - p a r t i c l e  
d e s c r i p t i o n  s o m e w h a t .  The  c a l c u l a t i o n  of 20Ne 
s h o w s  a d = 0 + s t a t e  a t  8.9 MeV which  i n d i c a t e d  
tha t  one  of t he  two 0 + s t a t e s  a ro u n d  7 MeV could  
be  a 6 - p a r t i c l e  2 - h o l e  s t a t e .  

The  r e s u l t s  ob ta ined  so f a r  wi l l  b e  m o d i f i e d  
s o m e w h a t  by u s i n g  b e t t e r  p a r t i c l e  and ho le  wave  
f u n c t i o n s .  H o w e v e r ,  p r e l i m i n a r y  c a l c u l a t i o n s  
s h o w  only  m i n o r  c h a n g e s  in the  e n e r g y  p o s i t i o n s  
a r e  to b e  e x p e c t e d .  F a r  m o r e  i m p o r t a n t  i s  the  
m i x i n g  b e t w e e n  c o n f i g u r a t i o n s  wi th  d i f f e r e n t  
n u m b e r s  of h o l e s .  Such c a l c u l a t i o n s  a r e  now in 
p r o g r e s s .  In the  m e t h o d  u s e d  h e r e  s p u r i o u s  
s t a t e s  due  to c e n t e r - o f - m a s s  mo t i o n  can  o c c u r .  
F o r  t he  s e l e c t i o n  of s t a t e s  u s e d  so  f a r  the  c a l c u -  
l a t i o n s  i n d i c a t e  an a d m i x t u r e  of t he  o r d e r  of 10% 
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in s o m e  c a s e s  and i t  i s  at p r e s e n t  not c l e a r  how 
this  wi l l  a f f ec t  the e n e r g i e s .  

The  a u t h o r s  would l ike  to thank M r .  J .  D. V e r -  
gados  fo r  g iv ing  us  his  SU 3 c o e f f i c i e n t s .  We a r e  
a l s o  indeb ted  to P r o f e s s o r  K. T.  Hech t  and D r .  R. 
M u t h u k r i s h n a n  fo r  he lpfu l  d i s c u s s i o n s .  
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The Brueckner re -a r rangement  energy in light closed shell nuclei is estimated using wavefunctions in a 
Saxon-Woods well. that fit electron scat ter ing and proton separation energies .  In contrast with previous 
work. the energy is approximately constant at 5-6 MeV per part icle.  

K0h le r  [1] has  po in ted  out  that  an e s t i m a t e  of 
the  B r u e c k n e r  r e - a r r a n g e m e n t  e n e r g y  can be  
ob ta ined  f r o m  our  knowledge  of (a) the  to ta l  
e n e r g y  E of a n u c l e u s ,  a s  ob ta ined  f r o m  m a s s  
d a t a  and (b) the  s e p a r a t i o n  e n e r g i e s  E i of i n -  
d i v i d u a l  n u c l e o n s ,  a s  ob ta ined  f r o m  the  (p, 2p) 
and (e,  e 'p )  r e a c t i o n s ,  t o g e t h e r  wi th  a c a l c u l a t e d  
v a l u e  of the  a v e r a g e  k ine t i c  e n e r g y  of nuc l eons  
in nuc l e i .  In f ac t ,  the  a v e r a g e  r e - a r r a n g e m e n t  
e n e r g y  p e r  nuc leon  is  then  g iven  by 

ER= (2/A)!½ ~ (Ei + ( Ti>) - E! .  (1) 

F r o m  a s tudy  of 12C, 160  and 27A1 he  c o n c l u d e s  
tha t  E R  d e c r e a s e s  as  A i n c r e a s e s .  

We f i r s t  apply  the  me thod  used  by KShle r  to 
the  d a t a  f o r  32S and 40Ca ,  i . e .  we u s e  h a r m o n i c  
o s c i l l a t o r  wave func t ion  with the  a p p r o p r i a t e  
s p r i n g  cons t an t  in o r d e r  to c a l c u l a t e  (T i )  , and 
we put the  n e u t r o n  s e p a r a t i o n  e n e r g i e s  equa l  to 
the  p r o t o n  ones ,  a l l owing  fo r  the  Cou lomb  r e p u l -  
s ion  by m e a n s  of the  m a s s  f o r m u l a .  R e s u l t s  a r e  
g iven  in t ab le  1. T h e  m a j o r  u n c e r t a i n t i e s  do not  
l ie ,  a s  migh t  be  thought ,  in the e x p e r i m e n t a l  
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v a l u e s  fo r  El, but  in the  v a l u e s  of (T i ) ,  which 
a r e  b a s e d  fo r  nuc le i  .beyond A ~ 16 on the  s i m p l e  
f o r m u l a  ha) = 4 1 A - 1 / 3  MeV,  and in the  v a l i d i t y  
of the  s i m p l e  Cou lomb  c o r r e c t i o n .  

In o r d e r  to t e s t  t h e s e  u n c e r t a i n t i e s ,  we have  
c a l c u l a t e d  E i fo r  n e u t r o n s  and <T i)  for  both 
p r o t o n s  and n e u t r o n s ,  fo r  12C, 160 ,  28Si,  32S 
and 40Ca,  u s i n g  s i n g l e  p a r t i c l e  w a v e f u n c t i o n s  in 
an e n e r g y - d e p e n d e n t  Saxon-Woods  we l l ,  the  
p a r a m e t e r s  of which  have  b e e n  ad ju s t ed  so  that  
the p r o t o n  wave func t i ons  y ie ld  the  c o r r e c t  
c h a r g e  d e n s i t y  for  e l a s t i c  e l e c t r o n  s c a t t e r i n g ,  
and the  p r o t o n  e i g e n e n e r g i e s  a r e  t h o s e  found 
f r o m  the  (p, 2p) and (e, e 'p )  r e a c t i o n  [6, 7]. The  
c o r r e s p o n d i n g  n e u t r o n  we l l  was  ob ta ined  by 
taking into  a c c o u n t  the  e n e r g y  and i - s p i n  d e p e n d -  
e n c e  of the  po t en t i a l  [7]. R e s u l t s  a r e  g i v e n  in 
tab le  2. T h e s e  a r e  s u b s t a n t i a l l y  in a g r e e m e n t  
wi th  t h o s e  in t ab le  1 and thus  c o n f i r m  the  s i m p l e  
e s t i m a t e s  [1]. (It should  be  noted tha t  ~ E i in 
t ab le  2 i n c l u d e s  the  Cou lomb  r e p u l s i o n ,  wh i l e  in 
t ab le  1 i t  d o e s  not ,  so tha t  we m u s t  c o m p a r e  

E i - 2E c in t ab l e  1 with ~ E i in t ab le  2. The  
a g r e e m e n t  i s  then  e x c e l l e n t .  ) T h e  a c c u r a c y  of  


