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Abstract: It is shown that the asymptotic multiplicity distribution approaches a Gaussian distri- 
bution. The agreement with the experimental data indicates that the higher correlations 
should not be so strong. 

Charged multiplicity distribution data are easily obtained in high energy collision 
experiments and have been discussed extensively in the literature. The existence of 
correlations in the pp collision data up to 300 GeV clearly excludes the Poisson dis- 
tribution, the simplest possible distribution. Nevertheless, the data shows a simple 
form for the multiplicity distribution and suggests that there is some regularity be- 
hind it [ 1]. In this note, we show that  the form of  the asymptotic  distribution is Gaus- 
sian, and that it indicates a weak correlation among the produced particles. 

The basis of  the analysis is a theorem [2, 3] which states that if the higher corre- 
lations are not  too strong (the precise meaning is specified later**) the asymptotic 
distribution approaches the normal (Gaussian) distribution. This is an analogue of 
the central limit theorem in statistics and probability theory [5]. More explicitly, the 
normalized charged multiplicity distribution can be expressed as [3] 

Pn=oinel -:X/r~ fl exp 272 J " k=3 \ 3' / J ' (1) 

where all parameters are determined in terms of the cumulants K r or the correlation 
m o m e n t s f  r defined by [5] 

eintp n = exp [~=l Kr(it)r ] - [ ~-~fr(eit-1)r ] 
n=o - 7 - . ,  l-eXp[  7' j , (2) 

i.e, 

* Work supported in part by the U.S. Atomic Energy Commission. 
Permanent address. 

** The multiperipheral model or some field theoretical model satisfies the condition; see [4] and 
references quoted therein. 
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= 1 + , = . 3  + °  , 

( ,2 1 "4+  O /  1 ~ 

1/£3 ( ~ ) .  
m = .1 -- ~ ~-'2 + 0 , 

(3) 

a 3 =o@ a4,6 

a3l_4,3l_2,31 = 0 ( .~1 ) ,  l ~  3. 

The cumulants, the correlation moments, and the dispersion moments (n-fi) k are 
related to each other by 

"1 =f l  =n ,  g 2 = f l  + f 2 = ( n - n )  2, " 3 = f l + 3 f 2 + f 3 = ( n - n )  3,  

K4 = f l  + 7/2 + 6/'3 +/4 = (n-n-) 4 - 3((n-n)2) 2, etc. (4) 

The assumptions which lead to eqs. (1) and (3) are [2, 3] that (a) g2 + ~*, (b) the 
ratio .t/~¢2 (l > 2) are bounded [4], and (c) [(n-~/.21 < ~r. 

At extremely high energy, therefore, we expect to have a Gaussian distribution 

Pn ~_~_~___~1 exp[ (n -m)2 ]  (5) 
s--. X,'~/3 2T 2 ' 

with 

m - , ) ~ - ~  - -  , (6) 
s~'~ (n-if)2 

°m (7) 

- - ~  ~,, (8) S--+ oo 

where a m stands for the maximum value of the distribution functiont. However, it 
can be recognized immediately that the convergence to the limiting form, eqs. (5-8), 
is rather slow. The reason for this is that the normal distribution with fl = 7 is normal- 
ized in the integral ( - ~ ,  ~) and the integral over the unphysical internal ( - ~ ,  0) is 

t m is called the modal multiplicity, and its usefulness is demonstrated in the analysis of Webber 
[6].. 
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Fig. 1. The curve for ~/m =g('r/m), eq. (10). 

not negligible at the present energy. M o r e o v e ~ e e d  of  the convergence of  the 
r 2 pa ameters t3 and 3' to the asymptotic value x/(n-ff)  z is not  the same as is seen from 

eq. (3). 
In order to obtain a more effective formula with predictive power, we impose the 

normalization condition* on eq. (5), 

1 = f e n d n  - x / ~  e-t2 /2 dt, (9) 

0 
i .e.  

fl-- = g(3'/m) = 1 3' [ ( -~ -2~) ]  m ~ m  l + E r f  . (10) 

The function g(x) is depicted in fig. 1. It is easily observed that 

1 < 3 ' / 1 3 < 2 ,  (11) 

where the lower (upper) bound corresponds to the limit 3"/m -+ 0(~). 
Assuming the asymptotic form (5) and the condition (10), we analyze the exper- 

imental data with the following procedure: 
1 (i) Consider the negative charged multiplicity, n = y nch -- 1. 

(ii) Find the modal multiplicity m and the maximum cross section ore_ from the 
three largest cross section using the Gaussian form. If  the middle point of the three 
corresponds to the largest, as is the case for E L > 200 GeV, the parabola approxima- 
tion is good enough. (We avoid using the n_ = 0 point because of  an ambiguity due 
to the elastic cross section.) Disregard the 3' obtained here. 

(iii) Determine 13 by eq. (7) and 3' by eq. (10) or fig. 1. 
(iv) Plot loglO(On/a m ) against lOg l0e (n  - m )2/23' 2. 

* After completion of the work, the author came across the works of ref. [7], in which a similar 
analysis was made. The author believes, however, that the treatment of the present article is 
more transparent in presening the reasoning of using the Gaussian form, the analysis of the ex- 
perimental data, and suggesting a possible correction term. 
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Fig. 2. The negative charge multiplicity distribution. The solid line represents the expected asymp- 
totic limit. 

(v) The data points should approach the asymptotic limit, the straight line with 
the gradient - 1. 
The last step may be replaced by: 

(v') Plot lOgl0(On_ ~ore_) against ( n  - m )  2. Determine 3, 2 by the gradient of 
an expected straight line and compare the result with that obtained in step 4. 

The result of the analysis based on the procedures (i)-(v) is shown in fig. 2 and 
table 1. Some discussion is in order. 

(a) While the data points for 50 GeV given in fig. 2 are slightly off the expected 
asymptotic line, those for 69-300  GeV fall quite well on it. Even for 50 GeV, the da- 
ta falls on a straight line. Thus, a slight change of the slope parameter 3, within its ex- 
perimental error seems to restore the agreement between the data and prediction. 

(b) The asymptotic relation (7) is well satisfied already at the present energy, while 
the others, eqs. (6) and (8) are not. In order to understand the difference in the speed 
of convergence, we estimate the parameters/3 and 3, using eq. (3) and the experimental 
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Table 1 
The values for the parameters 
E(GeV) 50 69 102 205 303 

543 

m_ 0.96 1.19 1.21 2.0 2.24 
3 1.32 ± 0.12 1.44 ± 0.06 1.59 ± 0.15 1.88 ± 0.15 2.21 ± 0.20 
? 1,90 ±0.17 1.99 ±0.08 2.26 ± 0.22 2.35 ±0.19 2.90 ± 0.26 
r l=f l  1.66±0.07 1.95±0.04 2.17±0.07 2.82±0.08 3.43±0.10 
K2=(n-ff) 2 1.67±0.11 2.10±0.07 2.56±0.12 3.77±0.22 4.80±0.29 
K3 = (n-if)  3' 1.39 ± 0.32 2.07 ± 0.21 2.60 ± 1.31 5.24 ±0.99 7.07 ± 1.60 

3/x/~2 1.02 ± 0.12 0.99 ± 0.05 1.00 ± 0.13 0.97 +- 0.11 1.01 ± 0.12 
~'/~ 1.44 ± 0.13 1.38 ±0.06 1.42 ±0.13 1.25 ± 0.12 1.31 ± 0.12 
"rim 1.98 ±0.12 1.67 ± 0.07 1.87 ± 0.18 1.18 -+ 0.10 1.29 ±0.12 

(K3/2K2)I---:'~--l~ 0.60 ± 0.23 0.64 ± 0.13 0.53 ± 0.33 0.84 ± 0.29 0.61 ± 0.18 

data for the cumulants. At  303 GeV, we obtain 

- 1 + (0.005 + 0.03), 

7 = 1 + (0.05 + 0 .08) .  

This is consistent with the values given in table 1. 
(c) The relation (7) is asymptotical ly equivalent to that  obtained by Weisberger 

[8], ~ 2 P f f  = 1 /X/~  although the convergence to (7) seems faster. 
(d) The experimental  values for (7/m, ~/rn) are moving down on the curve of  fig. 

1 as energy increases. This seems to indicate that the data points  are moving towards 
the limit ?/m -+ 0 and 3,//3 ~ 1. (This case may be called the weak two-body correla- 
tion model  [4] .) 

(e) However, the possibli ty of  having the condit ion 

~ -  ~ a ~ : 0  (13) 
m s--,.~ 

is not  excluded. I f  that  is the case, we obtain the KNO scaling law [9] with the Gaus- 
sian scaling function; 

m P n _  1 1 X/~'g(a) exp [ - - ~ ( n - -  1 ) 2 ] "  (14) 

(f) The step (v) is preferable to (v') since the asymptot ic  form (1) or (5) is the best 
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approximation around the modal point. Besides, the predictive power is more evident 
if step (v) is used. I f  the accuracy of  experimental data at higher energies is improved, 
we may b e able to detect the polynomial term which we have neglected. In particular, 
the a 3 term, which is of  the order O (1/x/~2), may be detected from the asymmetry 
of the curve. (The present accuracy does not permit us to detect such asymmetry.) 

The author is indebted to Professors W.K.H. Panofsly and S.D. Drell for their hos- 
pitality at SLAC. Thanks are also due to many people a t  SLAC for useful suggestions 
and computation assistance; in particular, S. Brodsky, R. Cahn M.S. Chen, M. Kugler 
and Y.S. Tsai, to name a few. He is grateful to S. Brodsky and M. Chanowitz for 
reading the manuscript. 
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