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In order to image continuous-tone transparencies with coherent light, spectal types of diffuse speckle-free illumina- 

tion are required to achieve high image quality. Several types of speckle-free modulation have been investigated which 

appear to provide high redundancy for such systems. 

When continuous-tone transparencies are coherent- 
ly imaged, optical noise such as dust diffraction pat- 
terns can degrade the image quality. Diffusers or grat- 
ings have been used to increase the spatial bandwidth 

of the signal in order to introduce redundancy into 
coherent imaging systems and to reduce noise effects 
[ 1, 21. It is desirable that redundancy- modulation have 
a uniform power spectrum in order to evenly disperse 
noise diffraction patterns at the image plane. Several 
classes of periodic, speckle-free, band-limited modula- 
tion with good redundancy characteristics have been 
analyzed and are described here. 

First to be considered is a type of phase modula- 
tion which under certain conditions has a rather uni- 
form, band-limited power spectrum. Let q(x) s(x) be 
the complex input signal amplitude for a band-limited 
coherent imaging system, where s(x) is the amplitude 
transmittance of a continuous-tone transparency and 
q(x) represents complex modulation used to increase 
the spatial bandwidth of the transparency. A logical 
function q(x) to consider is a train of quadratic phase 
signals, 

qA(x) = [exp (+rrix2/xXF) rect (x/X)] * C S(x-nX), 
,2=--m 

where 

iect(x)- 1 for LYlG+: 
f 0 otherwise. 

t This work was supported by NSF Grant GK-3 1474. 

S denotes the Dirac delta function. It is well known 
that such a signal has a band-limited uniform spectral 
density if the space bandwidth parameter Q = X/xF 
3 10 [3, 41. If the maximum phase variation+rrQ is not 
too large, the modulation q*(x) can be realized using 
a fly’s eye lens array consisting of a train of positive 

or negative lenslets. The discontinuity where the 
lenslets join can be removed if a new function 

qB(x) = {exp(+niQ) exp(-nix2/XXF) rect(x/X) 

+exP c $-riQ) exp [rri(x-Xy/xxF] rect [(x-X)/X]] 

* x 6(x-2nX) 
I,=--m 

is considered with alternating positive and negative 
lenslets. If rjA (n/X) and & (n/2X) represent the nth 
complex Fourier series coefficient of qA (x) and qB (x) 
respectively, it can easily be shown using superposition 
that 

& (n/2X) = 2 Re {exp &riQ) CjA (n/2X)}, n even, 

= 2 Im {exp ($riQ) 4A (n/2X)}, n odd. 

Experiments were performed showing the noise 
reduction characteristics of qB (x) in a coherent imag- 
ing system. Fig. 1 shows a coherent imaging system 
where the function qBbl) was used to introduce re- 
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Plane A 

cm cm cm cm 

Fig. 1. Coherent imaging system where lens B has a focal length 

of 100 mm and an F-number of 2.3. Two wires each 0.23 mm in 

diameter were introduced at plane A. 

dundancy along they I coordinate; X, Q, and h for 
SBbr) have values 0.5 mm, 142 and 0.6328 pm re- 
spectively. Since there exists no redundancy along the 
xl-signal coordinate two wires placed in plane A paral- 
lel to the y2 axis introduce dark diffraction patterns 
at the image plane as shown in fig. 2a. The maximum 

number of cycles per mm of the signal bar pattern is 
7. However, when the two wires are placed parallel to 
the x2 axis, the wire diffraction patterns are highly 
attenuated as shown in fig. 2b. Fig. 3 shows the irra- 
diance at the back focal plane of lens B. qBG1) had a 
spatial bandwidth of 284 cycles per mm. 

For certain coherent imaging constraints, modula- 
tion such as qA(x) or c&r (x) CannOt provide adequate 
redundancy. For example, when redundancy modula- 
tion q(x) with period X is used to introduce redundan- 

cy into a high-density holographic storage system, con- 
straints on the system bandwidth Wand the period X 

place an upper limit on the space bandwidth product 
XW and thus on the parameter Q. If Q is small, the 
spectral density of a lens array is no longer uniform. 

The type of speckle free periodic modulation pro- 
posed by Gabor [5] can be used to achieve high re- 
dundancy when the space bandwidth product XW 
must be low. Gabor investigated the class of band- 
limited functions: 

N 

q(x) = C a, exp (2r&x/X). 
n=-N 

Since 

2N 

lq(x)l2 = zo + 2 c z, cos (27rnx/X + @,), 
n=l 

where 

(a) (b) 
Fig. 2. a) Coherent image with two vertical wires placed in plane A of fig. 1. b) Coherent image with two horizontal wires placed 
in plane A of fig. 1, whose vertical positions are indicated with arrows. 
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low frequency speckle modulation is eliminated if the 
system of nonlinear equations given below is satisfied. 

N-k 

c a,a,T+k = 0 for k = 1,2 ,..., 2A-2, 2iV- 1. (1) 
/1=-N 

Since only the relative values of the coefficients 

{a,,}fz_N are of interest, let aN = i. Assuming that 
only even functions are of interest, a_ n = a,, and the 

system of equations (1) above reduces to 2N ~ I equ- 
ations and 2N unknowns. This leaves one free param- 
eter which can be varied in order to maximize the re- 
dundancy parameter RM defined as 

R, = 5 la, I* / max 
n=-N II 

( 5 ]a,,,j]*), 
j= I 

in order to obtain a grating with the best power spec- In order to record holograms with high diffraction 
trum uniformity. The class of solutions obtained by efficiency in Fourier transform holography, it is nec- 

Gabor possessed the 90” phase property, arg {sg+r} essary that IFT {~(x))l* be rather uniform. This condi- 

= f$r, where arg{-) denotes the phase of a complex tion can be met if the solutions given in table 1 are 

number. The phase of a solution q(x) = m(x) exp[iP(x)] 
with this property satisfies the equation P(x + 3X) + C 
= -[P(x) + C] (modulo 2n), where C is a real constant. 
It was found that the recurrence relationship given by 
Gabor to generate solutions to eqs. (1) is not valid for 
N > 3. Solutions for N > 3 do exist, however, and have 
been calculated for N = 4, 5, 6. The solutions obtained 

for N = 5 and 6 assumed arg {ana,*+ 1 } = + f n since this 
property simplifies eqs. ( 1) and makes each equation 
of ( 1) represent rhe addition of collinear vet tors. If the 
‘90” phase condition is not imposed, solutions to eqs. 
(1) are more difficult to obtain, but solutions with 
higher redundancy can be found. 

Table 1 lists solutions {a,}f=_ N to eqs. ( 1) which 
maximize the redundancy parameter R 1. Let FT {.} 
denote the Fourier transform operation. Figs. 4 and 
5 show the coefficients kj(n/X)]* = la, I* and the 
envelope IFT {rect (x/X) q(x)}12 for entries E and F in 
table 1. Fig. 6 shows the phase P(x) = arg {q(x)} for 
entry F in table 1. Figs. 4 and 5 show that removing 
the condition arg {ana,*+ 1} = 2 3n increases the maximum 
achievable redundancy. 

Even function solutions {on}:=_ 
Table 1. 

N to eqs. (1) which maximize the redundancy parameter R 1 

Entry 

G * 5 7.40 1. + 0.13162 cos (10~~) 

H * 6 8.47 1. + 0.19489 cos (12~~) 

Assumption N 

arg (a,,a,T+ 1) = &T 
--__ 

1 

2 

* 3 

3 

* 4 

4 

RI lq(x)IZ {a,}!= _N where a_, = an 

3 1. + 0.66 cos 2wx 

4.25 1. + 0.47055 cos (4wx) 

4.64 1. + 0.43094 cos (6wx) 

5.3 L. + 0.37734 cos (6wx) 

4.99 

8.49 

1. + 0.10022 cos (8wx) 

1. + 0.23231 cos (8wx) 

where w = 27i/X 

ii, 1, i) 
{i, 1.00007, -iO.50007,..) 

{i, 1.00007, -i0.50007,0.375009 ,... } 

{i, 0.550074, 0.988133 -iO.151290, 

-0.633294 -iO.543546,...) 

{i, -1.999953, -i1.999907, 

0.343029, -il.312095 ,....) 

{i, -0.999931, 0.792831 -iO.499931, 

0.621247 + i0.792776, 

0.889049 + iO.181948 ,.... } 

{i, 1.100068, -iO.605075, 

-1.432878, i1.393206, 

- 1.433349 )..... } 

{i, -1.099933, -iO.604926, 

0.799482, iO.696409, 

0.908429, il.100901 ,...... } 

24 



Volume 7. number 1 OPTICS COMMUNICATIONS January 1973 

-00 u.00 8.00 

FREQUENCY (1 /PER 100) 

Fig. 4. Power spectrum of q(x) corresponding to entry E of 

table 1, 

d 
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Fig. 5. Power spectrum of q(x) corresponding to entry F of 

table 1. 
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X = NORMALIZED DISTANCE 

Fig. 6. Normalized phase for q(x) defined by entry F of table 1. 

P= 1 corresponds to 1.015 229 wavelengths. 

used in tandem with a coarse lens array to obtain a 
new modulation function q(x) = q1 (x) q2(x), where 
41 (x) is a solution to eqs. (1) such as entry F of table 1 
and q*(x) is a lens array with a period X2 large enough 
to satisfy the equations 

FT{qI(x))= 5 a, 6 cf;; - n/X,), 
n=-N 

fx is a spatial frequency variable. If 

1FT &72(x)) 1 x rect(Xlfx), 

then 

. 

Finally, it should be noted that the function q(x) 
defined by entry F of table 1 appears to meet quite 
well the redundancy requirements of holographic 
microfiche systems which store continuous-tone trans- 
parencies. 

The author wishes to acknowledge many helpful 
discussions with J. Upatnieks and E.N. Leith. 
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