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Let 4 and B be closed operators on Banach spaces X and Y. Assume that
A and B have nonempty resolvent sets and that the spectra of 4 and B are
unbounded. Let o be a uniform cross norm on X ® Y. Using the Gelfand
theory and resolvent algebra techniques, a spectral mapping theorem is proven
for a certain class of rational functions of A and B. The class of admissable ratio-
nal functions (including polynomials) depends on the spectra of 4 and B. The
theory is applied to the cases 4 ® I + I ® B and 4 B where 4 and B are
the generators of bounded holomorphic semigroups.

1. INTRODUCTION

Let 4 and B be bounded operators on Banach spaces X and Y,
respectively. Let o« be a uniform cross norm [10] on the algebraic
tensor product X Q Y. We will denote the closure of X @ Y in «o
by X &, Y. Since « is uniform, A ® B is a bounded operator on
X®,Y, infact|AQ B| = || 4]l B|l, for all bounded operators
4 and B. Therefore, polynomials P(4, B) in A and B are well-
defined bounded operators and it is natural to ask how the spectrum
of P(A, B) is related to the spectra of 4 and B. In the case when X
and Y are Hilbert spaces Brown and Pearcy [2] showed that
(A & B) = o(A4) o(B). Schecter [11] generalized this result to
Banach spaces and arbitrary polynomials by proving that

o(P(4, B)) = P(o(A), o(B))
= (P, ) | p€ o(d), X € o(B)}.

The purpose of this paper is to extend this result to the unbounded
case where, however, there are restrictions on o(A4) and ¢(B) and the
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108 REED AND SIMON

polynomial P. There are also results in the unbounded case by
Ichinose (see the discussion below). We remark that the spectral
mapping theorem is trivial (even in the unbounded case) if 4 and B
are self-adjoint. So, the importance of this result is in the case of
unbounded non-self-adjoint operators like the generators of bounded
holomorphic semi-groups.

In Sect. 2 we consider the case where A4 and B are bounded
and prove (Theorem 1) the spectral mapping theorem of Dash-
Schecter [3] for a class of rational functions f(4, B) of 4 and
B (called AB-rational functions). The proof of the direction
f(a(4), o(B)) Co( f(4, B)) generalizes the argument of Pearcy [2]
and makes use of a corollary of Hartog’s theorem. The proof in the
direction o f(A4, B)) C f(o(A), o(B)) uses the Gelfand transform to
prove a slightly stronger result than Schecter, namely that the resol-
vents of f(A4, B) are contained in the commutative Banach algebra
#(A) K #(B) generated by the resolvent algebras, #(A) and #(B),
of A and B (Theorem 3). We also prove (Theorem 2) that all the
multiplicative linear functionals on #(A4) &) %#(B) are of the form
I, ® I, where I, and [, are multiplicative linear functionals on #(4)
and %(B), respectively. These results are necessary for our proof of
the unbounded case. Simon [13] has generalized Theorem 2 to prove
that every [ € o(C/; @ ;) is of the form [, & I, if (7, and (7, are any
commutative algebras of operators.

In Sect. 3 we consider the case where A and B are closed unbounded
operators with nonempty resolvent sets. Since 4 and B are unbounded,
it is not even a priori clear how to define f(A4, B). We take a very
strong definition which essentially requires that “f(A4, B)” be
approximable in norm resolvent sense by elements of Z(A) & %(B).
This definition allows us to use the machinery developed in Sect. 2
to prove the main theorem of this paper (Theorem 4), namely, that

o(f(4, B)) = f(o(4), o(B))
={fA W) e o(d), peo(B).

We remark that it is already clear from considering self-adjoint
operators that the closure is necessary in the case of unbounded
operators.

In order to use Theorem 4 on a given operator one must prove that
it is approximable in our sense by elements of %(A4) & #(B). To
show how this may be done, we prove in Sect. 4 two theorems in the
case where 4 and B are the generators of bounded holomorphic
semigroups. Theorem 5 states that the closure of A I + I &® B
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on the “natural” domain D, of finite linear combinations of vectors
¢ @, p € D(A), ¢ € D(B), generates a holomorphic semigroup and
oA QI+ 1R B)=o(A4) 4+ o(B). Theorem 6 states that under
fairly general hypotheses the closure of 4 ® B on D, generates a
holomorphic semigroup and o(4 @ B) = o(A4) o(B). As far as we
know, this is a new result in the theory of semigroups.

It is appropriate to comment on the limitations of Theorem 4 and
its relation to the work of Ichinose. It follows from the proof of
Theorem 4 that in the case where f is a polynomial P, the range of P
on o(4) X o(B) is closed; i.e., P will not be approximable in our
sense unless the range of P on o(4) X o(B) is closed. The authors
originally hoped [9] that Theorem 4 would cover other cases, but
stronger techniques are necessary. The requirement that the range of
P be closed on o(A4) X o(B) is a hypothesis in the work of Ichinose [6]
who also requires that there exists a path in C\(c(4) X o(B)) which
is sufficiently “close” to ¢(A4) X o(B) and which is not too “long.”
Under these hypotheses, Ichinose proves the spectral mapping
theorem in the case of polynomials. It is not clear how much overlap
there is between his result and ours since in any application, our
result requires the construction of resolvent approximates and this
requires the construction of special paths. We also use integrals of
resolvents over paths, but because of the Banach algebra techniques
our paths may be chosen to be very simple and need not be “close”
to o(A) X o(B). In any case it is useful to have both methods available.

We will always use the letter o to denote “spectrum.” The kind of
spectra involved will be clear from the additional notation involved.
For example, if ¢/ is a commutative Banach algebra, then o((7)
denotes the multiplicative linear functionals on (7; if 4 e, then
oq(A) denotes the spectrum of A as an element of (7 and o(4) denotes
the spectrum of 4 as an operator on the underlying space.

2. TuE BounpeEDp CASE

Throughout this section 4 and B will denote bounded operators
on Banach spaces X and Y, respectively. « will always denote an
arbitrary but fixed uniform cross norm on X ® Y. We begin by
defining the class of functions which we will deal with:

DrrFINITION. By an AB-rational function f(2, ) on o(4) X o(B)
we mean a finite linear combination of functions of two complex
variables of the form g(2) A({), where: g(2) is a polynomial in z and a
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finite number of functions (u; — 2)™! with u; ¢ o(4); A({) is a poly-
nomial in { and a finite number of functions (, — {)~! with n, ¢ o(B).
The bounded operator f(4, B) on X &, Y obtained by substituting
A for z and B for { will be called an A B-rational function of A and B.

Notice that the AB-rational functions are analytic on o(4) X o(B)
and that the class of operators f(4, B) includes the polynomials
P(4, B). We now state the spectral mapping theorem in the bounded
case:

THEOREM 1. Let A and B be bounded operators on Banach spaces
X and Y, respectively. Let f(A, B) be an AB-rational function of A
and Bon X ®, Y. Then,

o(f(4, B)) = f(o(A4), o(B)) = {f(1, 1) | € o(4), m € o(B)}.

The proof of Theorem 1 will be accomplished in two parts. In the
first part, we use classical operator theory and an argument from
several complex variables to prove that f(o(A4), o(B)) C o(f(4, B)).
In the second part we introduce the resolvent algebras Z(4), Z(B),
and use Banach algebra techniques to prove that the inclusion is,
in fact, an equality. The results on resolvent algebras (Theorems 2
and 3) are the core of the proof of the unbounded case presented in
Sect. 3.

Let A be a bounded operator on a Banach space X. Let .S be the set
of XA € C such that there is a ¢ > 0 with [[(4 — A) x|| > ¢ || «|| for all
x € X. The complement of S, called the approximate point spectrum,
is denoted by o, , (4).

oap(d) ={A] I, € X, [[ %, || = 1, (4 — A) 2, —> O}
For each Ae S, Ran(4 — A) is closed since A is closed. We define
o(A) = {A|Ae S, Ran(4d — X) # X).
0,(A) is called the residual spectrum. It is clear that S\c,(4) = p(4)
the resolvent set of A4, so C is the disjoint union of g, , (4), 0(4),

p(A4). We need the following standard lemma.

Levmma 1. o 4) is an open subset of C.

The second lemma we need is a standard theorem from several
complex variables. For a proof see [4] or [8].
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LemmaA 2. Let K be a bounded set in C*, n > 2, and suppose that f
is analytic in a neighborhood of K. If f(p) = A for some point p in K,
then there is a point p’ on the topological boundary of K so that f(p') = A.

We are now ready to prove the main lemma.

Lemma 3. Suppose that A and B are bounded operators on Banach
spaces X and Y, respectively. Let f(A, B) be an AB-rational function
of A and B on X ®,Y. Then f(s(A4), o(B)) Co( f(4, B)).

Proof. Suppose A = f(u, 1) for p eo(4), n€a(B). We want to
show that A e of f(4, B)]. By Lemma 2, we may assume that {u, 7)
is on the topological boundary of ¢(A4) X o(B). Thus either p is on
the boundary of o(A4) or % is on the boundary of ¢(B). Without loss
we assume the first possibility. Therefore, by Lemma 1, u € 0, ,, (4).

We must consider two cases: suppose first that 5 € o, , (B). Then
there exist sequences x,e X, ||x,||=1, and y, €Y, {y,ll=1,
so that (4 — p)x, >0 and (B—n)y,—>0. For ¢ o(4), the
relation (4 — 7) (4 — 7)~1 x, = x,, implies that

(d = 77, — (u = 7 0,0
and similarly

(B=m)"yp—(n—7)"y—>0
if 7 ¢ o(B). It follows easily that
f(A) B) (x, @ yn) — f(.‘" ) (%, @ ¥y) = 0.

Thus, A = f(u, 1) € o[ f(4, B)].

The other case is when peo, , (4) and y €0, (B). If we denote
the adjoints of 4 and B by 4’ and B’, then o(4) = o(4’) and
o(B) = o(B’). Since y is on the boundary of ¢(4") we have p € o, , (4')
by Lemma 1. But 4 € 0(B) implies that y € o, , (B'). Thus, the same
argument as above shows that there are sequences x,* € X*,
N, *ll =1, y,* e Y* ||y, = 1, such that

f(A’, B,) x,* ®yn* — f(l’“’ 7]) x,* ®yn* — 0.

It is easily checked that the restriction of f (4, B)', the adjoint operator
on (X ®, Y)*, to vectors of the form x* @ y* equals f(4’, B'). Thus

f(ps m) € o(f (4, BY') which implies f(u, 1) € o( f(4, B)). i
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We now introduce resolvent algebras.

DeriniTioN.  Let 4 be a bounded operator on a Banach space X.
Let 2(A) be the smallest norm closed algebra of operators on X
containing all the resolvents (A — A4)~! for A € p(4). #(A) is called
the resolvent algebra of 4.

Using the Neumann series for (A — A)~1, the reader can easily
check that I € #(A4) and 4 € #(A), so #(A) is a commutative Banach
algebra containing A and the identity. Also, #Z(4) is the closure of
the set of polynomials in resolvents of A at different points. Notice
that in general #(A) will be larger than the algebra generated by A4
which will only contain (A — 4)~! if A can be connected to infinity
by a path remaining in the resolvent set. The following lemma states
the most important property of Z(A).

Lemma 4. The Gelfand map A is a homeomorphism of o(#(A))
onto o(A), the spectrum of A as an operator on X.

Proof. By the construction of #(A), the spectrum of A as an
operator on X is equal to its spectrum as an element of #(A4). The
Gelfand map A4 is always onto o(4). Suppose / is a multiplicative linear
functional on Z(A). Thenif A € p(A4), (A — Ay ™H)IA — 4)=II)=1
so /(A — A)) = (A —I(A4))t. Thus if two multiplicative linear
functionals agree on A, they also agree on all the resolvents. Since
polynomials in the resolvents are dense, they agree on all of Z(4).
Thus 4 is one to one. Since 4 is continuous and both sets are com-
pact, the topologies are the same. ]

In what follows we will suppress the homeomorphism and use
o(%(A)) and o(A) interchangeably.

DeriNITION.  Let 4 and B be bounded operators on Banach spaces
X and Y. We will denote by #(A4) & %(B) the operator algebra on
X ®, Y formed by taking the norm closure of the set of 4B-rational
functions f(4, B) of 4 and B.

We now state and prove the two crucial properties of Z(A4) X #(B).

TueoREM 2. o(%(A) ® A(B)) = o(4) X o(B).

This theorem shows that the multiplicative linear functionals on
R(A) & #(B) are especially simple. The proof in one direction is
trivial: If /€ o(%(A4) Q #(B)), then [ restricted to the subalgebras
#(A) ®I and I & HA(B) gives multiplicative linear functionals [,
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on #(A) and I, on #(B). The content of Theorem 2 is the converse
statement. Namely, if [, € 0o(4), I, € o(B) then [, ® [, defined in the
natural way on finite sums of operators of the form L @ M, where
L e #(A), M € #(B) can be extended to #(A4) ® #(B). That is, we
must show that /; @ /, is bounded on the rational functions.

Remark. By a completely different method, one can prove that
arbitrary I, ® I, € #(A4)* X #(B)* are bounded; see [13].

THEOREM 3. Let f be an AB-rational function of A and B. Suppose
e p(f(4, B)). Then (A — f(4, B))' e #(4) ® %#(B).

Proof of Theorems 2 and 3. We have the following inclusions:

o(f(4, B)) C oz pam(f(4, B))
= {I(f(4, B)) | I € o(#(4) & A(B))}
C{(h ® L) (f(4, B)) | L € o(4), |, € o( B)}
= {f(L(4), L(B)) | L € o(A), L, € o(B)}
= f(o(A), o(B))
C o(f(4, B)).

The first C merely states that the spectrum of the operator f(4, B) on
X & Y is smaller than its spectrum as an element of #(A4) & %#(B).
The second C follows from the trivial part of Theorem 2 explained
in the remarks above. The last C is just the statement of Lemma 3. We
conclude that all the above sets are equal. This immediately proves
Theorem 3 since the statement

o(f(4, B)) = oxwnpam(f(4; B))

implies that if A — f(4, B) has an inverse it is in Z(A4) & %(B).
Now, suppose [, € 6(4), I, € o(B), and f (A4, B) is given. Then there
is an /€ o(#(A4) ® %(B)) so that

(h ® L) (f(4, B)) = I(f(4, B)).
Therefore
I(h ® L) f(4, B)l = | I(f(4, B))| < || f(4, B)|

so I; ® [, is bounded on the rational functions and thus extends to a
multiplicative linear functional on %(A4) ¥ %(B). This proves
Theorem 2.
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Proof of Theorem 1. From Theorem 3 it follows that o f(4, B)) =
oaxyexze(f(4, B)). And, Theorem 2 implies that

sxwaam f(4, B)] ={(L ® L) (f(4, B)) | L €o(d), |, € o(B)}
= {/(L(4), L(B)) | I, € o(A), [z € o(B)}
= [f(o(A4), o(B)). |

We remark that Theorem 3 implies the following:

CoroLLARY. Let CeH#(A), D e A(B) and let f be a CD-rational
function. Then for each A<p( f(C, D)), we have (A — f(C, D))1e
#(4) ® #(B).

Proof. Because CeZ(A), there is a sequence A, of rational
functions of A so that A4, — C in norm. Thus 4, — C in norm
resolvent sense also. Since the resolvents of A4, are all in %(A) the
same is true of the resolvents C. Similarly, the resolvents of D are all
in #(B). Therefore any CD-rational function is in #(4) & #(B).
Since f(C, D) € #(A) & #(B), there exists a sequence of AB-rational
functions f,, so that f,(4, B) converges to f(C, D) in norm. But, this
implies that f,(4, B) converges to f(C, D) in norm resolvent sense,
so the corollary follows from Theorem 3. |

3. Tae UNBOUNDED CASE

Throughout this section, 4 and B will denote unbounded operators
with nonempty resolvent sets on Banach spaces X and Y. We will
prove a spectral mapping theorem for certain rational functions of 4
and B on X &), Y. In practice, the class of rational functions (in
particular, the class of polynomials) permitted will depend on o(4),
o(B), and the asymptotic properties of the resolvents of 4 and B.
Since A and B are unbounded, it is not even a priori clear how to
define f(4, B). We take a very restrictive definition. The use of
resolvent algebras for spectral mapping theorems has been emphasized
by Hille and Phillips [5].

Derinrrion.  Let 7T be a closed operator with nonempty resolvent
set on a Banach space X. We define Z(T') to be the smallest uniformly
closed Banach algebra containing I and all the resolvents of T. A
sequence of bounded operators T, € Z(T) will be called an #(T)-
approximation if T, converges to 7 in the norm resolvent sense
(written T, ==» T).
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DreriNiTION. Let A and B be closed operators with nonempty
resolvent sets on Banach spaces X and Y. Let « be a uniform cross-
norm on X & Y and let f(-, -) be an AB-rational function. A closed
operator C on X &, Y is said to equal f(4, B) if there exists an
A(A)-approximation {4,} and an %(B)-approximation {B,} so that
f(4,, B,) converges to C in the norm resolvent sense.

Several remarks are in order. First, we make this definition of
f(4, B) so that the spectral mapping theorem (below) is a relatively
straightforward consequence of the machinery we have developed
in the bounded case. To apply the theorem in practice some additional
work is necessary, namely the construction of the resolvent approxi-
mates (see Sect. 4). Secondly, it is not clear in general whether
f(4, B) is uniquely defined, that is, whether two different sequences
of resolvent approximates, {4,}, {B,}, and {4,'}, {B,’}, necessarily
give the same definition of f(4, B). However in the applications of
Theorem 4 discussed in Sect. 4 where A and B generate holomorphic
semigroups, f(A4, B) is unique.

THroreM 4.  Suppose that A and B are closed operators with non-
empty resolvent sets on Banach spaces X and Y. We assume that their
spectra extend to co. Let « be a uniform cross-norm on X Q Y. Let f
be an AB-rational function and suppose that C = f(A, B) in the sense
of the above definition. Then

o(C) = f(o(4), o(B)) = { f(1, 1) | p € o(A), n € o(B)}.

In order to prove Theorem 4 we introduce a definition and two
lemmas which will enable us to use the information about the bounded
case derived in Sect. 3.

Lemma 5. Let T be a closed operator with nonempty resolvent set on
a Banach space X. Let . € p(A). Then:

(a) The map z— 1/(u — =) is a homeomorphism of o(T) U {0}
onto o((u — T)™Y) when both sets are regarded as subsets of the Riemann
sphere.

(b) T)=A(n— T)™).
Proof. The proof of (a) is a standard exercise using the first

resolvent identity; for a reference see [5; Theorem 5.12.1]. Part (b)
follows from part (a) and the formula

[zo 1— no (b — T)%l]_l ==z I+ -2 @I  2epd)
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which expresses the resolvents of 7 and (u — T)~! in terms of one
another. |

DrriniTION.  Let T be a closed operator with nonempty resolvent
set on a Banach space X. Suppose that (7 is a commutative Banach
algebra of operators on X containing (7). Then we define the
Gelfand transform of T to be the map 7' of o((7) into the Riemann
sphere given by T(l) = I(T), where

_gp =T, K= Ty #0
(r) = 1%, i i — 1)) =0

where p € p(T).

LemmMa 6. Let T be a closed unbounded operator with nonempty
resolvent set. Let (7 be a commutative Banach algebra of operators con-
taining A(T). Then

(@) T is well-defined (independent of w), continuous, and has
range o(T) U {c0}.

(b) If T, e and T, — T in norm resolvent sense, then
(T,)— UT) for all | € o(X).

(¢ If O = A(T), then T is a homeomorphism.

Proof. By the first resolvent identity, if u € p(7) and
I((p — T)) 0, then I((A — T)™) 0 for any other Ae p(T) and
A4+ — Ty =pu + {{(p — T)YY)t Conversely, if
{(u — T)™) =0, then {(A — T)™1) =0, so T is independent of .
Let 2 € o(4), then by part (a) of Lemma 5, 1/(x — 2) e of(p — T)™].
Thus, by the usual Gelfand theory there is an /e o((Z) so that
(g — TYY) = 1/(np — 2), so {(T) =z Since (u — T)t does not
have a bounded inverse, there is an [ € o((¥) so that /((xn — T)™) =0,
ie., {(T)= oo. Therefore, Ran T = o(T) U {ec}. The proof of
continuity is straightforward. This proves (a).

The proof of (b) is straightforward also. To prove (c) we need only
note that two functionals /,, I, € #(T) which agree on (0 — T)!
must agree on all polynomials in the resolvents of 7. Since these
polynomials and the identity are dense in #(T), /, and [, must agree
on all of Z(T). ]

Proof of Theorem 4. Let (I = R(A) X #(B) and C = f(4, B).
Let {4,} and {B,} be the approximating sequences for 4 and B.
Suppose A € p(C). Then by hypothesis, A € p( f(4,,, B,)) for n large
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enough and (A — f(4,, B,))™ — (A — C)~1. By the corollary to
Theorem 3, A — (f(4,, B,)) e for each n, so (A — C) el
This shows that 2(C) C 1.

By Lemma 5, #(A4) = #Z(u — A)™) and #(B) = A((n — B)™)
where p € p(A) and y € p(B). Thus, by Theorem 2, o((%) = o(%(A4)) x
o(#(B)). But, by Lemma 6 (part c), o(#(A4)) is homeomorphic to
o(A4) U {oo} and o(#(B)) to o(B) U {co}. Since we are assuming that
o(4) and o B) extend to infinity, the set M = A-[o(A4)] x B-[o(B)]
is dense in o((¥). Therefore, by Lemma 6 (part a),

o(C) = Ran C\{oo} = {(l; @ L) (O) | [, X lye M.
But for [, ® I, € M, Lemma 6 (part b) implies

(L @ LY{(A— f(4,, B))y > (L ® L) (A —C)Y)
and

(L ® L) (A= f(dn, B
={A — f(lL(4n), B(Bn)i — 4 — f(l(A), (B}

Therefore, o(C) = f(a(4), o(B)). |

A few remarks about the closure operation in the statement
o(C) = f(o(4), o(B)) are appropriate. First, it is already clear in the
self-adjoint case that the closure operation is necessary. Let X = 4
and Y = 5, be Hilbert spaces. Let 4 on J#, and B on #, be self-
adjoint operators, both with spectra {n | n = 1, 2,...}. The construction
of resolvent approximates such that C = A4 & (2B/(2B + I)) is
straightforward (it is also a special case of Theorem 6 in Sect. 4).
Of course, the spectrum of C can be computed directly from the
spectral theorem; we will check how it arises out of Theorem 4.
Let I, eo(#(A)) and [,eo(%#(B)) be the functionals so that
1,(A) = n = [(B), and let I, € o(%(A)), L, € o(%(B)) be the function-
als so that [(A4) = o0 = L(B). {l, x L, | n=1,2,..,m=1,2,.}is
just the set M in the proof of Theorem 4. Then

(I, ®1L) (C) =n2m|2m + 1)) =n=1,2,3,..

m=1,2,3,..
(ln @ iao) (C) —=n n = 1, 2,
(o ®1,) (€)= m=1,2,.
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Thus, the range of f on o(A4) X o(B) is just {n(2m/(2m + 1)) | n =
1, 2,...;m = 1, 2,...}. The closure operation picks up the odd positive
integers which are also spectral points of C.

Secondly, in the case where f(A4, B) is a polynomial, the closure is
not necessary in the cases where the theorem applies. This can be
seen as follows. Suppose that Ran P is not closed on o(4) X oB) and
let A€ Ran P\Ran P. Then there are sequences p, € o(4), p, — 0,
and 7, € o(B), 1, — 0, so that P(u, , n,) — A. But it is possible to
find subsequences, {fi,,} of {u,,} and {7} of {n,}, so that P(i, , 7,) - A.
This means that there will be no operator C which equals P(4, B)
in our sense for if C = P(A, B) then by Lemma 6, C would be con-
tinuous which it is not. Thus for non-normal operators and poly-
nomials where Ran P on o(4) x o(B) is not closed, the existence of a
spectral mapping theorem is an open question.

4. GENERATORS OF BOUNDED HOLOMORPHIC SEMIGROUPS

In this section we present two theorems which show how Theorem 4
may be applied in the case where 4 and B generate bounded holo-
morphic semigroups. The two cases we consider are A QI -1 Q B
and 4 @ Bj; in the second case slightly stronger assumptions on 4
and B are necessary. The reader will easily see how to generalize the
techniques to handle more complicated polynomials. The Hille-
Yosida Theorem says that a closed operator T on a Banach space
generates a bounded holomorphic semigroup e~ ¥ if, and only if, [7]

(i) There exists 0 < 6 < 7/2 such that
o(T)C W":{z| |argz | < 0}
and

(i) For any sector W = {z | |arg 2| < 0 + r}, r > 0, there
is a constant M so that for all ¥ € C\W?%", (2 — T')! satisfies:

Iz — T) | <Ml =].
We begin by constructing a resolvent approximate for 7.
Levma 7. Let T be a closed operator on a Banach space satisfying
(1) and (ii). Define T,, = T(I -+ T/n)~1. Then:

() T,eT), o(T,)C W’ and |(x — T,)7' | < My/| 2| for
z € W, where M, is independent of n.
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(b) T, converges to T in norm resolvent sense. In fact, given any
straight line L C (C\W®y and 0 < € << 1, there is a sequence of positive
numbers {c,} with ¢, — 0 so that

() (2 — Tt —(=x—T)y1|<e,/l 2| for all z€L.
If 0 ¢ o(T), then L can be chosen in C\W °.
Proof. Since T[I + (T/n)] ' =nl — (n + T'n)™t, T, e R(T). By

Lemma 5, the spectrum of 7, is just the set of numbers of the form
n — (n + p/n)t where ueo(7). Since o T) C W*, this implies that
o(T,) C W°

For each z € C\WW®" and positive integer #, nz/(n — z) € C\IWo+.
In fact, if 0 <<args <=, then = > argnz/(n — 2) > arg 2, and if
m <L arg 2 < 2m, then 7 < arg nz/(n — 2) < arg 2. The first resolvent
formula and elementary manipulations show that

1 n?

(iv) z——lTn :—(n~z)1+(n—z)2[nz/(n—1z)—T]'

The formulas (ii) and (iv) and the inequalities on arg nz/(n — z) imply
that
Iz =T I <z D[ 2]+ Mn)j|n— =]].
Since
M, = sup (

n,z¢W0+’

|M+Mw_ 5] +M
———————} = su

< o0
=%

zeﬁW‘H’r‘z_ll

we have proven (a).
If we now subtract (z — 7)! from (iv) and use the first resolvent
identity, we obtain:

) z—lTn - z~]— T:(—n—l—z)l—i_(nf—z)z[nz/(n—lz)_T]

x (z = 7) (nf )
~ (o) =)

From (v) and (ii) we find that

n“z——lTn_leH<[nzz|[l+nﬂjn

2
2—T

=
2R —

T“"‘ M|2n~z|]

l In— 2|

<C+G

H <Gy + CM.
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for some constants C;, C, and all 2 € C\W?%. Thus, if L is a line
in C\W¥% (or if L is in C\W?®+" in the case where 0 ¢ (7)), we have
(z— T,)* — (z — T)'|| < M,/n for z € L. But, using the estimate
of part (a) and (ii) we have |[(z — T,,)* — (2 — T) 1| < M,/| z| for
all z e L. Thus, given any 0 << e < 1,

MM,

nelz ll-e ‘

This proves (b). |

Iz — Tt —(z = 1) <

THEOREM 5 (Spectral mapping theorem for 4 @I+ 1 & B).
Let A and B be generators of holomorphic semigroups on Banach spaces X
and Y, respectively. Let « be a uniform cross-norm on X X Y and let P

denote the operator P(p Q ) = Ap Q¢ + ¢ Q By defined on Dy,
the set of finite linear combinations of vectors of the form ¢ &) i where

¢ € D(A), y € D(B). Then P is the generator of the holomorphic semi-
group e Qe B on X X, Y and o(P) = o(A) + o(B).

Proof. We define A, = A(I + A/n)™* and B, = B(I + Bjn)™.
By Lemma 7, A4, and B, are resolvent approximates for 4 and B,
respectively. Let A > 0. We first need to establish the formula

(vi) (4, ®I+1®B,+ 227"

o [T A @ T+ A+ i) © (I @ By + A — i) dp

which is motivated by the Laplace transform formula

x—:;l?z‘x:%f_i(xﬁw) (y+;_,~,)df*

for x, y, and A all in the right half-plane. The estimate in Lemma 7
shows that the integral on the right of (vi) is norm convergent for all
A>0. For A > 4,] + | B,ll, the formula follows by expanding
each of the three resolvents in its Neumann series, and integrating
term by term using the Cauchy integral theorem. Since the three
resolvents are analytic for A > 0 and the integral is norm convergent,
(vi) holds for all A > 0.

We now define

(vii) F =g [T (41 +i)? @B 41— i) di
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Since A and B generate holomorphic semigroups, F is well-defined
and the integral is norm convergent (properties (i) and (ii)). Further-
more, it follows immediately from (vi) and the estimate in Lemma 7b
that

(viii) (4, ®I +I® B, +2)t —F||—=>0.

We will now show that F is the bounded inverse of P + 2I. Since
the integral in (vii) is norm convergent, we can find a sequence of
Riemann sums, F, , so that || F,, — F || — 0. Suppose that ¢ & ¢ € Dy;
then F (p ®¢)eD, and PF (¢ Q) =F,Plp ® ). Since
IF, —F|| >0, F(p ® ) € D(P) and PF(p ® 4) = FP(p ® ). Now,
there exist g€ X, e Y so that o = (I + A)1 @ and (I + B)1 .
Define ¢, = (I + 4,)* ¢ and ¢, = (I + B,)"'J. Then 4,p, — Ap
and By, — By. Thus, from (vi), (vii), and (viii),

(P+2)Fle ®¢) =Fl(Adp @ ¢ + ¢ @ Bf) + 2p ® ¥)]
= }‘l_fg(An ®I+1®B, +2)*
X [Anpn @ ¢n + 90 @ By, + 2(?77; ® Sbn)]
= lim e, @ ¢
=9y

Thus on Dy, (P 4 2) F = I. Since D, is dense in X &), ¥, it follows
immediately that F: X &, Y — D(P), F is one to one, —2 € p(P), and
F = (P + 2). Thus, |(4, ® I + I ® B, — )™ — (P 4+ X[ -0
for all A € p(P) since it is true for A = 2. Therefore, by Theorem 4,
o(P) = o(4) + o(B).

Suppose o(A) C W, o(B) C W* and let 6 = max{f,, 0,}. Then
V() = e 4 @ e ' is a holomorphic semigroup in the sector
|arg t | < (m/2) — 6. Furthermore, V(t) is strongly differentiable on
D, and its generator C is equal to P on D, . Thus, C extends P. But,
Ran(P + 2) = X &), Y, so since C + 2 is injective we must have
P=_C. ]

THEOREM 6 (Spectral mapping theorem for 4 ® B). Let A and
B be generators of holomorphic semigroups on Banach spaces X and Y,
respectively, such that o(A)C Wb, o(B)C W and 6, 4 0, < m/2.
Assume further that 0 ¢ o(A), O ¢ o(B). Let « be a uniform crossnorm
on X ® Y and let P denote the operator P(p ® ) = Ap & By with
domain D, (defined in Theorem 5). Then P generates a bounded holo-
morphic semigroup and o(P) = o(A) o(B).

580/13/2-2
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Proof. 'The first part of the proof is similar to the proof of Theo-
rem 5, so we merely provide a sketch. Let 7; and 7, be positive num-
bers so that 8, + r, 4 6, + 7, << #/2 and denote by I} and I, the
boundaries of W?+n and W%+, respectively. As before, define
A, = A + A/n)™, B, = B(I 4+ B/n)™L. First, one uses the Cauchy

integral formula and the estimate of Lemma 7a to show that

V), 60

X{4, ®1+2)" QU B, + )} dzdl.

(%) (4y @ By + 1)t = (s

In the proof of (ix) the hypothesis that 0 ¢ o(A4), o ¢ o(B) is used. It
permits us to choose I'; and I', as paths of integration (rather than the
boundaries of wedges whose vertices are to the left of the origin)
which insures that (2{ — 1)~! has no poles for z € Whtn and
{ € W#+tm, Then one defines

Fe(pr) [ [ G— 1 A®I+2 @UOB + )Y ded

ry'n
and using the estimate of Lemma 7b proves that
(4. ® B, + 1) — F|| -0,

F: D,—#, and (P 4+ 1)F = I on D,. As before this shows that F
is the resolvent of P at —1 and 4,, ® B, converges in norm resolvent
sense to P [it is sufficient to prove convergence at one point of p(P)].
Thus, from Theorem 4, o(P) = o(A4) o(B).

We need to work a little harder than in Theorem 5 in order to prove
that P generates a bounded holomorphic semigroup. We know that
o(P) C WaWe? = Wett:, What we must show is that an estimate of
the form (ii) in sets of the form C\W®+%+" To do this, it is sufficient
([7], p- 490) to show that for each 0 <7 < (7/2) — (6, + 6,), there
is a constant M(r) so that [[(P + A)"'|| < M(r)/| A | for all A = wt,
where t = | A |, | arg w | < ». Without loss, we may assume 8, < 0, .
We first consider the case —7 <{ arg w < 0. Choose 7, and 7, so that

0, +0, +r, +7r, <72,
0, +r +7r <72,
r<<ry.
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Then, if I'} is oW+ and Iy is gWo+n,
(P 4 tw) = (2;')12]?1 (2 <1|»tw) | T ® g_IB

=Gl ) 1L ) = o e

where I = oWeftn-are, Thus we need only show that
Ifz — (4/wt)] '] < M/| 2| on I} (where M is independent of ).

dz d{

dz dl

Consider the part of Iy’ in the upper half-plane. Let 7y = (r, - 7)/2
then 6, + r <r; << 8, + r; so the spectrum of 4/wt is contained
on the right side of the half-plane making an angle of 8; -+ 75 with the
real axis. Thus, the usual formula expressing the resolvent of a
semigroup in the complementary half-plane from the spectrum of the
generator gives:

(z - %)—1 — f, ete— (Al gy

for z on the upper part of I'}” where I'; is the ray {se?("/2~"s=%) | s > 0}.

Ay

<j:exp[— {5 ¢ |sin(r, — r]d | ]
)
= | 2 | sin(ry — 73)

since [[e~4/«0¢ || < C(r) on I'y. The proof of the estimate for the
lower part of I';’ and for arg w > 0 is similar. ]
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We conclude with several remarks. First, formula (ix) was motivated
by Ichinose’s work [6]. Secondly, the spectral mapping theorem in
Theorem 6 holds under the weaker hypothesis that 6, + 6, < = but
in that case 4 ¥ B may not generate a semigroup. Thirdly, in both
Theorems 5 and 6 we chose the operators 4, = A(I 4+ A/n)~' and
B, = B(I 4 B/n)™! as resolvent approximates. It can be shown that
any other choice of resolvent approximates yields the same definition
of A®I+ I B and A  B. Finally, we note that a special case
of Theorem 5 and Theorem 6 is the case when X and Y are Hilbert
spaces and A4 and B are m-sectorial. For an application of Theorem 5
in this special case to quantum mechanics, see [1] and [12].
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