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We analyze the properties of a pionization structure function. Making some general assumptions about the ana-
lyticity structure of amplitudes describing inclusive processes (which are valid in a large class of models and are ex-
pected to be valid for the true amplitudes) we derive a general form of this structure function.

Recently, a large amount of interest has been centered on the studies of inclusive reactions, both from the ex-
perimental and theoretical point of view [1]. Mueller’s generalized optical theorem [2], connecting a one particle in-
clusive cross section with an unphysical limit of a forward 3—->3 amplitude has proved a very stimulating idea and
has given a new tool for the theoretical studies of inclusive cross sections. A one particle inclusive cross section is
particularly simple to describe in the pionization limit i.e., limit defined as

t>—oo y—> oo situ~M2[tu=n"1 fixed, n=py* + M2 (1)

where (see fig. 1)
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t=(pa——pc)2, u=(pb—pc)2, s=(p, +pp)?, X2=Mz=s+t+u-—Mg ——M% -—M%.

In the pionization limit the leading contribution to the cross section comes from the two Reggeon exchanges

(Fig. 2)
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and so the cross section is given by

do/dtdM?2 ~ (n/tu) Disc (t2© 4O 0)2 f(n)) @
M2>0

where f(n) is a 2 particle 2 Reggeon (of zero mass) coupling function. As M2 enters the expression only through
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the dependence on 7 the discontinuity with respect to M2> 0 is equivalent to the discontinuity with respect to
1> 0.* For the Pomeron a(0) = 1 (we assume that the Pomeron trajectory can be approximated by a Regge pole)
and so asymptotically

do/dtdM?2 ~n Disc f(n)=g(m) 3)
n>0

and we see that Disc f'(n) completely determines the shape of the pionization spectrum.
7 >0
Experimentally g (n) = h(p 12) shows (for small values of p l2) a very steep decrease (as p,2 increases) which at
somewhat larger p 2 takes the form of

h(p,2) ~ Aexp(-ap,?) €

where @ ~ 3—4 GeV—2.** This behavior was obtained in the Veneziano model in which Pomeron was treated as an
ordinary trajectory *** The question then arises whether this behavior is specific to the Veneziano model or whether
it should be expected in general. A similar question was studied for the 2 Reggeo-particle coupling functionfy, a, (M)
in ref. [5], its general form and its properties derived and discussed.

The pionization structure function g(n) is very closely related to Disc f;; (1) and the general forms of these

two functions are essentially the same {6] (the difference being'hidgei in an undetermined function H(z) which
enters the final expression see formula (18) below). Using this fact we investigate the general form of g () closely
following ref. [5].

To study the inclusive reaction cross section we have to know this part of the 3— 3 amplitude (fig. 1) which has
the non zero discontinuity with respect to M2> 0. Let us call this part of the amplitude A. As we are interested in
a strictly forward limit of the 3 3 amplitude (see fig. 1) 4 is a function of only 3 variables for which we choose
t,u and M2 (in the pionization limit they behave as in eq. (1)). We shall argue now that, at least in this limit, the
part of the amplitude which gives the leading contribution can be written as

Aeu,M2)= [ exp(=ingg) [ exp(=igu) [ exp(—iNM2) f(A Aq,0y) dX; dhg A (5)
0 0 0

and A ~4 in the pionization limit.

For the general values of u, t, M2 the amplitude is expected to have a very complicated singularity structure
(including complex singularities) {7] and so this representation would not be valid.

If we consider writing a multiple Mandelstam-like representation (see fig. 3) of 4

* In the pionization limit s ~M? and so we have to calculate only this part of the n >0 discontinuity which comes from the
discontinuity M2>0 neglecting the contribution from s > 0. As we argue further on (formula (7) below) we expect the
leading term in the pionization limit not to have any s discontinuity; if we were interested also in the nonleading terms a more
careful analysis would be necessary. This could be done along the lines indicated by Botke (see his paper in ref. [1]).

** Strictly speaking the pionization region probably has not been reached; it is very likely, however, because of the experimental
scaling, that this behavior will be true in the pionization region.
**x Problems with existence of Pomeron poles in the 6-point function are not important in the pionization limit and so this ap-
proximation might be not too bad in this limit.
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~ du du dr dr dm'?
A= L - f R - f L. f R - f §(uL,uR,tL,tR,M'2) +17 other terms* [8].
up —utieJup—utieJ f -t+ieJrg-ttieJ p'2  pr2 4ie
(6)

Here A describes only that part of the amplitude which does not have complex singularities. Motivated by the
success of the Veneziano and others dual models and some perturbation theory calculations we expect that these
complex singularities will not contribute to the leading term in the pionization region and so can be neglected.
What is the relative importance of the 18 terms in eq. (6)? This depends on the corresponding §’s which are not
known. We shall take the clue from the dual models with Mandelstam analyticity [8] . Here, in the pionization
limit, except for the first term (the one shown in eq. (6)) all other terms vanish exponentially and so their con-
tribution can be neglected. This vanishing parallels the exponential vanishing of the ‘“‘third term” in the Veneziano
model (i.e., (s,u) term in the |s|—> e, ¢ fixed limit). Of course, we do not know whether to expect these terms to
vanish exponentially in the proper theory — they might be responsible for Regge cuts, etc. and to provide an im-
portant though a non-leading behavior. Assuming that these terms do not contribute to the leading behavior, we
see that this part of A which gives a leading behavior in the pionization limit has the following Mandelstam like
representation

N f duy dug dry deg dM'2E (up ug, by, tg.M'?)
- (up —utie) (ug—u+ie) (1 —t+ie) (tg—t+ie) M'2-M2+ie) ™
The ie’s tell us that the singularities in M2, z,u™> 0 should be approached from above. In inclusive reactions fand

u are negative, we are in the region outside the cuts and so the direction of approach does not matter.
Next we write

1 < o2
. . . 1 . . )

uj —utie - 1 fexp (i (up —utie)}drp, el f exp {ipy (fp —r+ie)}dyy |

R 0 R R R lli 0 R R R

. i fexp {ip(M'2 -M2+ie)}dp

M2 _M2+ie 3 (®

and see that
A«

fffffdAR dAp duy, deg dp exp{—i(Ag +Ap) ~i€)} exp {—i(r—i€) (up +ug)—ip (M2—i€)} QAR AL KL HR,0)
where @
FORAL M HR ,P) =fffffexp (AL up +idgup +ipp by +iug tg +ioM'2}EQup pg,tp,tp,M'2) dup dugdey degdM'2
Changing the variables Ag +X; =X, u; tUR =, A — AL =K, up —up =X

we obtain

A o [an [ du [ do exp {—iN@—ie)—iu(1—ie)-ip(M2 —ie)}E (At 0). (10)
0 0 0

* We have already performed the integrations over @,- pa)2, ®p -~ pb)z, (pa— p,- pc)2 and (p, — pa+pa)2 channels in the most
general 9 fold represensation.
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Using the identity f duexp{in(d-a)} =8 (b—a), {(\,u,p) can be expressed as

— oo

§Oum,p) = [ [ fdup dip dM 2 exp iy +un +oM'2) E(uupt,0,M'2) (11)
we see that we have obtained (5) with

FO\ A N = [ [ [dug dig dM™2 g uyp g, 1,0, M) exp{ihyug, +idy 1 +iXM2} .

The asympototic behavior as | #] and |u| get large of A at fixed n is controlled by the exponent
—ix=i(Apt+du +AM?2) not becoming large.

We find the conditions on Aq,Ay, A by: x = Ay 1+ X u+Atu/n therefore Ay = O(1/£),\y = O(1/u),A = O(1/ut).
This leads us to define new variables x; = —A;7, x5 = —Au, x = A/ A, and we see that x|, x, and x remain
finite as #,u—> —o° thus we must examine the behavior of f(A;,A,,xA;A,) for small Ay,A, at fixed x. The expected
Regge behavior (fig. 2) is obtained by choosing

f(>\1,)\2,X7\1>\2) ~g(x)A

then we see that

" o0 oo oo XXX B 1 B 1
A oc(—l‘)o‘l(—u)mzf_J‘fdxdxldxzexp[i(xlﬂcz— ;2)]g(x)x1 70,72
000

T2, 27 o A Ay ~ 0 (13)

o

=(—t)a1(—u)a2fdxg(x)CIJ(al,Ot?_,x/n) (14)
0
where
@ (0),0,,2) = fexp (ixl)xl_ml_1 fexp(ixz)xz_az_ 1exp (izxx,) dx dx,
0 0

and for the Pomeron ¢ =& = a (0) = 1. To obtain the cross section we have to take the discontinuity n> 0 of
fm= [ gy @ (1,1,x/mydx. (15)
0
However,® (a; , a5, z) is undefined for @;,®,> 0. The proper analytic continuation is

Disc f() = lim f g(x) Disc ® (0,05, x/n)dx.
n>0 aj—~1 n>0

(!2—>1
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Disc ® = [ dx [ axyx 1y, o2 oy XXy
1 2%] X5 expiilxix, —x =
n >0 0 d 1*2 n
n

w . | .
=D(=,) ()2 Disc [ dx;x, "1 Lexp (i 1 e \ —ay~1 ) XXy )
750 of 1*1 p (ix,) B —_F(“O‘z)n/x‘ dxyx; exp (ix) )| — —1 ~.

B F_(T:OT) (n/x) ~ L exp(in/x) [ du u“Zexp(in’ ) (1+u) 17" =
0

Yoy +1, 1+ay—ay, —infx) (n/x)” “Lexp (infx) (16)

where { is the confluent hypergeometrical function [10].
So

Disc f(n) « f £(x) (n/x) e exp (in/x) ¥ (2, 1,—in/x)dx
n>0 0

= f h(z) (nz)~Lexp (inz) ¥ 2, 1,~inz) dz « f h(z)(nz) ™! exp (—n2) ¥(2, 1,mz) dz an
0 0
We rotate the integration contour bringing it to the final form

Disc(m) = [ () ()~ exp (~e) ¥ 2. 1, )z (18)
n 0

where H (z) is an unknown function. To justify rotation of the contour we have to know & (u ,up 11,4 , M "2} in
(11). However, motivated by the experience with the dual and perturbation theory models and arguments based

on polynominal boundness of the amplitude we expect this rotation to be allowed and no singularities encounter-
ed (we known that disc f(n) is real). Our result (expression (18)) is a convenient representation of the most general

form of the pioniza?ion structure function. This generality is contained in the unknown function H(z). Pioniza-
tion structure function has been obtained in the Veneziano model [1] and in a field theory model [11]. The results
of these calculations are consistent with our expression (18) except that these models predict particular forms of
H(z). Our result can be looked at as a fairly model independent generalization of these results and so provides a
general form of this structure function.
To study the properties of g (n) =7 disoc 7 (1) (3) we look at the properties of exp (—nz) ¥ (2, 1,n2).
g 2>

For n—> 0 (small qf) we find exp (m2) ¥ (2, 1,72)~> In(nz)
while for n—>e0 exp (—nz) ¥ (2, 1, nz)~> exp (—nz)/(nz)>2. (19)

Of course, depending on the form of H(z) the z integration in general can modify this behavior. If however, for
some dynamical reasons, H(z) is strongly peaked around some value of z = zy (or as in the Veneziano model
H(z) ~ 6(z—4) f(z) where f(z) — 0), then

Z-—>o00

g(m) ~ exp (—nzg)¥ (2, 1,nzy). (20)

The explanation why experimentally z, = 3.5 clearly lies byond the scope of this work — and comes from more
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dynamics than we have put in. Experiment, then, clearly tells us something about the physical 3 (i 14,4 ,5; M '2)
— but this information is difficult to analyze.

We have analyzed the pionization structure function making several assumptions which we expect to be valid
for the true amplitudes and derived a general form of this function. This form contains the integration with an
unknowm function H(z) and we observed that the experimental data suggest that this function H(z) is strongly
peaked at some value z ~z = 3.5. It would be very interesting to understand why H (2) has this property and
what this property means in terms of the spectral functions, §.

Perhaps a clue should be taken from the Veneziano model. In this model H(z) ~ 6 (z—4)g(z). This form arises
from the full duality restrictions which are imposed on the original 6 point function and the equal slope require-
ment (which guarantees Regge behavior in all limits). This problem is currently under investigation.

We would like to thank Dr. F. Henyey for discussions and a critical reading of the manuscript.

References

[1) C.E. DeTar et al,, Phys. Rev. Letters 26 (1971) 675;
C.E. DeTar et al., Phys, Rev. D 4 (1971) 425;
P. Olesen, CERN preprint TH 1376 (1971);
R.C. Armnold, Argonne preprint ANL/HEP 7139 (1971);
J.C. Botke, Cambridge preprint DAMTP 71/44 (1971) and many others.
[2] A.H. Mueller, Phys. Rev. D 2 (1970) 2963.
[3] C.W. Akerlof et al., Phys. Rev. D 3 (1971) 645.
[4] See second paper in ref. [1].
[5] I.T. Drummond, P.V. Landshoff, W.J. Zakrewski, Nuclear Phys. B11 (1969) 383.
[6] We thank Dr. E. Berger for pointing out to us that this fact might not be generally recognised.
[71 R.J. Eden, P.V. Landshoff, D.I. Olive and J.C. Polkinghorne, The analytic S-matrix (Cambridge University Press, 1966).
[8] Such a representation was discussed by Olesen [1].
[9] See Olesen’s paper in ref. [1].
[10] H. Bateman, Higher transcendental functions, Vol. 1 (mcGraw-Hill, New York, 1953) section 6.5.
[11] 1.G. Halliday and G.W. Parry, Nuclear Phys. B36 (1972) 162.

650



