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Abstract

Comparison of the term structure of interest rates derived from the
U.S. Treasury Bill spot and futures markata.pfouides a vehicle for testing term
structure hypotheses. Market-gensrated interest rate expsctations obssrved in
the T=bill futures market may be used in tests of hypothesas, thus removing
the need for model-generated expectationa. In this paper we demonstrate the
use of this approach in the teating of certain hypotheses about term structurs.
Our results show that, undesr the assumption of efficiency in the U.S. Treasury
Bill spot and futures markets, thess teats do not substantiate the purse
axpectations hypothesis and the stationary variant of the market segmentation

hypothesis.,
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Introduction

Modern theory of the term structure of interest rates dates at least
from the work of Irving Fisher [1]. His proposition that expectations of future
interest rates influence the term structure of rates became the foundation of
the "expectations" hypothesis. In the 1930s, building on the Keynesian notion
of "mormal backwardation" in the futures market [2], J.R. Hicks suggested the
"liquidity premium" term structurs hypothesis [3]. He argued that the forward
rate would normally exceed the expscted interest rate by a risk premium to
compensate the investor for assuming the uncertesinty of price fluctuations.

During the past two decades extensive studies of the term structure have
appearad. UWhile these have resulted in the development and refinement of many
variants to intsrpret and many techniques to analyze the term structurs, they have
not produced a consensus, Among the significant contributors, John Culbertson [4]
has formalized the "market segmentation" hypothesis while David Meiselman [5] has
cast the expectations hypothesis in its best light., Between these two positions,
Reuben Kessael [6} and Burton Malkiel [7] have incorporated both concepts in inter-
pretationa of the term structurs.

We believe that a factor contributing toc the lack of consensus in term
structure interprstation has been the lack of independent measures of intersat
rate expectations. Tests of the hypotheses cited above requirs the inclusion of
such sxpectations, and the usual procedurs has been to generate expsctations with
a model of some sort. Consequently, tests of term structure hypotheses turn cut

to be joint tests of the hypothesis in question and of the interest rate expectations
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model which the researcher is employing. Since the expectations modsl used is
aluays open to challenge, the results of any test of term structurs hypotheses dons
in this way are, at best, conditional.

In this paper we examine the proposition that ohserved interest rate
expectations, gensrated by participants in an organized futures markst, can bs
used in tssts of term structure hypothesss to rsmove effectively the condition-
ality which is inherent in the model-generated expectations described abovs. UWe
direct our tests specifically to the pure expectations hypothesis and the station-
ary--or liquidity prefsrence-~variant of the market segmentation hypothesis.

Qur source of market-gensrated interest rate expectations is the U.S.
Treasury Bill futures market. This market has been in operation since 1976 and
is maintained by the International Monetary Markst of the Chicago Mercentils
Exchange. Participants in it deal in contracts involving U.S5. Treasury Bills
with maturity of three months (13 wesks, 91 days) for delivery on specified dates
in March, June, September, and Dscember., The longest-term contract is for de-
livery in 18 montha, The dete used in this study are described in detail in
Section IV,

The body of this paper proceeds with ssctions devoted te each of the
following: a apacification and diascussion of the pure expsctations hypothesis;
the formulation of tests of the pure expectations hypothesis; description of the
data and the results of the tests of the pure expectations hypothesis; effects

due to transactions costs; a test of the stationary variant of ths market seg-

mentation hypothesis; and conclusions.




II. Pure Expectations Hypathesis

The fundamental dynamic equation for ipterest rates in an sfficient
market can be stated [8] as:

oy - - I-
Cean ety e | Bemt) = Thanyeeg Lppa,ee (D)

whers rj,t is the one-period forward rate for j-periods hence, obssrved in
period t, and Lj,t is the j-period liquidity premium observed in period t.
The Et-1 is the mathematical expectations operstor as of peried t-1. Bt-1
represents all avallable information about interest rates at time t-1. All
random variables have a tildse superscribed above them. UWe follow Roll's
definition of an efficient market, namely, one which has: (1) zero transactions
costs (an assumption we will relax in section V below); (2) symmetric market
rationality, which means that every trader acts rationally (i.s., desires more,
rather than less, wealth, and uses all availabls information) and believes all
o;hers do likeuise; (3) information is Pree and becomes available to sveryone at
the same instant, These conditions are sufficient grounds for assuming that no
trading rule which earns excess profits can be developed. Equation (II-1)

states that the forward rate applicable to a Pixed future date, less a liquidity

premium, follows a martingale sequence, i,s.,

Et~1(XJ,t) = xJH’t_1

Cea2X 541, 801) = X442, te2; ete. (11-2)

In other words, rj+1,t-1'LJ+1,t—1 is an unbiased estimator of the random variable

'; —T. L]
It "t
The pure expectations hypothesis can bs stated mathematically as:

Lj,t =0 for all j and t. (I1I-3)
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Thus, equation (II-1) can be written as:

Et-1(¥j,t Bt-‘l) = Tie, b1, (11-4)
In words, Meiselman [5, P 10] has stated the expectations hypothesis succinctly:

v e e [it] follows from the assumptions that short- and long-term
securities can bs treated as if they were perfect substitutes and that
transactors, indifferent to uncertainty and holding similar expectations,
equate the forward rates in the market to the expected rates. As a matter
of descriptive reality, individual transactors may still speculats or
hedge on the basis of risk aversion, but the speculators who are indiffer~
ent to uncertainty will bulk sufficiently large to determine market rates
on the basig of the mathematical expsctations alone.



I11I. Formulation of a Test of the
Pure Expectations Hypotheais

Fundamental to our test approach is the assumption--which we fesl to be
reasonable-=-that hoth the T-bill spot and futures markets are efficient in the senss
attributed to Roll above. If both markets are efficient and open to the same body
of investors, it followa that the same term structure theory should apply in both
markets. Different basic theories in the two markets would permit the development
of trading rules capable of producing excess profits. This, of course, is incon-
sistent with the efficient market assumption. On this basis, then, we expect the
term structurs derived from the T-bill spot market on any given data should be
identical to the term structure derived from the T-bill futures markset at the
same time. |

For test purposes we derive the T-bill spot markst term Ftructure through
the use of a pure expectaticns hypothesis formulation. We then Eariva the contsm=
poransous term structure from the T-bill futures market and test| for differsnces
bstween the two term structures., We argue that the existence of any such diffsrences
indicates that investors must have ussd factors additional to egpectations in
valuing the futures contracts. If investors are using diffarené theories in ths

spot and futures markets, the pure expectations theory cannot hold: that is,

expectations are not the scle factor determining the term structurs.
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The major differencs bstween this approach and the model-generated
expectations approach is, of course, that the futures interest rates are market-based
and immediately cbservabls. Unless and until the T=bill futures market is proved
to be inefficient, such cbservations may be considered reliable and accurats reflec-
tions of investors' actual expsctations on a certain date. The question of whether
the expectation coincides with actual spot rates obsserved later is, in a significant
sense, not relevant to the question at hand. The T-bill futures market is impertant,
therefore, in capital market analyses bscause it is both a source of reliable
expectations information and a vehicle for tests of consistency when compared to

the T-bill spot market.

The prices in both the Treasury-bill spot and futurss markets are quoted
on a discount basis, The interest earned on a Treasury bill is the differencs
between the par price (face value) and the purchase price, if it is held to
maturity. Prices in the T-bill futurses market are quoted in terms of the
Intsrnational Monstary Market Index, which is 100 minus the T-bill yield
(discount) on an annual basis.

Let D t) be the discount yield at time t for a bill to be dalivered

(
irdy
according to the terms of a futures contract ny days from t and which will

mature ni+£~.i days from t. The price of a $100 (at maturity) bill at time t,

P (t) is:
ni,Ai
P (t) = 100- 2% p (t).  (111-1)
n,,Aa 360 "n,, A,
L 1 1 Py



Furthermore, let us define the true rate of rsturn Ro . (t) as the
1'%
! !
internal rate of return at which the meturity value of the T-bill must bs dis-

counted to equal its price at time t. The subscripts of P_ L (t) and R A(t)
i’ i’
have the same meaning as thoss of Dn A (t). For mathematical simplification we
1784

will uss continuous compounding. Other methods of compounding do not affect our
conclusions. The true ratse of return can be expressed in terms of ths price of a

T-bill as follows:

R (t)A,
ri,Ai 1
36,500
p t =
ni’&i( Je 100
36 o, (Y
500 178
ar = - .
, Rni’ai(t) 2, In —5s » (I11-2)

where Rn .4 (t) is in percentage per annum and 1n is the natural logarithm. The
i" 7

subscripts of R also have the same meanings as those of D.
According to the pure expsctations hypothesis, short- and long-term

securities can be treatsd as perfect substitutes. Thersefore:

Ro,A1+A;2+ caeeed ()
K (a,+4 A)
. 36, 500 1FST e dy
R (t)a R (t)a R t
0,8, 1 8,4, 2 A1+A2,53( )As
_ 36,500 . 36,500 . 36,500

R ()4
A1+%+-o.-04k_1 ’Ak k

36,500

LI N E

(I11-3)

or,

Ro:A1+A2+.....Ak(t) = [ho,a1(t)ﬂﬁ+361,A2(t)ﬂz

Aq(t)A3+ ....+RA

~

-i-RA1 +A2,

R CLY

- [41+42+ cevee ﬁgkj . (I1I-4)



In words, equation (III-4) states that the trus rate of return of a bill which
will mature A1+A:+ senne Ak days is the weighted average of ths true rates of
return of the T=bill future contracts. Since the T-bills are quoted in discount
yislds, Dn a (t) instead of true ratss of returns, Hn A (t), we proceed to

1764 i’5i
derive a relation among discount yields. Substituting equations (1II-1) and

(111-2) into (IlI-4), we obtain:

) (£) = 352000 1_(1_‘3100"\1(*‘))
u,A1+A2+.....+Ak ‘A1+Az+.....Ak 36,000

AD (t) A-D (t)
(- 2°4,,4, (- 378, + 2,04 )
36,000 36,000

0 (t)
(1jﬁk A1+A2+ ""'Ak-1’Ak )
36,000

» (II1-5)

where DA1 +AZ+ ""'Ak—1 ’Ak(t) is the discount yield of a bill at time t to be
delivered at A1+A2+ ""'Ak-1 days from t-and which will mature at A1+62+ ""'Ak
days from t.

Let us introduce a superscript s and f to the discount yield D to signify
its origin, Thus, Di,di(t) is the spot (observed) discount yield at time t
while DZ,A&(t) is the expectad discount yisld derived from Treasury-bill
futures markets at time t by means of equation (III-5). If the pure expectations

hypothesis 1s the sols determinant of interest rates and discount yields in the
spot and futures markets, it requires:
0%,A (t) =D ,A (t)
o1 0’1
for all i and t. (111-6)
Since D:,Ai(t)'s are directly observable and Dg,Ai(t)'s are completely determined
by the observable discount yields in the T=bill futures market via equation (III-5)

plus one spot yield, equation (I1I-6) is a testabls hypothesis. The test of this

hypothesis is referred to below as Test 1.




Another way to test term structure hypotheses is by comparing a "piggy
back'" combination of a short-term spot transaction and a futures contract, with a

spot transaction in a T-bill of maturity equal to that of the combination.

Congequently, one can tast:

[ Aini,di(t)

———

36,000

f 36,000
D91, (€)= Day-1,4, (8)- =g |1 :

S

i - 36,000
=0 (111-7)
for all AE and t, whers E' (t) is the difference between the observed

Ai-g'l ’Ai

discount yield of a 13-wesk T-bill futures contract to be delivered Ai days
from now and the discount yield deduced from the spot T-bill market yields.
The test of the hypothesis represented by eguation (III-7) is referred to below
as Test 2.

Parenthetically we note that with Test 1 the rsssarcher can use all the
data available in the T-bill spot market while Test 2 uses only a small subset
of it. On the other hand, Test 2 is easier to correct for transactions costs
and is a more convenient vehicle for testing whether the liquidity premium differs
in the spot and futurses markets. The following section describes the data and

presents the results of hypothesis testing.




IV. Description of Data and Results of Tasts
on the Pure Expectations Hypothesis

The data used here ars the diacount yields on U.S. Treasury bills
available for direct transactions in the spot market and through contracts for
future exscution in the T-bill futures market. U.S. Treasury bills can be
considered as a homogensous group of riskless securities with the yield differ-
ential among bills fully attributable to differenmce in maturity. For the spot
market data, the average of bid and ask yields is used hers. For the futurs
contracts market data, the yislds at market close are used. Transaction costs ars
ignored in these tests but are discussed in Section V. It should be noted that
the bid-ask spread for T-bills which will mature in less than 30 days is very
large becauss of transaction costs: consequently these securities are not included
in the test data.l/ Qur sample consists of bi-weekly yield curves from the spot
market and the correaponding yield curves from the futures markst covering the
period from January 8, 1976, through January 26, 1978.

We proceed with Test 1 by using the following regression squation:

0 () 3054 (1) - o a0 =Chaf (1-)

whers DA (t) is the diffsrence between the discount yields derived from the T-bill
i

spot market and futures markets respectively. The discount yields from the T-bill
futures market are calculated by means of equation (III-5).
If the pure expectations hypothssis is valid, according to equation (I1I-6),

a( and ’3 in equation (IV-1) will not be statistically different from zero.

Qur results ars as follows:

1wa have also run a test which included T-bills with maturity of less than
30 days. The results show nothing which would alter the conclusions presented in
this study,

-10-
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DAL‘(t) = .1038 - .000274& (1v-2)
Std. Eriors (.0052) (.00003)
t-Statistics  (19.8) (-=9.2)
Number of observations 1,308

where DZ}_(t) is in percentage per annum and 4, in number of days to maturity.
The stand;rd errors and t-statistics ars shown in brackets beneath the coefficisnts.
The t-statistics are 19.8 and ~9.2 for the intercept and slope respectively.
For both coefficients, the significance level is zero to four decimal places,
which means that the chance for eithsr & or}? to be zero is practically nil.

Thus, the pure expectations hypothesis predicting zero intercept and zero slope

is not substantiated by this test.

Strictly speaking, a statistical test is not necessary, So long as
DA (t) is non-zero for any particular 4; and t, the pure expectations hypothesis
i
is invalidated at that point. It is, of course, this ability to observe the
expectations of market participants directly which makes the T-bill futures

market useful in testing term structure hypotheses.

We proceed with Test 2 by using the following regression squation:

-D-Ai-91’Ai(t) = Z +.§ (Ai_g'l), (Iv-3)

Our results are as follows and lead to the same conclusion as Test 1.

E =.1 - .
Ai_91’Ai(t) 99 00180 (Af_gq) (1U=4)
Std., Errors (.025) (.00016)
t-Statistics (7.8) (~11.4)
Number of observations 351



V. Effects Due to Transaction Costs

In the T-bill spot market, the dealer makes a profit through the
bid-ask spread. Thus, it is reasonable to assume that the spot interest rates,
in the absencs of transaction costs, are the average of bid and ask ratss if
the spread is amall, A typical spread for é T-bill with a week to maturity is
around .4 percent while that with three months or more to maturity is around .1 per-
cent or less., In Test 1, bills with maturity of less than one month are not included

while in Test 2 bills with maturity of less than one wesek arse not included.

In the T-bill futures market, although the size of a single contract
is $1 million, one can buy or sell a contract on margin, and the round-turn
commigsion per contract is $60. However, ths commission ratss vary from one
brokerage house to another., Furthermore, marketable securitiss, treasury stock,
or a letter of credit may be substituted for cash in fulfilling the margin

requirement, Thus, the opportunity cost variss, For our purpose, however, it is

not necessary to detsrmine precisely the weighted-average opportunity cost for
the T-bill futures transactions, becausa our conclusions are not sensitive to
the opportunity cost. We thus assume that the average margin was $2,000 and
commission was $60 per caontract during the period of our investigation.

Let D (t) be the discount yiseld, after transaction
Ai+Az+. ves ‘Ak-1 ’Ak

cost adjustment, of a T-bill at time t to be delivered at Ai+éb+ .....+A5<_1 days
from t and which will mature attﬁi+ﬂ7+..... +Ak days from t. If the pure
expectation hypothesis is valid, a piggyback combination of a spot transaction

and a future contract will have the same yield as a spot contract of maturity

Py
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pqual to that of the combination. If the margin for a future contract is assumed
to have been invested in the spot T-bill market to earn an interest rate of 6 psrcent
per annum, the quoted discount yisld for a T-bill futures contract with a

maturity value of $1 million and a delivery date l§—91 days from now, Diﬁ -9 A.(t)’
i 7

should be adjusted downward by a percentage factor AE according to the follou-
oo :

ing formula to represent the discount yield net of transactions costs to the

investor.
£ 60 +(2,000) (.06) (==L
Ay = ! . 365 . [ 12 7. [100%]
i 1,000,000 3
= 0.024 + ,0001315 (Ai-sm) (v=-1)

For example, the adjustment for T-bill contracts to be delivered 13
wesks, 26 weeks, and 39 weeks from now are 0.036, 0,048, and 0.06 percent respectively.
In the present study we will apply this modification to Test 2 to account for

transactions costs in the T-bill futures market.

In equation (1I1I-7) q{ 91.4 (t) should be adjusted downward by the
175

valus of Af . Alternatively, if we use the same Df values as data for
ﬂ.i Ai"m 1Al
testing, we ars really testing that:

5 .
A +f(8-9) = "y, - 024 + 0001315 (,=97) .

But we have already found, in equation (IV-4) that £ = .199 and /§'= -.0018,

The t statistics of the hypothesis test that df andlg.are different from .024

and .0001315 are 6.87 and -12.18 respectively. For both cosfficients the
significance level remains zaero to four decimal places. Thus, even with an

ad justment for transactions costs, the chance of the pure expectations hypothesis
being valid is practically nil--provided, of course, that the spot and futures

markets ars otheruwise efficisnt.



VI, Test of the Statiomary Variant of the
Market Segmentation Hypothesis
The basic premise of the market segmentation hypothesis is that
securities which differ only with respect to maturity are imperfect substitutes.
Stated in terms of squation (II-1),

" o

Et-1(rj,t"'j,t Byq) = R TEIRR b FW (11-1)
the segmentation hypothesis implies that at least some of the L's are non-zero.
There are two major variants of the market-segmentation hypothesis, The time-

dependent variant [8, R. 38} states that the maturities of thes payment streams of

many assets and liabilities depend on calendar time. If investors with calendar

time-dependent maturity habitats dominate the market, the j-period liquidity

premium observed in period t, L, ,, should be about squal to the j + 1-period

it
liquidity premium observed in period t - 1, aside from random unexpected
fluctuations.,

In this paper we have chosen to test the stationary variant of the
markst segmentation hypothesis--known also as the liquidity preference
hypothesis. Roll has shoun this to be well supported in the T-bill spot markst
and to be considered the "best" term structure hypothesis [8, p. 103].

Roll has stated that:

The stationmary variant of the market segmentation hypothesis is based

on the observation that some asset and liability payment streams are

independent of calendar time, retaining approximately the same maturity

by being periodically renewed. [8, p.41]
For examplse, many companies maintain "lines of credit" or periodically
renewable loans with banks, which are actually bonds with fixed maturities. If
such behavior dominates the market, the liquidity premium for a given maturity

should remain unchanged over time except for random shifts in the types of

investors participating in the market and shifts in their maturity preferencss.

V4=
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Mathematically,

124

= L (UI'1)
Eeallye) = by emn

Substituting squation (VI-1) inte (IL-1) we obtain:

~i

= - L,
et (g6 = Ten,ear * hgyeat T Sttt (VI-2)
or
'0
- =L, -L.
Et(rj,t+1 rj+1,t) Jrt 1t .
Since L1,t =0
~
then Lot = Ee(Ty pr = T g)
. AN
Laet the esstimate of L2,t be L2,t’
then, N\ _—'-'—-?——-—- H
Lot = F2,47T1, b4
whers the bar denotes the sample averags.
Similarly,
~ A —_——
b2,e7ba, e = Fo et
A
l-3’C=L T r
’ 2,873, b2, t41
=Ly 7T 641 T T3, 62T 44
z )
=.-- r‘ —I‘q
Jj=2 Jst j=1,t#1
In genseral, .
J
A
= & -
Lit = iso (ri,t ri—1,t+1>- (V1-3)

If the stationmary variant of the market segmentation hypothesis is the determinant
of the term structure, investors would use the same hypothesis to determine the
term structures of interest rates in the spot and futures marksts. That is to say,

the expected interest rates after adjustment for liquidity premiums, derived
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from the spot and futures markets should be the same. Mathematically, we have,

8 f i~ .
Et—1(rj,t) = Et~1(rj,t) for all j and t,
ar 5 3 8 f f f
=T, + L

rj+1,t-1+ Lj,t-1-Lj+1,t~1 jH, -1 j,t~1—Lj+1,t-1 far all j and ¢ (VI-4)
where the superscripts s and f denote guantities in the spot and futures markst
respectively.

The liguidity premiums in the spot and futures markets have to be

identical. In fact, it was by utilizing the forward rates that J.R. Hicks [5]

derived the liquidity premium. Therefors, equation (VI-4) becomes:

r® _—y
JHlyt=1 7 T, b1,
ar
r? = rf for all j and t (V1-5)
Bt T Tht, ] '

We have thus shown the taesting of the stationary variant of the market segmsnta-
tion hypothesia is identical to that of the pure expectation hypothesis., Since
the latter is not substantiated in Sections III to V, the former is not sub-
stantiated in the present study, Essentially, these results show that ths
chances of the stationary variant of the market segmentation hypothesis to be
valid is practically nil.

It may be argued that the results of our tests are suspect because they
depend upon the assumption of efficiency in both ths T-bill spot and futurss
markets, Such ineffilciency, if it exists, may be more likely to be found in ths
T-bill futurss market, simply becauss the market is only two years old at this

writing.
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There ars two approaches which might be used to test for inefficiency in
the T-bill futures markst. As a first approach we would have to show that price
changes of futuras‘contracts are serially correlated or that prices dc not
fully and quickly adjust to new information. However, the prerequisits for such
an approach is to have a term structure hypothesis which can bs validly used to
determine the expected discount yield Dz,tii(t).

The additional assumption we propose in this study is that the same term
structure hypothesis must be used in both the spat and futures markets. In
other words, if an hypothesis doss not hold in both markets--as we have shown to
be the case with the purs expectations hypothesis and the stationmary variant
of the market segmentation hypothesis--~that hypothesis cannot be used in the
testing of market sfficiency.

In summary, we argue that if tha T-bill futures market is efficient
then the two term structure hypotheses tested are invalid. On the other hand,
on the basis of our results, if we wish to test for T-bill futures market efficiency
neither of these hypotheses may be used [ 9].

The second approach to demonstrating market inefficisncy in the T-bill
futures market is to develop a trading ruls by which excess profits may bs
generated. To date, despite efforts by researchers and practitioners, published
proof of the existence of such a trading rule has not appeared. In one recent
paper [10] the author suggests the existence of such a trading rule based on
market inefficiency which he believes to be tsmporary and a reflsection of the
immaturity of the market. The rssults shown in that paper, howsver, provide no
evidence that the trading ruls developed produced excess--or even very consistent

and satisfactory--profits.
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Even if such a trading rule were found--and if it reflected "temporary
inefficiency"-~we may still conclude that the mature T-bill futures market
provides an important medium for testing term structure hypotheses. Houwever,
if we assums (rather than prove) that the market is inefficient, and thus
ascribe results to that factor, we raise an issue the implications of which go
far beyond this paper. Much of modern finance theory is based on the assumption
of efficient markets--for example, Mertaon's dominance principle, and most of
option~pricing theory. Until and unless excess profits-generating trading
rules are proven to exist, we should continue to use tha efficient markets
agsumption in the testing of term structure hypotheses through the use of

T-bill and futures market information.




VII. Conclusions

We have sought to demonstrate that the comparison of the term structurse
of interest rates derived from the T-bill spot and futures markets offers a
critical empirical test of term structure hypotheses. The valus of this
approach stsme from the fact that obssrvations of markest-generated intersst
rate expectations are used rather than model-generated expectations. Thus,
the results of hypotheses testing are not conditional upon the validity of the
model underlying gensration of interest rate expectations. This dependence
has flawed previous tests of term structure hypothesss.

Our results show that the pure expectations hypothesis and the statiomary
variant of the market segmentation hypothesis ars not substantiated under
this approach. Thesse results rest on the assumption that both ths T-bill spot
and futures markets are sfficient--an assumption which we belisve has not been

discredited and is therefore resasonabls.

-]0a
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