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Abstract

More than 400 books, articles, dissertations, and working papers are
included in this bibliography on cutting and packing problems. The list
of published articles and dissertations is a nearly exhaustive compila-
tion of the English language references on the subject. The list of
working papers, although extensive, presents only a sample of the recent
work in this field. All of the books and journal articles listed in the
bibliography have been categorized according to the dimensionality of

the problems studied and the solution methodologies employed.
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Cutting and Packing Problems: An Updated Literature Review

by Paul E. Sweeney and Elizabeth Ridenour Paternoster

Introduction

Although several English language articles on cutting and packing
problems appeared in the 1950's [2-12], Gilmore and Gomory's later
articles on linear programming approaches to one-dimensional cutting
stock problems [15, 20, 24, and 30) were the first to present techniques
which could be practically applied to difficult real-world problems.
Since then, articles have been published every year on the original one-
dimensional problem and, increasingly, on its two- and three-dimensional
extensions (see Figure 1). This bibliography has been compiled in re-
sponse to the increasing diversity and complexity of research on these

problems. Its purposes are to:

1) provide the most exhaustive, categorized bibliography ever

published on these problems,

2) provide a listing of the large number of articles published
since the last similar bibliography appeared

(see Dyckhoff, et.al. [251]),

3) facilitate access to publications pertaining to distinct

problem types, and

4) facilitate access to publications pertaining to distinct

solution methodologies.

We assume the reader is familiar with cutting and packing problems, but
those who require a basic introduction to the field should refer to the

following:



Brown [52]

Salkin and de Kluyver [80]

Golden [88]

Berge [119]

Gilmore [124]

Hinxman (147]

Garey and Johnson [162]

Israni and Sanders [187]

Sarin [210]

Coffman, Garey, and Johnson [220]
Dowsland [250]

Dyckhoff, Kruse, Abel, and Gal [251]
Dyckhoff [347]

Because this bibliography is concerned with application-oriented re-
search, some articles of a more theoretical nature have been
intentionally omitted. That is particularly true for articles on
knapsack and bin packing algorithms, where a great deal of research has
been done on computational complexity and worst-case analysis (see
Johnson, [68]). To find other articles on those topics, refer to the

literature reviews cited above (i.e., see [80], [162], or [220]).

Organization

More than 400 books, articles, dissertations, and working papers are
included in this bibliography on cutting and packing problems. The list
of published articles and dissertations is a nearly exhaustive compila-
tion of the English language references on the subject. The list of
working papers, although extensive, presents only a sample of the recent

work in this field.

While the task of categorizing such a large number of apparently diverse
publications is formidable, cutting and packing problems do share a
common underlying structure which can be exploited in their
classification. Both types of problems focus on the division of some
stock resource into smaller pieces (e.g., demanded items) in a way which
minimizes the volume or quantity of the resource required. In

traditional cutting stock problems, the resource is generally some type



Figure 1
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of physical material (e.g., a large roll of paper or sheet of glass).
For packing problems, the resource is an empty space (e.g., a pallet or
truck). In either case, classification of the problems according to the
dimensionality of the decision regarding resource division is relatively
straightforward, and we have followed that convention in our

categorization.

In addition to physical dimensionality, we have also grouped the publi-
cations according to the solution methodologies employed. Three cate-

gories have been used:

- sequential assignment heuristics
- single-pattern generating procedures

- multiple-pattern generating procedures

Sequential heuristic techniques group demanded items into a cutting or
packing pattern by using an assignment rule (e.g., first-fit decreasing
in bin packing). These procedures (e.g., dynamic programming based
algorithms) generate a single "optimal" pattern that can be used once or
many times, but they do not consider subsequent patterns for residual
demand items. Multiple pattern procedures {(e.g., LP-based algorithms)
consider interactions between patterns, but they require solutions to be

rounded and are, therefore, also heuristic in nature.

By combining these two methods of categorization, we have generated a

3 x 3 matrix to which the publications have been assigned (see Table 1).
Articles which discuss more than one kind of problem may appear in more
than one cell. Such will be the case, for example, with articles on
multi-dimensional problems which are approached by solving one- or two-
dimensional sub-problems. Also, publications often cannot be clearly
categorized as belonging to only one of the above three groups of
solution procedures. All such articles will either be placed where they
fit best or, in some cases, will appear more than once in our

categorization.



The citations in Table 1 refer to the entries in the main bibliography
which immediately follows it. The bibliography is arranged
chronologically by year and alphabetically by author within each year.
Immediately following the it are two supplementary lists. The first
contains dissertations and theses. The second provides a list of recent
(1986 to 1990) proceedings, presentations, and working papers. The
entries in the supplementary bibliographies have not been categorized
with the other books and journal articles because of the inherent
difficulties in obtaining and reviewing these more informal works in

process.

‘Spacial Topica

For those with an interest in various special topics in cutting and
packing, the citations listed below refer to the main bibliography which

follows Table 1:

Assortment FProblems:

12-13, 20, 25-27, 42, 52, 70, 78, 85, 93, 95-96, 104, 109,
138, 147, 187, 217, 222, 230, 243, 253, 259-260, 274, 297,
311, 314, 327, 332, 339, 347-348, 352

Corrugator Trim Problems:
21, 24, 36-37, 39, 52, 106, 117, 202, 253, 262, 306, 322
Cutting or Packing Items with Irregular Shapes:

49, 56-57, 67, 75, 79, 83, 97, 120, 125, 129, 132, 135, 140,
187, 210, 215, 223, 234, 239, 251, 293, 303, 310, 329, 344,
347

Cutting Material with Defects or Quality Variations:

24, 43, 47, 49, 51, 59, 98, 173, 206, 228, 233, 236, 263,
270, 316, 318, 342, 357, 359

Multi-Stage Problems:

24, 29, 43, 49, 52, 55, 59, 66, 78, 82-83, 85, 87, 99, 101,
107, 124, 130, 140, 146-147, 150, 167, 187, 194, 199-200,
206, 210, 216, 245, 250-251, 253, 279, 297, 305-306, 314,
317-318, 335, 337-339, 348-350, 355-357



Rounding:

3-4, 6, 15, 29, 41, 46, 59, 76, 89, 94, 115, 119, 124, 138,
145, 147, 160, 184, 192, 194, 231, 251, 253, 256, 269, 271,
273, 292, 305, 318, 347, 353, 356

1-1/2 Dimensional Problems:

24, 36-37, 39, 47, 51-52, 61, 101, 113, 115, 117, 128, 130,
136, 141, 148, 155, 162, 178, 181, 195-197, 220, 247, 250-
251, 262, 264, 282, 312, 321, 325-327, 336, 347

4 or More Dimensional Problems:

3, 9, 41, 52, 54, 59, 80, 103, 105, 111, 147, 158, 162, 177,
220-221, 291, 311, 347
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Table 1
Categorization of Articles by
Problem Dimension and Solution Approach

PROBLEM DIMENSION
One Two Three
SOLUTION APPROACH:
Sequential Heuristics
45, 52, 54, 58, 62, 47, 52, 54, 84, 103, 54, 84, 103,
68-69, 73, 88, 103, 106, 111, 120, 129, 106, 111, 144,
105, 111-113, 137, 132, 136, 139, 141, 162, 187, 220-
142-143, 156, 162, 143, 148-149, 153, 221, 250, 253,
168, 171-172, 187, 155, 162-163, 178, 291, 311, 320,
193, 198, 208, 220- 181-182, 187, 189, 324, 333-334,
221, 227, 230, 233, 195-198, 208, 220- 341, 347, 351,
238, 247, 264-268, 221, 230, 247, 250, 354

274, 284, 290, 292,
300-301, 306-307,
315, 327-328, 331,
347, 350, 356-357

Single Pattern Oriented

3, 12, 14, 26-28,
41, 44, 50, 52, 54,
60, 70-71, 77, 80,
88, 91, 93, 95-96,
100, 102, 104, 108-
110, 116, 121, 124,
131, 137, 147, 151,
157, 169, 173, 176,
187, 207, 218, 233,
236-237, 241, 251,
257, 260, 270, 274,
288, 306, 347, 352

Multiple Pattern Oriented

2-8, 10-11, 13, 15-
18, 20-23, 29, 34-
35, 38, 40, 42, 46,
52, 55, 61, 64, 76,
85-90, 94, 102, 107,
109, 115, 123-124,
126-128, 131, 137,
145-147, 160, 164-
165, 174-175, 185,
187-188, 192, 194,
201-202, 205, 213,
217-218, 231, 233,
251-253, 256, 259,
269, 271-274, 276-
278, 280, 288, 302,
304-306, 308, 312,
316, 321, 347, 353,
356-357

254-255, 258, 262-
263, 268, 274, 281,
283, 289, 293, 295,
298, 313-314, 322,
324-326, 332, 335-
336, 343-347, 354

1, 19, 25, 33, 41,
43, 49, 52, 54, 57,
59, 65, 67, 72, T4-
75, 78-80, 82-83,
97-99, 114, 118-119,
122, 125, 133-135,
138, 140, 147, 154,
159, 161, 166, 177,
179, 183, 186-187,
190-191, 204, 206,
210, 212, 214-216,
219, 223-225, 228,
234, 240, 242-246,
248-251, 258, 260-
261, 274-275, 286~
287, 310, 314, 318-
319, 329-330, 335,
337-338, 340, 344,
346-348, 352

16, 24, 30, 32, 36-
38, 48, 51-53, 56,

63, 66, 81, 101, 117,

130,
167,
184,
203,
226,
239,
279,
296,
317,

147, 150, 152,
170, 174, 180,
187, 199-200,
209-211, 222,
229, 232, 235,
250-251, 274,
282, 285, 294,
299, 303, 309,
319, 323, 342,

347-349, 355, 358-359

1, 9, 41, 54,
65, 80, 92,
122, 215, 228,
236, 250, 310,
319, 329-330,
333, 347

24, 31, 158,
170, 180, 250,
297, 299, 319,
339, 347



10.

11.

12.

Bibliography for Cutting and Packing Problems

(Arranged chronologically by year and
alphabetically therein by author)

Brooks, R.L., C.A.B. Smith, A.H. Stone, and W.T. Tutte, "The
Dissection of Rectangles into Squares," Duke Mathematical
Journal, V.7 (1940), pp. 312-340.

Paull, A.E., "Linear Programming: A Key to Optimum Newsprint
Production, ™ Pulp and Paper Magazine of Canada, V.57 No.4 (March
1956), pp. 145-150.

Dantzig, G.B., "Discrete-Variable FExtremum Problems," Operations
Research, V.5 No.2 (April 1957), pp. 266-277.

Eisemann, K., "The Trim Problem," Management Science, V.3 No.3
(April 1957), pp. 279-284.

Herrmann, K. and S. Vajda, "Linear Programming in Trim
Calculation,"™ The World's Paper Trade Review, June 13, 1957, pp.
1928-1930.

Metzger, R.W., "Stock Slitting," Elementary Mathematical
Programming (Chapter 8, pp. 200-210). New York: Wiley, 1958.

Vajda, S., "Trim Loss Reduction," Readings in Linear Programming
{Chapter 21, pp. 78-84). New York: Wiley, 1958.

Wolfe, H.B., "Operations Research and How It Can be Applied in
the Paper Industry," Paper Trade Journal, V.142 No.38 (September
22, 1958), pp. 42-47.

Coxeter, H.S.M., L. Few, and C.A. Rogers, "Covering Space with
Equal Spheres," Mathematica, V.6 (1959), pp.147-157.

Goldberg, B.A., "Computer Applications in the Paper Industry,"
Paper Trade Journal, V.143 No.l14 (April 6, 1959), pp. 48-50.

Johnston, F.J. and T. Pethica, "Optimisation Methods in the
Paper Industry," The Paper-Maker and British Paper Trade
Journal, V.137 No.3 (March 1959), pp. 68-70.

Sadowski, W., "A Few Remarks on the Assortment Problem,"
Management Science, V.6 (1959), pp. 13-24. ~



13.

14.

15.

16.

17.

18.

19.

20.

21,

22.

23.

24.

25,

Eilon, S., "Optimizing the Shearing of Steel Bars," Journal of
Mechanical Engineering Science, V.2 No.2 (1960), pp. 129-142.

Kantorovich, L.V., "Mathematical Methods of Organizing and
Planning Production," Management Science, V.6 No.4 (July 1960),
pp. 366-422,

Gilmore, P.C. and R.E. Gomory, "A Linear Programming Approach to
the Cutting Stock Problem," Operations Research, V.9 No.6
(November-December 1961), pp. 849-859.

Morgan, J.I., "Survey of Operations Research," Paper Mill News,
V.84 (March 13, 1961), pp. 10-11, 20.

Smith, G.W. and C. Harrell, "Linear Programming in Log
Production," Forest Products Journal, V.1l (January 1961), pp.
8-11.

Van Duyne, R.W., "Linear Programming and the Paper Industry,"
TAPPI, V.44 No.5 (May 1961), pp. 189A-193A.

Pandit, S.N.N., "The Loadiné Problem, " Operations Research, V.10
(1962), pp. 639-646.

Gilmore, P.C. and R.E. Gomory, "A Linear Programming Approach to
the Cutting Stock Problem - Part II," Operations Research, V.1l
No.6 (November-December 1963), pp. 863-888.

Mahoney, D. and J.L. Marley, "Can Cutting Trim Waste Cut into
Your Profits? Parts 1, 2, and 3," Paperboard Packaging, October
1963 and November 1963.

Van Den Meerendok, H.W., J.A.G.M. Kerbosch, P. Medema, and
J.H. Schouten, "Some Computational Aspects of a Trimloss
Problem, "Statistica Nederlandica, V.17 No.l (1963), pp.37-47.

Pierce, J.F., Some Large Scale Production Scheduling Problems in
the Paper Industry. Englewood Cliffs, N.J.: Prentice Hall, 1964.

Gilmore, P.C. and R.E. Gomory, "Multistage Cutting Stock
Problems of Two and More Dimensions," Operations Research, V.13
No.l (January-February 1965), pp. 94-120.

Wilson, R.C., "A Packaging Problem," Management Science, V.12
No.4 (December 1965), pp. B135-B145.



26.

27.

28.

29,

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

Wolfson, M.L., "Selecting the Best Lengths to Stock,"™ Operations
Research, V.13 (1965), pp. 570-585.

Cohen, G.D., "Comments on a Paper by M.,L. Wolfson: Selecting the
Best Lengths to Stock," Operations Research, V.14 (1966),
p. 341.

Eilon, S. and R.V. Mallya, "A Note on the Optimal Division of a
Container into Two Compartments,™ International Journal of
Production Research, V.5 No.2 (1966), pp. 163-169.

Gilmore, P.C., "The Cntting Stock Problem,"™ IBM Proceedings on
Combinatorial Problems (1966), pp.211-224.

------------- and R.E. Gomory, "The Theory and Computation of
Knapsack Functions," Operations Research, V.14 No.6 (November-
December 1966), pp. 1045-1074.

Kortanek, K. and D. Sodaro, "A Generalized Network Model for
Three-Dimensional Cutting Stock Problems and New Product
Analysis, " Journal of Industrial Engineering, V.17 (November
1966), pp. 572-576.

Noel, E., "Programming of Cutting Operations for Sheet
Material," U.S. Patent #3,242,573 (March 29, 1966).

Barnett, S. and G.J. Kynch, "Exact SolJution of a Simple Cutting
Stock Problem," Operations Research, V.15 (1967), pp. 1051-1056.

Hodges, R.R., "The Trim Problem Reconsidered," Operations
Research and the Design of Management Information Systems
(Editor - J.F. Pierce; Chapter 18, pp. 355-359). New York:
TAPPI, 1967.

Johns, E.C., "Heuristic Procedures for Solving the Paper Trim
Problem," Operations Research and the Design of Management
Information Systems (Editor - J.F. Pierce; Chapter 20, pp. 361-
369). New York: TAPPI, 1967.

Pegels, C.C., "Heuristic Scheduling Models for Variants of the
Two-Dimensional Cutting-Stock Problem," TAPPI, V.50 No.ll
(November 1967), pp. 532-535.

----------- , "A Comparison of Scheduling Models for Corrugator
Production," Journal of Industrial Engineering, V.18 No.8
(August 1967), pp. 466-472.

Pierce, J.F., "Trimming in Practice: Discussion," Operations
Research and the Design of Management Information Systems
(Editor - J.F. Pierce, Chapter 20). New York: TAPPI, 1967.

Poirier, C.C., "Automated Data Processing for the Corrugated Box
Plant," Operations Research and the Design of Management
Information Systems (Editor - J.F. Pierce, Chapter 24, pp. 416-
432) . New York: TAPPI, 1967.



40.

41.

42.

43.

44.

45.

46.
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307). New York: TAPPI, 1967.

Weingartner, H.M. and D.N. Ness, "Methods for the Solution of
the Multi-Dimensional 0/1 Knapsack Problem," Operations
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