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Abstract

A computer code implementing the L-shaped method of Van Slyke and
Wets is described. The method is generalized to apply to problems
with up to three periods and up to three hundred seventy-five different
future scenarios. The main subroutines are described and an example

of input and output formats is given.



Introduction

The L-shaped method for two-stage stochastic linear programs
was given by Van Slyke and Wets [1969]. It is an outer
linearization procedure that approximates the convex objective
term in the stochastic program by successively appending
supporting hyperplanes. This paper describes a multi-stage
implementation of this algorithm in which the supports are found
by optimizing a nested sequence of problems. The mechanics of
this algorithm and its convergence properties are described in
Birge [1982].

The method is a type of nested decomposition procedure that
can be compared with inner linearization procedures such as those
of Glassey [1971, 1973] and Ho and Manne [1974]. It is also
related to basis factorization approaches (Kall [1979], Strazicky
[1980], Birge [1984]) and inner linearization of the dual
(Dantzig and Madansky [1961]).

The basic steps of the algorithm are described in Section 2.
The main subroutines of the computer code are then given in
Section 3. Significant variables and data structures are also
described. Input and output formats are detailed in Section 4
along with examples of their form. Section 5 presents some

observations and potential extensions.

Algorithm Description
The multi-stage stochastic linear program considered by the

algorithm is



min z ='c1x1 + EE [min coxy + ***+ E £ [min Cpxqle--] (1)
2 t
s.t. Ay xq = bl’
lel + A2x2 = E.’za
Br.y Xp-1 *+ ApXq = Ep
x, 20, t=1,...,T, 5o t=2,0..,T,

where c; is a known vector in Rnt for t=1,...,T, b, is a known
vector in le, £, is a random my - vector defined on the
probability space ( £, F., Fi) for t=2,...,T, and A, and B, are
correspondingly dimensioned dimensioned known real-valued
matrices. "Egt" denotes mathematical expectation with respect to
£,

The L-shaped method of Van Slyke and Wets [1969] applies to
(1) when T=2. Methods for the multi-stage problem have generally
assumed a specific structure for the problem. Beale, et al.
[1980] and Ashford [1982] for example, consider a multi-stage
production problem and implement an appropriate approximation.
The generalization of the L-shaped method implemented in the
computer code described here and introduced in Birge [1980, 1982]
does not, however, require any special structure except that the
random variables &, are finitely distributed.

The algorithm is called the Nested Decomposition for
Stochastic Programming Algorithm (NDSPA). It is based on the
observation that given a realization §tj of the random vector in

a(

period t and given a solution X, ] i) from period t-1, the

decision problem at period t can be written (see Wets [1966])



min. cy xg + Qt+1(xtj) (2.0)

. _ : . a( .)
Df3j xé > df’j,ﬂ=1,...,rg, (2.2)
x, > 0,

, S, n
where Qt+1(xt) is a convex function, thleR t for all £, and

rg S mpyl-

Program (2) can then be solved using a relaxed master

problem:
min ¢, %} + 0] (3.0)
s.t. A, xJ; = Eg + By xt_‘i‘(j) (3.1)
Db x] > abd, p=1,000,1) (3.2)
Ef*j xg + 62 > ef’j, £=1,...,sé (3.3)
x] > 0. (3.4)

Program (3) is solved to obtain (ig, @g), If é% < Qeyl (ig)

then another optimality cut (3.3) is added to (3) and (3) is re-

solved. If ig forces infeasibility in any future period then a

feasibility cut (3.2) is added to (3). This process is
repeated until ég 2 Quyg (ig).

For implementation in multi-stage problems, it is assumed
that there are a finite number K, of scenarios in each period t.
The scenariqs consist of all possible realizations of the random
vectors from periods 2 through t. For every period t scenario j,
there corresponds a unique ancestor scenario a(j) in period t-1
and, perhaps, several descendant scenarios d(j) in period t+l.
NDSPA solves (1) by first obtaining a feasible solution to (3)

forall t and j and by then sequentially solving (2) using the



relaxation in (3) from periods T to one.

NDSPA

Step 0.

Step 1.

Step 2.

Solve (3) for t=1 (dropping the scenario index j) where

67 =0, r{ = s; =0 and (3.1) is replaced by A} x; = b;.

Set eg = 0 and rg = sg = 0 in (3) for all t and

scenarios j at t. (The indices r] and s] are updated

whenever a constraint (3.2) or (3.3) is added to (3)).

If (3) is infeasible for t=1, STOP. The problem (1) is

infeasible. Otherwise, let il be the current optimal

solution of (3) for t=1., Use X; as in input in (3.1)

for t=2. Solve (3) for t=2 and all 52, ji=l,e.0 Ko If

any period two problem (3) is infeasible, then add a

feasibility cut (3.2) to (3) for t=1, resolve (3) for

t=1, and return to 1. Otherwise let t=2 and go to 2.

a).

b).

Let the current period t optimal solutions be
i%, j=1,...,K,. Solve (3) for t+l and all
j=1,...,K 41 using the appropriate ancestor
solution ig in (3.1).
If any period t+l problem is infeasible, add a
feasibility cut (3.2) to the corresponding ancestor
period t problem and resolve that problem.
If the period t problem is infeasible, let t = t-1.
If t=1, go to 1.
Otherwise, return to 2.a.
Otherwise, return to 2.a.
Otherwise, all period t+l problems (3) are

feasible.



If t < T-2, let t = t+l and return to 2.a.

Otherwise (t=T-1), remove the ei =0
restriction for all periods T and scenarios
j at 1. Let the current value of each ei
be ei = - » 1if no constraints (3.3) are
present. Go to 3.

Step 3. a). Find E£’j and ef’j for a new constraint (3.3) at
each scenario t problem (3) using the current
period t+l solutions.

b). If there exists j such that

8l < el - £l F, (4)
then add the new constraint (3.3) to each period t
problem (3) for which (4) holds. Solve each period
t problem (3). Use the resulting solutions (z1,
eg) to form (3.1) for the corresponding descendant
period t+l problems (3) and resolve each period t+l
problem (3).

If t < T-1, let t = t+l and go to 2.a.

Otherwise, return to 3.a. |
Otherwise, éé = eg’j - Ef’j ig for all scenarios j
at t.

If t > 1, let t = t-1 and return to 3.a.

Otherwise, STOP. The current solutions ii,

T=1,...,T form an optimal solutionm of (1).

Steps 1 and 2 of NDSPA represent a forward pass to obtain

feasibility in each scenario subproblems. Step (3) is a backward
pass that solves (2) beginning with period T and passing backward

to period 1. Unboundedness may be handled explicitly in the



program following the procedure in Van Slyke and Wets [1969] but

in the computer code of NDSPA all variables are upper bounded and

-hence unboundedness is avoided. For period T, the computer code

also has a special procedure for solving (3). It uses the
bunching (see Wets [1983]) method to look through all
realizations of %:andfindthoseforwhicha given basis is
optimal. This procedure is described in the next section and
represents an alternative to the sifting procedure of Garstka and
Rutenberg [1973].

Experimental results using NDSPA have been encouraging. In
Birge [1980, 1982], NDSPA is compared with a piecewise linear
partitioning algorithm, a basis factorization proéedure and the
code MINOS (Murtagh and Saunders [1978]) on a set of staircase
test problems from Ho and Loute [1981]. NDSPA consistently
outperformed the other methods except on one problem in which its
storage limitations were exceeded. In general, the results
compared favorably with those of Kallberg and Kusy [1976] and
Kallberg, White, and Ziemba [1982] for simple recourse problems.
Each stochastic problem was solved in less than twice the time
required to solve the deterministic problem with expectations

substituted for the random variables.
The NDST3 Computer Code-Primary Subroutines

NDSPA has been coded in FORTRAN in a current version called
NDST3 (see Appendix). This code allows for three periods
including three second period scenarios and one hundred twenty-

five third period scenarios. Each scenario problem (3) is



limited to three hundred fifty rows and six hundred columns.
Within any scenario problem (3), there can be at most three
thousand nonzero elements. Tolerances can be set in the BLOCK
DATA section an& in the example are set at 10-7 for zero
tolerance, 1072 for pivot tolerance, 104 for reduced cost
tolerance and 10'10 for small tolerance. The linear programming
sections of the code are from L PM-1 written by J.A. Tomlin
(Pfefferkorn and Tomlin [1976]).

Many variables in NDST3 have multiple subscripts. This
questionable programming technique is used to make the scenario
obvious. For example, XLB(2, 3, 2, 1) is the lower bound on the
second variable in scenario 1 in period 3 with ancestor scenario
2 in period 2. In general, the last three subscripts of all
variables with more than two subscripts are (JCUR, JPER(2),
JPER(3)) where JCUR indicates the period of the scenario, JPER(2)
indicates the period 2 ancestor scenario and JPER(3) denotes the
period 3 scenario. This last period scenario is not used in the
current version version of NDST3 but has been used for a four
period implementation. The current version is limited to three
periods to avoid excessive storage requirements. The code can
process four period problems if the period 3 index is incremented
in all array definitions and sufficient memory is available. The
subroutine SHIFTR, which manipulates data storage, must also be
updated if the dimensions are changed.

The main variables in the code are stored in the blank common

block. These variables and their descriptions follow



Variable

B(isj,k’ 1)

X(i,j,k,1)

XLB(i,j,k,1)

and XUB(i,j,k,1)
XKSI(i,j,k,1)
YPI(i,j,k,1)
NROW(j,k,1)
NCOL(j,k,1)
NELM(j,k,1)
JH(i,j,k,1)
KINBAS(i,j,k,1)

LA,IA,A

LE,IE,E

LBN,IBN,ABN
PROB(j,k,1)

The important variables in BLOCK 3 are
NND(i)

NPASS

Definition

Current right-hand side
element i in period j and
scenario k,l

Current value of variable
basic in row i at period j and
scenario k,l

Lower and upper bounds of
variable i at j,k,1

Current realization of random
vector in row i at j,k,1

Current dual variable value
for row i at j,k,1

Current number of rows at
isk,1

Current number of columns at
j’k’]‘

Current number of nonzero
elements at j,k,1

Variable basic in row i at
j’k’l

Status (basic, nonbasic) of
variable i at j,k,l1

Linked lists of At matrix
elements

Linked lists of elements in
eta vector form of basis

inverse

Linked lists of elements in Bt
matrices

Probability of scenario j,k,l1

Number of scenarios in peiod i

Number of passes from period t
to t-1 or t+l



JPER(1) Current scenario realization
in period i

JCUR Current period

JPASS Indicator of forward or
backward pass; JPASS=1 for
forward, JPASS=2 for backward

NPER Number of periods T

In BLOCK 4, the significant variables are

XTOPT Value of - el + ELT &]
for checking for optimality

PRBY(i,j) Probability of jth realization
of ith random element in
stochastic vector in period T

PRST(i,j,k) Joint probability of ith
realization of first random element
element, jth realization of
second, and kth realization of

third for stochastic vector at
T

CBST(i,j) Value of jth realization of
ith random element in
stochastic vector at T

NCUR(i) Current realization of ith
random element at T

IBST(i) Row of ith random element at T

NST Number of random elements at T

The code NDST3 assumes that specific random vectors (with
specific probabilities) are assigned for periods 2 through T-1
and that at period T the random vector includes NST independent
random elements. The bunching approach can then be easily
applied to these possibilities.

The main program in NDST3 organizes the algorithm and calls

subroutines to implement the steps of NDSPA., The main routines

10



called in this segment are:

INPUT accepts all data input;

INCHK echoes input;

NORMAL solves the linear program in (3);
STRPRT reports on current solution;
NDCOM directs the algorithm for t<T;
PARSFT controls the algorithm for t=T;
WRAPUP writes output.

The main routine calls NORMAL to solve (3) if t<T and then calls
NDCOM to determine which problem to solve next. If t=T, PARSFT
is called to solve (3) for period T and determine the next step
of the algorithm. JCUR(t) is set equal to NPER+1(T+l) whenever a
terminating condition (infeasible or optimal) is met.

The following routines are all used by NORMAL in solving the
linear program (3):

RHCHCK checks now residicals;

BTRAN performs backward
transformation;

FORMC forms objective function
vector and checks feasibility;

PRICE computes reduced costs and
picks entering column;

CHUZR performs minimum ratio test
and determines leaving
variable;

WRETA forms new eta-vectors for
product form of inverse;

SHIFTR rearranges data storage;

INVERT computes basis inverse using
LU decomposition;

UNPACK(1i) expands ith column in A;
BUNPCK (i) expands ith column in B;
SHFTE shifts eta vectors around;

11



UPBETA updates right-hand side and
basis indicators.

NORMAL reinverts the basis every INVFRQ iterations or if the
maximum row residual is greater than 10 times ZTOLZE., A maximum
of ITRFRQ iterations is allowed.

The subroutine NDCOM handles all steps for NDSPA for t<T.
The forward pass is performed in the statements above statement
number 70. The variable MSTAT is used to indicate infeasibility
(QN) or feasibility (QF). If an infeasibility is found, then a
feasibility cut is added in the subroutine FEASCT (below state-
ment number 201) and t is set to t=-l. If the current problem is
feasible, then NDCOM determines the next subproblem to solve. If
every scenario at period t has been solved, then NDCOM sets up
problem (3) for period t+l between statements 28 and 30. The
subroutine BPRODX is called here to compute B, xg and FRMRHS 1is
called to find Et+f(j) + B, xé.

If the algorithm has proceeded to the backward pass, the
coﬁtrol shifts to the statements following statement 70. Again,
if an infeasibility is found, then a feasibility cut is added to
the corresponding ancestor scenario problem. The procedures for
checking optimality follow statement 80. First, any cuts (3.2)
or (3.3) that are slack (satisfied as strict inequalities) are
deleted in the subroutine DLETCT. This option saves on storage
and does not affect convergence. NFLG = 1 signifies that the
current problem (3) solution is optimal. For t < T-1, the code
follows Step 2 of NDSPA and continues to t+l. If t = T-1 and
condition (4) is not met, then NDCOM follows the iterations in

Step 3 of NDSPA in the statements following statement 85. If

12



condition (4) is met in following this backwards iteration then
an optimality cut (3.3) is placed on the corresponding ancestor
scenario using the subroutine LKHDCT(K) where k is the preceding
period. Optimality at period k is checked in the subroutine
OPTCHK(K) which sets NFLG =1 if (4) is not met.

Subroutine PARSFT performs Step 3 of NDSPA for t = T. It
includes the variable JSTCH(i,j,k) that indicates the number of
the basis found optimal for the alternative with realizations
i,j,k for random elements 1, 2, and 3 respectively, in the last
period. NCUR(i) is the current realization of the ith random
element and NXNF(i) is the realization of the ith random element
in the first infeasible basis found by the bunching procedure.
NETND(i) keeps the number of eta vectors in the ith basis and
INFLG = 0 for no infeasibilities and 1 for an infeasibility found
in passing through all alternative random vectors at T. YBX is a
vector keeping Bp_; ET_f(j).

The bunching procedure begins with statement 20. For the
first time through the loop, NORMAL is called to obtain an
optimal solution. On subsequent iterations, the procedure begins
with the previous basis which is dual feasible and calls the
subroutine DNORML which implements the dual simplex method. In
either case, if an infeasibility is caught then a feasibility cut
is made and control returns to the main program.

After having found a new optimal basis, the algorithm updates
ET_%j and eT_%j and then loops through all right-hand side

alternatives for which no feasible basis has yet been found.

This begins with statement 29 and continues to statement 30 if

13



all scenarios have not been checked. Since every scenario
corresponds to the same objective function, an optimal basis for
any scenario is dual feasible for all other scenarios. The
appropriate right-hand side is set up between statements 50 and 53
and FTRAN is called to find the values of the basic variables.
The subroutine DCHUZR is then called to determine a leaving
(infeasible) variable. It returns IROWP = 0 for a feasible basis
which is then optimal. If a leaving variable is found then DCHUZC
is called to find an entering variable. If no enfering variable
is found then the current scenario is infeasible and control 1is
returned to the main program. If an entering variable is found,
then the current scenario is marked as the first scenario to
check in the next bunching loop (if no scenario has been found
infeasible for the current basis) and the next scenario is tested.

Whenever a scenario is found to be feasible for the current
right-hand side then the values of ET_f’j and eT_f’j are updated
after statement 60, and the next scenario is chosen. When an
optimal basis has been found for all period T scenarios then
optimality is checked after statement 29 using the subroutine
XOPTCK. NFLG =1 is returned if (4) is not met and the algorithm
proceeds back to period T-1. If (4) is met then a new optimality
cut is added to the ancestor period T-1 problem.

The algorithm proceeds through these subroutines until
optimality is found in NDCOM (for T > 2) or PARSFI(T = 2) or
until infeasibility is found in NDCOM. When one of these
terminal conditions is reached, WRAPUP is called and the output

described in the next section is produced.
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Input and Output Formats

The input format for NDST3 basically follows the MPS standard
for mathematical programs except in its splitting the data into
periods. The example @n the appendix is a test problem SCAGR7.S2
which was adapted from the staircase test problems of Ho and
Loute [1981]. It contains two periods for the stochastic
program, and, in the second period, there are three independent
random variables with two values each., This leads to eight total
scenarios.

The first row of the input contains five values used in

program. Each is entered in I4 format, they are in order:

IFPROB number of problem;

I0BJ row of objective function
(usually "1");

INVFRQ iterations between matrix
inversions;

ITRFRQ total number of iterations
allowed;
NPER number of periods.

The next NPER rows contain the number of different right-hand

side values (I4 format) for each period. The first and last
periods have 1l's because the first period is deterministic and the
last period right-hand sides are input separately at the end of
the program. The fourth row contains the probability of the

first right-hand side value in F5.3 format. The next sections

are ROWS, COLUMNS, and RHS sections for MPS format for all values
in the first period set of constraints, A; x| = b;. Following

an ENDATA, lower bounds on all variables (excluding slacks) in
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9F8.0 format and upper bounds in the same format are input. If
an initial basis were entered then a section headed by BASIS and
including columns and the corresponding row in the basis could be
entered after the COLUMNS section. This format is discussed
below as part of the output.

The next sections of the code include ROWS and COLUMNS
sections to describe the matrix B; in (1). This is followed by
an ENDATA and the probability of the next period's first right-
hand side vector. The data for A2 Xy = E; would then be entered
for each possible 52 and, if more periods were present, this
would be followed in each case by the data for B, (possibly
depending on j). This process of repeating the probability of Eé,
giving the data for At X, = gé and of then giving Bt repeats
until all scenarios indicated in the command lines of the code
have been input.

The last period scenario input is followed by a section
marker STOCH which prompts the program to read in separate values
and probabilities for random elements in the last period. For
each random element, the row name is given is columns 5-12, the
value of the element is given in Fl12.4 format in columns 25-36
and the probability of that value is given in F12.4 format in
columns 50-61. Each independent element is input with at most
five values total.

Another version of NDST3, called NDST3.A, has also been
developed at ITIASA, Laxenburg, Austria. In this code, input
follows the standard format set at IIASA except for the first

line of input which contains the control parameters.
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NDST3 writes two output files on devices 6 and 7. The first
listed in the Appendix is for device 6 and contains most of the
iteration and result information. The second contains the
variables that were basic in the optimal solution found by the
program. That output may be inserted into an input file to
provide the program with a starting basis.

The first part of the output contains the problem, the
densities of A, matrices for t = l‘and 2 and the stochastic
elements in the last period including their values and
probabilities. The next section of the code prints out the
matrices as they are stored in the code and other information for
checking input data.

The iteration log begins on line 178. PRES is the row
residual, PIV is the pivot element size, IN is the incoming
variable, OUT is the basis position of the outgoing variable, OBJ
is the negative of the objective value, CMIN is the minimum
reduced cost for variables at lower bound, CMAX is the maximum
reduced cost for variables at upper bound, NINF is the number of
infeasible variables in the basis, and NOPT is the number of
nonoptimal variables. The first pass at the period 1 problem
stops with the first feasible solution found and the vector of
basic variable values is printed along with JH, KINBAS, the
right-hand side, B, the current value of Y (a vector used in
several operations), and the current price vector.

Iterations begin on the second period problem after control
has passed through NDCOM and an infeasibility condition is met,

forcing a feasibility cut. Now, the period 1 problem is solved

17



to optimality and the period 1 solution informationm on this third
pass is output. Again, the period 2 problem is infeasible and
another feasibility cut is applied to the period 1 problem. This
time, on line 346, the program states the previous cut is slack
and that it is deleting row 17 with a slack value of 1500.

This process repeats until line 440 when a feasible solution
is found for the second period problem. Here, each scenario 1is
checked and the first optimal basis is feasible for all
scenarios. OBJ is the negative objective value in each case,
KSIPI is used to calculate eT_%j and OBJTOT is the sum of all
previous objectives times their probabilities. CURR BAS
indicates which basis is optimal for each scenario.

After going through the scenarios, Q(x) = —ET_{’j ET_f(j) +
?(j)

eT_f’j and g p. are output and an optimality or "look-ahead"

cut

is made on the first period. The first period problem is resolved

and beginning with line 512, the second period scenarios are again

checked. This time four scenarios are not feasible with the first

optimal basis and DNORML is used to find another optimal basis.

The

iteration log in DNORML is similar to that in NORMAL except that

MXINF is also output as the maximum infeasibility
found.

Condition (4) is again checked and lower and upper bounds on
the optimal value of (1) are given. The process repeats until on
lines 735 - 739, optimality is checked, and it is found that the
lower and upper bounds are within one percent of each other,

indicating optimality and ending the algorithm.
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Solution times follow the discovery of optimality and the
basic variable values for each scenario in the last period are
output by the rows in which they are optimal. The solution for
the first period problem is output beginning on line 1097 and the
optimal dual values follow. The solution of the last problem
solved in the last period is then given, ending the solution
output.

The next listing in the Appendix is of the output file for
the basis. This includes all variables that were basic in rows
of the original problem. Variables that were basic in rows for
feasibility and optimality cuts are not included. The column 1is
listed in columns 5-12 and the row in which its basic is 1istbed

in columns 15-22.
Extensions and Observations

As mentioned above, NDST3 can be easily expanded to handle
larger problems and more scenarios. Some care, however, must be
used in maintaining storage requirements within acceptable
limits. Future versions of the code are planned to eliminate
some redundancy and to enable more complex problems to be solved.
Other planned options are to include the possibilities for some
continuous distributions and to use approximating techniques from
Birge and Wets [1983] in achieving convergence within a pre-
determined tolerance. This has been implemented for a single
random variéble in a new code NDST4 and further refinements are

planned.
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The code has performed very well in general and in most
situations outperforms general purpose linear programming codes.
The one problem in which it did not perform well, SCFXM.S2,
required that a large number of feasibility cuts be added to the
first period problem. ' These cuts were dense and, without
deleting slack cuts, the problem requifed an excessive number of
nonzero elements (i.e., more than three thousand). When slack
cuts were deleted, the program obtained an unstable basis that
caused it not to obtain a feasible first period solution. This
may be a problem inherent in decompostion algorithms because of
perhaps unavoidable numerical error present in generating cuts.
Two truely identical cuts may be generated that differ only in
their error coefficients. This is the cutting plane analogy of
the slow convergence characteristics observed in Dantzig-Wolfe
decomposition (Ho[1984]). It appears that stability problems
are rare but if further testing results in more of these

difficulties, some testing of the integrity of cuts may have to

be added.
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Al. Listing of the FORTRAN code NDST3 for the Nested Decomposition
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