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Data on the rate of rise and distortion of drops in several liquid-liquid systems have been 
collected. These are compared with correlations developed by other investigators, and in some 
cases discrepancies between observed and predicted values are noted which do not seem to be 
related to any easily measured physical property. However evidence is given showing that they 
are most likely due to the presence of surface-active materials. Photographs and shadowgraphs 
showing the nature of the flow around and behind moving drops are also included. The point of 
boundary-layer separation on the drop surface as indicated by these photographs has been 
related to the internal drop circulation. It i s  the shift in this point of separation which is the 
primary cause for the reduction in drag of liquid drops as compared with solid spheres. A previous 
theory for the breakup of rain drops explains the existing data for drop breakup in liquid-liquid 
systems. 

A number of interesting observa- 
tions on the mechanics of drops in liq- 
uid-liquid systems, which were made 
during an investigation of the rate of 
heat transfer to these drops (I), are 
presented in this paper. 

The mechanics of the motion of 
drops and bubbles has been reviewed 
by Hughes and Gilliland (9) and 
more recently by Lane and Green 
(16). However since the time of these 
reviews a number of interesting papers 
have appeared. Drop formation has 
been studied by Keith and Hixon (12), 
as well as by Fujinawa, Maruyama 
and Nakaike ( 3 ) .  Drop velocities have 
been measured by Hu and Kintner (81, 
Klee and Treybal ( 1 3 ) ,  Licht and 
Narasimhamurty ( 1 7 ) ,  and Johnson 
and Braida (11 ) . The motion of drops 
during acceleration has been studied 
by Pearcey and Hill ( 2 3 ) ,  and Ingebo 
( 1 0 ) .  Related material includes the 
papers by Linton and Sutherland 
(18), Sherwood and Wei (241, and 
Melhus and Terjesen (21) on the ef- 
fect of surface-active materials on drop 
motion. In the present paper an at- 
tempt has been made not to cover 
subjects adequately discussed by the 
above authors. 

SUMMARY OF EXPERIMENTAL 
PROCEDURE 

Details of the equipment used in this 
investigation have been presented else- 
where ( 1  ). Briefly it consisted of a vertical 
test chamber 6 in. sq. and 2 ft. high. The 
front and back sides of this test section 
were made of glass, permitting visual and 
photographic observations. The continuous 
phase was maintained at a constant tem- 
perature by circulating it through an ex- 
ternal heater and moved countercurrent to 
the drops at a rate which was small com- 
pared with the drop velocity. 
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A single stream of drops was formed by 
forcing the dispersed phase through a 
water-jacketed nozzle. The tip at which 
the drops were formed was drilled and 
then bevelled at 45 deg., so that the edge 
was sharp and even. The drill size used 
for each nozzle is given in Table 1. 

Photographs were made by illuminating 
the drops from behind with a high-speed 
( 10-' sec. ) mercury arc. Shadowgraphs 
were made by placing a photographic plate 
on one side of the test section and dis- 
charging a capacitor through a short air 
gap on the opposite side. In most of the 
photographs and all of the shadowgraphs 
the motion of the fluid around the drops 
and in their wakes is clearly indicated. 
This is due to differences in the refractive 
index of the continuous phase in the region 
of the cold drops. 

Drop velocity was obtained either from 
motion pictures or by calculation with the 
average distance between drops, as meas- 
ured from photographs, and the drop fre- 
quency. The measured velocities were 
therefore relative to the test chamber and 
should be corrected for the continuous- 
phase velocity. However the latter velocity 
was small enough to he negligible. In the 
range 0.5 to 5 drops/sec. no effect of 
drop-formation rate on velocity could be 
detected. 
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Fig. 1. Velocity of water drops in Dowtherm 
A + E, 0 with surface-active powder, o with- 

out surface-active powder. 

The average drop volume was calculated 
by dividing the dispersed phase flow rate 
by drop frequency. The diameter of a 
sphere of equivalent volume was used as 
the characteristic drop dimension. 

The experimental data, pertinent physical 
properties, and calculated values of the 
Reynolds number and drag coefficient for 
the drops are given in Table 2. 

DROP VELOCITIES 
After the drops form and break 

away from the tip, there is a short 
period in which they accelerate to 
their terminal velocity. From motion 
pictures it was found that the drops 
always had reached at least 95% of 
terminal velocity after traveling 2 in. 
The drop velocity after this initial 
period of acceleration was constant 
enough so that little variation could 
be detected during the remainder of 
the drop rise. The variation of drop 
velocity with diameter was typical of 
liquid-Iiquid systems. This is illustrated 
in Figure 1, which shows the increase 
in velocity with diameter for water 
drops in an equal volume mixture of 
Dowtherm A and Dowtherm E. The 
upper curve shows the characteristic 
maximum associated with the start of 
drop oscillation. The lower curve in 
this figure is for drops in the same 
system but with a surface-active pow- 
der present. In this case the point at 
which oscillation occurs is not obvious 
as there does not seem to be a notice- 
able maximum. The difference be- 
tween these two sets of data will be 
discussed in more detail in the next 
section. 

A comparison of the measured vel- 
ocities with two existing correlations 
is also shown in Figure 1. The Klee 
and Treybal correlation ( 1 3 )  g' ives a 
very close fit to the lower set of data. 
On the other hand the Hu  and Kintner 
correlation (8) gives results interme- 
diate between the two sets of data. 

I t  is interesting that neither of these 
correlations predicts velocities as high 

TABLE 1. LIST OF NOZZLES USED 
Letter Drill 

designation diameter (in.) 
a 0.022 
h 0.0313 
C 0.0625 
d 0.0938 
e 0.125 
f 0.250 
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Run 
no." 

A19e 
A20d 
A21c 
A22b 

B4b 
B5c 
B6d 
B7e 
B8f * * 
B13c"' 
B15d" 
B16a 
B17f"" 

Clf 
C2d 
C3a 

Dlb 
D2d 
D3c 

E l c  
E 2c 
E3a 
E4b 
E5d 
E6e 
E7f"" 

Flb 
F2c 
F3d 
F4e 

TABLE 2. SUMMARY OF EXPERIMENTAL DATA 

System-water drops in Dowtherm E 

a at 25°C. = 39.5 dynes/cm. 
pat 60°C. = 1.268, g./cc. 
p at 60°C. = 0.00843 poises 

o at 80°C. = 35.8 
p at 80°C. = 1.253 
p at 80°C. = 0.00758 

Continuous Av. 
phase drop Drop Drop Drop Ratio Drop 
temp., temp., diam., vel., freq'cy, of Reynolds 

"C. "C. cm. cm./sec. (sec. )-' diams. number 

60.3 45.0 0.616 13.3 0.996 1.19 1,229 
59.2 37.1 0.590 13.6 1.12 1.30 1,192 

59.1 49.0 0.420 12.5 0.984 1.15 781 
59.0 41.0 0.504 13.6 1.38 1.19 1,019 

System-water drops in Dowtherm A + E 

a at 25°C. = 38.5 dynes/cm. 
pat 60°C. = 1.158, g./cc. 
pat 60°C. = 0.0111 poises 

o at 80°C. = 35.5 
p at 70°C. = 1.148 
EL at 70°C. = 0.00987 

58.1 43.2 
58.0 35.0 
58.0 33.1 
58.7 32.2 
58.2 33.0 
59.0 45.1 
59.1 43.8 
58.8 47.9 
58.9 38.0 

0.442 
0.600 
0.695 
0.765 
0.890 
0.560 
0.682 
0.380 
0.927 

10.7 1.95 
11.7 1.44 
11.9 1.41 
12.1 1.57 
12.1 1.01 
14.6 1.83 
14.3 1.84 
13.3 1.97 
12.8 0.906 

1.12 
1.22 
1.25 
1.39 
1.67 
2.24 
2.08 
1.60 

482 
713 
847 
951 

1,097 
844 

1,009 
52 1 

1,224 

System-ethylene glycol in Dowtherm A + E 

a at 25°C. = 9.0 dynes/cni. o at 80°C. = 9.0 

59.0 42.0 0.881 6.95 0.449 2.08 632 
59.3 45.9 0.673 7.75 0.622 1.52 539 
59.0 53.9 0.464 7.00 0.600 1.21 335 

System-ethylene glycol in Dowtherm E 

a at 25°C. == 8.5 dynes/cni. u at 80°C. = 7.96 

58.1 56.0 0.288 9.31 1.60 1.31 396 
59.0 51.3 0.437 9.28 1.32 1.49 604 
58.8 53.8 0.369 10.4 1.78 1.57 570 

System-water drops in finol 

o at 25°C. L= 50.5 dynes/cm. 
p at 60°C. = 0.823 g./cc. 

u at 80°C. = 44.6 
p at 60°C. = 0.0710 poises 

60.1 42.0 0.645 16.2 0.583 1.23 121 
60.0 44.1 0.655 16.8 0.769 1.27 128 
61.0 51.8 0.450 9.65 1.08 1.06 51.0 
59.4 47.8 0.523 13.8 0.729 1.14 82.8 
60.0 45.5 0.729 18.1 0.691 1.57 153 
59.1 38.3 0.804 18.2 0.712 1.61 167 
61.0 38.0 0.964 18.3 0.579 1.86 207 

System-ethylene glycol in finol 

a at 25°C. = 19.5 dynes/cm. a at 80°C. = 18.4 

59.2 53.8 0.330 9.03 1.77 1.11 34.1 
59.0 52.1 0.376 11.1 1.19 1.24 47.7 
60.4 50.0 0.423 12.5 1.11 1.33 61.3 
60.3 47.3 0.473 13.9 1.17 1.59 76.3 

Drop 
drag 
coef. 

1.01 
0.91 
0.78 
0.78 

0.73 
0.81 
0.89 
0.96 
1.11 
0.49 
0.63 
0.41 
1.05 

1.20 
0.78 
0.72 

0.62 
0.93 
0.64 

0.66 
0.61 
1.27 
0.72 
0.59 
0.65 
0.78 

1.70 
1.29 
1.16 
1.05 

* Additional data on some of these systems are reported in reference I .  

A double asterisk following the run number indicates that the drops were observed to oscillate 
rapidly between prolate and oblate spheroids. 

Note: Letter suffixes refer to nozzle used, see Table 1. 
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as those obtained with uncontaminated 
water drops. This suggests the possi- 
bility that the systems upon which 
the correlations were based contained 
traces of surface-active materials. Fur- 
thermore these contaminants need not 
have any measurable effect on the 
physical properties of the system. In 
the present case for example no change 
in interfacial tension, bulk and surface 
viscosities, or density could be dis- 
cerned when the surface-active powder 
was added to the system. 

Surface viscosity exists at a liquid- 
liquid interface if the interface itself 
contributes to the resistance of a body 
moving in the plane of the interface. 
Since surface-active materials concen- 
trate at the interface, a change in sur- 
face viscosity might be expected when 
one of these agents is present. How- 
ever in the present work no change 
could be detected after addition of the 
surface-active powder. The technique 
used to measure this quantity was 
similar to that described by Brown 
( 2 )  who utilized a rotational type of 
torsional viscometer with a ring bob. 
I t  is possible that this technique is 
not applicable to films composed of 
solid particles. 

The above observations on the effect 
of surface-active materials have been 
previously made by Garner and co- 
workers (4,  5 ) .  These authors ob- 
served visually the effect of surface- 
active materials on internal drop cir- 
culation. They found that as concen- 
tration was increased, circulation was 
damped out starting from the rear 
pole of the drop. Here, as in the pres- 
ent work, these effects took place at 
concentrations of surface-active mate- 
rial low enough so that there was little 
or no measurable change in interfacial 
tension. 

The surface-active powder, in this 
work, was believed to be alumina 
picked up from the inside of aluminum 
tubing. This contaminant was believed 
to be present in all runs prior to and 
including B8f. A check on the proper- 
ties of alumina showed that it is hy- 
drophilic and would therefore collect 
on the inside surface of water drops. 
For this reason the powder would not 
tend to wash off the drops but would 
instead build up on the surface, start- 
ing at the rear stagnation point. This 
film on the drop surface is capable of 
supporting shear. Thus internal circu- 
lation is inhibited, and the net result 
is an increase in the drop drag coeffi- 
cient. 

Unfortunately a positive identifica- 
tion of the surface-active powder was 
not obtained. However with respect 
to drop mechanics it behaved exactly 
like alumina. This was demonstrated 



Fig. 2. Photographs and shadowgraphs of mov- 
ing drops. 

by injecting a dilute slurry of finely 
ground alumina ahead of the drop 
nozzle. When this slurry reached the 
nozzle, the drops reverted to their 
original lower velocity. 

Figures 2 and 3 are a series of pho- 
tographs and shadowgraphs showing 
the appearance of the moving drops 
and their wakes. Photographs a through 
d of Figure 3 are of contaminated 
water drops and correspond to the 
lower set of data in Figure 1; photo- 
graphs e through h correspond to the 
higher set of data in Figure 1. 

All of the experimentally deter- 
mined drag coefficients are plotted 
against the corresponding Reynolds 
numbers in Figure 4. This figure also 
includes experimentally determined 
curves for the drag on spheres and 
disks. The figure shows that the trend 
of experimental data for small drops is 
essentially the same as that for solid 
spheres. However the absolute value 
is much lower in some cases than that 
for solid spheres. As the drop size in- 
creases, drop deformation increases 
rapidly, and the curves pass through 
a minimum. At still larger sizes, drop 
oscillation occurs, and the drag coeffi- 
cient increases rapidly. This rapid in- 
crease in drag coefficient proceeds un- 
til the drop finally ruptures. The latter 
point was not reached in any of the 
systems studied in the present work. 

Stoke's law for solid spheres and a 
similar relation for nonviscous liquid 
spheres (14) have been extrapolated 
and plotted as broken and dashed lines 
respectively in Figure 4. A comparison 
of the broken line with the experi- 
mentally determined curve for solid 
spheres gives an approximation to that 
portion of total drag due to viscous 
drag. The difference between the 

Fig. 3. Photographs and shadowgraphs of mov- 
ing drops. 

broken line and the dashed line com- 
pared with the experimental curve for 
solid spheres indicates the fraction of 
the total drag due to skin friction. It 
can be seen that only a small portion 
of the total drag is due to the skin 
friction in the range of Reynolds num- 
bers considered here. 

Almost all of the previous investi- 
gations of this type have noted cases 
in which the observed drag coefficients 
were lower than those for solid spheres. 
This difference was usually attributed 
entirely to the reduction in skin fric- 
tion caused by internal circulation. 
However in this range of Reynolds 
numbers the complete loss of skin 
friction would account for at most only 
a 10% reduction in the drag coeffi- 
cient. This percentage reduction can 
be estimated by taking the difference 
between the two curves for viscous 
flow and dividing this by the experi- 
mentally determined drag coefficient 
for solid spheres. The observed re- 
duction in drag coefficient is as high 
as 40% (water drops in Find) .  There- 
fore internal circulation must have an 
additional effect on drag. The proba- 
ble nature of this additional effect is 
discussed in the next section. 

INTERNAL-DROP CIRCULATION 

Mention has been made of the con- 
nection between the degree of internal 
circulation and the lowering of drop 
drag coefficient below that for solid 
spheres. It was also shown that only a 
small portion of this could be ex- 
plained by the reduction in skin fric- 
tion. Therefore internal circulation 
must also reduce the net effect of form 
drag and/or induced drag. The man- 
ner in which this reduction takes place 
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Fig. 4. Drag coefficients for systems studied, 
1 )  ethylene glycol in finol, 2) water in finol, 3) 
ethylene glycol in Dowtherm A + E, 4) ethylene 
glycol in Dowtherm E, 5) contaminated water 
in Dowtherm A + E, 6) uncontaminated water 
in Dowtherm A + E, 7) water drops in Dow- 
therm E, - - Stokes low for solid spheres, 

viscous flow for liquid spheres (pa = 
O), - experimental. 

was indicated by photographs of the 
drops and their wakes. 

Reference is again made to Figure 
3, containing the photographs of con- 
taminated and uncontaminated water 
drops in Dowtherm A + E. It will be 
recalled that the velocity of the un- 
contaminated drops was considerably 
higher than that for the contaminated 
drops. This suggests that the internal 
circulation is higher in the uncon- 
taminated case. This is further sub- 
stantiated by heat transfer measure- 
ments made in this system which 
showed that the internal heat transfer 
coefficients were considerably higher 
for the uncontaminated drops. 

I t  will be noted in most of the pho- 
tographs of Figure 3 that the point of 
boundary-layer separation and the flow 
pattern in the wake is visible. The im- 
portant difference between the two 
sets of data is the shift in the point of 
separation from the front half of the 
drop to the back half. This can be 
most easily seen by comparing photo- 
graphs b and j ,  which, are at  approxi- 
mately the same Reynolds number. 
The shift is believed to have been 
caused by the higher degree of in- 
ternal circulation in the uncontami- 
nated drops. This causes the liquid in 
the boundary layer to have a higher 
average velocity and thus be better 
able to overcome the adverse pressure 
gradient which occurs in the region of 
the drop equator. For solid spheres in 
this range of Reynolds numbers sepa- 
ration occurs at about 9 deg. forward 
from the equator. 

The result of this shift in point of 
boundary-layer separation is to reduce 
the size of the wake behind the drop. 
This in turn produces a corresponding 

- _ - - _  
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TABLE 3. EFFECT OF INTERNAL 
CIRCULATION ON THE POINT OF SEPARATION 

V , / U  A6 ( deg. ) 
0 0 
0.1 1.2 
0.2 2.1 
0.3 2.7 
0.5 3.8 
0.7 4.8 
0.9 5.7 
1.5 7.7 

reduction in induced drag. Induced 
drag is that portion of the total drag 
caused by the transfer of energy to 
the vortex system in the drop wake. 

The effect of degree of internal cir- 
culation on the drag coefficient is il- 
lustrated by comparing curves 5 and 
6 in Figure 4. These curves are, again, 
for contaminated and uncontaminated 
water drops in Dowtherm A and E 
and correspond to the velocity data of 
Figure 1 and the photographs of Fig- 
ure 3. It will be noted that the drag 
coefficient for contaminated drops, 
curve 5, is nearly twice that for un- 
contaminated drops. I t  will also be 
noted that a portion of the curve for 
uncontaminated drops falls below that 
for solid spheres even though these 
drops are greatly distorted. 

Internal circulation can also explain 
the low drag coefficients (compared 
with solid spheres) for ethylene glycol 
drops and water drops in Finol [curves 
(1) and ( 2 )  of Figure 41. AS has 
been mentioned previously skin fric- 
tion can at most cause only a 10% 
reduction in drag coefficient. However 
shadowgraph e of Figure 2 for water 
drops in Finol clearly illustrates that 
separation takes place well to the rear 
of these drops. Thus the remainder of 
the reduction is due to a reduction in 
induced drag. 

THEORETICAL ANALYSIS OF SHIFT 

SEPARATION 

The magnitude of the shift in the 
point of separation can be estimated 
by solving the appropriate boundary- 
layer equation. Meksyn (20)  has de- 
rived this equation for laminar flow 
around solid spheres. For the front 
portion of the sphere his equation re- 
duces to the following expression for 
the stream function: 

IN POINT OF BOUNDARY-LAYER 

.& 

The corresponding boundary condi- 
tions are 

af 
a7 

f = - = O  at q = O  

Here q and f are defined by 

P = ( 2 v u  y)l’*f 
In equation form fl  and y are 

f l = y ( - - - ) s i n * e  1 12 a’ 

a r  
and 

y = - + a = - +  
3a 3a 
2 2 

( T t I ; ; ) C O S B  as 

In other words f l  is the inviscid stream 
function for flow around a sphere 
when the undisturbed velocity is 1, 
and y is a constant plus the corre- 
sponding velocity potential. 

The polar angle is measured from 
the rear stagnation point. 

For circulating drops the continu- 
ous-phase velocity is not zero at the 
drop surface. Therefore the boundary 
conditions at q = 0 become 

af 
a7 

f = 0 and - = U, /U  

Equation (1) can now be solved at 
any point B on the drop surface. The 
value of 6 for which f ” ( 0 )  = 0 cor- 
responds to the point of separation. 
Thus the effect of v ,  on this point can 
be determined. 

Solutions ok Equation (1) were ob- 
tained with an electronic differential 
analyzer. In this computer the de- 
pendent variable f was represented by 
a voltage, while the independent vari- 
able 7 was set proportional to time. 
For a particular value of U, the setting 
on the potentiometer representing cos 
e/sin* ( B / 2 )  was varied, and a plot 
of f’ vs. time was obtained. The cor- 
rect setting on this potentiometer was 
taken as the one which produced the 
most rapid convergence of f’ to unity. 

The calculated value of 0 at the 
point of separation for zero surface 
velocity (solid sphere) is 83 deg. For 
a finite surface velocity the predicted 
point of separation changes by the 
amount shown in Table 3. Here the 
change in the angle 8 at which separa- 
tion occurs is given as a function of 
the ratio of surface velocity to free- 
stream velocity. When the surface ve- 
locity is equal to the free-stream veloc- 
ity, the separation point should move 
back about 6 deg. 

The predicted shift in separation 
point appears to be somewhat less 
than that actually observed. However 
this difference could be due to as- 
sumptions made in deriving the bound- 
ary-layer equation and to the fact that 
the drops are in most cases far from 
being spherical. In any case the order 
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of magnitude of the calculated shift 
is such that it gives credence to the 
theory that it is caused primarily by 
internal circulation. 

DROP DISTORTION 

A moving drop is distorted by the 
local forces acting over its surface. 
These forces are caused by differences 
in hydrostatic head, external and in- 
ternal fluid motion, interfacial tension, 
and in some cases the drag of external 
liquid over the surface of the drop. 
Direct distortion by the latter phenom- 
enon can occur only if the drop sur- 
face is composed of an adsorbed film 
capable of supporting shear. For non- 
oscillating drops the sum of these 
forces at any point on the surface is 
zero. 

Neglecting the effect of internal cir- 
culation Hughes and Gilliland (9) 
have derived an equation for predict- 
ing the ratio of minor to  major drop 
diameters. Making this same assump- 
tion McDonald (19) was able to cal- 
culate pressure distributions around 
rain drops from their shapes in free 
fall through air. In this latter work 
the effect of internal circulation was 
shown to be negligible. 

The assumption that internal circu- 
lation has little effect on distortion 
probably holds for most systems where 
drops are dispersed in a gas. However 
the application of the Hughes and 
Gilliland equation to liquid-liquid sys- 
tems predicts values much lower than 
those actually observed. 

Distortion data from the present 
work are shown in Figure 5, where 
the ratio of major to minor drop diam- 
eter is plotted against the average 
diameter. These data for water drops 
in Dowtherm A + E, obtained during 

DROP DIAMETER, CM 

Fig. 5. Distortion of water drops in Dowtherm 
A + E, o without rurface-active powder, 

with surfoce-active powder. 
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the two series of runs previously men- 
tioned, correspond to the velocity data 
of Figure 1 and the photographs 
shown in Figure 3. The large in- 
crease in distortion due to more rapid 
internal circulation in the series where 
no surface active powder was present 
is easily seen. This is particularly ap- 
parent at drop diameters above 0.5 
cm., where even though the drop ve- 
locities for the two series are approach- 
ing each other, the difference between 
their distortions is increasing. This 
marked difference in distortion again 
emphasizes the importance of factors 
whose presence may not be detected 
through easily measured properties 
such as static interfacial tension, vis- 
cosity, and density. 

MECHANISM OF DROP BREAKUP 

A great deal of experimental and 
theoretical work has been done on the 
breakup of moving drops. Various 
mechanisms by which this can occur 
have been summarized by Hinze ( 7 ) .  
This summary covers a number of im- 
portant cases which are common to 
liquid-gas as well as liquid-liquid sys- 
tems. However it omits one important 
phenomenon of drop breakup which 
has been observed in both systems, the 
breakup caused by oscillations of large 
amplitude. It has been observed by 
Hu and Kintner (8) for liquid-liquid 
systems and by Gunn (6) for rain- 
drops falling through air. Gunn has 
suggested a mechanism for this breakup 
of raindrops, and as will be seen be- 
low it also applies to the breakup of 
drops in liquid-liquid systems. 

It is well known that there is a 
periodic discharge of material from 
the vortex ring formed in the wake of 
blunt bodies. This discharge momen- 
tarily reduces the size of the wake and 
hence the drag coefficient. For drops 
the resulting acceleration causes the 
drop to oscillate. Gunn has suggested 
that the amplitude of these oscillations 
becomes large enough to rupture the 
drop when their frequency matches 
the natural frequency of the drop. 

The natural frequency of oscillation 
for a drop 'can be estimated with a 
relation ( 1 5 )  developed for liquid 
spheres. The primary mode of this os- 
ciIlation is given by the following 
equation : 

As can be seen the natural frequency 
of a liquid drop decreases as its size 
increases. The discharge frequency of 
material in the wake of steel spheres 
dropping through water has been 
measured by Moller ( 2 2 )  and was 
found to increase with increasing di- 
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Fig. 6. Vortex discharge frequency for drops, 
- - - Equation (3), - Reference 22, Solid 
spheres, Diamond: Reference 8, Solid Square: 
water drops in Dowtherm E, Solid Circle: water 
drops in Dowtherm A + E, Solid Half Circle: 
ethylene glycol in Dowtherm A + E, Solid 

Triangle: ethylene glycol in Dowtherm E. 

ameter. It is therefore possible that for 
a particular system a drop size may 
exist such that the natural frequency 
of the drop matches the frequency of 
vortex discharge. A line through Mol- 
ler's data, plotted as a dimensionless 
frequency group vs. the Reynolds 
number, is shown in Figure 6. 

In the present work the frequency 
of discharge into the wake of the drops 
could be estimated. This was done by 
dividing the drop velocity by the dis- 
tance between the enlargements in the 
wake as measured from the shadow- 
graphs. Shadowgraph g of Figure 2 is 
an example of this type of wake. The 
resulting dimensionless frequency group 
is plotted against the corresponding 
Reynolds number in Figure 6. It can 
be seen that the data follow the same 
trend as those for solid spheres. The 
displacement of these data from the 
line for solid spheres is most likely 
caused by drop distortion. This is par- 
ticularly true at the higher Reynolds 
numbers. 

The drop-breakup data of Hu and 
Kintner (8) can be used to test the 
theory mentioned previously. These 
data are for six organic liquids in 
water and represent the drop size and 
velocity at which breakup occurs. 
When one uses Equation (2 ) ,  the 
natural frequency of these drops can 
be estimated and the dimensionless 
frequency group computed. These cal- 
culated values are plotted in Figure 6. 
It can be seen that they are consistent 
with the present work and that of 
Moller. This agreement indicates that 
the vortex discharge frequency 
matched the natural frequency of 
these drops at the time of breakup. 
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To estimate the critical drop diame- 
ter (at which breakup occurs) the 
following procedure can be used. The 
dashed line in Figure 6 has been fitted, 
by the method of least squares, to the 
experimental data and the equation 
found to be 

FD 
-= 3.12 X 10-'NNx;* (3)  

U 

This equation can be used in conjunc- 
tion with Equation (2)  and a suitable 
relation for the drop velocity to solve 
for the critical drop diameter. Since it 
is believed that the dimensionless fre- 
quency group for drops levels off in 
much the same way as it does for solid 
spheres, Equation (3)  should not be 
used above a Reynolds number of 
2,000. Instead a constant value of 
about 1.9 should be used for the di- 
mensionless frequency group. Also be- 
cause viscosity affects the natural fre- 
quency of oscillation and is not ac- 
counted for in Equation (2) this 
relation should not be applied to ex- 
tremely viscous drops. 

CONCLUSIONS 

The results of the present investi- 
gation show that drag coefficients for 
drops cannot be related entirely to 
easily measured physical properties. 
This is because the presence of small 
quantities of surface-active materials 
and possibly the method of formation 
are very important. It has been shown 
that internal circulation causes a shift 
in the point of boundary-layer separa- 
tion on the drop surface. This in turn 
streamlines the drop and causes a sub- 
stantial decrease in the drop drag CO- 

efficient below that for solid spheres. 
Surface-active materials slow down 

internal circulation causing the point 
of separation to remain near the equa- 
tor of the drop. In this case the drag 
coefficient is higher, and if the drop is 
also nonoscillating, it approaches the 
value for solid spheres. Internal circu- 
lation also causes a marked increase in 
drop distortion. Data on the breakup 
of free-falling drops have been related 
to the natural frequency of drop oscil- 
lation and the frequency of vortex 
shedding in the drop wake. 

NOTATION 

a = drop radius, cm. 
C, = drag coefficient, 4Dlpd--p/g/ 

D = drop diameter, cm. 
F = frequency, (sec.)" 
f 

3pu2 

= stream function for boundary 
layer flow around the front 
half of a sphere 

r = radial distance, cm. 
N,, = drop Reynolds number, Du/v  
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u = drop velocity, cm./sec. 
0, = local velocity at  surface of 

drop, cm./sec. 

Greek Letters 

= velocity potential for irrota- 
tional flow around sphere, 
cm4/sec. 

= stream function for irrota- 
tional flow around sphere cc./ 
sec. 

= defined in discussion after 
Equation (1) 

= defined in discussion after 
Equation (1) 

= polar angle measured from 
rear stagnation point 

= viscosity, poises 
= kinematic viscosity, stokes 
= continuous phase density, g./ 

= dispersed phase density, g./ 

= interfacial tension, dynedcm. 
or g./sec.’ 

= stream function for boundary 
layer flow around sphere 
written in terms of the co- 
ordinates OL and f i  

cc. 

cc . 
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Application of the Kihara Potential to 

High Pressure Phase Equilibria 
J. M. PRAUSNITZ and R. N. KEELER 

University o f  California, Berkeley, California 

This paper is concerned with the virial equation of state as applied to vapor mixtures a t  
moderate densities. The required virial coefficients for small molecules can usually be estimated 
from generalized corresponding states correlations, but these correlations are not sufficient for 
mixtures which contain one very heavy and one very light component. It is shown that for such 
mixtures the necessary virial coefficients can be calculated by statistical thermodynamics with a 
potential function proposed by Kihara. This type of calculation is especially useful a t  low 
temperatures where virial coefficients have not been measured because of large experimental 
difficulties. Application of  the Kihara potential is demonstrated with the computation of K 
values for heavy components for several mixtures a t  advanced pressures; good agreement with 
experimental results is obtained. 

The virial equation may in some cases be used to test data for thermodynamic consistency, and 
for illustration it is shown that recently reported K data for propane in compressed hvdrosen . .  
are thermodynamically inconsistent and too large 

Experimental studies in high-pressure 
fluid-phase equilibria are numerous and 
have appeared in the technical literature 
for many years. However very little 
effort appears to have been expended on 
the application of theoretical concepts 
to the problem of testing, correlating, 
and eventually predicting high-pressure 
phase-equilibrium relationships. This is 
unfortunate, primarily for two reasons. 
First, it is inconceivable that complete 
experimental data will ever become 
available for the almost infinite number 
of binary and multicomponent systems 

. -  
by about two orders of magnitude. 

which are composed of the various gases 
and liquids of technical interest today, 
not to mention the even larger number 
of such fluids which may be of interest 
in the future. As a result it becomes 
necessary to carefully obtain data for a 
few representative systems and then to 
interpret these data with as much 
physical insight as possible. Such inter- 
pretation, to be most useful, must be 
guided by theoretical concepts not only 
because such concepts help to under- 
stand what intermolecular forces are re- 
sponsible for the observed phase be- 

A.1.Ch.E. Journal 

havior but also because an interpretation 
or correlation based only on empirical 
grounds cannot be successful when data 
are available for only a very limited 
number of systems. 

Second, the application of theoretical 
methods enables the experimentalist to 
test his results for internal and thermo- 
dynamic consistency. At present such 
testing is almost never done by experi- 
mentalists in the high-pressure field, and 
consequently inaccurate data have been 
reported and have been uncritically ac- 
cepted by the scientific and engineering 
community. As a result empirical cor- 
relations based on faulty data extend 
the error by producing incorrect pre- 
dictions for systems for which no data 
are as yet available. Occasionally a 
sound correlation scheme may fail cor- 
rectly to predict the apparent behavior 
of a given system, and the scheme is 
therefore rejected, due not to any fault 
in the correlation method but rather to 
the gross inaccuracy of the experimental 
data. An example of such a case is given 
towards the end of this paper. 
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