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ABSTRACT

The propagation of electromagnetic waves in a magnetron
type space charge is studied by using small signal, non-relativis ic
approximations, The following oases are analyzed:

1, Plane Magnetron =

a. Propagation of a plane electromagnetio wave in a direction
parallel to the applied magnetic field,

b, Propagation of a plane eleoctromagnetic wave in a direction
perpendicular to the applisd magnetic fisld and normal to the anode
and cathode,

o, Propagation of & plane electromagnetic wave of phase
velooity slow compared to that of light in a direction perpendisular
to the applied magnetic field and parallel to the electron drift motion,

2+ Cylindriocal Magnetron =

a, Propagation of a TEM~{ype electromagnetic wave in a
oylindriecal space chargo in a direotion parallel to an axially
applied magnetic field.

be Radial propagation of a oylindrical electromagnetie

wave in & oylindrical space charge.

The analysis yields values for the propagation constant
of the wave in the space charge, expressed in terms of an effeotive
dieleotrio constant, which depends on the ratio of the signal radian

frequency ® o the oyolotron radian frequenoy , ( = eB /m ). It is

ii



found that this effective dislectric oonstant oan assume any real
value, positive or negative, For given ayéoo, this knowledge of
the effective dislectric constant makes possible the determination
of the reactive effects of the space charge on a confining eirouit,
The influence of the space charge on the frequency of a -
multi-anode magnetron is disoussed qualitatively, as is the
possibility of amplifioation of an electromagnetic wave along the
plane magnetron space charge, Several experiments, conducted to
determine the validity of the theory, are described, The results
of these experiments appear to confirm certain oritical parts of

the theory,
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I, INTRODUCTION

The propagation of eleotromagnetic waves in ionized media has
been treated in a large number of papers, particularly with reference
to the ionosphere, However, only & very small number of these papersl
are applicable to the type of space charge region which is presumed to
exist in a magnetron, |

In this paper the propagation of eleotromegnetic waves in the
magnetron space charge is studied, together with the effect of the space
charge on an r-f cirouit in which it is placed.

It is well known that the problem of the interaction between
the fields in an oscillating multi=-anode magnetron and the rotating
space charge cloud is sufficiently complex to have allowed, to date,
only solutions containing several restrictive approximations, In order
to obviate mathematioal entanglements as much as possible (and thus
avoid the type of solutions requiring numerioal integration), this analy=
sis will be concerned with the small signal interaction of waves and
electrons in a specified space charge cloud with certain umiform and
simple types of eleotromagnetic fields. It is hoped that this presenta-
tion will allow the desired physical prinoiples to be brought out withe

out requiring extended mathematical treatment, The results are believed

1
See for examples

Weloh, H, W., Jr., "Space Charge Effects and Frequency Characterw
istics of CW Magnetrons", Univ, of Mich, Electron Tube Laboratory
Techniocal Report No., 1, November 15, 1948,

Blewett, J. P, and Ramo, S., "High Frequency Behavior of a Space
Charge Rotating in a Magnetic Field", Phys. Reve., V57, pages 635-641,
April. 1940,

lamb, W, E, and Phillips, lf., "Space Charge Frequency Dependence
of a Magnetron Cavity", J. Appl. Phys., V18, pages 230-238,

Pebruary, 1947,

Telch, H, We, Jre, "Effects of Space Charge on Frequenoy Charace

teristios of Magnetrons", Proc, I.R.E., page 1434, December, 1950,
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%o be applicable, insofar as the small signal analysis will allow, in
the oase of space charge clouds used for frequency modulation which are
usually placed in a structure of such geometry that the simple field
analysis is valid, It is also hoped that from these results one may be
able %o deduce qualitatively or semi-quantitatively the effects in the
case of the more complicated fields of & multieanode magnetron and other
struotures in whioh this type of space charge cloud could be used,

This analysis is an extension of that reported by Welohl and
is specifically an attempt to determine the effective index of refrac=
tion of the space charge region as experienced by an eleotromagnetio
wave propagating into or through this region, | A knowledge of the index
of refraction, and thus the dielectric constant, as a function of the
frequenoy of the wave and the magnetic field, will enable the caloula=
%ion of the reactive (and in some cases also resistive) effects of the
space oharge on the miorowave oirouit. Welch treats this problem under
the assumption that the space charge swarm moves with constant linear
velooity independent of position, so that the second term on the left
side of Eqe II-1 below was not included, The present work is an exten=
sion and refinement on the previous trestment in that the variation of
the electron velocity with position in the magnetron is oconsidered,

Since the most general type of plane (or oylindrical) wave
can be considered to be resolved into plane (or oylindrical) waves trave
elling along the coordinate axes, in this report the propagation of elec-
tromagnetic waves in the magnetron space charge will be idealized by

oonsidering the wave to be plane (or oylindrical), propagating along one

1
Weloh, He Wes Jre, Loc, oit,



of the coordinate axes,

The electric field of the propagating wave will cause the
electrons to undergo perturbations about their steady or equilibrium
paths, The electrons will be acted upon by other forces also, includ-
ing the applied magnetic field, and the motion of the elsotrons subject
to these forees represents a current associated with the propagating
wave so that its velooity of propagation is affected. In addition the
electrons ocan collide with other particles in the space or with the
eleotrodes, thus losing some of their energy; as a result, the wave will
be diminished in amplitude as it progresses through the medium, These
effeo& resulting from the electron motion are the subject of this study.

The results of this analysis are presented in a form emabling
predictions to be made of the effeots of the space charge eloud on an
ref oircuit, From this informetion, one oould design structures for
frequenoy modulation, amplitude modulation, eteo., of a miocrowave signal,
using this type of space charge.

In what follows, the basio equations to be used in the analy-
sis are discussed in Chapter II, followed in Chapter III by a derivation
of the index of refraction of the plane amd cylindrical space charges.
Chapter IV contains interpretations of the results of Chapter III;
Chapter V the effect of the spaoe oharge on its associated r-f oircuit,
In Ché.pber VI, the results of experiments conducted to werify the theory
are presented, The more detailed mathematical treatments are inoluded
in the appendices so that this material can be omitted in reading with
no loss of continuity,

The MKS rationalized system of units is used throughout,



II, THE BASIC RELATIONS

A magnetron space oharge is created between two parallel
plane or concentrie cylindrioal elostrodes, one an electron emitter,
by the application of a d-c eleciric potential between the elsctrodes
and a steady magnetic field parallel to the eleotrodes in the plane
case and along the axis in the cylindrical oaée. The electrons will
possess & drift velocity normal to both the magnetic and electric fields,

In this section the equation of motion of the eleotrons in
this space charge, under the influence of the electric and magnetio
fields, is derived using perturbation methods, and is discussed briefly,
The form of the space oharge density distribution in the static magne-
tron is not as yet known with certainty; therefore the various distribue
tions obtained by several workers are presented and discussed,

The shape of the magnetron space charges flor the plane and
cylindriocal geometries are represented in Figs, 2-1 and 2-2, These
figures also show the coordinate systems and field veotors to be used

in the analysis which is to follow,



FIG. 2.1 COORDINATE SYSTEM AND FIELD VECTORS
OF CYLINDRICAL MAGNETRON

FIG. 2.2 COORDINATE SYSTEM AND FIELD VECTORS
OF PLANE MAGNETRON



1. The Equation of Motion,

The equation of motion of the eleotrons, subjeot to the forces
of the applied magnetio field and the electric fiseld of the elsotromag-
netic wave will be discussed initially in terms of the Buler Hydrodye
namical equation, In order to provide a firm basis for consideration
of the Euler equation as the equation of motion in this nonerelativistis
treatment of electron-wave interaction, this equation is shown, in Appene

dix 1, to be derivable from the Boltzmann Transport equation

df _.df = ar af
+ =
5% ° ¥ F o8 (5?)0011.

with no knowledge of the exaot form of the velocity distribution funce
tion, In this equation f represents the elsotron veloeity distribution
function, f is the position vector of the group of eleotrons under cone
sideration, o the veotor desoribing the velocity and F the vector forace
field aoting on the electrons, The equation relates the ohange in the
ocoupation of a cell of velocity space due to the action of the fields
eto, to the change due to encounters with other electrons of the gase

| However, since the Boltzmann equation is valid only under cone
ditions of approximate thermal equiiibrium in the gas, the & priori
assumption must be made that the wave propagating through the eleorron
gas produces only & smll perturbation on this equilibrium, That is,
the energy of the random motion tending to maintain thermnl equilibrium
is assumedl large in comparison with thé energy imparted to the particles

by the wave, This thermal equilibrium does not exist near the boundaries

1
In order to obtain some idea of the conditions imposed by this assumpe

tion, consider that the mean random energy of the eleotrons is 3/2 kT

per electron, Then this assumption can be written as W, <<3/2 kI where
Wy is the mean vibrational energy imparted to the eleotrons by the wave,
Since the applied magnetio field does not affect the emergy of the elece
trons, Wy oan be written for purposes of illustration ass



of the spece charge, unless rather artificial boundary conditions are ime
posed, possibly raising & question as to the validity of the application
of the Boltzmann equation to such a medium,

Consistent with the non~-relativistic case, the Lorentz force due
to the magnetio field of the wave is neglected, so that the Euler Hydro-
dynamical equation iss

o7 > =__ e
5'%""("' V)~ -5

-

+7¥ x B, -n-%vﬁ 1I-1

=i

where ¥ = linear velosity of a group of electrons combained in
elemental volume d7>
By = applied oonstant magnetic field
p = eleotron gas pressure
n = number density of electrons
In a number of papers treating the same general subject as
this report, the pressure gradient term in the equation of motion is ne=
glected, In so doing, no aocount is taken of any effects dww to the
random or thermal motions of the eleotrons, In order to be able to giwe

a oomplete treatment of the effeot of random motioxis, the form of the

. 1 __e EZ®
so that
E << Sktrem n

If T = 10%K and o = 6n x 109 it is found that the field strength of
the wave must be much less than 230 volt/om,

1
The volume dT must be of dimensions very muoh less than a wavelength
of the propagating wave but must contain a sufficiently large number
of electrons that a statistical mean value of their behavior can be
obtained. Due to the high electron density, both of these conditions
oan be satisfied, There will be random fluctuations with time in the
number of eleotrons in dt , causing fluctuetions in the effects of
these eleotrons but this will cause no apprecieble change in the prop=
agating characteristics of the wave,



electron velocity distribution funotion would be required., This determi-
nation usually involves mathematical complications unjustified for the
purpose of this reporﬁ.l However, & first-order approximetion can be
made by considering the electron gas as exhibiting ideal behavior so
that p = nkT., This is admitbtedly & rather seﬁere essumption but is be=-
lieved to be at least somewhat oloser to the actual state of affairs
then the complete negleot of the pressure term, The temperature T re-
ferred to herg is a measure of the mean random energy of transletion of
the electrons. There is reason %o believe® that by some mechenism of
electron interaction ﬁhis electron temperature can achieve values as
high as 105°K, greatly in excess of the cathode temperature,

In Appendix 2, this substitution p = nkT is mede into Eqe II-l,
The solution for the wave velocity for a typical case is carried through
in the same mammer as in Chapter III, The resulbting equations show that
" the inclusion of the pressure gradient term does not affect the propaga=
tion characteristics of the electromagnetic wave but ocauses to appear
another wave similar to the plasma osoillations found in gases.

The pressure gradient term will therefore be omitted and

1
See for example - Cohen, Spitzer, and Routley, "The Electrical Cone
ductivity of an Ionized Gas", Phys. Pev. 80, 2, October 15, 1950,

The reascns for the belief in the existence of this large eleotron
temperature are: (a) the relatively large ourrent collected by the
anode in a cutoff smoothebore magnetron, and (b) the experimental
measurements of Linder,

Linder, E. G., "Excess Energy Electrons and Electron Motion in High
Vacuum Tubes", Proc, I.R.Ee 26, page 346, 1938,

Linder, E. G., "Effect of High Energy Electron Random Motion upon
the Shape of the Magnetron Cutoff Curve", J. Apple. Phys. 9, page 331,
1938,




Eqe II=1l becomes

-

+([F-V)¥=-2 E+Tx3, ITe2

QI
=<1}

which is the usual equation describing electron motions in a field in
which the veloocity varies with both position and time,

It is shown in Appendix 3 that the effect of collisions be=
tween electrons and atoms or ions in the space oharge, in which the
eleotrons lose some of their translational energy, oan be represented
by a frictional type force proportional to the velocity, i.0. by gv,
where g is the inverse mean time between collisions,

Another effeot of the oollisions between electrons and ions
or moleoules, can be seen from a oonsideration of the foree acting on
the electrons due to the positive ions present in the space charge.
Loren‘.:zl, in his treatment of wave propagetion in meterial media, uses

as the total foroce on a charged particle

1
FeE + 3-5-;-1?

where P is the polarization of the medium and E the electrioc field of
the eleotrbm@etio wave, Darwin® shows, by a consideration of the
electron orbits near idealized positive charges, that the average effect
of electron~ion collisions is to produce an acceleration

1 )
-5 Vgé

where £ is the perturbed eleotron position, The equation of motion of

such an eleotron is them, since Ne f =

- oF l e
(=5 =3 a?

T .
Lorentz, He Ae, "The Theory of Eleotrons", B, G, Teubner, Leipzig =
1909, Chapter IV,
2
Darwin, Chase, "The Refractive Index of an Ionized Medium“ I1, Froo.
Roye Soce London V182, page 152, 1944,
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and’ u&ing! 1 o
PeE+g=?P f=%E

He conoludes that the "process of collision produces dynemicelly a de=
polarizing effect, reducing the effective average force on an electron
from F to E". The force on an electron duwe to the electric field is
then «eE,

It is shown in Appendix 4 that electron-electron coliisions
in the gas do not change the total dipole moment of the space charge
and thus do not affeot the propagation of waves in the medium,

Eqe II«2 bocomes, with the addition of the frictional foroce

representing collisionss
5Tt tFVR =-2 E+vaxB 113

As mentioned before, in the absence of the wave the electrons
are presumed to pursue steady orbits under the influence of the applied
magnetic field and d-¢ eleotrioc field. In the presence of the wave
the electrons will be periodiocally perturbed from this steady or time
inveriant motion. (The word perturbed as used here is meant to imply
smallness of the magnitude of the deviation from the steady orbit exe
cept where specifically noted.) The total eleotron velocity will then

be represented by an ordered or d=c term and & perturbed or a-c term as
vEve tT Il=4a
Likewise small volumes of space charge will be moved periodically from

their mean positions, so let the total space charge density likewise

be represented by & dec term and a perturbed term ass

P= po + pl T1e4b
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Substitubing these relations into Eqe II=3 and keeping only perturbation

ternms:

Wt t RV AV * WUy =~ 2B 4Ty B, 1
Since this report is concerned with the steady state propagation of
waves in & particular typs of mediums assuming the wave will propagate,
it appears reasonable to suppose that the state of the medium will be
perturbed by the moving wave., Consequently the veloeity and space

charge density will be assumed to vary as

vleiwb Y8 Py ot _ys

where @ is the angular frequency of the impressed wave, 7 the propa-
gation constant, and s a length wnit along the direction of propagation.
The equations of motion will be linear only if the term

(v1+V)vy vanishes, either as & result of other assumptions or by speoi-
fioation that the magnitude of vy is so small that this product is ocome
paratively negligible, This small signal assumption will not always be
necessary and this will be pointed out in each of the several cases %o
be treated in the next chapter.

The convection ourrent density, when represented in the form,

J=(pp +p1) (vg *+77)

can be separated into zero and first order terms, the perturbation or
a=c part being

J1 = povy + Vom II=6
where the term pyv; has been neglected. Again this may be due to the
fact that p; = 0 or it may be necessary to assume the smallness of both

vy and py. Which of these reasons is responsible for the vanishing of



the pyvy term will be pointed out in each case separately.
Eqe II«5 will now be reduced to its form appropriate to the
plene and oylindrical oases to be considered.

&, Plane Magnetron, In this ocase the steady velocity is en=

tirely in the x direotionl so that Eqe II=56 becomes in component forms

ER *g"x*%gg%*"y%”‘%*vy%?*
IIa7

ov )
K Rl

b, Cylindrical Magnetron., In this case the steady electron

1
velooity is oonsidered as entirely in the © direction so that Eq, II=5

becomes in component forms

. Ow Yo OV ov, ve O |
r + gv,. + Yo + + Yo OV 4
R T = 35 IIa8

gL - a0 v

];n the oase of the so-called "double stream" solution for electron
motions, for & magnetron in the cut-off condition, that is no net
electron ocurrent toward the anode, there will be as many electrons
passing through the volume d7 +toward the anode as away from it so
that the net steady electron motion is still tangential,
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= 9 . v, 0Ve ov, 0ve
. + 20 97 0ve
o. 5'%2 + £V T ae + Ve -5-?- + Vp or + IIa8
Yo Ove ., Ove_ _e.
r W  t3, “mfe "%

Q

2. 9% +gv, +Y0 0¥z + v 0¥y 4+ Vo OV, . oV = -8
LA B Rk AT A

In the next chapter the Eqse II=7 and II-=-8 will be combined
with the Maxwell field equations to emable a determination of the come=
plex index of refraction of eleotromagnetic waves through this space
charge medium, In these next sections the propagating wave will be con=
sidered as either plane or cylindrical, whose phase is invariant in the
plene (or cylinder) perpendicular to the direction of propagation, thus
neglecting consideration of any boundary conditions imposed by the cire
cuit in which the space charge is placed. In later sections the effect

of the boundary conditions imposed by the circuit will be treated,

2. The Space Charge Distributions.

" In the next chapter the space charge density will be kept as
an unknown parameter, until the final relation for the index of refrac-
tion is obtained., However for illustrative purposes and for numerical
calculations, the Hull«Brillouin values of charge density will be used,
Therefore, in order to justify this substitution, the various solutions
of the static magnetron space charge will be examined briefly,

A number of papers have been published describing the theo-
retical steady-state space charge distribution in plane and oylindrical
non~oscillating magnetrons. Figs. 2.3, 2.4 and 2,5 allow a comparison

of the distributions obtained by various workers,
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Fig. 243 shows the distribution of space charge density for
the plane magnetron as given by Hulll and Brillouin?, Page and Adams®,
and Twiss%, It is seen that the work of Twiss (when he considers only
initial normal velooities of emission), Hull and Brillouin agree very
closely, while that of Page and Adams is lower by as much as a factor
of two, The curve reported by Twiss when both initial tangential and
normal emission velocities are considered is also shown, the solid
curve being derived from his equations and the dashed curve from the
results of his qualitative reasoning., The Page and Adams solution is
seen to differ from the other cases, The sharp rises at the ocathode
and at the edge of the space charge oloud are due to the assumption of
zero velooity of emission and zero escape cwrent from the cloud bounde
ary, For the actual case of finite initial electron velocity and none
zero egsocape owrrent these singularities will disappear, the ocurves inter=-
seoting the cathode and space charge outer boundary with finite values,.
Thus if the Page and Adams solution contained these boundary conditions
the resulting ourves would appear in somewhat better agreement with the
‘otherls.

In the Page and Adams distribubion the elsotrons are presumed
to execute approximately cyocloidal orbits from the cathode to the edge
I .

Hull, As Wes "The Effect of a Uniform Magnetio Field on the Motion of
Eleotrons Between Coaxial Cylinders", FPhys, Rev. V18, page 31, 1921,
2
Brillouin, L., Journal de Physique, 1940,
3
Page and Adams, "Space Charge in Plane Magnetron", Phys. Reve V69,
page 492, 1946,

4
Twiss, Re Q.3 "On the Steady State and Noise Properties of Linear and

Cylindrical Magnetrons", MeI.T, = Ph,D, Thesis, 1950,
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of the cloud and return, the so=called double stream motion, Brillouin
considers that the eleotrons move parallel to the electrodes, the so=

called single stream motion,

FIG. 2.3
COMPARISON OF SPACE CHARGE DENSITY DISTRIBUTIONS
OBTAINED BY VARIOUS WORKERS

PLANE MAGNETRON

44 2
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In an unpublished report1 Brillouin discusses in detail the
types of distributions possible in a plane magnetron., He points out
that either a single stream or double stream électron motion is possible;

in either case the total charge within the oloud will be the same, as

™
Brillouin, L., "Electronic Theory of the Plane Magnetron", Columbia
University, AMP Report 129,1R = OSRD 4510, to be published in part
in the third volume of ®"Advences in Electronies",.
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will be the total electron energy. Thus, one cannot make & choice be=
tween the two possible solutions on the basis of energy, but he shows
that the double stream motion leads to a volt-ampere characteristic

with a negative resistance region so that this distribution should be
unstable, with a tendency to degenerate into sustained oscillations.

He also shows that for a space charge limited oathode, the electron tra-
jeotories do not oross, indicating single stream motion. Brillouin con=-
cludes from this that the stable steadyestate space charge distribution
in a space charge limited plane magnetron is that corresponding to single
strean motion,

The Page and Adams double stream motion and the Brillouin
single stream motion are the limiting oases of the possible types of
electron orbit possible in the magnetron space oharge, liore generally,
the eleotrons can be thought of as executing approximately cycloidal
orbits whose maximum excursion is less than the thickness of the space
charge oloud so that a number of those swarms oan lie parallel to each
othe;, sach farther {rom the cathode; thus there apbear a number of
"yirtual cathodes™ between each of which exists one swerm. This is the
go=oalled "multiple swarm motion", For a single swarm the Page and
Adams solution is valid and for an infinite number of swarms the Brill-
ouin distribution is more nearly correct., It would therefore be ex-
pected that the space charge density distribution corresponding to the
actual electron motion lie between those corresponding to these two
limiting casese

In Figs. 2.4 and 2,5 are shown the space charge density dise

tributions for the oylindrioal magnetron, due to Brillouinl,
1

Brillouin, L., "Theory of the Magnetron - I", Phys, Rev. V60, page
385, 1941,
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Page and Adamsl, and Hoeller?, These latter two are seem to differ
rather markedly from the distribution of Brillouin, The Brillouin
solution, it is remembered, results from the assumption of zero radiel
olactron acceleration, that is, the electrons are considered as travel-
ling in ciroles concentric with the cathode (single stream motion),

The Page and Adams and the Moeller solutions are obtained by the use of
mathematiocal series and involve no such assumption, As in the plane
case, the infinite values of space charge density at the cathode and
boundary, obtained by these latter workers, will be reduced to finite
values upon inclusion of the initial velocity of emission énd esoape
current,

Glagolevs has sucoceeded in integrating the equation of motion,
by a method of successive approximations, to obtain the potential dis=-
tribution of the eylindrical magnetron space charge. He finds that the
potential differs only slightly from the Langmuir distribution in a
space charge limited diode without magnetic field; the maximum devia=-
tion ocouring at the edge of the space charge where it is 9% greater
than the Lengmuir value, From this one oan conolude that the space
charge density is only slightly greater then that derived from the Lang=
muir potential distribution, This latter yields a space charge density
distribution olosely'resembling the HulleBrillouin case.

TPage and Adams, "Space Charge in Cylindrical lMagnetron", Phys. Reve
V69, page 494, 1946. '

3‘Moeller, Mo Gos "Eloktronenbannen und Mechanismus der Schwingung-
serregung in Schlitzanodenmagnetron", Hochfrequenztechnik und Ilak,,
V47, page 115, 1936,

° Glagolev, V, ife, "The Passage of Steady Current in & Cylindrical
Nonwslit Magnetron" = Zhur, Tekh, Fiz, USSR = 19 = page 943, August

1949 - Translated by Naval Research Laboratory, washington, D. C.
WRL Translation No, 318,
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With regard to the choice between these various space charge
distribubions; the probleh is such in the oylindrical case as to meke

1 maintains that the

this more diffioult than in the plane case. Allis
double stream solubion is the stable onme, based on the observation that
since anode current is observed in a non=oscillating cuteoff magnetron,
and in the single stream ocase (his B, solution) radial current is impose
sible, the double stream motion must take place, However, he seems %o
neglect the fact that the ratio of rotating space charge ourrent to
anode current in a cut=off magnetron is large, suggesting the possibilie
ty that most of the electrons are moving more or less in ecircles cone
centrioc with the cathode and the anode current be due to those relative-
ly few electrons which, by a process not yet known, have lost some of
their ordered or rotational energy. Allis shows that the single streanm
motion is possible for any radius of the space charge éloud. However
for a ratio of space charge cloud radius to cathode radius greater than
26023 the double=~stream motion is also possible, and in view of the
previous reasoning, Allis believes this latter type of motion probable,

' Brillouin2s3 presents a ofiterion %o enable a decision to be
made between double and single stream motion, based on whether the elec-
tron trajectories do or do not oross. He finds that under space charge
limited conditions, for ratios of space charge cloud radius to oathode
radius less than 2,273 (for small osoillations) the trajestories do not

cross, indicating single~stream motion, However, for ratios greater

1
Allis, We P,y "Elootronic Orbits in the Cylindriocal Magnetron with
Static Fields", Radiation Laboratory Special Report 95, Seotion V,
ReLs Report 122, October 1941,

2
Brillouj.n, L.p loc. ci'b.

3
Brillouin, L., "The Influence of Space Charge on Eleotron Bunching",
Phys. Rev. V70, Page 187’ AuguS‘b 1946.
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than this, the trejectories can cross so that one camot decide, for
this case, between the possible motions on this basis,

On the basis of statistical considerations of electron motion,
Holc1 has recently demonstrated that the space charge distribution may be
appreciably modified by the random interaction, however weak, between
the disorete electrons forming the space charge,

Tas serman2

has conducted an experiment in an attempt to deter=
mine which of the distributions, Brillouin or Moeller, is more nearly
correct, His method involved measurement of the magnetic flux assooie
ated with the total space charge current rotating around the cathode,
Fige 246 shows his results, in which ourve 1 represents the rotating
ocurrent oalculated from Moeller, and curve 2 the rotating ourrent dee
duced from experimental measurement of the magnetic flux, Wasserman
claims agreement within fifteen per cent of the Brillouin case and fortye
five per cent with the Moeller ocase, from which he concludes thet the
"steady state oylindrical space oharge distribution is best represented
by the Brillouin relation", It is believed that his experimental method
is somewhat inaccurate, however, and should yield values of rotating
cwrrent lower than the actual values so that perhaps the agreement is

better than shown by Fige 2.6,

Similar measurements have been made by MVLB].IL@:;'3 who claims

1
Hok, Ge, To appear in a fortheoming report from the University of
Michigan Electron Tube Iaboratory.

2
Wassermen, I, I., "Rotating Space Charge in a Magnetron with Solid
Anode™, J. Tech. Phys, (USSR) V18, page 785, 1948,

3
U8ller, J., "™Measurement of the Circuleting Electron Current in a
Magnetron", Hoohfrequenztechnik und Elak., V47, page 141, July 1936,




2l

agreement within nine per cent of the value of magnetic flux determined
from the Hull-Brillouin space charge distribution., However, this writer
believes HMBller's experimental technique to be susceptible to inacoura=

oies also.

I

ROTATING ELECTRON CURRENT (AMPS)
o

1.0¢
0.8
3
06le—"—"
800 300 1000 1100
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FIG. 2.6

The proper choloe of the distribution of space charge will
influenoe the results to be derived here to a ocertain extent; however,
as will be seen later, the character of the solutions is determined
mainly by the functional variation of elestron velooity with distance
from the oathode, Fortunately the angular velocity in the oylindrical
case and the steady linear welocity in the plane case result from inte-
grals of the equations of motion without resort to any assumptions as
to the trajeotories. That is, while one must make an assumption as to
the eleotron orbits (as did Brillouin) or use a seriss method (as
M81ler or Page and Adams) to obtain a solution for the potential and
space charge variation, the velocity is independent of these difficulties.

The HulleBrillouin expressions for the wvelooity and space
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charge distribution in the plane and oylindrical magnetrons are given

below,
Plane lagnetron Cylindrical Magnetron
Po = = ®o° €0 2 po = =B 8% [} yro\d
° e o 2 [ *(r) ]
119 ) I1I=10
Tox = = =pf=0[y .1
ox oY Vo =T 3 [1 ;.%_]

where Vo is the steady velocity in the x and © directions and & is
the angular velocity. g = 9%"- is the cyclotron angular velocity and

ro is the oathode radius,



111, DETERMINATION OF THE COMFPLEX INDEX OF REFRACTION

In this chapter the oomplex index of refraction of & magnetron
space charge will be determined for verious directions of propagation of
the wave. In the oase of a plane magnetron the waves are assumed to be
plane; that is, invariant in phase in the plane normal to the direction
of propag;ation} The following cases are considered: |

() propagation in the direction of the applied magnetio
field (z),

(b) propagation in the dirsction normal to anode and cathode
(y)s &nd

(o) propegation parallel to the steady eleotron motion (x).
In the oase of the cylindrical magnetron the waves are in each case
assumed invarient in phase with angle around the cathode (8) and the
following cases are oonsiﬁeredz

(a) & plane TEM wave propagating in the direction of the
applied magnetic field(z), and

(b) propagation of a oylindrical wave in the direction nmormal
to anode and oathode (r),.

An eleotromagnetic wave of specified characteristics is ocone
sidered to impinge on the space charge along the desired direction,

Part of this wave will be transmitted into the space charge and set the
electrons in ﬁotion. The magnetic fisld will cause the electrons to
have additional components of veloeify then those given them by the elece
tric field of the impinging wave, necessitating additional field
—

Insofar as the space charge oan be oconsidered as a linear medium,

waves which do not fulfill this assumption oan be formed by suitable
superposition of these plane waves,

23
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components &ssooiated with the wave in the space charge, This can be
expressed by thinking of the wave in the space charge as made up of an
inducing field, end & scattered or radiation field due to the motion of
the electrons. This electron motion set up by the inducing wave is
equivalent to an elementary current ev so that the coherent scattering
or radiation due to the motion of all charges is equivalent to a ourrent
density distribution J = neve This equivalent current distribution is
the only radiation source in the space charge and since it is due to
the inducing field, this and the radiation field must be identical and
satisfy the field equationss

VxH=J+in gE

/ VxE= = inpol
V-H=0
from which can be derived the wave equation:

2
VZE"'”-.ZE.Q_ E=0
4]

17,the steady state complex index of refraction of the medium,is the
quantity sought in this analysis, The index of refraction is & function
of the ratio m/&c of the signal frequency to the cyolotron frequency.
The space charge oan, of course, be thought of as an electronic plasma
and this relation between ] and o as analogous to the usual dispersion
equation for waves in & dispersive medium,

Since to the extent that the space charge can be considered as
a linear medium, any wave motion in the magnetron oan be made up of monoe
chromatio waves propegating along the specified coordinate axes, this
chapter will be concerned only with waves propagating along these axes
and varying with time and space &s % =¥ & where s is the unit of length

measwred along the direotion of propagation,
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The electron velocities are obtained in terms of the field
components by the use of thé equations of motion Eqs, II=7 and II=E,
From the velooity equations the current is determined, which when sub=
stituted into the field equations allows solution for the propagation
constant ¥ and therefore 7 .

In the oylindrioal case explicit solutions for 7 as function
of oa/coc are obtained only for the limiting oase of no variation of .po
with r; corresponding, for the Hull=Brillouin space charge distribution,
to a vanishingly small cathode. Some qualitative arguments are advanced
allowing an approximate interpolation of the properties of the space
charge to be made between the limiting ocases of plane magnetron and cyline
drical magnetron with very small cathode,.

The orientetion of the field vectors to be used in the follow=

ing developments are shown in Figs. 3.1 and 3.2,
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FIG. 31 ORIENTATION OF FIELD VECTORS
ASSUMED FOR DEVELOPMENT OF
WAVE PROPAGATION IN PLANE
MAGNETRON

CATHODE

ANODES

F16.3.2 ORIENTATION OF FIELD VECTORS
ASSUMED FOR DEVELOPMENT OF WAVE
PROPAGATION IN CYLINDRICAL MAGNETRON
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l, Propagetion in the Direction of the Applied Magnetic Field,

A, Plane Magnetron. The propagation in the z direction of &

plans wave (3/0x = 3/0y = 0) with field and velooity components vy vy
By Dy Ey, Hy varying with z as e=7 % is considered in this section, Then
Eqse II=7 becomes
io vx + g Vx = 0 vy=-e/mEx-aa°vy
IlTa)
icovy'l-gvy =-e/mEy+oa°vx
It is noted that in this case, since E, =0, v, = 0 and the
above equations are exact, requiring no assumption as to the megnitude
of the velocities to remove the non-linear (vy o V) w; term,

Solving for the velocities:

vy = :-?ME ’ -e/m[Ey * 'i%'crg_ Ex]

o + = -
& vy o +g
0Jg .
Since V:J = 55 = -lopg = 0 +the ourrents are:
Jy = Po Vx ’ Wy =P Ty

~ Combining these expressions with the field equations, one obtains:

YHy = [-fg—%% +imso] By (a)

I1Iw2
e/m e/m E
ri [ B v ] - Rl (6)
yEy = "'i("#o Hy (e)

YEx = =i po Hy | (a)
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These equations can be solved by evaluating the determinant of the co=

effioients of Ex and Ey to yleld:
y 2 Ea{m y?2 o
[E/‘o+ +g'i‘“°:l[mllo+ +s"1‘”°J'°'
80 2 w® 72 e/m
ST P P R

and,since g<<®:

772 = 1+-8-E°-e—-2+iEQe§

me
o mS@@

= gg=19a ,
W €

Naking the substitution po e/m = = w,? €, from Eqs, II-9:
Eg = ]l 1 .
(w/esa)? 1113

%" G

where 7) is the complex index of refraction g = gy + ig; and g the
effective dielectric constant, and O the effective oconductivity of the

eleotron gas. It can be shown from the well known equation thats

& )
lr)r = \/—ﬂ' \/I 3 - . 2 +1 ~¢€

m /32 [\/1*';‘;%“_0%7@)5 -1 me Lt

@ 2 ‘/T;
The quantity e, is plotted in Fig. 3.3 as function of w/yge It ocan be
shown that & wave polarigzed with its eleotric field component in the z
direction will experience the same effective dieleotric constant as

found above,
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Be Cylindrical Magnetron. Propagation in the z direction of a-
plane wave ( 0/g = 0) with field and velooity components vy Vg Ep Ig
Hr Hy varying as e=Y % is considered in this section., This corresponds
to a THM wave propagating along & ocoaxial line, the components Eg .
being necessary to account for the tangential electron motions in the

space charge. The equations of motion Eqe II=8 becoms:

0
imvr+gvr+vr-g§- = -e/mEr-O)oVe
III.4

ov, ov
mve"'gve"'vr-sf ‘*'vr sfn-eAEe-l-mcvr

In order to linearize the equations it is necessary to assume the per=-
turbation velocities so small as Yo make any cross product term negli-
gible in oomparison with the other terms in Eqe III=4, Solving these
equations for the velocity components, after dropping the terms Vyp g%.,,

and v, a_aZz_ (assuming the derivatives to be conmtinuous and bounded):
r

- o _de t+g

e/m Lﬁe oo Er]
s Z

_ Qo +g) 0w
(1) or (]

o/ 5 + o NE e g

ve = (m + g)r . o

® @ - avofar %

Vp =

From Eqe II=10:

0vo . ®¢ ro?
- =z 1+ gm)

so that the above equations become:



W
v =
0é + (o +g)?
i + g :l
. =€e/§n[Er+""£"‘ Bg.
o "(103"'5)2“%
where
2
= 2 - foo
- a-Ify

Since,in this case  V-E = }1'6'6'5 (rEp) = =10 gy = 0 ,

the currents are
Jdr = pp Vr % = Po Vg

The field equations then becomes:

i +g
Po Do e/m[Ee - o

£

YHg = in g Er + ~—
0w + (io +g)?

n+g
P o/m [Er+ b]
-)’Hr-@%{-z-'imso'ﬂe + 06 E 5]
r ’mof + (im*'g)z
19
F5r (rig) =0

I1Ia%

(b)

(c)

(2)

(b)

(o)
(a)

1116
(e)

(£)
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Differentiating Eqe, III=6(f) with respect to r:

dH, 1 0 1 92
~opo s e sy (PR *F Fm (v E)
From Egs. IT1I=-6(b) and (d) above:

iy 2 1 1 1 92

1 9
oK e " T, 287 T Be) * I T av7 (T ) T v 6 By £ X By

- i + X =
(io + g) X By

£a e/m 2y
wcg * (0 +g)

and from 2qse IIX=8(a) and (c):

were X =

2
Y

i = i B + X B - i +
m Bp = 10 &9 Ep + g X Eg (i g) X Er

From this last equation

Eg =A Er
where Yz/ia),_,,o - 0 g, + (i + g) X
A = .
(DQX

Therefore:

Sene Lem e fhendeng

and

0%, \ [.3A. 9% aA  _.JoE 3 &
2w [ B o i

Substituting these expressions into Eq. III-6(g):

2
0%E. . 1[2r 0A 0o
u-.—-I- o | o r
Or? +1‘[A 5r*ﬂ5r '

*Eml-‘o(mOAX +£IX-) - %‘2(1{.%+ 1) +ig£¥ +i
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The gensral solution to the differential equation III=7 would be
rather formidable, unless X does not vary with r, In the case of the
Hull-Brillouin space=charge solubtion this condition can be satisfied if
the cathode is infinitely thin,

In this special case Eqe III=-7 reduces to:

aZE. 1 08 X

which is simply the Bessel equation,
Comparing Eqe III=8 with the similar equations for wave trense

mission in a oylindrical dieleotric-filled waveguide it is seen that

7% a?f? = Wp, (0AX +€%) )
or 1119
2 /.2
y2 == /o2 + [;H.@%)z +¢{ oo X,J,o:l (1- (%) 3 ()

Letting ¥ 2= -toa/cz 1)2 and using the HulleBrillouin value for the

space charge density (with vanishingly small cathode) from Eq, II=10,

£ = ‘0_9_2_ and the corresponding angular velooity § = L,
m & 2 2
This equation then becomes: 1
1 + e e ]
2/ 2
= 2 = 2_o°/wg
A YA (®)
. 1 III=10
+
% 20° /12 ()

5eg "INt wy—ppry
Egse III=10 are plotted in Fig, 3.4, It is seen that, depend=
ing on the value of w/oe, €e oan take on all real values; positive and
negative, The conductivity resulting from energy loss by the electrons

due to collisions with the heavy particles in the space charge is seen
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to reach a maximum value for a)/o)c = 1/,/5 as oould be predicted from the

velooity Eqs. III=5 since the velooities are maximum at this value of

w/@c °

C. Disoussion of Variation of & with r. The effective di-

eleotric constant of & magnetron space charge has been determined exactly,
(for the small signal case) for the plans magnetron and the cylindrioal
mé.gnerbron with vanishingly small filament,in the above sections (A) and
(B)s Since neither of these structures is used in practice, it beocomes
very des‘irable to be able to determine the dielectric properties of the
space charge as a function of the radius. Unfortunately the complete
solution of Eqs III=7 is very laborious, even if the HulleErillouin re=-
lation for p, is useds Perturbation, or approximate methods do not
appear o simplii& the problem appreciably, Therefore until such time
as the need for & complete solution to Eq, III=7 arises, thus justifying
the time required for its solution, one must be content with an interpo=
lation based on the limiting solutions already obtained and a knowledge
of ﬁhe variation of the space charge demsity p, and angular velocity 3

as functions of r,

Eqe III=7 is seen to contain terms i%{} = d dﬁnA

except for a constant, equal %o E% inX , For rH/rc greater than about

which is,

three, the quantity fn X does not vary more than 25% from its value at
rH/ro =® , For this reason it does not appear to be a prohibitively
s .1 dd,
bad approximation to negleot the terms in I Ir in Eqe III=7 for ra/% > 3.
This equation is then reduced to Eqs III=7,
The critical points of the first term in the brackets in Eq.

IITI-8 will be examined qualitatively as a function of r to attempt an

interpolarion between the values r,H/rc =1 and rg/rc =0 ,
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Eqe TII=9(b) can be written in the form

£o8 @
o [l +£7S%]
W = w°

g =1a

Upon substitution of the relations Egs. 1I-10, it can be shown that the
variation of the above fraction with r is negligible for rH/ro >2 so
that for larger values of rH/r° the value of a)/coo at vhich g5 = 0 does
not change appreciably from its value for rﬂ'/ro = ® , This slow varia=
tion with r results from the mathematical form of the various functions
of r involved in the expressions for p, and §

However in the case of the infinite singularity, the value of
©/we is determined almost completely by 2 g-:.z,= 1- .':_3_2. which is &
fairly rapidly varying funotion of r for rH/r° < 5, Therefore this
critical point ocan be expected to vary more, for large values of rH/rc,
than the point g4 = O,

From these qualitative considerations the ourves of Fig, 3.5
were interpolated from the values determined from the analysis (shown as
heavy dots on the ordinates), It is to be emphasized that these curves
are only the result of some judiclous guessing and do not result direct=-
ly from the solution of Eqs III«7, In & strict mathemmtioal sense one
cannot draw such conolusions as these, since they necessitate the depene=
dence on r of thé propagation constant in Eq, III=8, which violates the
assumption made there, However it is believed that these approximations
are reasonably valid so long as the radial propegation constant is only
a slowly varying function of r, i.e. for rH/ro > 3.

A partial justification for these approximations, made in vio-
lation of the condition that y be independent of r, lies in the faot that
the energy density varies logarithmiecally with r, so that in the region

where po and f vary most rapidly, there is relatively low energy density,
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FIG. 3.5

EFFECT OF CLOUD RADIUS ON CRITICAL VALUES
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2o Propagation in the Direction Normal to the Anode and Cathode,

A, Plane Magnetron, In this seotion propagation in the & ¥y

direction of a plane wave (90x = 9/0z = 0) with field components
Ex By Hy Vg vy varying as o1V will be considered, The force equations
in this case are identical to Eqs. IIIel so that the velooity oomponents

aros
- W,
-y + g o
o+ g ? IIn.1l

Vx = 'V'y=

where it has been necessary to assume the perturbation wvelocities small
so that their product and therefore the nonwlinear term (vy V)vy oan be
neglected, |

The perturbed charge density is found, using the ocontinuity

relationt
. 04
V-d = iy gy = = YJ
Al "3y 7y
s0:
4] = ’% Jy ’

but thers is assumed to be no component of steady eleotron velooity in
the y direction; so that,since p; does not vary with x,the currents are
given bys

Jx = po Vx Jy = po vy ,

Use of the velocity equations above yields:

. B2 - e[ S ]
X i + g J i + g * ITI=.12

Substitubing these relations into the field equations, there result:

-YH, = [— -EO—EZP- + o 50_] Ex (a)

i +g
ITI-13
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| 11113
YEx = - ilop, H, | (e)

Eliminating H, from the first two by the use of Eq. III=13(c):

R go o/m ] . “
_im,‘Q + imo'l'g --'L(OSO Bx + 0 = 0

+ g)-

so thats

[ ::-imeo] [%;—O-Jrgl-}/%-imeo] =0 IIu4

and
2 - w2 2 e/m
Y T = -dopo | BT - i
)72 = [1 - ‘&2——0] + i BQ_E 53 .
még g meq W
Using Eqe IIw9:
n 2 = 1 1 ‘002 g
- ———— - i —————
L (60/030)2 ® ’
GQ = 1!— 1 2 )
(/o)
I1I.16
g

Og = (m %)2 )

whioh are the same as Eqse. III-3., These relations are plotted in

Fige 3430
It ocan be shown that a wave polarized with its electric field

in the z direction, will propagate with the same velooity as the wave

considered above,



B, Cylindrical Magnetron., In the oase of the cylindrical

magnetron, propagation normal to the anode is considered as in the rade
ial direction, with field components Ep Eg H; v, vg &nd with
0@ =03/0z = 0,
The force equations are then identical to Egqse III-4 so that

the velocity components ares

where again it has been necessary to assume the perturbation velocities
small so that the nonelinear product term can be neglectede

The charge density p; oan be found froms

0dyr .
V'J= o"'r-s- mpl .

However, since we have assumed the steady eleotron flow to be entirely

tangential, the curremts are simply

Jr = po Vp
Je = Po 'Ve .

The field equations are then:

poo/m (in +g) | we po o/
[M + (1o + g)? i“°] T e E T2 o O (a)
TIIe17
B 0Hy _ _ po e/h (iv + g) _ o e/h B
or [wcf“*(im“'g)z +i&€°:lE° wc € + (o * g)? LY

SRR S (o)
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Differentiating Eqe III«l7(0c) with respect to r and substituting into

Eqe III-17(b)s

a------QzE +1 OFe _Ee
drd r Or ;-7

i e -pg o/m (in + g) _ dmfo po o/m €
[mc€+(m+g)2+imeore 600£+(10)+g)2Er .

By solving Eq, III=-17(a) for E,

L = - oo po o/ Eg
T = poo/m (1o +g) o & [0 "'(50)“'8)"_']

and substituting into the differential equation for E, one obtains:

Pme , 108 _ 1
Or? r Or rz2 ¢ 111-18
ipp o/m (i + g)
- Qg | - 0E -
#o[ wo g + (o +g)2
10, ¢ (o o/0)? ap )" ,
-Poe/m(m+g)+iweo(coc€+(m+g)“l] ® :

So long as the part in brackets is independent of r, it oan be shown to
be equal to the square of thev radial propagation constant, ¥y 2

| Separating the bracketed expression into real and imaginary
parts and substitubing 9% = =02/ y2

0 .
Ren? = 1+ En.?_z. | IIT=19
mew %’s— - (00§ = ) (a)

1
For & clarification of this analogy and a general discussion of cylin-
drical waves, see 8.%. Schelkunoff, "Electromagnetio Waves", D, Van
Nostrand end Co., page 406, 1943,



e\ weé
2 = ?__8_[2 we € -@][ <p° ;) 2 :\
Inn®=promap |2+ 1- (_ €, e (0ot wa))e

Po m
I11-19(v)

where as before terms in g are negleoted in comparison with @2 or 0502.

These expressions are plotted in Fig. 3.6.
Using the HulleBrillouin relations Eqe II«1l0,for a vanishingly

small cathode,the above equations becomes

1 [z R /gl = ,1]

=2 ] -
83 4 (02/0)02 mz/mcz -1
2 ) 1IT=20
To | g |14t | .ol | “
weg 8 22 [ 2uP a2 (0pt=0)2

By using the same type of qualitative arguments as mentioned
in Section l<€ above, the variation in the oritical points of Eqe III=20
can be interpolated between the :‘H/rc = 1 and q{/re = 0 values,

These ocurves are shown dashed in Fig. 347,
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FIG. 3.7

EFFECT OF CLOUD RADIUS ON CRITICAL VALUES
OF W/W¢ —APPROXIMATE INTERPOLATION

PROPAGATION IN RADIAL DIRECTION
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3. Propagation in the Direction Parallel to the Steady Electron Motion,

A, Plane Magnetron, The propagation of eleotromagnetic waves

in the direction parallel to the steady electron veloocity in the magne-
tron should prove of interest from two points of view, While this analye
sis is carried out only for the plane magnetron, the generel results
should be applioable at least qualitatively to considerations involving
the cylindrical magnetron, and might be of assistance in explaining ocer=
tain frequency effeots of the space charge on the resonant oirocuit, such
as frequency pushing and voltage tuning, Secondly, it is believed (as
has been suggested by a number of people) that & magnetron struocture
should be ocapable of providing amplification of electromegnetic waves,
This possibility was suggested earlier in the course of this workl, the
idea being based partly on an analysis ocarried out at that time and
partly on intuitive considerations, extrapolating from the successful
Eleotron Wave Tube? due to Haeff, The analysis presented in the afore=
mentioned report (reference 1 on this page) has since been found to be
incorreoct, however the possibility of amplification has not been abane
doned. | |

The problem of wave propagation in the direoction of eleotron

motion in & plane magnetron space charge has been treated in a

1
Quarterly Progress Report No. 2, Electron Tube Laboratory, University
of Miochigan, July 1950,

2
Haeff, As Ve, "The Electron Wave Tube = A Novel Method of Generation
and Amplification of Miorowave Energy", Proc. I.R.Es 37, pages 4«10,
1949,
Labus, J., "High Frequenoy Amplification by Means of the Interaoction
Effeot between Electron Streams", Arch, Elekt, Ubertragung 4, peges
353=360, 1950,
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comprehensive mamner by Macfarlane and Hayl. However, while they appar-

ently found suitable mathema’cical expansions emabling rather general sol-‘
ution of the equations, some of their most interesting results are not
presented for the case of the magnetron (their case a = 1), That is,
they consider interaction with a beam of electrons injected between two
parallel structures, the electron velooity varying linearly with dis-
tance normal to these structures, bubt not necessarily vanishing at one
of them as in the magnetron with a cathode as one element of the delay
line.

This problem of amplification ir a plane magnetron structure
has also been mentioned in & note by Buneman?,

Therefore, while the present treatment of this problem will
necessarily be of more limited scope than that of Macfarlane and Hay,
it is hoped that the results can be applied profitably to the magnetron,

For consideration of electromagnetic wave propagation in the
direction parallel to the steady or drift velocity of the electroms,
two types of waves must be distinguishede The first wave will propagate
with a velocity near tha’c of light, being determined by the dielectric
properties of the space charge, as well as the boundary conditions ime
posed by the oonfining circuit. A possible example of this case would
be wave propagation along & plane parallel (without loading) transmission
line, one of whose elements is an emitter, giving rise to & space charge

with drift velocity along the length of the line., Since this case is of

1
Macferlene, G. G. and Hay, Ho G., "Wave Propagation in a Slipping
Stream of Electronss Small Amplitude Theory", Proc, Phys, Soc., Lond.
B, 1XIII, pages 409~427, 1950,

2
Buneman, O,, "Generation and Amplification of Waves in Dense Charged
Beams under Crossed Fields", Nature, V165, page 474, March 1950,
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1little practical intorest, it will not be treated here,

The second type of wave involves propagation along a struce
ture (usually periodic in space) such that the phase velocity of the
wave is oonsiderably less than the wveloecity of light, This structure
is usually made as some type of periodically loaded transmission line,
such as a loaded waveguide, (the side opposite the "slow wave" struoc=
ture being an emitter) and the wave velooity can be made (within reason)
to oonform to the designer's wishes, usually one-tenth or less of the
velocity of light, This low value of wave velooity allows coertain simp-
lifiocations to be made in the equations, as will be seen later,

The essential differences between the "field wave" and the
"space charge wave" can then be summarized as follows, In the field
wave, which is propagated with & phase velocity near to that of light,
the space charge density exerts relatively little influence on the
fields; that is, there is relatively little wave energy stored in the
electron motions, so that this wave is characterited by V'E = 0, The
wave energy in this case is stored alternately in the eleotric and mage
netio i‘ieids. The space charge wave, propagating with a phase velooity
small compared with that of light, is influenced to & great extent by
the space charge; in fact the wave energy is stored altermately in the
eleotric field of the wave and in the kinetic energy of the electrons,
Sinoe in this case there is relatively little energy stored in the mag=

netic fields, this wave type can be characterized by Vx E =0,



48

Propagation along & "Slow Wave" Structure

A schematic drawing of the structure to be considered in the
following analysis is showm in Fig. 3.8, As in other sections of this
report it is assumed that the electron velocity is slow compared to the
velocity of light so that the treatment is none-relativistic and also
the usual small signal method is used, In addition it is assumed that\
the wave velocity is small compared to the velocity of light so that the
time rate of change of magnetic field can be neglected, and the electric
field derived from a potential function. Then Vx E = 0! and the field
components present are Ex, Ey, and Hy,

The equations of motion are, from Eq, II=T7:

10 vy = ¥ Vo Vg = = o/m Ex

I1I=21
% - YT Vy = - e/mEy = 0 Vx

The degree of approximation of this customary simplification can be
seen by writing the electric field in terms of the vector potential A
and the scalar potential 7 ass

E=-V¢ - g-f;:

and using the supplementary condition on As

0
V-A = -#oﬂoé—g

Thens 2
‘ 1 62

.E 8 - + -
v V2¢ o2 32

Considering the po’centﬁ\)% to represent a wave motion in the x direc=
tion so that

2
E=-72¢+%’.2.¢

so that when w2/02 <<y 2 this last term can be neglected and
E=a-V
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FlG. 3.8

IDEALIZED SPACE CHARGE IN PLANE
MAGNETRON WITH PERIODIC ANODE

and from these the eleotron wvelocitiss are:

we B . AR dmem
X0 i+ y ey y y + Y Oy TY Qgy)e ' IITe22

where the substitution v, = =gy has been made, By this substitubion
it is implioitly assumed that the ocathode is located at y = 0, The

field equations are:

N =aE
= TS (a)
a1,
37 = PoVx tVop tim g Ex (v)
I1IT=23

YH; = po vy *in g Ey (o)

OE

= go|= + 2L
RLIREN ()
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Substitubing Eqe III=22 into Eq, 11I=23, the following equations are

obtained:
OH . o} a)
5-};1=(A-yeovo+meo)Ex +sov05-$’l (
IIT=24
and
YH, = (& +i0 &) By - OBy (b)
wheres
-po 0/h Po_©/m @
A= C= (¢]
EE +y ey (i + y%y)z
Differentiating Eq. III=24(b), it follows that:
Uy brine Wy By 04 O 0% B OC
oy Yy oy Yy oy Yy oV Y y °
Equeting this to Eq. III-24(a):
0% 0A d
[+ (10 + 7 00¥) &] 57 * By 55 - © FSZ‘ 11125
1 ocC .
-y [;H+A+eo(w+ymoyzl}:".x=0.
From Eqe I1I=23:
‘ 1 0E OE 1 3%
E B oy e ——E ""# - -
y y oY oy Y oy
so that Eqe III=-25 becomess
-
. 1 0°E, 1 04 [
[£+ (i +y aoy) & Y av® +[5'_ 3y * C] W 11126

(oY) L))
Zla

[y

The equations will be simplified by substitution of the new variable:

® Yagy
t= 5 [1" "52'3‘] I17-27

+ 4+ (10 +y ogy) so]ymx =0 .
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Then Eqe III-2(b) becomess
170% 2 OE [z 1 |
- — o =
L F - [S-i w0 0 e

This is the basic differential equation representing the elec=
trio field in the space charge region and presupposes only that the vele
ocity of the wave in the space chafge is small compared with the velocity
of light, In what follows the exmot navture of the external cirecuit will
not be specified, it being pregumed that & circuit of the characteris-
tics desired to achieve certain performence can be constructed. It is
seen from Eq, III=-27 that Re & = O corresponds to synchronism between a
layer of electrons at disﬁanoe y above the cathode and & wave travelling
in the =x direction,

Since the most intgresting interaction effects take place for
veloocities near this synchronism condition, in what follows the atten=
tion will be confined to smé.ll values of J, Therefore the solution to
Eqe ITI=28 will be found in terms of a power series expansion in £,
However, first the equation will be examined briefly to demonstrate that
this expansion is possible,

Eqe III=28 can be written in the forms:

02Ey 1[ 2 ]@E 1 z-ez+z4}Ex___o

+ - e
022 Tl22-1]7%2 22 22 = 1
The torms —2er and 22t 8 both analybic st £ = 0 and bhe
2 = 1 T2 -1 v |

equation has a regular singular point at £ = 0, A power series expan-

sion is therefore possiblel about £ = 0 (at least in the region -1< £<1),
1

See e.g. Rainville, E, D., "Intermediate Differential Equations",

John Wiley and Sons, page 90, 1943,
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Therefore lettings

Ex = 3 eayff
o
it follows that:s
(00]
or
7~ = I napé
o
and ©

Q

28

Q

(+]

-Z-FZ = 3 n(nel) ays 12

11129

Substituting these series into Eq, III=28, the following reocursion re-

lation is founds

o ®
-Zl:n (n-3)+2]an3n-3+ z[n(n
) 0

so that the first few coefficients are:

a, = 0
a, = arbitrary

a4 = 8y/p

»
o
n

ag = 321/1680 a,

810 #1475 &y

The series solution for Ey is then:

a
Ex=32[;%3+82+%: 8 e3+%.z4+

a2

&
a3
as
&y
ag

211

o M 8

-1) + 1] Whe

anen"'l =

arbitrary
a1/2‘.

5/24 a1
93/720 a4
3848/40320 &y

«0760 a3

2Z @

5 a 5,11 6
'Jz" 5 +Eg +oco:|

I1I=30
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It is seen that two independent series are obtained, one in-
cluding the even and the other the odd powers of the variable quantity.
The boundary condition to be imposed on the electric field
Ey in the space charge is that it must vanish at the cathode, i.e.
Ex = O when y = 0 (£ = :..:). Under this condition Eqe III-30 becomess

2 4 \
a] o 1w ) o [+ 1 &2 4
33 o ll Toag *Oomte S L1t 5 oyt 02T e,

so that for @/, < 0.8 the relation
a1/Bs = = a/, IIT=31

is valid and is a very close approximation for w/s; < l. Zgq. II1I=20

then becomes:

= @ 1 :
% -5 [:1 2 22 + 0,21 24 + 0,129 25 + 0,0966 £8 + —J
IIT-52

1
+ 22 [1 +3 22 + 0,275 ¢4 + 0,191 £6 + :l

The electric field Ey in the space charge is plotted in Fig.
3¢9, vs Re { from Eq, III=32 using the boundary condition Eqe III=31l,
Cortain qualitative information conoerning the space oharge can be ob-
tained from a study of these curves,

The cathode of the magnetron is, of course, represented by
the right hand intersection with the abscissa of the curve correspond-
ing to the particular velue of w/s, under consideration. The inter-
section at ¢ = O oorresponds to synchronism between the layer of elece

trons &t a given value of y and the travelling electromagnetic wave,
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It is seen that this synchronous layer of electrons becomes an infinite
adnittance sheet in the space ocharge. The portion of the ourves to

the right of £ = 0 represent the field in the region in which the elec=
trons are moving slower than the wave and the part to the left of £ =0
the region in which the electrons are moving faster than the wave,

From this it appears that the interaoction space in a magnetron is die
vided into two regions by this admittance sheet; the region between
cathode and the infinite admittance sheet and the rezion betwsen this
sheet and the anodes As the electrons are caused to increase in welocity
(eege by increasing the magnetic field) this sheet will be displaced o=
ward the oathode.

Examination of Eqe, II1I=28 reveals that in addition to the
regular singular point at £ = 0, this equation contains a second regular
singular point at £ = * 1, It will prove interesting to examine breif=-
ly the physical nature of these singularities also, For the value

£ = «1, the real part of Eq, III=27 becomess

co‘,*co(% -1)

where p is the phase velocity of the wave propagating with the electron
stream, i,e, p = - co/Im‘r o The right side of this relation is seen to
be the frequency of the wave whose forces are acting on the electrons,
as seen by the moving electrons, That is, while a stationary observer
(en eled:ron) experiences a force due to the fields of frequency w, an
observer moving with velooity v, experiences & forsce of frequenoy

) (vo/vp - 1), Therefore at the value of vo/vp for which this Doppler
frequency is equal to the cyclotron frequency, the layer of electrons

for which Re & = X 1 experiences & resonance effect between the wave



and the applied magnetioc field, From this it would be expected that the
electric fislds of the wave have a singularityl at the value Re £ = = 1,
That this is indeed the case can be seen from Figs. 3.9 and 3,10,

The singularity at the point £ = + 1 is of less interest since
this imteraction (for w/, < 1) takes place below the cathods, However
this singularity oorresponds to the same type of phenomenon, with eleo-
trons moving in the + x directior interacting with fields of Doppler

froquency (1 = -;% ) of a wave travelling in the + x direction,

Evaluation of the Eleotronic Admittance

Using the series expression (Eq. III=32) for the x directed
electrioc field in the space charge region, together with Eqe I1I=23=-8,

the y directed electric field distribution can be determined.

E=_1_6Ex=ibEx
Yy ¥ oy o

—

o
= i&z L""(;‘o" [l "'%32 + 1,05 34 + 0,9 86 + 0,87 88 + oooo}

IIT=33

}
#lao+2 85 +1,65 6% +1,55 87 + 1,47 %+ ﬂ

This series converges even less rapidly than Eq, I1II=32 so
that values were not obtained above £ = 0,9; the curves representing
this series solution are shown in Fig, 3,10, It is sesn from this fige
ure that the y directed eleotric field also appears to inorease without
limit near ¢ = X 1,

1.
It can be shown (Whittaker and Watson, "A Course of Modern Analysis",
Cambridge, page 201, 1946) that in such a case as considered here, the
function will be éither analytic or have & logarithmic singularity at
the regular singular point, In view of the above-mentioned acocount of
the nature of the interaction at the singularity, the latter possibil-
ity appears more probable,
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Reference is now made to seotion V-l where the boundary condi=
tions at the edge of the spaoce oharge cloud are disoussed, Ege V=8 of
that section can be used to evaluate the admittance Y, seen looking into
the space charge oloud from the enode., Applying Eq, III=27, Eqe VeS8

can be written in the form:

Yo(n) = &83 %%[[ m/o)o - 3 - m ] _lé% 2 - m(cm.}

11734

The fraction %- % can be determined from the quotient
of Eqse ITI=33 and 11I=32, However since ¢ will in general be ocomplex,
this expression will become quite longe Therefore & simplifioation will
be effected by restricting the oconsideration to values of electron vele
ocity near the synohronism condition, That is, by restricting £ to
smell values ( & < 0.4) & simple equation for Ey(h)/Ex(h) oan be oObe
tained, allowing an analytioal expression for Yo to be found, By ne=
gleoting powers of £(h) higher than the first in Eqs. III-33 and III-34

there resultss

1 By(h) ~ 28(h) =a
ey to ot

- 9— 3(1’1)

go that the electronis adnittance beoomes:

i h 1
Ya(h) - mo-(y)o)c [- 2 + m ((D/O)c + CV4A(00> o 82 %h)} 111'35

letting
= b +ili

y=a +1B
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Eqe III=27 shows that the phase constent of the travelling wave is given

by ‘ 1
ﬁ" ¥y (% "03/030)

and the attenuation constant by:

The real and imaginary parts of the electronic admittance

are therefore given by:

®o €0 h X
(51‘-03/600)2 + 312
o, 4 2( - 3'2)
[(51'-(0/030)[““ m<o>c '7“> (£p2=ts ) % 032 0 ]
+ 2 -1 O 2 ‘Lo 1(a)
i [mz <‘°0 @ aac) (2%252)% + 4 442 Vrzﬂ

III=36

Im Yg(h) =

® 4 4 &
[(81.-(0/(00)[}, 2+ 4,2 (E; * mﬁ)c>— (£p2=832)% + 4 252 31'2]

. o (82 = £:2)
[-z 4 ( "’/“’0) (zrafzigz + 21312 I ]]

In the above equations it is understood thet the values of £, and &3

to be used are those at the boundary y = h,
In order to illustrate the manner of variation of Im Ye(h),
Eqe III=36=a is shown plotted in Fige 3411 for the simple case of no

time average emergy exchange between electrons and fields (85_ =0),
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These ourves show the existance of the zero reactance sheet at ¢ =0,
mentioned previously. They also show that the space charge appears

inductive to the anode oircuit for £> & g..; and capacitive for

2
< % 2—; . The value of elsotron velocity at which the electronic
susoeptance vanishes thus corresponds to one-half of the phase welooity
of the wave, and the (Doppler) frequency of the force experienced by
+he eleotrons due to the travelling wave corresponds to the Larmor fre-
quency (o)c/z). Eleotrons with welocity greater than that of the travele
ling wave appear capacitive but not so much so as the synchronous eleoc-
trons. Therefore as the space charge oloud ié expanded by inecreasing
the d-c anode voltage, the boundary of the cloud appears inductive for
2> o/, and capacitive for £ <w/2oge

These ourves or any of the other theoretical results derived
here are, of ocourse, not valid under conditions at or near osoillation,
in which the oloud surface and the motions of the electrons can be great-
ly changed by the large fields present in the interaction spece.

It is seen from Eq, III=36=b that for £.< 0, corresponding to
electrons ﬁoving faster then the travelling wave (3<0), £;>0 results
in a negative electronic conductance, Since the wave has been assumed
o0 vary as oltst=7 x, positive £; corresponds to a growing wave., This
rosult is at least oonsistant and it appears that the magnetron space
charge is capable of delivering energy to the fields of an anode struce
ture of the proper characteristicae Of course, a definite answer to

this question of amplifiocation oan be obtained only from a complete

solution inocluding the boundary conditions imposed by the confining
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oirouitl, That is, ome must demand that Yo + Yo = O where Y, is the
cirouit admittances lack of time prevents the completion of this study.

Amplification by means of the magnetron space charge should
be characterized by greater efficiemoy and power output capabilities
than the travelling wave or eleotron wave tube, This follows from cone
sideration of the phase fooussing effect of the magnetioc field (that is,
removal from the interaction space of out=ofe-phase electrons) and from
the faoct that an eleotron bunch after having given energy to the iields
of the wave, can move toward‘ the anode, thus abstracting additioﬁal
energy from the d-c field which oan in twurn be transferred to the r-f
Wave,

As has been suggested before2, the existance of such amplifie
cation due to a magnetron space charge may aid in the explanation of the
large observed noise output of magnetrons., That is, most considerations
of possible noise mechanisms in the magnetron result in the conclusion
that some amplification of the noise must teke place after its genera=
tion (probably in the immediate viecinity of the cathode) until it is
delivered to the fields of the resomators, Twiss® proposes & mechanism

of radial amplification, involving the coherent constructive interfer-

ence of the radially moving electrons in the multiple stream type space

1 _
Maecfarlane and Hay found that amplifiocation along the stream was in
- fact possible, but it is believed that the boundary conditions they
used are open to question,
2
This possibility has been suggested by a number of authors, one of
the first was probably Haeff, Phys. Rev, 75, page 1546, 1949,

3
TWiSS, Re Qo’ IﬂC. Oi't.
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charge. However it is at least conceivable that all or part of the
amplification take place in the tangential direction, the waves repre-

senting the noise energy trevelling with the electrons and interacting

with the fields of the resonators.



IV, DISCUSSION OF THE RESUITS OF CHAPTER III

In the previous chapter the complex index of refraction of
the megnetron space charge was determined as a function of the applied
megnetio field and the frequency of the wave, By considering the medie

‘um as a nearly perfect dielectrio, the index of refraction was expressed
in terms of an effective relative dielectric constant, The results of
this analysis are contained in the ocurves of &g vs oa/coc.

Considerable care must be exercised in the interpretation of
the dielectric constant ege The only safe interpretation that can be
given to gg is as an expression of the phase velocity of the travelling
wave, That is, a wave propagating through the space charge region which
exhibits dislectric constant & will travel with the same phase velocity
as a wave in a real perfect dlelectric of relative dielectric constant
tee In the region gy> 1 the space charge can be thought of as behaving
as a real dielectric. In the region £4< 0 the space charge oan be
thought of as analogous to & conducting material in which the wave is
attenuated, However ia the region 0<ey< 1l no such comparisons oan be
made since real dielectrics exhibiting this property are not lmown,
Similé.r oonoepts to this are encountered in ionospheric propagation
problems.

In this chapter an attempt will be made to explain the mechane
ism and results of the electron-wave interaction and to give as good a
physical picture of these various valuwes of dielectric constant as pose

gible,
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1, Disoussion of the Electroneifave Interaoction,

An eleotroma gnetic wave, polarized along one of the coordinate
axes, impinging from free space onto a magnetron space oharge will, in
general, be partially transmitted into the medium, In the space charge
the: electrons will be acoelorated by the electric field of the impinging
wave; however due to the applied magnetic field the eleotrons will have
& velocity component normal to the direction of polarization of this
wave, neoessitating an additional ocomponent of electric field (and therse
fore magnetic field), The electrons thus set into motion by this "induce
ing £ie1d" will radiate (as small doublets) and can be thought of as coe
herent sources of & "radiation field" in the space charge, The inducing
and radiation fields must be one and the same and constitute the wave
whose propagation characteristics were found in Chapter III,

In the present analysis, the space charge is thought of as
exhibiting mediﬁm;like behavior, That is, the motions of the eleotrons
are oconsidered to be influenced by and interlocked with the motions of
the surrounding eleotrons, This type of interaction would be character=-
istic of # region of high electron density, This behavior is to be cone
trasted with that believed to exist in a region of relatively low elec-
tron density in whioh the effect of the electrons is just the summation
of the effects of the individual eleotrons acting independently, That
is, while the r«f fields in the eleotron ocloud, in the latter case, will
be essentially the same as those in the absence of the electrons; in the
former case, in which the space charge exhibits medium-like properties,
the total fields will be those dictated by the eleotron motions in the

spage charge,
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The electrons in the space charge will be accelerated, thus
abstracting energy from the wave, during one~half oyecle and will, if
they suffer no energy loss, return exactly this amount of energy to the
wave during the next half cyole, This is shown in Section 4 of this
chapter, The eleotrons therefore contribute primarily a reactive effect,
If this reactive electron current leads, in time phase, the electrioc
field of the wave the effeot will be capacitive (&,>1) and the wave will
be propagated with phase velocity less than that of light in vacuo. If
the eleotron owrrent lags the field, the effect will be analogous to an
induoctance (0< ¢g<1) and the phase velocity of the wave will exceed
that of lighte At the value of w/fa, at which g = 0 the wave will be
totally reflsoted from the space charge boundary, The behavior of the
electrons at the boundary of the space charge at the value of a)/coo at
which g¢ = 0 has been discussed in a brief note by Forsterling and Wuster!
in comnection with the ionosphere,
| It is noted that only those solutions have been obtained, for
wave propagation in the space charge, for which the electric fields of
the wave are not parallel to the applied magnetic field, The solutions
for those oases in whioch the electric field is polarized in the direc-
tion of the applied magnetic field are immediately separable from those
found above, These latter solutions are well lmown? and are trivial from
the point of view of this analysis since the magnetic field does not in=

fluence the motion of the electroas, its effect on wave propagation being
T

Forsterling, K. and Wuster, H. O,., "On the Origin of Harmonics in the
Ionosphere - At Points where the Dieleotric Constant is Zero", Comgces
Rendus = Acadamie des Sciences = 231 = No., 17, page 831, Ootober 23,
1950,
2
See for examples Niechols, H, W, and Schelleng, J. C., "On the Propagae
tion of Electromagnetic Waves Through an Atmosphere Containing Free
Electrons", Bell Syst, Tech, J. = 4, page 215, 1925,
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felt only through the space charge density., It is the motion of the
eleotrons due to the various foroes (inoluding the applied magnetio
field) that causes the interesting effeots of the space charge on wave

propagation found here,
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2o Illustration of Dieleotric Constant by its Effect on a Resonant

Cirouite

A magnetron space charge placed in a resonant ocircuit in such
a way that it ocan interact with the eleotric fields, will have an effoct
on the resonant frequency of the eircuit, Reference to the curves of
tg as & funotion of oo/coc will show the nature of this effect, It is
seen that &, oan assume values which are positive and greater than unity,
in which case its effect on the circuit will be similar to that of an
ordinary dielectric; it oan be negative, in which case the effect will
be similar to that of a oonducting material, Finally, values of &g
positive but less tian one can be ob’c_ained; in this ocase the phase vele
ocity of the wave will exceed the velocity of light and in certain simple
cases this effeot on the oirocuit ocan be considered as similar %o that of
an inductance though this concept must be used with ocaution.

In order to illustrate the effect of a dielectric on an associw
ated oirouit, the resonant wavelength of a coaxial line one= uarter wave=
length long, containing a dielectric material, will be computed below,

| Consider a coaxial cavity oontaining a oylindrically symmetric
dielectric material located in one end of the cavity., The electric

fields of the TEM mode are

igyx =doxx
in air, region 13 E.3 = Aje © + Bje O IVel
doxx ~iaxx
in dielectrio, region 2: EBnp = Age V2 + Bge “vg IV=2

subject to the boundary conditions (see Fig. 4.1):

Bl = Epp x =8
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Therefore
w(b=a)
oot o

Ve

ax
21'17311'&“’ zp =

The oondition for resonance is them

2u (b
, Oot -—“——-(f;)—ﬁ = \/—e; tan ?; = J‘Er -ban %.i‘a. Iv_g

The curve of Fig, 4.1 shows the resonant wavelength of this cavity as a
funotion of epe
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It is seen that when g, = 1 the cavity is merely a A4 open
line with resonant wavelength A = 4b = 40 om, An increase in &, has
the effect of increasing a shunt capacitance across the open end, thus
increasing the resonant wavelength, A decrsase in & below wnity has
the effeot of decreasing the normal shunt capaciteance of that portion
of the line occupied by the dielectric, thus reducing the resonant wave=
length, From Eqe IVe3 above, as &0 AN\g>4a = 36 om, so that the line
is effectively opened at the boundary (a) of the dielectric. This is,
of course, because the waves cannot penetrate the dislectric whosev

g = 0 and are thereby totally reflected,
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3¢ Disoussion of the &5 vs. oa/ooc Curves.

An attempt will be made in this section to explain certain

| features of the curves showing the variation in the effective dielectric
constant, It has been mentioned previously that the effective dielec-
tric oconstent can take on values which are positive or negative., The
effect on the propagating wave of the space charge, exhibiting proper=-
ties in these various regions of &g, will be discussed together with a
possible physical explanation of the zeros and infinities in these
ourves.

The region &g > 1 needs no explanation since here the wave be=
haves as if it were propagating through a real, perfect dieleotric with
.relative dieleotric constant &4, Waves impinging from free space onto
the space charge will be partially reflected from the boundary of the
space oharge, due to the discontinuity in properties of the media,

In the region 0 <¢gg <1 the wave travels with a phase vel-
ooity greater than that of light in vacuo, For a space charge cloud of
dimensions small compared with the wavelength of the impinging wave,
the properties of the cloud can be explained with the aid of lumped cire
cuit analogies. Thus in the region 0 < gy < 1, the capacitance between
boundary plenes (normal to the eleotric field) of the space charge will
be less thén the corresponding oapacitance with only free space between
the planes. This deoreased value of capacitance can be thought of as
the parallel combination of a ocapacitor (&, = 1) and an inductance.

The inductance seems to represent the effect of the space charge clowd,
thus leading to the consideration of the space charge as exhibiting
induetive properties in the range 0 <gg <l, This concept must be used

with caution howevere



At the oritical value of w/de for which g = 0, it is seen
that at the boundary of the cloud (or at the surface in the cloud at
which €4 = 0) the normal component of electric field of the impinging
wave must vanish, However, the remaining fields will completely pene=-
trate the space charge, anl beoausabtheir phase veloocities are infinite,
the electrio field will be in time phase at all poimbs throughout the
space charge region,

In the region of negative effective dielectric constant, it
is seen that the wave is attenuated in the space charge (no propagation
ocours)., This attenuation is similar to that experienced by & wave ime
pinging upon & conducting material, except that in the space oharge
there is no energy loss as a result of the attenuation, i,e. it is
purely reactive in nature, A better analogy for the purpose of explaine
ing the phenomenon of wave reflection in this region if that of a wave
guide beyond cutoff, In this latter case, the propagation constant bew
comes imaginary so that the magnitude of the Poynting veotor decreases
exponentially along the direction of propagation, the energy of the
wave being refleoted continuously from various points along the line,
This same type of continuous refleotion prooess is believed to ocour in
the space charge with negative dieleotrio constant,

The ooneept of & skin depth ocan be applied to the space
charges In the region in which e4<0, the wave will vary along its di-
rection of propagation as exp = 9’;,/']'55[ s so that the skin depth oan be

writtens

d‘c:.?\
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where A is the free space wavelength of the propagating wave, This skin
depth relation will be used later to assist in an explanation of experi-
mentally observed results of tests on this space charge.

Some additional information on the behavior of the eleoctro-
magnetic waves propagating in the space charge can be obtained from come
.putation of the group velooity in this medium, The most convenient ex-

pression for the gfqup velooity for this purpose is:

Vg‘&*E

where k = m/vp- circular wave number,

The phase velooity of a wave propagating in any direction
normal to the steady electron motion in a pleane magnetron is given by
(Eqe III=3 or III=16):

2 o2

v=—i"ﬁ-§°2-_..°1-1
€ © gk o % 02 0208

It is seen that in this case 77 . = 1 where 7 and7 . are the phase and

N

80

group refractive indices respectively, defined as 7 = -P, Ny = S..

v
g
This relation 77 = 1 is normally satisfied in dielectric media end in
regions containing electrons not under the influence of a magnetic
ﬁ.e].cl.l It is not ordinarily satisfied in an electron atmosphere under

the influence of a magnetio field, However it is seen that in the case

of the plane magnetron space charge this relation is satisfied even

1
See e.g. Wale, Ho A, and Stanley, Je Pe, "Group and Phase Velocities
from the Magneto=Ionic Theory", J. Atmos, Terr. Phys, VI = No, 2,
page 82, 1950,
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though a magnetio field is present, This is a result of the singular
variation of steady electron velocity with distance from the cathode,
which just counterbalances the x directed Lorentz foroce,

In the oase of z«directed propagation in the oylindrical

space charge (Iqe IITel0):

]
ok 2 2 1
— = 2—%—— = 1 + -1-: 2
vé @ 1 - 2 02/
1 ® dk2 % [ 2
Ve E df o o2 1-2 co?o/oacz]

so that the relationn 7, = 1 is not satisfied in this case.
For a radially propagated wave in the cylindrical space charge

(Eqe I1I~19)s

R

so

1 v 1 1
—— =P [1 +
g ol T (0R/i2 = 1)2 ]

In this latter case alsonn, # 1,

It is seen that in the above three cases the group velocity
is equal to the product of the phase velooity and a positive quantity
whioh depends on co/a)c. The group velocity therefore behaves similarly
to the phase velocity insofar as the regions of negative dielectric cone
stant are concerned, That is, the group welocity is imaginary where
the phase velocity is imaginary (e,<0), indiocating no propagation in

these regions of o;/coc.



In order to attempt a physical explanation of the singulari-
ties in g CUrVeS, examination of the equations of motion Egs. II=-7 and
1I=8 reveal that a group of electrons in the space charge is subjected
to three forces; the eleotric field of the travelling wave, the Lorentz
force dus to the perturbed velocity, and the acceleration suffered by
an electron moving to & point in space at which the steady electron
velooity is different from the velocity at the point from which the
cloctron came, For example, in the plane magnetron the squations of

motion are given below and illustrated by the diagram,
iLOVx"C)ch=‘e/mEx"COQVy iID'Vy

=36 Vy =~0/mEy+wc Vx

It is seen that the steady electbron welocity is just such a function of
the y coordinate that the x directedbacceleration due to the motion of

an éleotron from one place to another (vy'V) v, is just balanced by the
Lorentz force =igye Solution for the elestron velocities then shows no

rasonance affecte
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In the oylindrloeal case, oonsidering for example propagation
in the z direotion so that the fields are invariant in phase in an r®

plane, the equations are (for r/ry>>1)

-0 v, == o/ B -0 T

~i vy * TV @of2 ==e/mE, *og vp

It is seen from these that the acceleration (vp'V) v, does
not exactly counterbalance the Lorentz force wg vy so that solution for

the radial electron veloocity Shows a resonance eoffect,
m02 o
w [ S| cehn - oz,

That is, for values of w? near to ®y2/2, v, oan take on very large val-
ues with finite fields., This "resonance" between the foroes acting on
the eleotron accounts for the singular value of g, observed for example
at wfog = 1/ /2 of Fig, 3.4,

One additional point, which should be mentioned before oonside
eration of the effective dieleotris constant curves is completed, is in
rolation to the existance of double refraction of the waves propagating
through the space charge. In.most treatments of the interaction of an
elootromagnetic wave with an electron stream under the influence of a
static magnetic field, it is found that the wave exhibits double refrace
tion, It has been shown in Chapter III that no such phenomenon occurs
in the ocase of propagation in the magnetron space charge, In the plane

magnetron space charge this is a result of the singular manner of
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variation of steady electron velocity with distance from the cathode,

which just counterebalances the effeot of the x directed Lorentz force.

The absence of double refraction in the cylindrical space
oharge must be explained separately for the two directions of propagation,
In an electron atmosphere under the influence of a magnetic field, such
as the lonosphere, the electric field of an electromagnetic wave propa-
gating in a direction normal to the magnetio field will be split into
two coﬁponen‘bs. The wave whose electric field is parallel to the mage
netioc field (ordinary wave) will travel with a different velocity from
the wave whose electric field is normel to the magnetic field (extrae
ordinary wave). In the present treatment there was considered to be no
electric field parallel to the magnetic field so that in section III=2
only the propagetion characteristics of the wave corresponding to the
extraordinary ray were found, In the oylindrical space charge no double
refraction was found for a wave propagating along the magnetioc field be-
cause of the geometry chosen., That is, only propagation of a THM wave
in a coaxial struocture was oconsidered, thus allowing no possibility of

oiroular polarizations of different rotations,
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4, Electron-Wave Energy Exchenge.

The time rate of absorption of energy by the electrons from

the electromagnetic field of the wave is:

*
W=/J-E av IVat

v
where the integration is extended over the space charge, For illustrae
tion, consider the oase of propagation in a plene magnetron space charge
in the y or z direction, Then from Eqe IIIels

py o/n B o ofa [By + B0 5

x = +
& JY i + g

IV=5

so that the emergy absorption rate is:

* *
- E EyE %
Re T = =fp o/ R"’/[ﬁgﬁ B et @ e

which becomes, since gz <<w® ¢

2 2 :
Re W = =pg e/f/[ﬁ-c;—zﬂ- + iﬁl- - “—% Ex E’;,] av , IVa?
()

However, it can be shown, for example from Lgs. III=2, that Ey and Ey
are 90° out of time phase so that when the consideration of the energy
absorption is extended over a complete oycle this last term vanishes,

leavings
Ro W =-£22 %—Z/[IExlz-l- |Ey|2] a IV-8

In the case of no collisional energy loss by the electrons
g =0 and it is seen that there is no net inmterchange of energy between
the eleotrons and the wave, Since the fields wvary as ol the electrons

gain energy from the wave during one-half cyele and give energy to the



wave during the other half oycle so that the net energy change is zero.
That the effeot is therefore entirely reactive in the case of no collise
jonal loss oan be seen from Eqe IV=S9,

Another interesting result ocan be derived from these energy

oonsiderations, The Poynting theorem can be expressed in the forml

-VeS = 3B+ [ao 1E1? -,uolﬁlz] iy X
where S is the complex Poynting weotor, Then

-Vie S = Re JoE IV=10
which is the relation used above. Also

-Ve1n§ = 1n 3-8 = d0[eolBIZ - prolul?] Iv-11

The collision-£free space charge is a nonecondusting medium, so

that Im S = 0, from which it follows that Im JoE¥ reprosents the differ-
ence between the mean values of electric and magnetic energy densities

in the wave, From Egse IVe4 and IVe5:

e i | B | 2 2
Im W _%57/’[ ib)zl x| - ib)lEvl ] av = IH!/J'E* av
o w2

Therefore, since |E|2 = |Ex |2 + IEylz, if one takes the time average of

the emergy density the following expression is obtained:

0= + %n—e-i%ﬂ:lfﬂxlz +|Ey|2]dv + %/[%lExlz + 5°|Ey|2 ‘POIHléJdV

Using Eqe II=9 to eliminate p,3 this becomes:

0= '-"z-g;—?ﬂ/ [lExlz +|Ey|2}dv + 1/2/[50Q‘zﬁx13 +|Eylz) -#olﬂlz] a7

This equation becomes, since the integrations are extended over the

same volume:

2 . .
[.. :-% + 1] Go[lExlz + |Ey|3:| - Mo H & =0 IV-12

L Stratton, Je A., "Electromagnetic Theory", MoGrawsEill, page 137, 1941,



From this relation it is seen that the eleotrons contribute the term
--(;m-‘é’-z-[lExlz + lEylz:l to the electric energy storage. The effect of the
space oharge ocan therefore be oconsidered as equivalent to a change in
the relative dieleotrie constant by the factor 1 moz/&z which is the
' same as derived in a provious seotion,
Eqe IV=12 mugtrates the condition existing when o/, < l.
In this region of mﬂbc Eqe IV=12 camot be satisfied by real E and H

fields so that wave propagation per se oammot occur.
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5. Disocussion of Energy Loss in the Space Charge.

In general, as an electromagnetic wave is propagated through
the magnetron space charge, it will be diminished in amplitude as the
result of a real power loss by the wave to the surroundings., In the
analysis of Chapter III the only source of loss memntioned was that due
to collisions between the eleotrons and the heavy particles present in
the space eharge, In this seotion several additional sources of energy
loss by the electrons will be considered., This loss of energy by the
perturbed electrons is the same as energy loss by the propagating wave,
since an eleotron will return to the wave all of the energy imparted to
it dwring one=half oyocle only if it is has lost no energy during the
oyocle,

This diminution of the amplitude of the wave with distance is
due to a real energy loss and is entirely different from the corresponde
ing phenomenon ooscuring when the effective dieleotric constant is nega-
tive, In this latter ocase, as mentioned before, the amplitude is dimine
ished beocause of continuous refleotion as it progresses into the space
charge,

The sources of energy loss by the eleotrons to the surrounde
ings to be disoussed here are:

(a) loss due to collisions with gas particles

(b) loss due to energy stored and dissipated in harmonic fields

(o) padiation loss

(d) loss due to collisions with the cathode

(e) loss due to collisions near a region where g, = O,



82

ae Loss Due to Collisions with Gas Particles. As mentioned

previously, when the amplitude of the propagating wave is small, the
electrons in the spaoce charge are linearly perturbed from their steady
motion and during these perturbations can collide with heavy, relatively
fixed atoms or ions. In the mrocess of these collisions the eleotrons
will transfer énergy to the atoms, thus inoreasing the temperature of
the gas atoms present, at the expense of the energy of the wave., The
gross effect of these collisions was shown to be qualitatively similar
t0 a frictional force proportional to the perturbed electron velocity.

As showm, 9¢2¢ in Fig, 3%, the effoctive conductivity resulte
ing from these collisions is of the order of 10=6 mhos/meter in the
neighborhood of the singularity (i.e. near the value of m/oao 00T espond=
ing to maximum perturbed velooity), for typiocal gas pressures. This is
of the same order as the oconductivity of, e,3. Bakelite, This mechanism
of energy loss can explain a decrease in Q of a high Q circuit in which
the space charge is placed, but will not account for any magnitude of
powor loss such as might be observed at high r-f voltage levels,

be loss Due bo Energy Stored and Dissipated in Harmonio

Fields. Referemce to the equations of motion Eqs. II=7 and II=8 or to
Appendix 5 will show that when the tern(vy-y)vy is included in the equa=
tions, the perturbed eleotron motion will no longer be sinusoidal with
time but will contain components at harmonics of the fundamental fre=
quency. These harmonics in the eleotron ourrent will, of course, neces-
sitate corresponding harmonic components of electric and magnetic fields,
so that there will be additional waves propagated in the space charge,

Some energy from the fundamental frequency wave will be transferred into
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these harmonic fields, which will in turn beat together giving rise to
additional harmonics plus a wave of fundementel frequency.

Two cases can be considered, If thé circuit in which the
space charge is placed can absorb energy at eny of these harmonic fre=
quencies, there will be a net transfer of energy from the fundamental
wave to this harmonic and will be lost from the system, If the cirocuit
camot absorb power from any of the harmonics (such as e.g. an idealized
oase of wave propagation in a space charge of infinite extent) there
must exist a type of equilibrium between the rate of energy transfer
from the fundamental to the harmonic fields and by means of the beating
phenomena from the harmonic fields back to the fundamentel wave, In &
oavity not especially designed for the purpose, it would be highly coine
cidental if a resonance occurred at any of the lower harmonics, so thet
in general it would not be expected that appreciable energy could be
transferred from these harmonic fields to & surrounding cirouit; since
little energy could be absorbed if the electrons had no large electric
fields with whioh to interact.

oo Radiation losse The eleotrons, in their periodic motionm,

will be accelerated by the electric field of the propagating wave. It
is well known that an accelerated electron will radiate energy. The
total energy so radiated per second from n electrons per unit volume is}

R = 2 o2 azn ergs 20 ez azn joules
3 ¢2 omSseo 02 m3sec IV-13

where e is the electronic charge, & the acceleration and ¢ the velocity

of light. Neglecting for the moment the effect of the magnetic field,

PR

1

See e.ge Page and Adams, "Electrodynamics®, Van Nostrand, page 328, 1940,
Alfven, H,, "Cosmical Electrodynamics®, Oxford, page 35, 1950,



84

the acceleration can be written a = (e/m) E,

The energy stored in the field of the wave per unit volume is
2 s
W = SgEC Joules .
2 m

Thus the "Q" or 2r times the ratio of peak energy stored to
average energy dissipated per unit volume per coyole, due to radiation

will be:

W _ 21 g 02 E2 o2n e, 62 M2 W
QsZn‘_= 0 - 0 N
R 2x20 n e2a? 20 n o%

6300

10 g1ectrons per en®, (Corresponding to a magnetic field

forn=56x10
of about 1000 gausse)

These considerations of the energy radiated by & periodiocally
accelerated eleotron assume, of course, that each eleoctron can radiate
independently of the surrounding electrons eand that all of the energy so
radiated is absorbed by the surroundings. These assumptions are believed
to be fulfilled in practice,

The Q value of 6300 found above, for a space charge density
oorreéponding to a magnetic field of 1000 gauss, will be increased or
decreased as the space charge density is inoreased or decreased. This
rate of energy loss by the space charge is not considered appreciable,
so that it ocan be neglected while oonsidering loss effeots at iarge

values of r-f signal strength,

d. lLoss Due to Colligions with the Cethode, In this section

the electrons will be considered to execute a double stream type of mo=
tion in the space charge, so that there is ocurrent both toward and away
from the oathode, Then, in the absence of any r-f fields, an electron

leaving the cathode will move out to & maximum distance from the cathode
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and return to the cathode, arriving with just zero emergy. If during
its path, an eleotron loses some of its ordered energy, e.g. to noise,
it will not be able to returnm to the cathode, On the other hand if an
eleotron acquires additional energy during its exoursion, e.g. from r-f
fields in the region, it oan arrive at the cathode with nonezero energy.
In this way some of the energy of the r-f wave present in the space
charge can be lost to dissipation at the cathode. It would be desirable
to determine the magnitude of this loss as a function of the applied
fields and frequency, etoce

A comprehensive treatment of the cathode bombardment energy
loss by the r-f wave in the space charge would, unfortunately, be quite
laborious, Therefore this seotion will be restricted to a comsideration
of a plane, temperature limited magnetron space oharge and the order of
magnitude of the loss determined for these conditions., It is hoped that
from this caloulation some useful information as to the loss in the spaoce
cherge limited oylindrical space oharge (with small ry/r,) oan be in-
ferred.

Using the notation of Fige 2.2, for the temperature limited
oase the equation of motion of an electron in the inberaction space of

a plane magnetron ocan be writtens
¥y = -o/n Ey + @ x
. . IVal4
X =B =%y
The anode voltage is oonsidered as the sum of a d-o and an a=c term so
that the fields ares
Ey = B * By Sin (ot +V)
where Eq = vo/ﬁ and By = Vn/h. Vo and Vy representing the d-s and peak

a=c anode voltages respeotively,
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Then if the x directed velocity is zero at the cathode x = ~woy

and
¥ =«e/n Eo -e/mEmSin (ot +\[J)-a)°zy .

This equation ocan be solved very easily for y as function of t by the
use of the lLaplace Transform to yield the following expression (the
electron being assumed to leave the cathode with zero y directed veloc-

ity at t = 0)s

=6E e E, ® Cos Sin ab  Si t
7 (6 ) = T8 (1-Cos agt) - L0 Tosd | SRk __l.g;so.q._] e

e By Sin Y
- [Cos ot « Cos a)ot]

The y directed velocity is thens

’ = o : e Em o Cos
¥ (s ¥) = «(e/m) (Eo/ac) Sin gt = m—c—z-—:—@-—t (Cos wt = Cos wyk)
IV-16

e Sin
+ H(msinm - 0 Sin wet)

The total electron velocity is v2 = %2 + y2 but at the cathe
ode vi =0 so that for y=0 v = 37 and the energy of an electron upon
reaching the cathode iss

1 . le| E . Em
5 mye S.EEZ[- ﬁ Sin w463 - ) [(Cos oty = Cos wotl) @ Cos Y

C
IVe1l7

2
+ Sin \}I (o Sin wby = @ Sin co&u)]]

where tl is the time at% which the electron strikes the cathode. That

is, t7 is suoh as to satisfy the equation, from Eqe IVa15:

y (63, §) =0 1V=18
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The emergy of arrivalvof an electron at the oathode is considered as
energy which has been imparted to it by the r-f fields. In the absence
of r-f fields the electron arrives at the oathode with zero energy. In
the presence of the r-f fields the eleotron, in its complete trajestory
from emission to capture by the cathode, will effect a zero net energy
exchange with the d-o fields so that the "excess" energy at the ocathode
mist be due to the ref fields, This assumes, of course, no capture of
the electrons by the anode,

| Eqe IV=18 was solved for the special case Eg = Ep, oa/a:o = 1/2,
for several values of Y from O to 2m,allowing determination of %q.
These values were in turn used in Eq, IVel7 to calcoulete the energy of
arrival at the cathode, This latter informetion was plotted vs  and
integrated graphioelly, The total loss can then be found, by letting

the loss due to 4 eleotrons striking the ocathode be

ar=1/2n 32 (¢,¥) aB

and
aB = £ ay

vhere f is the number of electrons emitted (and therefore captured) per
oyole () per unit angle ({'), per unit oathode area, Then if B is the

number of electrons emitted per cysle (w) per unit oathode areas
2

B = [£ay
o
Assuming £ to be independent of ¥ , (which should be realized
in practice for this temperature limited case)s
B = ang |

and n 2
; V= ]
0
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' 2
but y2 (%1, ) = [% ?)-9-] x Area under ourve of B.Z;...
o | [... ..9.]
B @

This area was found to be approximately 4w so that

3 v Ve

2 2
We= nf o [9_ E.Q.] = [g EQ] Joules
Ir m o up m o] ml oyole 1719

The value of 8 oan be found from the Dushmarn equations

Bo

'ﬁe = A0T2 e-¥ 11600

which in the oase of Tungsten at 2500°K is:

_ 21 x 0,75 4 electrons
'B B 1) =10 ne cycle

If the magnetron is visualized as composed of two parallel
plates aoting ag a transmission line, the energy stored in the region

between plates is, per unit area:

1/2 6o B2y h = 1/2 5"1‘3

where h is the disteance between plates.

The Q of the region between plates is thens

Q=21 = Stored Energy Density
Dissipated Energy Density per cycle

1/2 g Van/h
on x 0,7 Ozvz 1
Te 0% Sy e

Using the aforementioned values Vo = Vyy o = 20 and letting A = 10 om,

= 2n

h =1 om, this becomess
4n & @ h
Q = .5 (<)

= 900



89

To anyone familiar with the back-bombardment capabilities of
an osoillating multicavity magnetron this value of Q for the interaction
space at first problabiy appears astonishingly high, However, it is ine
teresting to compute a corresponding value of Q for sush an oscillating
tube, Typiocal values will be taken as follows:

Q = 60
Baokebombardment Power = 5% Power Output

Energy stored in resonator = Qi Power Output

Then
%5 = g = 1200

whioh agrees surprisingly well with the value previously ocaloulated,
Since the energy density stored in a transmission line (in which might
be placed a space-charge oloud for frequenoy-modulation purposes) is
much less than in the multiecavity magnetron, it appears that the energy
loss in the space charge is not a very serious oonsideration, Of course,
& space-chargs oloud intended fHr switching or modulation purposes

would not be subjeasted to the tangential ref eleotrloc fields which ocone
tribute substantially to the eleotron energy at the ocathode of an oscile
lating magnetron. That is, while the back-bombardment losses in an ose
oillating tube are much greater than those obtained in § simple modula=
tion structure, the energy stored in the former is correspondingly
larger so that the Q values appear in agreement as to order of magnitude.
This would appear to lend a greater feeling of confidenoce in the wvalue

900 obtained above,
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6o Loss due %o collisions near a region where g, = 0, There

is another possible source of energy loss by the electrons, whish involves
oollisions with the heavy particles in the spaoce, ‘but whioh was consider-
ed a bit too speculative to be included under the previous discussion of
collisional losses.

et it be supposed that the boundary or any other surface in
the space charge cloud has the property that along this surface &4 = 0,
The continuity of the ‘normal eleotric displacement across this surface
is, of ocourse, demanded, In the oase of a wave impinging normally onto
such & surface it would be expected that this boundary condition would
result in dissappearance of the normal electric field at this surface
(eg = 0)o However other conditions can be imagined in which this situa-
tion might not prevail, For example, for a TEM wave striking the oyline
driocal space charge in a coaxial line in which the surface gy = 0 would
probably be a cylinder coaxial with the line, the electric field on the
outside of this surface might be reluctant to vanish,

Under this condition the other possibility arises, upon appli-
catlion of the continuous norml diéplaoement boundary condition; namely,
the possibility of extremely high (theoretically infinite) electric
field at the surface & = 0, If such a condition could exist, electrons
traversing this surface might well acquire a very oconsiderable energy
which would be dissipated upon collision (either elastisc or inelastic)
with a gas partiole, In this way it is at least conoeivable that an
appreciable amount of energy could be lost by the propagating wave in

the neighborhood of & surface at which g4 = 0,



V. BOUNDARY CONDITIONS AND EFFECT ON RESONANT CIRCUIT

In Chapter III the properties of a magnefron type space charge
as & medium‘for the propagetion of eiectromagnetio waves were determined
under the condition that the fields are invariant in the plane normal to
the direetion of propagation, This condition can be met in some very
simple practical cases, however in gemeral it is invalid, so that the
results of Chapter III will be re-evaluated in a qualitative way, The
solution of the force and field equations becomes considerably more dif=
ficult under these more general conditions and will not be solved here,
In any‘event the results of Chapter III provide at least qualitative
indication of the properties of the space charge and are particularly
applicable when the space charge is of dimensions smell compared with a
wavelength so that the fields can be considered invariant over the
swarme

In order to determine the effect of the space charge cloud on
a microwave circuit, the appropriate field equations must be solved,
subjeot to the boundary conditions of the confining oircuit and the edge
of the spaée charge, Since this solution obviously depends on the shape
of the confining cirouit, and the possibilities of variation; in this
shape are practically limitless, no attempt will be made here to obtain
a solution for the exact effect of the space oharge. However, using the
equations from Chapter III the influence of the space charge on two typie

cal cirouits will be determined qualitatively.

1, Boundary Conditions at the Edge of the Space Chargee.

The conditions to be met by the field components of an elecw

tromagnetic wave at the boundary between the space charge and free space

9l
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are, with one exception, identioal to the boundary conditions at any
surface of discontinuity, That is, the continuity of the tangential E
and H fields and of the normel B and D fields must be insured.

If the surface of the space charge is perturbed periodically
in space by the propageting wave, and if there is a steady eleotron vele
ocity parallel to the direction of propagation, an additional boundary
condition becomes necessary. Fige 5-1 shows a eross section, parallel
to the direction of propagation, of such a perturbed surface, This cone
dition will prevail in the case of propagation parallel to the steady
electron motion, It is seen that these "ripples" constitute ﬁn r=f
surface ourrent, Therefore in addition to the usual boundary conditions,
the discontinuity in the H, fields at the boundary must be equal to this
surface current, This boundary condition can be evaluated in the followe

ing approximate mammer,

VI W

Bo

FIG. 5.1

PERTURBED SURFACE OF PLANE MAGNETRON
SPACE CHARGE
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The magnetisc field, of a wave propagating in the x direction,
at the swface of the space charge of a plane magnetron ocan be considered
as roplaced by the value of the magnetic field at the wmperturbed bound-
ary plus that due to & surfaoce ourrentl. That is, referring to Fig.

561, at the boundarys

/V:v:H'dA' /"ds 'ﬁxs'ﬂ Vel
(+]

where Jys is the surface ourrent dus to the «x directed motion of the
perturbations in the surface of the space charge, Then if the boundary
isy =hs

Hy (h+e)=H, (h-e)=¥F Po |Voh| & Va2

where |vo,| is the magnitude of the steady eleotron velooity at the
boundary and ¢ is a vanishingly small quantity, The plus sign corres-
ponds to wave propagation in the =x dirsction and the minus sign to
propagation in the +x direction.

‘The equation of this perturbed surface iss

F (xy58) = (y = h) = B8 e¥=7% 2y V-3

Since the surface of any moving fluid coincides with a stream line, and
along this line D/Dt = 0, if F = 0 represents the surface, the following

relation is wvalid:

DFAt =0

This becomes, with the substitution of V=3:
oF

L it 5% *(veV)F = ~Biwy +v,Y8 +vy =0 Vet
d = =¥
i V5
-

Halm, W, C., "Small Signal Theory of Veloscity Modulated Eleotron
Beams", Go E. Rev, 42, No, 6, page 258, Juns 1939,




94

Thereofore from Eqe V=23

Hy(h + &) = %ﬁ—%ﬁ +H, (n) V-6

The magnetie field at the boundary can be found from the rela-

tions valid inside the space charges (from Eqe III=23):
- H
'a'i‘ = iﬂ) 50 Ey + Po Vy
so that

i &y Ey(h) + po w (h)
Y Va7

H, (h=g) =

From Eqse V=6 and III=22:

=[1 + |vonl [‘Eﬂefmgt e/m 0, Ex iy g, B
H,(h + ¢ —F A0 - R o W' A
a( * ) [7 Voh-E] Vo Yo (325 T 0oV vh )2 ] a7

The admittance, at the boundary, of the wave propagating in

the-x direction is, using |vyy|= weh @
He(h) [ o + 270 e/m i & (h)
Ex(h) [" Y (oghy* ﬁi wE Toh Y ] TEi'(T\')' V=8
in + 2 woh  wg p, o/m
T (Yoo ¥ Ei)’ (I ™+ Yagh 2,

For a direction of propagation normal to the steady electron
motion there will be no perturbation as considered above, For example,

in the case of mropagation in the y direction, from Eq, III=13 the ad-

nittance at the boundary is:

%i 5'%['&2& ”‘“’0] '

o F g
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2. Effect of Space Charge on Its Assooiated Cirouit,

A, In a Situation Suitable for Frequency Modulation of a

Coupled Circuit, One of the principal applications of a magnetron type

spaoe charge (other than in an osoillating tube) is in its use as & fre=
quency modulating element, The space charge ocan be incorporated, for
example, in a coaxial line which is coupled into & resonant eireuit, the
frequency of whioh it 1s desired to change. Under proper conditions of
applied magnetic field and signal wavelength ths space charge can be
made to exhibit the desired dieleotric properties. Then a change in the
size of the space charge cloud will result in a change in the reactance
ooupled into the resonant circuit, and fherefore & change in its fre-
quencye (See Section IVe2)

In this case, since the axial length of the oloud will usually
be small compared with a wavelength, if o:/coo is adjusted, using Figs.
34 and 3,5 to yield a value g,<K1 or g >1, the effect of the modu-
lating structure will, in first approximation, be the same as if a ocapace
1tance were commeoted aoross the line at the midpoint of the space charge,
The value of this capacitance will change with diameter of the space
charge, This principle was used as the bagis of a frequency modulated

ma.gnetron in the University of Michigan Electron Tube Laboratory,

Be Space Charge in & Multlocavity Magnetron. The electrio

flux lines in the interaction space of a multicavity magnetron are shown
(at & fixed instant of time) schematically in Fige 5.2.
The electric and magnetio fields in the interaction space are

represented mathemtically by equations of the following formxl

1
Miorowave Magnetrons, Radiation Laboratory Series No, 6, MoGraw-Hill,
page 65, 1948,
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®
N¢z sin 79y ()  jve

Ee ol
o 7¢ Zi{ —(erT
B, = 1\I¢z),81n7¢’ Z¥ (lr oJ7e
mn ='°°

where

Y = n+m

m = gumation index, an integer

n = mode number |

N = number of anode segments

2¢ = angle subtended by the gap between anode segments

rq = anode radius

rq = oathode radius

- It is seon that the eleotric fields in the interaction space

have both r and © components while the magnetic field is entirely z die
rected, These fields may be thought of as due to waves propagating in
the + r and ie directionse One of these waves is qualitatively similar
to the type of field considered in Section III-b=2, namely that duve to a
radially propagating transverse magnetio wave with fisld components E,,
Eg o Therefore the characteristiocs of the inner sub-synchronous (so=
oalled Hull=Brillouin) elesctron cloud should be given approximately by
the ourve in Figs. 3.6 or 3.7 with suitable modifiocation for the effect

of the radius of the cloud, That is, for example, with w/o, < .4 the



Fi6. 5.2
QUALITATIVE CONFIGURATION OF ELECTRIC FIELD
LINES IN INTERACTION SPACE OF MULTIANODE
MAGNETRON

cloud should appear as a conducting surface, so that as it is expanded
the result will be an inereased capacitance between vanes with corres-
ponding reduction in resonant wavelength, Experimental investigations
oonducted to cheok these points are reported in Section VI=3, The other
wave type, involving propagation in the * O direction are similar to
those used in the analysis in seotion III«3 above,

These effeots of the inner space charge oloud on the resonant
frequency of a magnetron are present even in a non-oseillating tube and
are not to be confused with synchronous effeets of the space charge in
an oscillating magnetron, such as pushing and voltage tuningl. These
effects have been oconsidered in more detail by Welohz.

T

Pushing is the change in resonant frequency with anode current and is
believed to be at least partly due to a change in the phase between
the rotating synohronous space charge "spokes" and the interaction
fields, Voltage tuning is an effeot noticed in a magnetron with an
extremely low Q resonant circuit having very low r«f voltage between
segments, Under these conditions the frequeney of oscillation is
affected very considerably by the change in d-c voltage,

2
Univ, of Mich, Eleotron Tube Lab, Tech, Report No, 5. Also to be
treated in a forthooming report by H. W. Welch,



V1, EXIERIMENTAL R&SULLS

In order to provide verification of the theoretical results
and their interpretation presented in previous chapters, several experie
ments were performed and will be described in this chapter, In each of
these experiments & microwave resonant cavity was constructed to include
a cylindrical magnetron type space charge in a part of the cavity, so
that the space charge could interact with the electric fields, In order
to dupliocate as closely as possible the conditions under which the analy=
sis was made, the cavities were designed to present to the space charge
only fields of a simple and symmetric geometry., That is, the fields
corresponded to one of the fundamental modes of the cavity, ag ocontrasted
with the relatively more complex fields in the interaction space of a
multicavity magnetron, In addition, the effect of the space charge on
the resonant wavelength of a multicavity magnetron was studied.

The space charge, presenting a reactive impedance to the
cavity, will affect the resonant wavelength of the cavity, This change
in resonant wavelength as a function of the magnetic field is used as an
indiéation of the dielectric properties of the space charge in relation

to w/&o.

1, Propagation Parallel to the Applied Magnetic Field.

To duplicate the field configuration considered in section leb
of Chapter III for propagation parallel to the applied magnetic field;
namely, an electric field with c&lindrical symmetry, of the TEM type, &
coaxial cavity was constructed as shown in Fig, 6.1, This cavity has a
filement as part of its center conductor so that a space charge cloud

is created in the center (longitudinally), where the eleotric fislds

98
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are of maximum amplitude. The resonant wavelength of this tube is about
10 om, The cavity is provided with two coupling loops so that the cavity
rosonance osn be located easily be deteoting the r-f signal transmitted

through the cavity., A photogreph of this tube is shown in Fige 6426

4
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FIG.6.3

WAVELENGTH SHIFT IN COAXIAL CAVITY
PREDICTED FROM THEORY - USING HULL-
BRILLOUIN VALUE OF SPACE-CHARGE
DENSITY
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Before considering the experimental deta obtalmsd with this
tube, an examination of Fig, 3.4 and the interpolated curves of Fige, 3.5
for the value of rH/ro used in the experiment, will enable a qualitative
prediction to be made of the expected resonant wavelength shift of the
oavity, The experiment was conducted maintaining Va/BZ constant, as B,
is varied, so that the oloud radius was presumebly constant with a value
rg = 3 rge Then as the applied magnetic field is inoreased from zero
(deorease in oa/mo) Figse. 3.4 and 3.5 show that the cloud should exhibit
a positive dielectric oonstent less than unity, so that the resonant
wavelength would be expected to decrease slightly from the value for
B,= Vg = 0, When the value co/o)c = 1,12 is reached, g, = 0, the space
charge.oloud begins to behave as & oonducting materisl, increasing the
resonant wavelength, That is, as &; becomes negative, and the cloud be=-
gins to behave more and more &s & conductor, its effect on the resonent
wavelength should be similar to that of a solid conductor of approxie-
mately equal volume, Therefore, after a first abrupt inorease in wave-
length at va)/aao = 1,12, A, should continue i:o increase’ slowly with de=

oreasing w/fdge For w/d, slightly less than the singular value (468) &

1
The reason for the continued inorease in )\, &s &g becomes more negae
tive lies in the existance of a "skin depth" assoociated with the
space charge, as mentioned previously. That is, when g4 <0 the waves
will not be oompletely reflected from the bowdary of the swarm but
will diminish in amplituie at an exponential rate, being reduced to
l/e of their value at the boundary after penetrating a distance
7\/27{ ‘/I_s;I. Therefore as &g becomes more negative, the fyirtual bound-
ary" approaches the actual boundary of the space charge so that the
effoctive volume of the space charge is inoreaseds This Iinoreases the
resonant wavelength, For example, with A = 10 om, g = =~ 3 (/e = 82),
the "skin depth" is approximately equal to the length of the space
charge oloud used in this experiment,

In the region 0 < €4<1, the waves will not be totally reflected from
the space charge; however, that reflection which does occur will do
so from the physical boundaries of the space charge.
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changes to a very large positive value but no change in resonant wave-
length should bé noted until e, begins to deecrease sharply (around
a)/a&c_= 0.6) when it should deorease., The resonant wavelength in the
region 0,1 < ca/m°< 0455 should be relatively constant, less than the
value in the range 0.6<w/e<lel2 but greater than the value for

0/ >1e12. For m/m°<'0.1 there should again be an &brupt increase in
Aoe These expeobed wavelength shifts are shown in Fig. 6e3.

The data obtained from this tube 'a.re shown in Fig, S¢%4e These
data were obtained by measuring the shift in resonant wavelength of the
oavity, (the resonant wavelength was determined as that which gave mexie
mum signal amplitude transmitted through the oavity) due to the presence
of the space charge, as & funotion of the strength of the applied mag-
netic fielde It is seen from Fig. 6.4 that the resonant wavelength of
the cavity remains constant as the applied magnetic field is increased
(o/or, decreased) until w/o, = 1.4, when it rises; one mode reaching a
reasonably oonstant value and the other continuing to inorease, both
dropping again very abruptly at co/oac = 0,63, The two cwrves shown are
beliqved t0 be due to two resonances in the cavit‘y. probably because of
a longitudinal asymetry in the formmtion of the clouds However both
ourves exhibit the same general behavior as far as the discontinuties
are concerned.,

The sharp drop in A, at co/coc = 0,63 is regarded as confirmee=
tion of the analytical method followed. This follows from the fact that
the angular velocity of an electron in a megnetron results from the ine
tegral of the angular equation of motion with only the assumption of‘
zero angular velooity at the ocathode, The value of the angular velooity,

unlike the potential or space charge density, does not depend on any
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choice or assumption regarding the elestronic orbit, or on a seriss
solution, Therefore, the angular velooity is believed to be invariant
under any changes in emission, charge density, woltage, eto.,, and since
the position of the singular value of w/y, is, from the above theory,
governed entirely by the funotional dependence of the angular velocity
on radius, this point of agreement between Figs, 6.4 and 6,3 is thought
to be significant,

The situation regarding the increase inAM at w/dy = 1.4 does
not agree with that predicted from Fig, 3.4, This will be discussed
below and some possible explanations of the disagreement advanced.

From Eq. III=-9 it is seen that the value of mﬁoo for which
ﬁe‘ = 0 is a funotion and the space charge density at the edge of the
cloud, Thus, if the abrupt inorease in A, &t m/o:o = 1.4 is interpreted
as the point & = 0, Eqe III-10 oan be solved for p,(rg) to obtain
(/g = 1e4)

% x o2

Meg

whereas the Hull=Brillouin relation would give

Eni = .mOZ/z .

meop

This value, | greater than that given by the HulleBrillouin solution, is
slightly surprising and reminds one of the solutions of Page and Adaml
and Moeller? whose theoretical analyses indicated that g, inoreases

abruptly at the edge of the space charge swarm, Also the measurements

of Reverdin® yielded a space oharge distribution (No. 1) with a peak at

Page and Adams, loc. oib

2
loeller, He Ge, loc, oit

8 Reverdin, D. L.s "Electron Optical Exploration of Space Charge in a
Cut-off Magnetron", J. App. Phys. 22, page 257, March 1951,
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the boundary of the ocloud, However this peak was shown as lower than
the HulleBrillouin value.

The above interpretation of the inorease inA\ at wfy, = 1.4
of Fige 644 should not be considered as final, however, since the oxe
perimental conditions of the space charge cloud were far from ideal,
The principal possible source of error lies in the formation of the
space charge cloud, The magnetic oirouit uséd apparently mde the proe
duction of an absolutely wniform magnetic field impossible, so that

there will be a longitudinal forcet

o
Fp @ 5

proportional to the z component of V H, Thus electrons oan move axially
from the filament under the influence of this forée. In operation,
such current was observed, oons tituting up o0 one=tenth of the Allis
ourrent for high anode voltages,as shown in the outwoff curve of Fig,
665, It would be expesoted that this drain of ocurrent would affect the
oomposition of the space charge cloud, A caloulation of the wavelength
shift? for the oase €, = 8 (wf, = 0.4) yielded a value greater than the
observed by a factor of four, indicating that the cloud is probably
much smaller (probably shorter) than believed, but the sharp rise and
fall of the A\ oharacteristic is an indication that at least part of
the oloud is of the form expected,

The shift in resonant wavelength of the cavity was observed
as a funotion of magnetic field in the immediate vioinity of the cyclo-

tron field (caloulated 1060 gauss) and is showm in Figs. 6.4 and 6.6,

1-See, for example, Alfven, "Cosmical Electrodynamics", Oxford, page 19,
1950,

& See Appendix 6
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FIG. 6.5
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This observation was made with the positive side of the filament con-
nected to the anode, no shift in wavelength being observed when the
negative side of the filament was connected to the anode. It is noted
that the wavelength shift meximum oocours at & value of w/s, about
seveﬁ percent greater than unity, indicating a probable error in magnet
calibration or residual megnetism effect in the cyclotron resonance test.
A search was made t0 try to detect any shift in the negative direction
(decrease in A,) without success,

The tube on which the data shown in Figs. 6.4, 65, and 646
were taken was the fourth tube constructed for this purpose. The first
of these proved unsatisfactory due to low Q caused by improper design
of the resonant system, The second was accidentally melted in process
of assembly, The third tube was constructed without end hats on the

filament, so that the longitudinal leakage current was so large as to
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prevent electrons from reaching the anode cylinder surrounding the
cathode. Under this condition no cut-off could be observed and a sat-

isfactory space charge cloud could not be formed.

FIG. 6.6

CHANGE IN RESONANT WAVELENGTH OF 10 CM. CAVITY
vs. MAGNETIC FIELD—SHOWING THE CYCLOTRON RESONANCE
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2. Propagation in the Direction Normal to Anode and Cathode.

As & further study of the raf properties of the magnetron
space charge and to provide additional information as to the validity
of the theoretical analysis in Chapter III, a suitable electron tube
allowing experimental verifioation of Eq, III=20 was sought, This ex-
perimental electron tube would be placed in & resonant cavity of such
configuration that the r-f electric and magnetic fields with which the
eleotrons could interact would be as similar as possible to those
assumed in the analysis of section III-2-a, That is, & tangential
eleotric field (Ee) and longitudinal magnetic field (Hz) were desired,
with 0/08 = 0, The only feasible oircuit capable of producing these
field configurations is a oylindriocal cavity resonating in the TEp1y
mode, The space charge was to be placed along the axis of suoch a cave
ity. A tube and cavity of this design were oconstructed for the purpose
of investigating the r-f properties of the space charge as seen by a
radially propagating wave, A schematic drawing of this tube and reso-
nant cavity is shown in Fig, 6.7, A photograph of the tube is shown
in Fige 648 and an assembly drawing of ‘the tube in Fig, 6.9

However, & cavity designed to resonate at 10 centimeters in
this mode will have a radius of approximately 7 centimeters, far too
groat to allow the outer wall to be used as the anode for the space
charge, That is, for magnetio fields in the desired range (2000 gauss)
an astronomiocal d-c voltage would be required to expand the space charge
t0 a small fraction of this anode radius, Therefore a series of longie
tudinal rods spaced on & oircle conoentr5.§ with the cathode were used
as the deoc anode, If the rods are small enough and few in number,

thers would be relatively little metallic surface parallel to the ©
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directed electric field so that there should be only small perturbation
of the r-f fields at the cathods, This arrangement is shown schemat-
ically in Fig. 647

The question naturally arises as to the ability of such an
anode to produce d-¢ equipotential lines which are approximately cirw
oles concentric with the oatl}ode. A field map of a section of such &
(space charge free) structure was made by Mr, Js Se Needls, from which
it was found that this anode approximates a solid eylindrical anode
very olosely for any radius less than about 0,7 of the anode radius,
This type of experimental tube has the advantage that only the longi-
tudinal bars and the cathode need be included in the vacuum envelope;
the cavity may be external to the vacuume These bars should interfere
very little with the ref fields in the oavity so that inside the anode

bars the electron-wave interaction can take place,

ENVELOPE

SPACE CHARGE
CLOUD

RESONANT CAVITY (TEou MODE)

FIG.6.7 TEon RESONANT CAVITY FOR SPACE CHARGE STUDY



110

The shift in resonant wavelength of this ocavity due to the
presence of the space charge was calculated (Appendix 7). This calou-
lation showed that a shift of the order of two peroent could be expeoted.
To check this, & oconduoting rod, of approximately the diameter of the
space charge, was inserted in the cemter of the cavity; the wavelength
shift was observed to be approximately one and one-half percent. To
tost the shieldipg effect of the rods in isolating the center from the
outer region of the cavity, the conducting rod was inserted with the
small rods in place to duplicate the rods in the actual tube (see Fig,
6e7)s In this latter oase the wavelength was increased by about threew
tenths of a peroent, still a measurable amount,

However, with the tube in its place in the cavity, no shift
in resonant wavelength, due to the space charge, could be detected,
even with the aid of several elaborate methods of detection, Two pos=
sible explanations can be advanced for this lack of effect of the
space charge. In the first place, since the eléo’crio field must venish
at the cathode surface, the proportion of the total r-f energy stored
in tﬁe region near the cathode, that is in the region oocupied by the
space charge oloud,_ is quite smll, On this basis alone it would be
expeoted that the wavelength shift be small, and it was in fact calou=
lated to be at most two percent (in the absence of the longitudinal
bars). However since & wavelength shift was observed in the prelimie
nary test using a conducting rod to represent the space charge, it can
be concluded only that the presence of the tube in the cavity so dis=
turbed the fields as to reduce the effect of the space charge. The
presence of the tube (with its Kovar-glass seals, etoc,) would undoubte

edly_,re’duoe the Q, of the cavity (usually very high in the TEy mode ),
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possibly enough to cause the bandwidth to exceed the wavelength shift
caused by the space charge, A second possibility is that there might
exist in the cavity certain extraneous fields which can imteract with
the eleotrons in such a mamer as to reduce the effect of the electrons

on the fields of the desired mode.

 FI668
PHOTOGRAPH -OF EXPERIMENTAL TUBE

One offeot of the space charge which could be detected was the
change in the amplitude of the transmitted signal vs frequency charac-
teristic of the ocavity as a function of the applied magnetioc field, The
space charge oloud radius was maintained oconstent and the relativé change
in trensmitted signal amplitude (at resonance) measured as a funotion
of the applied magnetic field, This data is shown in Fig, 6.10 where

it is seen that the maximum decrease in transmission ocours at the
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oyclotron value of magnetic field, This is as predieted by the theory
(Eqe III=20) but it is not suggested here that the experimentally obe
served change in cavity Q necessarily be due to the electron-atom cole
lision mechanism proposed in Chapter III, However as shown in Eqs.
I1I-17 the perturbed velocities pass through a meximum value at w/g =
so that any mechanism by which the electrons can lose an amount of en=
ergy proportional to their velooity would produce the effect shown in
Fig. 6410, About the most that can be claimed for this data, however,

is that it does not contradict the theory.
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3. Effect of Space Charge on the Resonant Wavelength of a Multicavity

Magne tron,
It was mentioned in Section Ve2 above that the space charge

in a magnetron will ohange the resonant wavelength (7\0) of the oirouit,
Since the electric and magnetic fields in the interaction space of a
multicavity magnetron are qualitatively similar to those considered in
the analysis of radial wave propagation in Section III=2, it would be
expected that the variation in g, vs w/o, be represented by a ocurve
similar to Fige 346. The analysis leﬁding to the ourves of g5 vs oo/coe
such as Fig, 3.6, was carried out wnder the condition d/08 =0,
However, while this condition is not satisfied in the multi-anode mage
netron, these theoretical results shoﬁld ‘be at leasf qualitatively ocore
rect for this case, especially in the viecinity of the oathode,

In order to check this, the resonant wavelength of a multi-
cavity magnetron was measured as & function of the applied magetic
field, These measurements were made by determining the Q value of the
resonator, maintaining the space charge cloud radius constant by keepe
ing Va/Bf inveriant, The radius of the space charge was adjusted so
that no electrons attained synohronism with the rotating wave on the
anode, thus avoiding any effects dus to begimming of oseillation, De=
spite this precaution, it is usually somewhat uncertain whether the
- wavelength shift observed is due to the "bulk" properties of the cloud,
analyzed in Chapter III, or to motional effects.l This is particularly
true in the vicinibty of the oyclotron field. For this reason, resonant
cavities possessing simpler field configurations (and which cannot ose

cillate) such as those described in the preceding sections of this

1
Lemb and Phillips, Loc, cite
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chapter are more advantageous for the study of the space charge charace
teristics,

Using Fige 347, an estimate of the variation in &5 vs o)/ﬁ)o
oan be found for the value of rg/r, used in the test (rg/re = 1.1),

The data obteined from these tests are shown in Figs. 6,1la,
6411b; 64llc, end 6,12, The first three of these are typiocal curves
showing the variation in )\, as the space charge oloud is expanded by
inoreasing the d=-c anode voltage at constant megnetioc field, Gg is.the
oonductance seen looking into the output coupling system of the tube,
its value is determined from measurement of the input standing wave
ratio at resonance; I is the anode current,

It is seen in Fig, 6.11a that for B = 210 gauss, 0/, = 3,
and the resonant wavelength decreases as the space charge is expanded.
At this value of magnetic field, the space charge appears as a region
with dielectric constant positive and less than unity, Similarly, in
Fig. 6,11b, B = 1700 gauss, o/, = «37 and the expension of the space
charge increases the resonant wavelength. At this value of magnetio
field, the space oharge is believed to have a negative value of dielec=
tric constant, The sharp rise in A, at high voltages seen in Fig, 6.11b
is the result of the electrons approaching synchronism with the rotat-
ing wave of the magnetron, Fig. 6,11¢c shows the change in resonant
wavelength of a multi-anode magnetron operated with magnetic field be-
16?: that necessary for oscillation, Under this condition the space
charge oan be expanded to the anode and since in this region of /oy,

0< gg<1, a oonsiderable redustion in resonant wavelength is obtained,
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Fig. 6412 shows A\ as a function of o/, (curve A) and can
be compared with the A A predicted (curwe B) from this theory, and that
predioted by the Lamb and Phillips theory (curve C),

The main points to be considered in comparing experimental
data of this type with that prediocted from the theory, are the values
of wfio, &t which the A A curve shows a discontinuity. The absolute
value of A A for any wy&o region is of less importence, since this canw
not be calculated acocurately for a multicavity magnetron without an
unreasonable amount of mathematical labors,

Examination of Flg, 6412 reveals the expected sharp rise bo=
ginning near oo/coo = 1,1, but the expected decrease in A, near w/oao = .9
was not observed, It must be remembered that the predicted curve B re-
sults from use of Fige 3.7, which is merely an approximete interpolation
based on purely qualitative considerations, If the more exact theory
of the plane magnetron (Fige 3.3) is used, the predicted curve of Fig,
6.12 would be as shown exoept that there would be no rise between
my&c = .85 and m/&b = 1,07, This would not improve the agreement with
experiment in the region o7 < w/w,<1 however, The theory of Lamb and
Phillips indicates a wavelength shift of the form ;;§7§£?1:7f (ourve C)
whioh seems to be in reasonable agreement with the experimental points
for /iy > but not for w/dg<le Here the direct effect of the cyclo=
tron resonance of the electrons in the space charge tends to obsoure
the "bulk" effect of the space ohaige in the resonant oircuit, The
wavelength variation deseribed in Fige 6.12 probably represents a come

bination of these two effectse
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It is seen that in general the expected wavelength shifts,
predicted from the result of the analysis in Chapter I1II, are observed
except in the neighborhood of m/coc = 1 where the synchronism effects

are predominant,
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ViI, CONCLUSIONS

In this chapter the considerations of the magnetron space
charge will be ooncluded by a disoussion of the results of the experie
ments performed in an attempt to check the theory, a resume of the
assumptions underlying the analysis, a brief list of the possible appli-
cations of a space charge of this type and & few topics suggested for
future investigation, Unfortunately this last section contains some
rather important points, indioating that this present work is by no
means & complete exposition on the subject, It is hoped however that a
few of the physical principles have been brought out and that a basis
for future investigations has been established,

The magnetron space charge is somewhat unique among electron
atmospheres under the influence of & magnetic field (at least the plane
magnetron and oylindrical magnetron with propagation along the applied
magnetic field) in that no double refraction of the waves was found.

It is believed that this type of space charge oloud could be

used with profit more gemerally for such purposes as frequency modulation,
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l, Conclusions = Agreement between Theory and Experiment.

Three experiments have been performed in an effort to deter-
mine the validity of the analytical expressions for the dielectric prop=-
erties of the magnetron space charge, determined in Chapter III,

In order to duplicate experimentally the case of wave propa=
gation in the direction of the magnetic field, a coaxial cavity wes oon;
struocted so that the travelling waves in the cavity propagate through a
oylindrical space charge cloud surrounding a filament serving as part
of the center comductor. The results of tests on this tube seem to cone
firm the theoretical predictions as to values of magnetioc field at
which oertain discontinuities in the properties of the space charge
oloud are expected, The magnitude of the wavelength shift observed did
not check well with that oalculated, but this is believed to be of less
importance. In comparing the theoretical singular values of @/, with
those observed, it is remembered thet one value should be independent
of fhe potential or space charge distributions, depending only on m/coc.
This point was checked quite well by the experiment, The other singular
valvue of co/coc to be sought is dependent on the space charge distribue
tion and therefore ocannot be predicted with certainty, The value obe
tained experimentally appears to correspond to & value of space charge
density at the edge of the cloud approximately twice the Hull=Brillouin
value, This suggests the existance of a space charge distribution with
a peak at the boundary of the clouds In general, the results of this
experiment are considered as satisfactory confirmetion of the theory,

The part of the theory concerned with wave propagation in the



radial direction was investigated in two experiments. One of these ine
volved measurements on a multianode magnetron in which the resilts are
less conclusive, because the synchronous effects of the electrons at
the oyclotron magnetic field tends to obsoure the "bulk" effects of the
space charge sought here, However it was observed that at values of
magnetic field well above the oyclotron field the space charge cloud
still exhibited a positive effect on the resomant wavelength of the
magnetron, as predicted by the theory., This effect for B,>)> By would
definitely be due to the "bulk" properties of the ocloud since the syn-
chronous effects would be notioceable only in the neighborhood B,= By.

The second of these two latter experiments was performed by
inserting a space charge cloud into & c¢ylindrical cavity in the TE011
mode, While no effect of the space charge on resomant frequency could
be detected; the space charge appeared to abstract net energy from the
fields near the oyclotron frequency, This behavior is at least not at
variance with the theory.

This analysis of the propagation of electromagnetic waves in
the magnetron spece charge considered the electron cloud as & medium
whose motional behavior can be explained with the aid of the hydrody=
namical equation, This treatment is contrasted with that which cone
siders the motion of the individual electrons as obeying Newton's law,
The results of the analysis were presented in terms of an equivalent or
effective disleotric constant depending only on the ratio of the free
quenogy of the wave to the oyolotron resonance frequency. Since, in the
tubes built to test this theory the space charge occupied a region
small comfared with the wavelength, the space charge cloud was considered

as a lumped circuit element and its effect on the associated oirouit
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predicted, by certain qualitative'argumen’cs, from the &5 vs co/mc curves.
Agreement between these theoretical predictions and experiments oan be
interpreted as indicaﬁing that the consideration of the space charge as
a modium is valid,

Unfortunately only one set of experimental date is considered
sufficiently reliable to serve as & check on the validity of the theory
and its interpretetion; namely the date in Fig. 6.4. It is believéd
that this data does provide reasonable confirmation of this analytical

treatment of the magnetron space charge.
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2. Resume of Assumptions.

A brief resume of the & priori assumptions, on which this
analysis is based, will be given in this section, This will provide a
‘ basis for oconsideration of the validity of the analytical results ob-
tained,

Be ‘I*t: is assumed that the electron space charge can be treate
ed &s & gas, the motion of whose particles (although they interact with
only inverse square law foroes) are mutually interlocked to such an ex=
tent that the gas exhibits mediumelike behavior. The particles of this
gas are considered to possessla random motion whioch is sufficiently
large in comparison with the applied ref signal voltage so that thermal
equilibrium is maintained in the gas. In such & case the equation of
motion of the electrons can be deriwved from the Boltzmemn Transport
equation, Certain properties (such as thermal conductivity, mean free
peth, etc,) of such an electronic gas cannot be determined without evale
uation of the electron velocity distribubion funotion, This evaluetion
would entail, in view of the necessity for consideration of both near
(binary) and distent encounters, considerable mathematical diffioculty.
Portunately the desired dielectric properties of the space charge can
be determined without knowledge of the distribution funotion,

be In general i’c is assumed that the amplitude of the per=
turbed eleotron velocity (that is, the part of the velocity due to the
applied r-f field) is small enough that terms involving its square can
be negleoted in comparison with terms in the equation involving only
the first power of the velocity. That is, the usual small signal theory

is used throughout,
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ce Certain limitations have been placed on the form of the
waves considered to be propagating in the space charge, That is, in
general the eleotromagnetic waves are considered invariant in phase in
directions normal to the direction of propagation., In the cases of very
simple geometrical r-f structures, this assumption will be fulfilled.,
The result oan be applied to r«f fields of more complex configuration
by suitable superposition of waves of the type oconsidered here,

de The complete solution of the problem in the cases with
eylindrical geometry was found to involve lengthy methemetical treatment.
Therefore the solutions for the propagation constants in the cylindrical
cases were obtained only for the limiting case of no varietion with rad-
ius of space charge density and angular velocity, This condition would
generally be satisfied by use of a vanishingly small cathode. A rigore
ous solution is obtained therefore only in the two limiting ocases of
small oathode on the one hand and plane electrodes on the other. It is
believed however that the results of the cylindrical analysis provide
& useful approximation for rgy/ry S 3.

e, In this report, inoluding the oonsiderations of the pos=
sible spaoce charge density distributions in Chapter II, the effect of
interactions between the disorete eleotrons is completely neglected,
This is not meant to imply that these effeots are unimportant, but

merely that their oonsideration is the subjeot of a separate study,
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3. Possible Applications of This Type of Space Charge,

A oconsideration of the wave propagation characteristics of
the megnetron-type space charge suggests possible applications for such
& medium other than in an oscillating magnetron, There are, of course,
many more possible applications than those listed here, these being
merely the most obvious examples.

8¢ The use of a oylindrical magnetron space charge in & co=
axial structure coupled to a resonant oscillator oircuit has been suge
gested before as a means for obtaining frequeney modulation. This type
of space charge should be capable of producing relatively large changes
in reactance with little energy loss by the fields,

be It has been shown that this space charge can be made to
have such characteristics as to prevent wave propagatiog through this
medium, Thess résults were derived on the assumption of a small signal,
however it does not appear unreascnable that the behavior, in the pres=
ence of & signal of considerable amplitude, will be qualitatively simie.
lar., Therefore it is suggested that this space charge can be used in
a transmission line as a switch of microwave energy for such purposes
as anterna lobe switching, etc,

0e Since the space charge can be made to reflect almost any
desired proportion of the incident wave energy, it would seem that a
miorowave signal could be amplitude modulated without necessity of modu=
lating the generator, by using the space charge as a varieble switch in
the transmission line.

An engineer seeking to use the magnetron ‘type space charge
for one of the above or any similar application naturally requires a

knowledge of a number of characteristics of this medium other than its
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dielectric properties, eto, For example he would be interested in the
rate of ref energy loss in the space charge. In this connection it is
belisved that this space charge has an advantage over meny other forms
of electronic modulation, such as the spiral beam, in that its proper-
ties are not so oritical as to frequency and magnetic field,and & loss
(due to an inephase ocomponent of electron current) is not inherent,

For a large signal applioation this space charge would une
doubtedly be more lossy than in the small signal case but from the re-
sults of section IV=5 the energy loss would not be expected to be pro-
hibitive,

In any very small signal application such as modulation of a
- local osocillator the question of noise naturally arises, Thers is rel-
atively little‘ published, experimental information concerning the noise
power output of & non-oscillating magnetron space charge, Riekel pro=
sents the results of some measurements on a 10 om c=w multi-anode mage
netron with output power of the order of 100 watts, The noise power
output was measured on this tube while in the outoff condition, The
noise power increases as the space charge oloud is expanded; for an
anode voltage of about three-fourths of that required for initiation of
oscillations, the noise power was observed 4o be aboubt <60 to =70 db
below one watte

For comparison, the shot noise power from a space charge
limited triode in a miorowave oavity oan be calculated from the relation
Py ¥ 2,5 kTg Af. Using Af = £/Q = 3 x 109/100 this power is of the

order of =120 db below one watt, Comparing this value to that quoted

1
Rieke, F. F,, in "Miorowave Magnetrons", Radiation Laboratory Series
No, 6, MoGraw-Hill, page 390, 1948, ‘
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above for the magnebron, this latter device appears very unfavorably,
However this comparison is not quite fair since the magnetfon noise was
measured on a device whose power oapabilities.and therefore size and roe
tating space charge current are considerably larger than would be used
in a modulator structure, If this noise figure of =60 db for the magne-
tron is scaled down with output power, maintaining signal to noise ratio
constant, & noise power of the order of =80 db would be obtained, This
latter figure is slightly more favorable in comparison with the triode
oseillator tube, From this it appears that the use of a magnetron space

charge for low level modulation purposses is not out of the question,
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4, Suggested Topies for Fubure Investigation,

The experiments described in this report, undertaken to obe
tain some indication of the validity of the theoretical results, by no
meens exhaust the possibilities of experimenmtal investigations of & mage
netron-type space charge, Exploration of a magnetron space charge by
means of high frequenoy waves oan have three objectives: (a) by assume
ing a knowledge of the static space-charge density, experimental data
oould be used to check the theory developed, (b) to determine purely
experimentally the properties of certain configurations of space charge,
end (o) assuming the theory to be correct,experimental data could be
used to obtain some informetion on the space charge density, Since the
tools with which an experimental study of the static magnetron space
charge can be mde are extremely limited, this last objective seems %o
be at least worthy of more consideration,

It is the aubthor's opinion that the major sowce of error in
making measurements of this kind on & space charge lies in the problem
of obtaining a space charge of such configuration that it duplicates
closeiy the idealized form considered in the analysis, It is very dif-
ficult to obtein an absolutely uniformn and laminar magnetic field, so
that some leakage of electrons from the ends of the cloud is inevitable
unless suiteble precautions in the form of shields ete. are taken,

One specific investigation which might inorease the undere
standing and possible applications of this type of space charge involves
the application (b) in section 3 above, The measurement of the reflec-
tion of mierowave energy from a space charge in a coaxial line should
provide useful informetion relative to its use as a miocrowave switoh

in a transmission line, This information would be particularly valuable
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if the signal power used is high (0,1 = 1 kw, or more),

Also it would be desirable to ascertain if the space charge
in a plane magnetron could be made to amplify a microwave signal,

Along.tho line of continued theoretical investigation, very
valuable information as far as applications are oconcerned could be dew
rived from & large signel study of the space charge. If this were done
uging®electric and magnetic fields of simple geometry, the problem may
admit of a selution with a reasonable amount of labor and the results
might aid in the understanding of the role of the space charge in an
oscillating magnetron,

Also a solution for the dielectric properties of the cyline
driocal space charge for various values of ry/r, would yield useful de-
sign information.

Finally, continuation of the study of wave propagation
parallel to the steady electron velocity and its extension to the cyline
drical magnetron should yield results which ocan be applied profitably to

a further understanding of magnetron characteristics,



APPENDICES

Appendix 1 = Derivations from the Boltzmamn Equation,

In order to attempt a justification for the treatment of an
electronic space charge as a gas obeying the Buler hydfodynamical equa-
tion, this latter and other pertinent equations will be derived briefly
from the Boltzmann transport equation.1 This equation considers the gas
to be nearly in thermodyneamic equilibrium, so that the applied fields
cause only a small perturbation on this equilibrium, Therefore it must
be assumed & priori that this condition is satisfied,

The Boltzmenn equation for the behavior of & gas in an applied
veotor field of force ¥ which is independent of the particle velocity,
oan be written

Of .3, ¥ g Of ,,(ai =0 ¢ 41-1

ot " OF do a-m)aoll

where £ is the (un-normalized) veloocity distribution funotion, o the
partidle velooityz, and T the positioﬁ veotor of a particle with refer-
ence to some chosen coordinate system, The term (bfVﬁa)coll denotes
the time rate of change of the number density of partiocles at T, t with
velocities 3, d3 due to collisions with other particles of the gas, and
P is an operator representing the differentialloperaﬁions on the left

- 'side of the Eq. Al=l, It is assumed that the collisions ocoupy only a
small part of the lifetime of a partiele.

1
Chapman and Cowling - "The Mathematical Theory of Non-Uniform Gases" -
Cambridge, 1939, Chapters 3 and 18,

2
o is used for particle veloecity in this seotion only, in other seotions
of this report v will denote partiocle velocity while ¢ will represent
the velocity of light in vacuo,

134
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In the electronic space charge in a magnetron, the partiecles
of the gas are under the influence of the additional (Lorentz) foroe due
to the magnetic field B, This applied force depends on the particle

velooity through the relation -es x B, Then Eq. Al=l becomes:

=D p Al=2

sSlo

¥, = df [* -*“]Bf df
_ + o * |F = 6 X Bl-eip = ( ) _
L oF ¥ \ 8% ko1l
To save space in writing equations, let ¢ be any property of
the particles, such as their kinetic energy, momentum, etc, Then, mul-
tiplying Eqe Al=l by ddﬁ and inbegrating throughout wvelocity space
(assuming the integrals to be convergent), also specifying that ¢f tends

to gzero as o becomes infinitely large, the result ocan be written

/dﬂf a8 =nag = /p’(%%f. . as Ala3

where nA? is the change, due to collisions, of the mean value of the
sum of the property ff over all particles.

" If, from all of the electrons represented in velooity space
is chosen & number occupying wvolume T to r + dF, whose position is given
by the veotor T at time t and whose velooity is in the range ¢ to 3 + dg,
and the sum of the particle property ¢ is taken over this group, the ree
sult is written 3 ¢» Then ¢ ( %—aoll d_’c? is a measure of the rate of

-

ochange, dus to collisions, of this suny ¢, Therefore/ﬁ(g-f-)

% %011
is the rate of change of 3¢, due to collisions, of all particles in
unit volume of real space,.

By definition of s

59 = of
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where the superscript bar denotes the mean value over the group of par=-
ticles considered and n is the number density of partiocles in real

space, By the meaning of the mean value .
ng = / geds - Aled
so that
bf - = a - S a— -
ﬂ S'-b- do Fb-/¢fd0 -\/‘fg% de = a% (na) -)) T Ala5
and similarly

/g(u g.xﬁ de = 65_; gurde - /fug-g de =3§£ (nEE)-n( u%-g) Al-6

where r represents any coordinate direction x y z.

ﬁ g{. da‘j/]ga.(df)dudvdw-/fg.g do

=‘//[¢f]u=wdvdm - /f?.g do

- -2 ¥

where u, v, o are the components of wvelocity along the coordinate axes,

Al=7

Substituting Eqe Alw2 into Eqs Al=3 and using Egse Al=5, Al=f

and Al=7s
Al=8

/dﬂfd‘6= i;;i+v-<na§> n[g:g +3-99 + (f-%axi).gg]

If the particles of the gas have a mean or drift velocity G,

% = _1_/ of a8
n

the particle velocities can be referred to a coordinate system moving

defined by

with velocity 35, this "peouliar velocity" or particle welocity referred
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to the moving system is

e
e

Then ¢ can be expressed as & function of C instead of o,

4
Yoy K

VY — o .v¢ -aa_‘%.('g.v)'g

0

Substi‘buting these relations into Eq, Alw8:

/ﬂ)f do = + Ve (aff (o + -C.))-n[g 5%' + (3o + C) Vd
; g-%-(<a°+6)-V)s‘o+(f-%(so+'c‘)x§)-§;%] 41-9

Using the notation D _
bt

+ 30V Eqe Al=9 reduces to:

f_ﬂo’

- 3— - - __ bl
“n[g AN X%( F-2 3 ‘5{1) A1-10

Three equations important in gas analysis oan be deduced from
this equation with no prior knowledge of the form of the distribution
function f, This reduction can be accomplished by making use of certain
properties of the gas, which are functions of the particle velocity, and
whose sum over the particles participating in a oollision is conserved,

so that A? = 0, These properties are: (a) oconservation of number
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density of particles, (b) conservation of momentum, (o) oconservation of
energye These so=called "summational invarients" will be applied to Eq.
Al=10 separately.

A, Since the number density of particles is conserved in colli=
sions; letting ¢ = 1 so that ¢ = 1, it is seen that AP = 0, Then
75 =0 (since:(:'?= 0 by definition), %_g: gg = vy = A7 =0

and Eq. Al=1l0 reduces to

Dn

nVe, + 5 =0 : v Ale1l

which is just the equation of continuity of numbers (or density) of
particles,.
B, Using the law of conservation of momentum; letting d = mU
(where U is the x component of C), then ¢ = O so that A¢ = 0. Also
2 = an UG = Px 1

(p is the hydrostatic pressure of the gas),

vy = %g =o,(g_g)x=m.' (g—%)‘-&""

and Eqe Al=10 becomes for the x component of momentums

To verify this, consider that as each particle in T to ¢ + 48 orosses
& unit surface area it carries with it & quantity ¢ so that the total
contribution of this group to the flow of {f across the area is, per

wunit tims:
ge, £ dc

where Cyp is the componemt of C normal to the unit area, C, = C Ti;m)
is a unit normal vector. The total net flux of ¢ is then

f stn £aC =nCy ¢
In this case ¢ = mU and the rate of transport of momentum across the
area is by definition the hydrostatioc pressure of the gas acting on this
surface, Thus ‘ - .

Py = nm (C,U) * ny = nm CU
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- Di? - -~ ‘
vpx-nm[F-.fy_tD.]+neuoxB=0 Al=12

where W, is the x component of Gp. In general the equation of momentum
is -

Vp-nm[F-%:.n.] +26 3y x B =0 Alal3
which is the Euler equation of hydrodynamics, Eq, II-1,

C. From the conservation of energy relation, let § = E, the
energy of translation of a particle., Then for the type of gas considered
here 7= 3/2 kT and from considerations similer to that in the. footnote
%o paragraph (B) above, nag - uEC = q the thermal flux vector (the rate
of transfer of heat across unit area), Then V¢ = %% =0

and since

¢= %’mcz: %.g" m'é'

from which it follows that

F o o) 7T

Then Eqe Al=10 becomes:

F g M FEIVE ¢ Vv, Al-14
N = number of degrees of freedom
This reduces to:
?RT' + Nf,n [.p V.8 + V-?i] =0 Al-15

which is the equation of thermal energy of the gas,
The Boltzmann Eq. (2) can be solved in general by a series of
successive approximationsl allowing deternination of the pressure, therm-

al flux vector, coefficients of diffusion and thermal conductivity, etce

1
Chapman and Cowling, 7.3 = 7e5e
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In first approximation q = 0 and in second approximetion
q=XxVT Al=16
where K is the ooefficient of thermal conductivity, Then Eqe Al=l5 be=

comess
§—§+3§£ [ pv.'c“o-*vzr]w Al=17

In the case of two constituents of the gas, such as eleotrons

1
and ions, Eqse Alell, Alel3, and Alel?7 becomes

Dn - = —
D_b—--l +n3V-S, + Ve(nCy) =0
Al=18
PRt mV B+ Ve(ug Ty) m o
(nymy + ngmy) %ﬂ- = nymy ?1 + nomy Fp + (ny07 = ngey) '50 xB
Al=19

=y = -
+ (nyey Cy + 1,8, Cy) xB = V-p

I =y - ——y =y - —te
g klny +5p) = V(0] + mGp) *mpmy Ty Ty +mgny By
| - - 4120

+ (mey Cy + ngey Cy) - (8o X B) = po+ Vo, +k W2 T

1
Chapmen and Cowling, page 332,
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Appendix 2 -« Influence of the Pressure Gradient Term in the Euler

Eguation.

In this section the effect of the random or thermal motions of
the eleotrons on the propagation of electromagnetic waves in the magnetron
space charge will be considered, using an approximate method, In the
equetion of motion, the effect of these random motions is represented by
the pressure gradient term ?%E « A comprehensive treatment of this probe
lem would require a lmowledge of the velooity distribution function,

This distributlion funotion is unknown and the labor involved in its dew
termination is oonsidered unjustified for the purposes of this treatment.,
Therefore as & first approximation it will be assumed that the electron
gas obeys the ideal gas law so that p = nklT, Partly because of the long
range foroes (Coulomb) existing between particles of the gas, a more exact
treatment is difficult. |

In order for the thermal motions of the slectrons to have an ine
fluence on electromagnetic wave propagation, it would seem reasonable to
suppose that some perturbation of the thermal velocities must progress
with the wave, In his treatment of the effect of Hydrostetic Pressure on
the Operetion of Travelling Wave Tubes, Parzen! oonsiders that both temp-
erature and charge density are perturbed in the same memner as the travel -

ling wave, that is
T =7, + 1y M TS

A2-1
n =n, +ny o0t = 78

Parzen, P, = "The Effect of Hydrostatic Pressure in an Electron Beam
on the Operation of Travelling Wave Devices" - Tech, Memo, 391, Federal
Telecommunications Lab, March 1950, Recently published in Jour. App.
z_hy_io: April 1951,
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Using ‘these substitufions in Eqs. Al=13 and Al-17 the propaga-
tion in the y direction in a plane mgnetron (Section III-l-a) is evalu=-
ateds It is found that the effective dielsotric constant is given by Eq,
IlI«3=2., That is, the temperature motion has no effeoct on this wave
propagation, However therevappears an additional wave, which, if the

eleotron gas is considered isothermal (T3 = 0), is given by

£ Tq A2-2
and if the gas is adiabatic (K = 0)s?
2 m o2 [' 0g? ]
B - -1 Al
" T, | o 2-8

This method of accounting for the electron temperature may be
useful in the case of the Travelling Wave Tube. However in the magnetron
space charge, where the temperature T, is known to be high, it is mnot
apparent how this temperature can be perturbed in a wave=like fashion,
certainly it ocamnot be oonside:ed that the fields of the propageting
wave accomplish this since it is fundamental to this analysis that the
random energy be large compared with the energy imparted to the electrons
by tﬁe wave, Therefore it is believed that a more realistic considera=-
tion would be that the temperature T, not exhibit any wave-like proper=-
ties but the random energy of small volumes of space charge varies with

the wave through the variation in space charge density nj olwot = s,

1
One oan obtain a rough indication as to whether the electron gas is
igsothermal or adiabatic by ocomparing the mean time between collisions
of electrons and the period of the propagating wave, Referring to
Appendix 3 for notation, if 2ﬁ/6>>) T 5 & large number of eleotron=
electron collisions take place during a cycle so that energy can be
conduocted away from any given wolume of the gas; this condition will
describe an isothermal gas. On the other hand, if 2ﬁ/& <€ v the gas
will be adiabatic. Considering the electroneelectron collisions as
binary encounters (which condition is not satisfisd) Eqe A3=-7 oan be
used to dstermine the order of magnitude of T . If the electron
diameter is teken as 10~12 om, '/1- s 10-4/sec so that T ») 2w/
and the electron gas is probably adiabatio,
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Then
p = (ny +n1) kT A2t
so that
- Ko

kn
+ Sl
an nom VTO A2~5

nm  nym

From this it is seen that in the case of wave propagation in
the z direction, for both plane and cylindrical geometries, since
ny =0 p =0 and the thermal motions have no effect on the wave
propagation,

In the case of propagation in the y direction:
@:.ET.Q dn +;k31..l. a--,I:-O_
mm  ngm  §y ngm Jy A2-6
since nj varies only in the direction of wave propagation, and it is
improbable that T, varies with any dimension except distance from the

cathode, From the continuity equation

ng = JBg Ty

U0

so that

.
V2. Ko ¥V novy | wykno¥ 3Tp

g

nm nom 15 nom  Jy A2-7

Then the velocity equations are s

= -9 Ex
n Io

o 0,0
Vy S-EEy ¥ ﬁEx
kY/dT

x

oy
lot: 72

T
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Combining these with the field Eqse III=13:

D fo 17
A2=8
-0)98 - ]
| T %iYB e | g =0
1 +4l - % =L, 1+ -—-2 ...T.Q.
m® Jy ™ dy
with solutions
2
V= Fopo g + o so
whioh is the same as Eqe II1I-15,
Also
=~ £ 0
et + v g =0
Xy 0Tp
1 +4/ - -——2-
mc dy
so that
A Mer f1od | n (o)
YT 3y \/ o 3y B\ % e A2-10

It is seen that in this oase also, the inclusion of the pressure grad-
isnt term does not influence the electromagnetic wave propagation but

leads to a new wave, which if %.T.Q. = 0 is given by:
Y

v = - ﬁm" (0? = 0g2) A211
0

which is, of course, the same as Eqe. A2«2 found by the other method and
is the same as that found by Linderl for a plane wave in a simple gas

(no magnetic field).

1
Linder, Ze Ges Phys, Rev, 49 - 753, 1936,
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Unfortunately, in the case of radial wave propagation the ine
clusion of the pressurse gradient term so compliocates the equation corres=-
ponding to Eqe III=-18 as to make the solution impractical,

These plasma waves (Eqe A2=10) are important in this space
charge snalysis only by virtue of their being separate from and independ-
ent of the propagating electromagnetic waves (this statement is applio-
able, of course, only in those cases which have been solved), This sube
jeot will therefore not %e pursued further except to note that these are
propagating waves (thé group velocity is not zero). Linderl has shown
the existence of such waves from & wave equation derivable from the
Euler equation., For a comprehensive treatment of plasma oscillations
so0 Bohm and Gross,2’ °

Eqe A2=9 is seen to be identioal to the corresponding expres-
sion for the propagation constant obtained in Chapter III, Section 2-a,
where the pressure gradient term was not inoluded. wWhile this does not
Jjustify rigorously thé negleot of the pressure gradient term, it would
seem quite reasonable that it have no effect on electromagnetic wave
propagatioﬁ. This follows from the fact the mechanism of the influence
of the electron motions on wave propagation is different in the two types
of waves, That is, the electromagnetic waves (transverse waves) are ine
fluenced principally by the motions of the electrons transverse to the
direction of propagation while the plasma waves (longitudinal waves) are

influenoced by the motions of the eleotrons parallel to the diraction of

propagation,

1
Yo, oit
2
loc, cit
3
Gross, 5. P, "Plasma Oscillations in a Static Magnetic Field" - Phys,
Rev, V82 - April 15, 19561, -
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Also the wave motion represented by the pressure gradient term is a longe
itudinal wave in which the energy is transmitted by physical movement of
the particles from one place to another, and is therefore independent of

the eleotrowagnetic waves.
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Appendix 3 - The Effect of Electron-Ion Collisions,

In this present work the elsotrons in the magnetron space
charge are thought of as moving along ocertain orbits prescribed by the
steady fields, The electric field of the electromagnetic wave propagate
ing in the space charge will periodically perturb the electrons from
their steady orbits, During one~half oycle of the propagating wave the
electrons will acquire energy from the fields, if thers has been no ene
ergy lost by the electrons all of this energy will be returned to the
wave during the next half oycle and it will propagate undiminished in
amplitude., The concept of a wave propagating in a material medium with
amplitude undiminished with distance is contrary to our physical experie
onco, so that some mechanism of energy loss by the eleotron in its per=
turbed path must be sought., In even the best obtainable vacuum, the
space charge will contain of the order of 1011 moleoules/'éxm5 which is
of the same order as the electron density. Therefore in their periodie
motion the electrons will have a reasonable probability of oolliding
with gas molecules. These ocollisions will provide one mechanism for
energy loss by the electrons., The ineclusion of such an energy loss term
avoids the difficulty of equations for the electron amplitude or velocity
becoming infinite at certain values of m/bc.

Appleton and Chapmanl consider an analogy between the velooity
equations of electrons vibrating under the influence of & periodic elec-
tric field, suffering collisions with gas atoms, and eleotrons vibrating
but experiencing & frioctional type force proportional to the velooclty,

They show that the effect is similar if the frictional coefficient (g)

1 v
Appleton and Chapman = "The Collisional Friotion Experisnced by Vibrate
ing Electrons in Ionized Air", Proc, Phys, Soc, of London = XLIV,
page 246, 1932, '
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is replaced by the mean inverse time between eleotron-atom collisions,
That is, the term g in Eq, II=3 is g = %- where T is the mean time bew
twoen collisions of an eleotron and a gas atom,

Using a sinilar line of reasoning to that followed by Appleton
and Chapman, this analogy will be extended to inoclude the ocase in which
the electrons are in a magnetic field, It will be shown that the same
substitution g ='% is valid in this case also,

For simplicity a stream of electrons with uniform veloocity is
considered, Then the equations of motion of an eleotron under the ine
fluence of an alternating eleotric field and a steady magnetic field is

given, between collisions, by the following:

. A=l
X = - %’ Ex =w V¥
These may be solved to give
e 1 g
x = B ETEZSJ}%Y ) E§]~ + 0y
1 ¢ w2/l
A3w2
2t e g
. B In | = I%' Ey .0
1 = g2 /a?

Now suppose that at some time t = &3, out of the large number
of electrons & group can be selected which suffer collisions so that

those electron's velocities vanish, That is when t = 7, x =y =0
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so that
e 1 o
7 o [Ey"m Ex]
Ci = L gJwtbl
1 + 02 /i?
A3=3
e 1 0o
]l - 0302-/0)2
PThus at any time after the collision
e 1 ®
- .- By
:.K“ m E [ y ﬁ Ex](ejm -ejoybl)
1 + g2/
A3t
e 1 [
- Ex + & E
5 = n 1o 10 Y](em } eml)
1 - wo?/o?

Let © =t = t7. Then if the oollisions ocour randomly, the number of
collisions dNy which ocour in time dt after tl is equal to the product
of dt and the average number of collisions per unit time, A,

| dNo = A dt
If t is the average time between collisions and there were Ng collis-

ions at & = ys

A= No/fr
Then integratings N %
f @o . 1 fy. 0
- No T T
No %
80
No _e/‘t
di === ¢ dae .



150

where dN is the number of electrons colliding in time € to @ + d@

Then to find the mean velosity over all times t > %y

e 1 o, ,
ElaE w04 e,

** 1+0)02/Q)2
(o]
A3=5
e 1 o)
S'EE[EY'L'% EX] 1
]_+m°2/m2 iﬁj+?

and similarly for the y velooity component,
Now from Eq., I1I=-7 the equation of motion of an electron sub-
ject to a friotional force is:
(X L e '
y+gyu-5 Ey"'%x
e

.0 . .
x tgx® =0 Ex =gy

So that the velocities are

o thegeed
y iy + g + ﬁg_f_g

Ad=§
. “m[“x"'i%"il?"g"EY]

Comparing these two expressions for the velocities it is seen that,
sinoe g << o, the velocity equations determined from ocollision conside
eraﬁions and those found using a friectional foroce are identical, From
this one can conoclude that the 9nergy lost ‘by each of these processes
is equal when the association g =% is‘made. While other forms of the

eleotron cloud will change the equations, it is believed that the
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qualitative reasoning behind the analogy will be valid in any type of
electron stream in a magnetic field.

In order to determine a numerical value of the coefficient g,
two methods can be useds

1) Appleton and Chapman1

describe an experiment from which the
value of g could be obtained, However, their work was conduoted at a
gas pressure of about 0,1 mm Hg, considerably above that.existing in the
type of electron tubes considered here, If it is assumed that the fric-
tional coefficieﬁt is proportional to the molecular density and there=
fore to the pressure, the experimental value of g ocan be extrapolated to
the walue at a pressure of 106 mn Hge This prooedurs results in the
value g = 104/%60.

2) The second method for determination of the numerical value
of g is throﬁgh the evaluation of the mean time between collisions,
assuming only binary encounters.

In the case where the electrons and gas molecules are conside
ered as smooth, rigid, elastic spheres, affecting each others moﬁion
only at & oollision, the number of oollisionszper unit time per unit
volume between electrons of mass m and density n, and gas molecules of
mASS M end density ng iss 1/%

2k mg TQ)

Ny, = 2nny Oy ( — A3=T7

G+ O
where 9)p = ———&, 0"and 0y being the electron and molecule diame=

tors respectively.

my = m + mg

T
loc, cite

2
' Chapman and Cowling - page 90.
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Since m <<my, and 0 << Oz this expression reduces to

1/2

2
Ny = %% (2Kl A3=8
2 m

The average number of collisions undergone by each electron per unit
time is the collision frequensy so that lA- = N]_z/n
For a typical magnetron space charge, with applied magnetioc field of

1000 gauss,

n% 5 x 1010 eleotrons
Om

11 molecules

ne~ 10
g omd

so that

1/2

1 . 10' x 16 x 10716 o x 1,57 x 10716 x 104
T 2 9 x 10=28

and:

Him

= 4 x 10%/s00 A3-9

The olose agreement between this result and that obtained by the first
meth;ad is largely fortuitous, since the assumption of binary encounters
is not valid, but at least the order of magnitude of this quantity has
been determined,

The assumption that, during the course of an encounter between
two particles, their motion is uninfluenced by the other partioles in
the region is probably valid for molecules interacting with forces very=
ing repidly with distance (such as an inverse fifth power lew), How=-
oever for the long range inverse square law forces this is not correct,

Jeans! shows that the effeot, on the motion of & given particle, is

1
Jeans, Jo Ho = Astronomy and Cosmogony = Cambridge, 1929, Chapter XII,
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groater due to all of the "distant" partioles than those few which come
very olose, These "distant" encounters are not considered by Chapman
and Cowling.

It is seen that for eleotrom#gnetio waves in the miorowave
rogion where 0 % 1010, the inequality g << ® is valid even if the
effeot of distant emcounters inereases g by several orders of magnitude,

This inequality is used to simplify the equations developed in Chapter III,
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Appendix 4 - The Effects of Electron-Eleotron Collisions,

In this section the effect of electroneslectron collisions in
the space charge on the velocity of propagation of éleotromagnetio waves
in this medium will be examined., By an electron=slectron collision is
meant the process in which two electrons move close enough to each other
that their fields of influence overlap and each»of'their respective ore
bits is affeoted by the presence of the other electron.

Using the law of conservation of momentum an attempt will now
be made to show that the total dipole moment of the space oharge is une
influenced by collisions between electrons., From this it follows that
the dielectric constant and theréfore the wave propagation velocity is
similarly uninfluenced.

The electrons are thought of as moving along a path under the
influence of certain time invariant foroes; its path is periodically
perturbed by an additional foroe alternating in time as o, If the
electron velociby is given by

| Vo t V1 eiwt Ad-l
the momentum is |

m (v, + vl,ekUb) .

Using subsoripts b and & to denote before and after collision, and super-'
soript numbors to denote one or the other of the two interacting elecw

trons, the conservetion of momentum relation states that in a collision

Adw2
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so that
2 . 1 2
Yo b TV% b ™ YoatVoa

2 1
vllb tvip ® Vla*vlza .

These equations show that the sum of the perturbed velocities, and the
sum of the unperturbed velocibies are conserved in a collision,

The electric dipole moment 7, , defined as the product of
the charge and its displacement from its mean position, can be repre-
sented as

T, = ea a = A olot
where A is the ﬁaximum amplitude of the electron excursion from its

unperturbed position. The velocity of the particls is then

v = iga so that: a =Y
o
and v
r = oF
M Adad
Using Eqse A4=3 it follows from this that
1 2 1
Tyl * Ty lb = Ty la + Tvzla . Ada5

Therefore the sum of the dipole moments of the electrons is conserved
in an electron~electron collision., This can be extended to inelude all
electrons in a given region so that the total polarization 61‘ the medie
um remains unchanged as & result of oollisions, The polarization Pis
related to the dielectric constant en by P = g,E (&p = 1) so that the
dieleotric constant and therefore the velooi’cy of wave propagation is
unaffected by ’che collisions, The above reasoning considers, of course,
that the oollisions cause no periodic variation of electron density,

which would effeot the wave propagation,
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Appendix 5 - Conditions Under Which the Second Order Terms in the

Equations of Motion oan be Neglecoted.

The equations of motion of the electrons in the space charge
have been linearized in all cases by neglecting the second order tern
(V‘.I.'V) vie The complete equation of motion will be examined briefly
for a typical case to determine the conditions under whioch this approxie
mation is valide

From Eqs. 11«7, the equations of motlon of the electrons in a
plane magnetron space charge under the influence of a wave propagating
in the y direotion are:

°
v -yvvwy ==o Ex
10 vy - )’vyzi-% Ex * g vx |

From the first of these, the x directed velocity is given byg

vx - -ezm Ex

8o that:

e
72 Vys "'VyyaEy— Vy-(oz +% (i(nEy'i'(oc Ex) =0

It is seen that the last two terms of this equation represent the y
directed velooity relation in the linear approximation, Therefore fhe
remaining two terms represent the nonelinear effeot and the condition
under which these can be neglected will be found as follows, If it is
arbitrarily specified that the megnitude of the y directed velocity de=
rived from the linear equation be ohangéd not more than two percent by

the inolusion of the nomelinear terms, the fHllowing relations are valid:
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This ocondition will be met ifs

and
7% By < o01c?

The first of these conditions becomess

ki < 01

02 72
where 7 is the index of refraction of the space charge, This relation
is merely a slightly more stringent imposition of the nonerelativistio
assumption and will be satisfied whenever vyz/c2 <1,

The second of these conditions becomess

+01 con ‘
ne

which assumes the value (for o = 6r x 10%/ses, 7 = 1):

E<

E < 3 x 105 l"%“.&

which would be satisfied under almost all oonditions except for the

fields in an oscillating high pewer magnetron,
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Appendix 6 - Caloulation of the Shift, Due to Space Charge, of the

Resonant Wavelength of a Coaxial Cavity.

The change in resonant frequenoy due to the insertion of a
dielectric in the coaxial cavity shown in Fig, 6.1 is calculated in this
section using perturbation methods. The results of this computation can
be compared with the experimental x.iata showm in f’ig. 6.4,

Following a procedure similar to that used by Bethe and
Schwinger . let the fields in the umperturbed cavity (&, = 1) be repre-
sented by the subscript 1 and the fields in the cavity with dielectrioe

be denoted by subseript 2. Then

VxHy = i) g By VX E] = =it fp Hy
A6=1

vx H = iwp e & Ep Vx Bp = ity pro Hy

By suitable multiplication and subtraction these become, after integree
tion over the wolume of the ocavitys
2 * *
i [(cozag - @]1)eB1 By + ;Lo(oag-osl)ﬁlvﬂz]dv =
Vo . , A6-2
* » * *
ﬂal-vx Hp=Ep+Vx Hy = Hy* V x Bp + HyeVx E]_] dv

Vo
The integral on the right becomes, by a well known vector relation

e /By x 8o + Boox By] as A3
1 xHy + By x Hy 3

Se

i _
Bethe and Schwinger « "Perturbation Theory for Cavities" - NDRC Report
Dl-117 ©PB 18340, March 4, 1943,
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where S, is the boundary wall of the cavity., For a perfectly conducting

wall this surfece integral vanishes so that the left side above becomes:

* o
solwy eg=v1) Ey By = po(wp=0) HyeHp | &V = 0 AB=4
Vo

which can be written

(wzﬂlz/‘[eoEl'Ez** ,u(:HrH; ] av = -(ez-l)mza?/ Eq E; dV  A6=5

Ve

If the volume of the inserted dielectric is small compared with
the total volume, its presence will cause only small perturbation of the

fields so that since the electric displacement (D = . €,E) is conbinue

1

ous aoross the boundary of the dielectric,™ in the above expression set

€2 Eg = E1 so thats
(e = 1) 12

L2=01 So D AG=8
®2 = % _ 2 '

2
where W = %‘- f [ao |Ea] * po |H1|2]dv is the total energy®stored in
the cavitye The integral in the numerator is taken over the volume of

the dieleotric,

In this oase, using the notation of Fige A6=l

= I ne = o
Ep 2—:"% Cos  zT7{s7,)  where Mo ‘/ f-el-'-;

L .
The cavity is assumed to be in resonance in the TEM mode so that only
a radial eleotric field component exists in the oavity,.

2
In the oaloulation of the stored energy it is assumed that the presence
of the dielectriec does not materially affect the magnitude of the
stored energy, so that in this expression the equality El = Ep is made,
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ry 21
W= a?ﬁ‘Eﬂz W*Zeo(%;{[/-r—z Coszm-é-'—f_-g—z-)-wrdrdz +
Vo ro
rq 42 A6=T7
//%z Cos? W 2nr dr dz]
ro €1

Using the dimensions for this 10 om cavity

1
W (-Z-T’Hz 171 €o 463

L, SPAGE CHARGE

FILAMENT

FIG. A6-1

SKETCH SHOWING DIMENSIONS USED IN CAL-
CULATIONS ON COAXIAL CAVITY

For the volume ocoupied by the dielectrio:

rg ?s
/"E!FGVIZ(%//%?cosz m%-zé-)%rdrdz
VD rc 0

in.\2
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so Q0@ =. f=1 143 _ _ €=l
o ..2__82 T o042 -2--62 A6=10

for exam;le if e =6 (co/mg’-‘-’ 0e6) SN = 4030 Ao = 0,33 om

As mentioned before, the magnetron space charge is considered,
in certain regions of a)/oac, to exhibit properties of a dielectric. From
this oonsideration it would be expected that the resonant wavelength
shift of the cavity be the same for the space charge as for a dielecotric
of the same volume and value of dieleotric constant as the space charge,

As seen from Fig, 644 the maximum shift obteined experimentally
was o08 om which is less by a factor four than the ocomputed value, This
discrepanoy is probably due at least in part to improper formetion of
the space charge cloud, i.e. & ¢loud which does not approximate suffic-
iently closely that considered in the analysis, in particular the actual
space charge cloud is probably shorber than considered in this compute-

tion,e
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Appendix 7 - Calculation of the Shift in Resonant Wavelength of a TEpyq

Cavity, Due to the Prosence of Space Charge.

The change in resomant wavelength of the oylindriecal cavity,
shown in Fig. 6.7, is caloulated in this seotion for a dielectric ine
serted along the axis, This calculation is made using the perturbation
method outlined in Appendix 8.

The eleotric field varies as

2A 1(a r 01) Sin.z. Yo ;TBI. ATl

so that the energy stored in the cavity can be found by straightforward

methods® to be

. |
W= Aty & (.1,";6..])2 12 a® 32 (rtgy) AT=2

where & and ¢ are the radius and length of the cavity respectively, and
r'g] is the first root of the equation Jo!(r) = O, The integral of

Eg in the region ocoupied by the dieleotric is found to be:

; 2 - 2 ® a Sln Lo 1 ... ond
ec:/Ine‘ av 8nA#°(3.)2(?.6.1.f = [.2. #-=7 Sin TE]X
Vd 'y ATa3
r le( -z- r'01) dr
0

where 65 1s the length and rg the radius of the space charge, considered

as a dieleotric,

1
See for examples: Sarbacher and Edson - "Hyper and Ultra-High Fre-
quenoy Engineering" - John Wiley and Sons, page 383,
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This ini;egral can be evaluated as

rg 2 :
2
rd L rigy)dr = 2| 9y ' +1 - 1 r
St - vt - 2] (e
a o1 ATwd
0
With &g = 1.5 om ry = 045 om a = 7,95 om £ = 4,42 em
2o = 1048 om; these relations give:
W= 455 Apon (g (3.‘1)2
"\, o AT=5
to |2, |° av = o7 A‘?,'u.ofr(a )z (2“)2
vy 0 oY \ N

Since in this case the eleotric field is overywhere parallel to the
surface of the dieleotric, the electric field continuity across the

boundary yields the relation:

2
&2)- = - D
© 2 W
it is seen that
82 . o157 &=l
A er AT7=T7

So that for ep = 8 AN\ = 1.4%
For the values of w/coc such as to yield values of egpr 1,
this caloulation of AN\, should be valid for the megnetron type space

charge placed on the axis of the cavity.
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SYMBOLS USED IN THE TEXT

attenyation constent of propagating wave
applied magnetic flux density

phase constant of propagating wave
propagation constant of propagating wave
velooity of light (except in Appendix 1)

instantaneous magnitude of space charge surface
perturbation

electric displacement vector

eleotric field intensity veotor

offeotive dielectric constant of space charge
dielectrio constant of free spao;

relative dieleotric constant of a dielectric
electronic charge

index of refraction of space charge

electron velocity distribution function
electron damping coefficient

anode cathode distance in plane magnetron
angular coordinate in cylindrioal magnetron
magnetioc intensity of propagating wave
coofficient of thermal conductivity

unit of length, also used as defined by Eq, III=27
wavelength

resonant wavelength

permeability of free space
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SYMBOLS USED IN THE TEXT (Cont'd)

electron number density
time invariant electron number density

steady electron angular velocity in cylindrical
magnetron

anode radius of oylindrical megnetron

cathode radius of cylindrical magnetron

. radius of outer edge of cylindrical space charge

total electronic charge demnsity

time invarient eleotronic charge density
a=0 component of electronic charge density
effective oonductivity of space charge
mean ﬁime between electroneion collisions
total electron velooity

steady (drift) electron motion

a-c component of electron velooity

phase velocity of propagating wave

radian frequency of propageting wave

eyclotron angular velooity

eleotronic admittance of space charge
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ERRATA TO
THE PROPAGATION OF ELECTROMAGNETIC WAVES
IN A

MAGNETRON-TYPE SPACE CHARGE

The equation should be written:

of b_ Faf _  @fy
ot te m 3¢ (at)coll.
Eq II-1 ‘Right side should be:
= -E[E+?X-§o:| - ..]_'_VP
m ' nm ‘

Eq II-2 Right side should be:

I:E+vac]

Equation in center of page should be:

i
Slm

By = g4+ 2
e

3€o

Replace N by n (electronic number density)

Equation at top of page should be:

F =

Hlo

P
e

3o
Eq II-3 Right side should be:

e - - -\
= - [:E +VvX Bo:]
Fifth term should be: (¥, - V)7

The dotted curve, referred to in text, which is missing from Fig. 2.3,
should be the same as the lower curve except that it will show a peak
near y/h = 1 and will decrease approximately exponentially for y/h 1.

The last two sentences on this page should be deleted. This result
obtained by Glagolev is at variance with other works of & similar

‘nature and leads to a space-charge density distribution considerably

different from the Hull-Brillouin value for small filament. It is
believed that there must be an error in his calculation.



ERRATA (Cont'd)

P.37  Fig. 3.5 The lower curve should be deleted for rg/Tc¢ % 2.
P44 Fig. 3.7 The lower three curves should be deleted for rg/r. Z 2.

P.99 The scale marked 2" should be changed to 1".
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