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Circumference Measurements in Obstetrical 
Ultrasound: Ellipse vs. Arithmetic Mean 

Ronald S. Adler, PhD, MD, Richard A. Bowerman, MD, 
and Jonathan M. Rubin, MD, PhD 

Quantitation of fetal parameters by prenatal so- 
nography enables the assessment of menstrual 
age and fetal development. Appropriate fetal 
growth can be surmised on the basis of sequen- 
tial measurements, as well as the relative varia- 
tion of parameters such as biparietal diameter 
(BPD), femur diaphysis length (FDL), abdominal 
circumference (AC 1, and head circumference 
(HC). Accurate determination of these quantities 
to  within an acceptable range of measurement 
error is essential to ensure reproducibility of re- 
sults and to document true growth patterns. 

Assuming images are acquired at  appropriate 
anatomic levels, major sources of measurement 
error are related to 

(1) the ability to resolve end points of a linear 
dimension or to  define an edge; 

( 2 )  inter- or intraobserver variation in per- 
forming a measurement; and 

(3)  anatomic molding, which may distort 
anatomy, as in the case of late gestation or 
with oligohydramnios. 

For parameters such as HC and AC, one must in 
addition consider the manner in which the cir- 
cumference is determined.' Such calculations 
may be performed at  the time of scanning by an 
ellipse region-of-interest (ROI) built into the ul- 
trasound unit, curve tracing that uses a tracker 
ball or joy stick, or by application of a simple 
equation following measurement of major and 
minor diameters of either head o r  abdomen. Let 
the quantities 2a and 2b denote major and minor 
diameters, respectively, and C denote the cir- 
cumference to  be determined; then 

Several 
as well as other expressions to  represent the cir- 
cumference of an ellipse, although empirically 
determined AC and HC values would appear to 
agree fairly well with these approximations. 
The correct formula for an ellipse has since been 
stated within the context of obstetrical mea- 
s u r e m e n t ~ ~ ,  6; however, the precise range over 
which Equation (1) is valid has not specified in 
general terms. 

Equation (1) has the advantage of being a 
simple expression that is easily applied in a 
clinical setting. If an ellipse is, in fact, a rea- 
sonable approximation of the structure being 
measured, it is of interest to ascertain whether 
the calculated elliptical circumference repre- 
sents a significant improvement over Equation 
( 1 1 while maintaining clinical applicability. The 
alternative is to determine over what physio- 
logic range of a and b the two expressions 
closely approximate one another. Significant 
differences would be important for reasons al- 
ready mentioned. 

In the following sections, the exact expression 
for the circumference of an ellipse is compared to 
Equation (1) as a function of' e = bla. For the 
range of values of e normally seen in obstetrical 
ultrasound, it is demonstrated that the two 
expressions closely approximate one another. 
However, as e + 0, the two circumference for- 
mulas may differ by as much as -25%. 

have incorrectly taken Eq. (1 

ELLIPSE APPROXIMATION 

Let CE denote the circumference of an ellipse ob- 
tained from major and minor axes a and b, re- 
spectively. CE is then given by 

From the Department of Radiology University of Michigan 
Hospitals, Ann Arbor, Michigan Foi reprints contact Ronald 
S Adler, PhD, MD Department of Radiology Box 0030, Uni- 
versity Hospital, B1 D502 1500 East Medical Center Drive 
Ann Arbor, Michigan 48109-0030 

G 1988 by John Wiley & Sons Inc 
0091 2751 881050361 03 $04 00 

C E  = 21~af (e)  (2a) 
e = bla (2b) 

f(e) being the complete elliptic integral7 
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FIGURE 1. Distortion introduced by an ellipse is compared to that es- 
timated by the two-circle approximation An ellipse with major and 
minor radii, a and b, respectlvelv, is assumed. Even for values of e as 
small as 0.6. circumferences obtained from the two-circle approxi- 
mation vs the expression for an ellipse agree to within 1% to  2%. 

Comparison of Equation (2)  to the “two-circle” 
approximation [Equation (1)l is facilitated by de- 
fining a new function, 

such that Equation (1) becomes 

Variation of f(e) and g(e )  are depicted in Figure 
1; note that for values of e as small as l/z, these 
functions differ by no more than about 2.5.96. In- 
asmuch as e ? 2/3 in most physiologic situations, 
Equation (1) serves as an excellent approxima- 
tion to  Equation (2a). As b +. 0, C E -  4a, which 
is the correct expression for a rod of length 2a. 

Precise interpretation of Equation (1) may be 
obtained when the minor diameter is determined 
at a sufficiently slowly varying convex boundary 

FIGURE 2. Absolute error estimated from two-circle approximation vs ”tightly“ circumscribediinscribed ellipse. The above section is obtained 
through the fetal abdomen. The two  circumferences are obtained from an ellipse The above section is obtained through the fetal abdomen. The 
two circumferences are obtained from an ellipse ROI built into the ultrasound unit. Absolute error estimated from the ROI is approximately 3 cm. 
The corresponding estimate from the two-circle approximation [Equation (6)1 is 8.7 cm. 
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(i.e.7 radius of curvature 2 b ) .  Let C represent 
the circumference to be determined. Given the 
set of circles that circumscribe C, 27ia is a least 
upper bound. Alternatively, given the set of cir- 
cles that inscribe C, 27ib is a greatest lower 
bound. Since both arithmetic mean, 27ia g(e l ,  
and C are bounded by these circles, we obtain 
the following inequality for the absolute error E ,  

which is expected to reflect E accurately only for 
b - a. The vertical bars, I I , denote absolute 
value. A more percise determination could be ob- 
tained utilizing the “tighter fit” afforded by the 
ellipse ROI option (i.e., Figure 2).  

CONCLUSION 

The validity of the two-circle approximation 
[Equation ( 111 has been tested empirically in in- 
fants just prior to delivery as compared to im- 
mediate postnatal measurements.’ Such compar- 
isons evaluate the composite error introduced by 
both assumed geometry as well as measurement 
(i.e., edge detection, observer variation, etc.). 
Taking an ellipse as an accurate representation 
of either head or abdominal circumference, 
Equation ( 1) provides an excellent approxima- 
tion to the actual circumference of the ellipse 
[Equation (211 for the expected physiologic range 
of measured parameters. This approximation is 
expected to be applicable in cases of molding, 
dolichocephaly, or oligohydramnios. In situations 
in which a simple geometric interpretation to 

Equation (1) applies, a least upper bound to the 
absolute error E is obtained for the class of two- 
circle approximations [Equation (6)1. 
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