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Molecular recognition is a central issue for nearly every biological mechanism. The analysis of molecular
recognition to date has been conducted within the framework of classical chemical kinetics, in which the kinetic
orders of a reaction have positive integer values. However, recent theoretical and experimental advances have
shown that the assumptions inherent in this classical framework are invalid under a variety of conditions in
which the reaction environment may be considered nonideal. A good example is provided by reactions that are
spatially constrained and diffusion limited. Bimolecular reactions confined within two-dimensional membranes,
one-dimensional channels or fractal surfaces in general exhibit kinetic orders that are noninteger. An
appropriate framework for the study of these nonideal phenomena is provided by the Power-Law formalism,
which includes as special cases the Mass-Action formalism of chemical kinetics and the Michaelis—Menten
formalism of enzyme kinetics. The Power-Law formalism is an appropriate representation not only for fractal
Kkinetics per se, but also for other nonideal kinetic phenomena, provided the range of variation in concentration is
not too large. After defining some elementary concepts of molecular recognition, and showing how these are
manifested in classical kinetic terms, this paper contrasts the implications of classical and fractal kinetics in a few
simple cases. The principal distinction lies in the ability of fractal kinetics to nonlinearly transform, rather than
proportionally transmit, the input S/N ratio. As a consequence, fractal kinetics create a threshold for the input
signal below which no recognition occurs and above which amplified recognition takes place. Thus, fractal
kinetics implies an intimate relationship between design of the physiological mechanisms regulating the
environment of the process and design of the molecular process itself. These results also suggest that recognition
in the presence of a favorable input ratio would emphasize rapid reactions, while recognition in the presence of
an unfavorable input ratio would emphasize slow reactions.

INTRODUCTION

It has long been appreciated that molecular recognition
is central to nearly every biological mechanism,
whether one is concerned with ligand binding to cell
surface receptors in hormone action or antigen presen-
tation, protein—protein interaction in intracellular sig-
naling, or the modulation of transcription in the nuc-
leus by transactivating proteins targeted to specific
DNA sequences. Hence, the study of molecular recog-
nition has conceptual importance for our understanding
of the biological world; it also has practical importance
for guiding our use of the new biotechnologies.

The analysis of molecular recognition to date has
typically been conducted within the framework of clas-
sical chemical kinetics. Within this framework the kine-
tic orders of a reaction have positive integer values
equal to the number of molecules of a given type that
enter into the reaction (Erdi and Toth, 1989).
However, reactions that occur within a nonideal
environment, e.g., spatially restricted and diffusion
limited reactions (Galfi and Racz, 1988; Jiang and
Ebner, 1990; Koo and Kopelman, 1991), do not con-
form to the assumptions inherent in the classical frame-
work. Recent studies have shown that elementary reac-
tions confined to two-dimensional membranes, one-
dimenstonal channels, or fractal surfaces, as is typical
of biological systems, exhibit kinetic orders that are
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noninteger (Kopelman, 1986; Newhouse and
Kopelman, 1988). An alternative to the classical frame-
work is necessary for the analysis of these phenomena.

The appropriate framework for dealing with fractal
kinetics, and other nonideal kinetic phenomena involv-
ing noninteger kinetic orders, is provided by the
Power-Law formalism (Savageau, 1993). The
Power-Law formalism includes as a special case the
Mass-Action formalism of chemical kinetics, which
assumes no spatial restrictions. The Mass-Action for-
malism in turn includes as a special case the
Michaelis—-Menten formalism of enzyme Kkinetics,
which assumes quasi-steady state for the enzyme forms
and the absence of interactions among these forms.
There can be no conflict among these formalisms when
they are applied to phenomena that validly fit within
the range of the more restrictive case. However, the
most general of these formalisms clearly must be used
to explore the implications of fractal kinetics for mole-
cular recognition.

My goal in this paper is to describe some implications
of fractal kinetics for molecular recognition in a few
simple biological processes. However, I shall first
define elementary aspects of molecular recognition and
show how these are manifested in classical kinetic
terms. I shall then come to the main point and contrast
the classical and fractal implications for molecular
recognition. Finally, I shall conclude with a brief dis-
cussion of molecular recognition and speculate on the
relevance of fractal kinetics in signal transduction.
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PRESENTATION TRANSFORMATION RECOGNITION
Signal Signal
MOLECULAR
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S/N=1  Nobias D=1 No discrimination S/N=1 No recognition
S/IN<1 Bias favors noise D <1  Discrimination favors noise SN <1 No recognition

Figure 1. Conceptual framework for analysis of molecular recognition. See text

for discussion.

ELEMENTARY CONCEPTS

I shall consider the recognition process to consist of
three aspects: presentation, transformation, and recog-
nition. The simplest case is depicted in Fig. 1.
Presentation occurs within an environment offering two
structurally related molecular species. One is the spe-
cies of interest, and its abundance or concentration is
considered the signal in the input being presented. The
abundance or concentration of the alternative species is
considered the noise in the input being presented.
Transformation of the inputs is accomplished by a
molecular process that discriminates among the alter-
natives presented and in so doing generates a related
set of outputs. Recognition is manifested in the ratio of
output signal to output noise, which is considered the
degree of recognition achieved by this process. Let us
amplify these notions a bit and then give some concrete
examples.

The input being presented by the environment has an
associated property we shall call the bias, which is
defined as the S/N ratio in the input. A ratio of one
implies no bias; a ratio greater than one implies bias in
favor of the signal; a ratio less than one implies bias in
favor of the noise.

The transformation carried out by the molecular
process can be either a simple discrimination or a
composite discrimination, which in turn might be dis-
sected into a number of simple discrimination steps.
The discrimination factor is a measure of the relative
specificity of the molecular process for the input mole-
cules.

As noted above, recognition is defined in terms of
the output S/N ratio. The greater the ratio, the greater
the degree of recognition. In a qualitative sense, ratios
greater than one can be considered recognition, where-
as ratios less than or equal to one can be considered no
recognition. The outputs generated may be either con-
centrations, in which case recognition is measured by
the extents of reactions, or fluxes, in which case recog-
nition is measured by the rates of reactions.

Recognition by simple kinetic discrimination

Consider a simple elementary reaction presented with
two alternative substrates as depicted in Fig.2. The
concentrations X, and X, will be considered the input
signal and noise, respectively. Hence, the bias is given
by the ratio X,/X,. The strengths with which these

input molecules are acted upon by the elementary
molecular process are the rate constants a; and a,. The
discrimination ratio D is given by their ratio as/a,. The
ratio of output fluxes provides the measure of recogni-
tion in this process. Hence:

R=—"="=Dp— (1)

If there is an unbiased input (X, = X,) and no dis-
crimination (D = 1), then no recognition can take place
(R =1). In order for recognition to occur (R > 1), either
the input presented must be biased in favor of the signal
(X,>X,) when there is no discrimination, or there
must be discrimination in favor of the signal (D>1)
when there is no bias, or both.

Recognition by Composite Kinetic Discrimination

A composite molecular process involving a number of
elementary discrimination steps is shown in Fig. 3. If in
the reverse step there is discrimination in favor of the
noise (8,> ), then the reverse steps provide an ele-
mentary form of noise suppression or proofreading.

Again, the concentrations X, and X, will be con-
sidered the input signal and noise, and the input bias is
given by the ratio X,/ X,. The first discrimination step in
the forward direction has a discrimination factor a,/a,,
the second discrimination step in the forward direction
(with the intermediates X; and X, as inputs) has a
discrimination factor as/a4, and the discrimination step
in the reverse direction (again with intermediates X3
and X, as inputs) has a discrimination factor 3./f,.
What constitutes recognition in this composite process?

In steady state one can carry out the straightforward
calculations and show that R is given by the following
expression:

R=E= as0s(ae+ B4) IE:_D_XL @)
vy | asae(as+B3) | X, X
C :
Xy — 2 — X3
L :
Xq : 4 :L - X4

Figure 2. Simple kinetic discrimination. The proper substrate X,
and an analog substrate X, are transformed by an elementary
chemical reaction into the corresponding products X; and X,.
The rate constants associated with these transformations are a;
and a,, respectively.
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Figure 3. Composite kinetic discrimination. There are two sim-
ple kinetic discrimination steps in the forward direction and one
in the reverse direction. The first characterizes the transforma-
tion of substrates into intermediates (this is identical to that in
Fig. 2), the second characterizes the transformation of interme-
diates into products, and the third characterizes the transforma-
tion of intermediates back to substrates.

There are two extreme cases that easily can be con-
sidered. If 8;<a; and §,<a,, then:

r=(B\N_p Xi_pX 3
“\o)x, - Px,~Px, (3)

In this case the noise suppression step is negligible and
the discrimination achieved is equal to that of the first
step alone. Functionally, this is no different than the
case in the previous subsection. On the other hand, if
B:> a5 and B,> a,, then:

_ a3 as ﬁ4 Xl_ DD, XI_ X1
R—(ai) (a?) (E)x"( D, )E-Dz @

Recognition in this case can be greatly enhanced over
that possible with a single elementary step. If the
discrimination in each of the forward steps favors the
signal and in the reverse step favors the noise, then the
overall discrimination becomes in effect the product of
three factors each of which is greater than one.

CLASSICAL EXAMPLES

Two of the most common types of recognition that have
been treated within the classical framework involve
equilibrium binding for alternative ligands of a receptor
and steady-state reaction rates for alternative sub-
strates of an enzyme.

Recognition by receptor equilibrium discrimination

The ability of a cell surface receptor to recognize a
specific ligand in the presence of a structurally related
alternative currently is of considerable interest because
it represents the first stage of signal transduction
(Brugge, 1993; Marx, 1993). A simplified represen-
tation of this process is given in Fig. 4. The input signal
molecule X, competes with the alternative X, for bind-
ing to the free receptor Xs. Recognition is measured by
the output ratio of signal to noise bound to receptor
X5/ X, at equilibrium.

Transformation by the molecular process is governed
by the following equations:

dX}/dt=a3X|X5"'ﬁ3X3 (5)

dXA/dt=a4X2X5_ﬂ4X4 (6)
Xs=X1—X;— X, )

where X is the concentration of total receptor, includ-
ing that which is unbound X;, that which is bound with
signal X;, and that which is bound with noise X,. At
equilibrium:

Q;

X3=2" X\ X; (8)
Bs
ay

Xi=7 XX 9)
Ba

and the degree of recognition is then:

RB_ (B (BN (DNK_ X
X, as) \Bs) X, D,/ X, X
Note that the outputs in the previous examples were
fluxes, whereas the outputs in this case are concentra-
tions.

There are two elemental discriminations involved
here. If association discriminates in favor of the input
signal (D, > 1) and dissociation discriminates in favor of
the output noise (D,<1), then the overall discrimi-
nation can be greater than would be possible by simple
kinetic discrimination. In this simple case, it is clear
that overall discrimination also is equal to the ratio of
equilibrium constants, i.e.:

D—&l 11
- K‘,Q ( )

One could have solved Eqns. (5)-(7) for the equilib-
rium values of X; and X, and then taken their ratio.
This procedure is much more involved, but in the end
one would obtain exactly the same results. The simpler
procedure works because it is not really necessary to
know the values of X, X, and Xs. It is enough to know
that the value of X, is immaterial because it cancels out
when the ratio is taken.

Recognition by enzyme kinetic discrimination

The specificity of enzymes for their substrates is not
absolute (Fersht, 1985). There always will be substrate
analogues in any complex environment, which raises

v og :

X1 - > X3
e
L Xs ;
P \‘\

Xy T X4
Lay .

Figure 4. Receptor equilibrium discrimination. The proper
ligand X, and its analog X, associate with the unbound receptor
Xs; to yield the proper complex of receptor-ligand X; and
the analog complex of receptor—ligand X,. The complexes
also dissociate to yield figand and receptor in their unbound
forms. The rates of association and dissociation are identical at
equilibrium.
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Figure 5. Enzyme kinetic discrimination. The proper substrate
X; and the analog substrate X, associate with the free form of
the enzyme X; to yield enzyme—substrate complexes X; and X,
respectively. The complexes in turn dissociate to yield free
enzyme and either the original substrates or the corresponding
products X; and Xg. Both the top half and the bottom half of this
diagram represent conventional Michaelis—Menten mecha-
nisms that are assumed to operate in a quasi-steady state far
from equilibrium.

the question of an enzyme’s ability to recognize its
proper substrate. The classical Michaelis—Menten rep-
resentation of this process is shown in Fig. 5. The input
signal is again represented by the concentration of the
proper substrate X, and the input noise is represented
by the concentration of the analogue X,; they compete
for binding to the free enzyme X,. The enzyme-
reactant complexes are represented by X; and X,; in
each case, they can either dissociate or undergo reac-
tion to yield free enzyme and the relevant product. The
output in this case is taken to be vs, the flux of the
proper product X5, and v,, the flux of the analog
product Xj.

Transformation by the molecular process is governed
by the following equations:

dX}/dt=a3X|X7_(a5 +ﬂ3)X3 (12)
dX4/dt:a4X2X7_(a6+ﬁ4)X4 (13)
X;=Xr—X;— X, (14)

where X is the concentration of total enzyme including
that which is free X5, that which is complexed with the
proper substrate Xs, and that which is complexed with
the analog substrate X, At steady state (dX/dr=0)
with negligible product concentration:

a;
X3 a5+ﬁ3XlX7 (15)
Xo=—_x,x (16)
4= a()+ﬁ4 27

Recognition is then measured by the ratio:

ﬁ__aSXs__ a3as(as +Bs) é:Dz—Y—l (17)
Ve @eX, asaeas+pBs) | Xz X;

There are two extreme cases that easily can be
considered. If dissociation is very slow in each case,
Bi<€as and §,<a,, then:

R a3 X1 X] DXl 18
Ay X2 ]XZ X‘) ( )

R=

In this case the noise suppression step is negligible and

the discrimination achieved is equal to that of the first
step alone. Functionally, this is no different than the
case discussed earlier. On the other hand, if dissocia-
tion is very fast in each case, 8;>as and §8,> a,, then:

[ ﬂa X DD\ X, Xl
v (2) @) G- (5 )m-0R @

Recognition in this case can be greatly enhanced over
that possible with a single elementary step. If the
discrimination in each of the forward steps favors the
signal and in the reverse step favors the noise, then the
overall discrimination becomes in effect the product of
three factors each of which is greater than one. It
should be noted that values of the a and 8 rate con-
stants are constrained by the values of the overall
equilibrium constants and the values of 85 and S, the
rate constants for the binding of product molecules,
which are being neglected here because product con-
centrations are assumed to be negligible.

In this simple case, it is clear that overall discrimi-
nation also is equal to k../Ky divided by k../Ky»
(Fersht, 1985), i.e.:

_ kcatl/Kml
B kcatZ/KmZ

It is important to note that this system is operating far
from thermodynamic equilibrium and that recognition
is based on kinetic discrimination. If the reactions were
allowed to reach equilibrium, the ratio of output con-
centrations then would be the more appropriate meas-
ure of recognition. However, in this instance, the
kinetic properties of the enzyme become irrelevant,
and discrimination is given by the ratio of equilibrium
constants.

In analogy with the previous example, one could
have solved Eqns. (12)—(14) for the steady-state values
of X; and X, and then taken the appropriate ratio. This
procedure is much more involved, but in the end one
would obtain exactly the same results. Again, the
simpler procedure works because it is not really necess-
ary to know the values of X, X, and X,. It is enough to
know that the value of X, is immaterial because it
cancels out when the ratio is taken.

(20)

Graphical representation of molecular recognition

In the examples of the previous subsections, the equa-
tion for the overall recognition process has exactly the
same form, i.e.:
R=D 21

b (21)
Consequently, overall recognition as a function of input
bias has a particularly simple plot in a logarithmic
coordinate system (Fig. 6). The reasons for this choice
of plot will become clear in the following section.

FRACTAL IMPLICATIONS

The rate of a reaction involving the collision of a pair of
molecules is proportional to the joint probability of
their being at the same place at the same time. To a first
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approximation, in a homogeneous three-dimensional
space, this probability is given by the product of their
concentrations. This is the basis for the Mass—Action
formalism. However, when such collisions occur within
a spatially restricted region, the rate of reaction
involves concentrations raised to noninteger powers
(Kopelman, 1986; Newhouse and Kopelman, 1988).
These powers alter the effect of input bias on the
overall recognition process. This is perhaps best appre-
ciated in the context of familiar examples.

Recognition by receptor equilibrium discrimination

Let us revisit the analysis of ligand recognition by cell
surface receptors and assume that the molecular pro-
cesses in Fig. 4 occur within a two-dimensional mem-
brane or a one-dimensional channel. Recall that recog-
nition is measured at equilibrium by the ratio of
receptor bound with output signal to that bound with
output noise X,/ Xj.

The transformation process is now governed by the
following equations in the Power-Law formalism:

dX;/dt = a, XX — by X, (22)
dX,/dr= a, X5 X5 - B.X, (23)
X5=XT_X3_X4 (24)

At equilibrium:

a

X, =ﬁ—jX‘f~”X§~“ (25)
a
X, = ﬁ_: X5exts (26)

and the degree of fractal recognition, which will be
denoted by the symbol R, is then:

X a XXMX&’JS
R=2= (8] (B XX @7)
X, as) \Bs) X3°X5

InR

Figure 6. Degree of recognition as a function of the input bias
for a classical recognition process. The logarithm of the input
S/N ratio (bias) is represented on the horizontal axis, and the
logarithm of the output S/N ratio (degree of recognition) is
represented on the vertical axis. The molecular recognition
function is a straight line with slope equal to unity. The intercept
on the vertical axis gives the logarithm of the overall discrimi-
nation by the molecular process, which is equal to the degree of
recognition with an unbiased input.

It is clear that the X5 terms no longer cancel and that
recognition is not a simple function of input bias.
Nevertheless, one can determine the fractal recognition
function numerically for any combination of values for
the kinetic orders, rate constants, and total concentra-
tion of receptor. We will not pursue the general case
here.

There are cases in which all the kinetic orders, to a
good first approximation, are equal, and the analysis is
greatly simplified. Galfi and Racz (1988) showed that
the rate constant for a bimolecular reaction under
diffusion-limited conditions scaled as a power function
in time. They assumed for simplicity that the two
substrates were identical (i.e., A+ A—C), but also
indicated that their results were more general. Jiang
and Ebner (1990) showed explicitly that such scaling is
true when the two substrates are different (i.e.,
A+ B—C), have different concentrations, and have
different diffusion coefficients. As can be seen from
their plotted results, the details of the spatial pattern of
reaction do change with these parameters, but the
scaling of the rate constant is unchanged. One readily
can show that a conventional rate law with a rate
constant that scales as a power function in time is
equivalent to a time-invariant rate law that is a power
function in the appropriate concentrations, and that the
values of the individual kinetic orders in the case with
A B are simply one-half the value of the kinetic order
in the case with A =B (Savageau, unpublished data).
Under these conditions we can let g3, = g4, = g35=gus =
g. and the X terms in the fractal recognition function
[Eqn. (27)] now cancel as in the classical example. The
simplified fractal recognition function then becomes:

_X3_ as\ (Ba\ [Xi\#
we-@EE e

[ Xi\#
R;= D\}—) (29)

or

where D is the overall discrimination factor as defined
for the classical example.

It should be noted that the value of D will undoub-
tedly change with spatial restriction, since the concen-
tration equilibrium constant has been shown to increase
under these conditions (Minton, 1992). However, we
shall not be concerned with this thermodynamic effect
here.

This fractal recognition function is plotted in Fig. 7
with values of g that are associated with different
degrees of spatial restriction. The homogeneous three-
dimensional case (g=1) corresponds to the classical
example. The progressively higher values of g corre-
spond to the two- and one-dimensional cases. The
results show that the degree of recognition with spatial
restriction is increased beyond that of the classical
example, provided the input bias favors signal over
noise (X;>X,). If the input is unbiased., then the
degree of recognition is the same as in the classical
example, regardless of spatial restriction. If the input
bias favors noise over signal, then the degree of recog-
nition is actually decreased below that seen in the
classical example. We will come back to a discussion of
this behavior in the last section.
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Figure 7. Degree of recognition as a function of the input bias
for a fractal recognition process. The three functions represent
fractal recognition constrained by various degrees of spatial
restriction. The numbers represent the kinetic order (g) asso-
ciated with the fractal dimension; these are characteristic of
processes operating within a three-dimensional space (1.00), a
two-dimensional surface (1.23), and a one-dimensional channel
(1.50). The slope is equal to the kinetic order g, and the axes and
vertical intercept are as described in Fig. 6. See text for further
discussion.

The fractal recognition function also can be written

as:
R X\¢ !
(7)=(%) 0

where R is the recognition function defined for the
classical example. A plot of this equation for different
values of g is shown in Fig. 8. This method of viewing
the recognition function illustrates the fractal contribu-
tion relative to the classical contribution. When g=1
the R¢/R ratio is one, which corresponds to the horizon-
tal axis. The distance above the horizontal, in the cases
with spatial restriction, indicates the fractal kinetic
enhancement in recognition. Clearly, there is no
enhancement when the input is unbiased (X, = X;), and
enhancement increases with the degree of bias favoring
the input signal.

1.50

1.23

Figure 8. Fractal recognition relative to classical recognition as
a function of input bias. This is an alternative view of the
recognition function showing that the degree of recognition
increases with the degree of spatial restriction and input bias.
The logarithm of the fractal recognition function R; divided by
the classical recognition function R is represented on the vertical
axis, and the logarithm of the input S/N ratio (bias) is repre-
sented on the horizontal axis. The numbers represent the kinetic
order g, as in Fig. 7; the slope in this case, however, is equal to
g-1.

Recognition by enzyme kinetic discrimination

The behavior of the enzyme kinetic mechanism in Fig.
5 also becomes altered when it is imbedded in a two-
dimensional membrane or a one-dimensional channel.
The output in this case is taken to be vs, the flux of the
proper product Xs, and v, the flux of the analog
product Xj.

The transformation now is represented by the follow-
ing equations in the Power-Law formalism:

de;/dt:a3X§3|X§37_(a5+ﬂ3)X3 (31)
dX4/dt = a4X§42X§47 - (a(, +ﬂ4 )X4 (32)
X7=XT_X3—X4 (33)

At steady state (dX/dz=0) with negligible product
concentration:

as

Xo= g XX (34)
a
X“:T—:ﬂzz\,gnx{;’“ (35)

and the degree of fractal recognition, denoted by the
symbol Ry, is then:

R—E a5X3_ azas(as+Bs) XP X5
- asasas+pBs) | X532 X5

V6=a6X4_ (36)

It is clear that this recognition function is much more
complex than that of the classical example [Eqn. (17)].
Nevertheless, one can determine the fractal recognition
function numerically for any combination of values for
the kinetic orders, rate constants, and total concentra-
tion of enzyme, although this will not be presented
here.

Again, for the case in which the kinetic orders are all
equal and have values for the heterodimeric associa-
tions that are one half those for the analogous homodi-
meric associations, we can define g, =g =837 =g+=§.
The X, terms in the fractal recognition function then
cancel, and the simplified function becomes:

asas(as+Ba) | [ Xi\¢
re et (%) 7
or
Ri= D<z> (38)

where D is the overall discrimination factor as defined
for the classical example. It should be noted that, as in
the previous example, the value of D will undoubtedly
change with spatial restriction, although this thermody-
namic effect will not concern us here. Again, the fractal
recognition function also can be written as:

R; Xp\¢&!
(7)-(%) )

where R is the recognition function defined for the
classical example.

Since the form of these last two equations is exactly
the same as it was in the previous example, the plots in
Figs 7 and 8 apply here as well. Thus, there is no
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enhancement when the input is unbiased (X, = X,), and
enhancement increases with the degree of bias favoring
the input signal.

DISCUSSION

Classical recognition, as defined here, depends upon
both the inherent discrimination of the molecular
mechanism and the input bias of the environment [e.g.,
see Eqn. (1)]. A large discrimination factor allows a
small input signal to be recognized clearly even in the
presence of abundant noise. For example, the amino
acid tyrosine is 50 times less abundant than glutamate
in Saccharomyces cerevisiae (Holden, 1962), and yet
tyrosyl-tRNA synthetase (D >5000) achieves a degree
of recognition greater than 100 (Igloi er al., 1978), or
10000 if one can generalize the results of Loftfield
(Loftfield, 1963; Loftfield and Vanderjagt, 1972). Such
large discrimination factors are readily obtained even
for molecules that exhibit relatively modest differences
in structure. The role of input bias is less important
under these circumstances.

The role of input bias becomes more important when
molecules are so similar in structure that there is little
basis for discrimination. In the extreme, a mechanism
with no inherent discrimination (D = 1) could achieve a
degree of recognition equal to 100 (1% error) only if
the signal was 100 times more abundant than the noise
in the input environment. While such a bias might
fortuitously favor one molecule over an alternative in
the intracellular environment, the symmetrical problem
of recognizing the alternative in such an environment
would then become impossible.

This problem still can be important when there is a
low but significant level of discrimination. For example,
a binding site designed to accommodate isoleucine will
not be able to reject completely the analog valine,
which is structurally similar but slightly smaller because
it lacks a methyl group. Pauling (1957) calculated, and
others (Baldwin and Berg, 1966; Loftfield and Eigner,
1966) measured, a discrimination factor of <100 for
this task, yet the overall degree of recognition for
isoleucine in the cell approaches 10000 (Loftfield,
1963; Loftfield and Vanderjagt, 1972). If this degree of
overall recognition were to be achieved with a discrimi-
nation factor of 100 and an input bias of 100 in favor of
isoleucine (which is decidedly not the case), then the
corresponding degree of recognition for valine by its
cognate enzymes would require a discrimination factor
of 1000000. However, the discrimination factor for
valine in the presence of isoleucine is about 100000
(Fersht, 1979), which would be an order of magnitude
too small, so there must be another solution to the
problem of low inherent discrimination.

Two completely different strategies have evolved to
deal with the problem of low inherent discrimination:
composite mechanisms for discrimination [e.g., see
Eqn. (2)] and control mechanisms for regulating the
concentrations of intracellular metabolites. An exam-
ple of a composite mechanism is provided by isoleucyl-
tRNA synthetase. In addition to aminoacylation of
tRNA molecules, this enzyme also preferentially hyd-
rolyzes incorrect aminoacyl-tRNA molecules that
involve valine. Fersht (1979) describes this in terms of a

double-sieve mechanism: the first screen is coarse
enough to allow the larger isoleucine molecules
through as well as the smaller valine molecules, the
second screen is fine enough to select only the smaller
valine molecules for rejection. This combination of
individual discrimination factors is able to achieve the
required overall discrimination factor of 10 000. There
is an energy cost to the accuracy achieved, because the
proofreading function occurs at the expense of a high-
energy bond. Indeed, there is a well-defined cost—
accuracy relationship independent of the molecular
details of the mechanism (Savageau and Freter, 1979;
Freter and Savageau, 1980). This cost of proofreading
is in addition to the free energy consumed in driving the
overall reaction far from thermodynamic equilibrium,
which is an energy cost whether or not kinetic proof
reading takes place.

The second strategy, evolution of control mecha-
nisms, has led to a number of ways for regulating the
levels of important metabolites in the cell. In the case
of amino acids, these mechanisms include end-product
inhibition of biosynthetic enzymes, repression of genes
encoding biosynthetic enzymes, and induction of genes
encoding catabolic enzymes. Such mechanisms perform
a number of important functions in the cell and have
been the subject of considerable analysis (e.g., see
Savageau, 1976; Voit, 1991). In each case, an elevation
in the concentration of an amino acid leads to a com-
pensatory response tending to return the concentration
to its predisturbance level. Intracellular control mecha-
nisms such as these are ubiquitous, even among multi-
cellular organisms whose individual cells experience a
relatively constant environment by virtue of their par-
ticipation in a communal homeostasis. One sees a
particularly luxuriant flowering of molecular control
mechanisms among free-living cells that experience the
greatest extremes of environmental variation. As a
consequence of these rich networks of regulatory
mechanisms within cells, the input bias for any particu-
lar molecular recognition process is buffered against
radical change.

The implications of fractal kinetics for molecular
recognition go beyond those discussed above in the
context of classical kinetics. The principal distinction
lies in the ability of fractal kinetics to nonlinearly
transform, rather than proportionally transmit, the
input bias [e.g., see Eqn. (37)]. The transformation by
a power-law function allows for disproportionate
enhancement of recognition when the input bias is
greater than one. For example, with a kinetic order
g=1.5, an input bias of 100 is transformed into a factor
of 1000 in the fractal recognition function. Thus, the
degree of recognition is amplified 10-fold over what it
would otherwise be with classical kinetics.

The power-law transformation of the input bias also
allows for a sharpening of threshold in the recognition
function, since recognition is disproportionately dimi-
nished when the input bias is less than one. For exam-
ple, an input bias of 1/100 is transformed into a factor
of 1/1000, and the degree of recognition is attenuated
10-fold from what it would otherwise be with classical
kinetics. Thresholds of this sort are common in the
intracellular processing of biochemical signals.

Dimerization of cell surface receptors is emerging as
a common design feature of signal transduction path-
ways in nearly all organisms (e.g., see Brugge, 1993;
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and Marx, 1993). Bimolecular association with spatial
restriction is just the condition under which one might
expect to find fractal recognition playing an important
role. There also is kinetic evidence for a very high rate
of these dimeric associations (Wang and Smith, 1987;
Fay et al., 1991; Felder et al., 1993), which further
suggests that diffusional limitation and fractal kinetics
may play an important role in vivo. As Felder et al.
(1993) observed in vitro, the ‘on’ rate cannot be mea-
sured directly because of diffusion problems, so they
calculated it indirectly from measurements of the ‘off’
rate and the concentration equilibrium constant. This
method of indirect determination must be carefully
evaluated because the concentration equilibrium con-
stant may be different in vitro and in vivo due to
thermodynamic (Minton, 1992) and kinetic (Savageau,
unpublished data) effects of spatial restriction. It is
tempting to speculate on the amplification and thresh-
old behavior that might be achieved with fractal recog-
nition at the earliest stage (and possibly subsequent
stages) of these cascade systems.

Similar considerations may apply to cell-cell interac-
tions (Foote and Milstein, 1991; Lawrence and
Springer, 1991), although the association of two sur-
faces with potentially many individual receptor mole-
cules is obviously much more complex than a simple
bimolecular reaction.

Let us briefly re-examine the scope of this paper and
consider some of the implied limitations before drawing
to a conclusion. The primary focus has been the impli-
cations of classical and fractal kinetics for molecular
recognition. Note that classical recognition [e.g., Eqns.
(10) and (17)] is a linear function of the ratio of ligand
concentrations. This is often supported by experimen-
tal data obtained in wvitro under conditions that
approach that of ideal solution chemistry. The con-
ditions in a living cell are undoubtedly quite different
(Clegg, 1984; Srere et al., 1989; Minton, 1992;
Savageau, 1992). Under these nonideal conditions the
recognition function need not be a linear function, or
even a single-valued function, of the ratio of concentra-
tions. As we have seen, the more general cases of
fractal recognition [e.g., Eqns. (27) or (36)] are neither
linear nor single-valued functions of the ratio of con-
centrations. The special cases of fractal recognition
examined in this paper [e.g., Eqns (28) and (37)] are
nonlinear but still single-valued functions of the ratio;
only in this latter respect are they similar to classical
recognition.

Although this paper has emphasized the implications
of fractal kinetics in molecular recognition processes,
the scope is actually more general. In fact, we have
been examining the implications of power-law kinetics,

which not only represent the kinetics of fractal pheno-
mena, but also the kinetics of other nonideal pheno-
mena. Power-law kinetics follow logically from fractal
phenomena, but the converse is not necessarily true;
the observation of power-law kinetics does not imply
fractal phenomena.

Essentially any nonlinear function of biological inter-
est that relates the rate of a reaction to the variables
that influence the reaction can be represented accu-
rately by a Taylor series expansion. Indeed, one often
can represent the behavior accurately with just the first
few terms of such an expansion, provided the range of
variation about the nominal values for the variables is
not too great. The local power-law representation that
has been used in this paper derives from just such a
truncated Taylor series. However, the series is deve-
loped in a logarithmic coordinate system rather than
the usual Cartesian coordinate system; this yields an
accurate representation over a wider range of operation
and gives rise to power laws when the equations are
transformed back into the Cartesian coordinate system
(Savageau, 1972).

If a nonideal process is pushed to sufficient lengths,
usually beyond the normal physiological range (Sorri-
bas and Savageau, 1989), the nonlinearity exhibited
may be so great that the local power-law representation
will no longer provide an accurate representation. In
such cases, one must resort to more general forms of
nonlinear analysis, such as nonlinear recasting within
the Power-Law formalism (Savageau, 1993).

In conclusion, the results in this paper suggest that
recognition in the presence of a favorable input ratio
would take advantage of the amplification provided by
fractal kinetics. This in turn implies an emphasis on
rapid reactions, because fractal kinetics arise under
conditions of diffusional limitation. On the other hand,
recognition in the presence of an unfavorable input
ratio would not be expected to employ fractal kinetics,
but instead to emphasize slow reactions. Thus, fractal
kinetics implies an intimate relationship between
design of the physiological mechanisms regulating the
environmental bias being presented to a process and
design of the molecular process itself to achieve a given
degree of discrimination.
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