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ON THE THEORY OF THE THICKNESS NF WEAK SHNCK VAVES
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I, Introduction

The two vroblems often suggested in connection with the Burnett
equations sre: 1) the velocity of propagatinof HMgh frequency sound waves, and
2) the shock wave nroblem. In the Burnett equations higher order differential
quotients apnear, thus the apnlication of Burnett equation to most problems
calls for a knowledge of additional boundary conditions, The above mentioned
two .problems are the simplest because they are the two nroblems that do not
involve boundary conditions., The first problem has been treated by Primakoff
and Tsien and Sehamberg, and recently we have congidered esnecially the calcu-
“lation of the velpoeity of sound in helium gaé (1). The nroblem of the thick-
ness of one dimensional shock vaves has been studied by both Becker(2) and
Thomas (3) using Stokes~Navier equations as exact, though Thomas included in
his naper a discussion as to the changes to be expected when the Burnett terms
are taken into account., Becker started with the Stokes-Navier equations and
treated the viscosity coefficient, & , and the heat conduction coefficient, » ,
as constants independent of the temnerature. For 2 narticular value of the
ratio jﬁ=9«/4@z>, namely f==f95<} where ) is the ratio of the specific héats
Ch and ¢, of the gas, he was able to solve the hydrodynamical equations exactly
and obtained an expression for the velocity distribution, From this veloeity
distribution the shoek thickness was calculsted, Fis results show that for
the Mach number, ¥, slightly larger than unity the shock wave thickness, t, is
about a few mean free vaths, while for large Mach numbers, say M~35, t is of

the order of 10’7'cm, or of the order of the mean distance between the molecules|

3) L. H. Thomas, J. Chem, Phys. 12. A4h9-L53, 19Lk,

51) C. S. vang Chang  On the Dispersion of Sound in Helium, APL/JHU CM-L&7
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There are three objections to this theory:

1) The Stokes-Navier ecuations were treated as exact, which is
against the spirit of the develovrment theory of Inskog,

2) The viscositv and the heat conduction coefficients are
| certainly not constant especially for very strong shocks where the temperature
’change‘is trémendous.

3) His solution is for the one value of t=#//3, For diatomic
‘gases with /= //5, this value of £ (1.87) is near enough to both the theoreti-
cal and the exnerimental value, so that the calculation seems to be applicable
‘ fgzgair. But the Stokes—Navier'equétions are strictly true only for monoatomie
gases where there are no internal degrers of freedom., For nolyatomic gases the
»felaxation time is usually so large that its effect masks the effect of the
IC£her two gas coefficients, Thus we do not exvect results derived from the
| Stokes-Navier equations to hold good for air, or any polyatomiC‘gases unless we
are éure the relaxation time is very short.

Thomas' caleulation removes the second objection, He ineluded in his
caleculation the temperature dependence of 4 and » . An elastic sphere model..
wag taken for the molecuies, so that both u and »? were taken to bé pronortional
to the square root of the abéolﬁie temperature, The equations are still soluble
for the same particular value df‘f. Tt was found that for ¥=2 the thickness of
the shock wave is about four times the mean free nath, A n? (the mean free path
at the place where -the velocity gradient is a maximum), For ‘the infinitely
strong shock, t has the value of 1'7L')me We will discuss his results and
caleulation further in II,

Recently Mott-Smith* made an essentially different apnroach to

calculate the thickness of shock waves. Using neither the Stokes-Navier

#*We are indebted to Commander He M, Mott=-Smith for showing us his manuseript on
"gKinetie Theorv Treatment of a Shock Vave,"
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equations nor the idea of Enskog's development, he started directly from the

‘Boltzmann‘equation and the Boltzmann's equation of transvort, For both mono-
atomic and diatomic gases, he found that the thickness of a shock wave is inverse
1y orovortional to (M - 1) for ¥ - 1 small, and that for infinitely strong shock
waves, t 1s of the order of a few mean free paths,

As a summary of the existing results on the calculation of the shock
thickness, we have plotted in Figura;é% the values of )ﬁ/f against the Mach
number M, where A, is the mean free path in the medium before the shock, Curve
Iis comnuted f rom Becker's theory, Curve II follows from the calculation of
Thomas exceot that t is now measured in ierms of A instead of )\af’ Curve III is
calculated by using the formulas of Mott-~Smith*, Curves I and II.have the same
init4al slope. For high M according to Becker A/t increases almost linearly
with M, whereas according to Thomas Jl/t increases much slower with Y and
apnroaches a value of A/t = 1,02 for M=% , Curve III has a smaller initial
glope and the asymptotic value 6f A/t is 0,55, One sees that there is quite
a difference between the theories esnecially for strong shock waves, In our
opinion, for strong shock waves the calculation of Moithmith is probably the
' most'dependable,‘bgt his theory has to be modified since an exact theory shoﬁld
| give the initial slove of Becker and Thomas.

We propose to develop a'consisﬁent theory for the shock thickness for
weak shock waves, We shall follow the idea of the Enskog development and develop
the shock thickness in a power series of M - 1, To the first approximation we

shall use the Stokes-Navier equations and stop at the first power of ¥ - 1. We

shall see that we gét'the same results as Thomas if we develop Thomas' final

e differ here from Nott-Smith in one respect. We found that in comformity
‘with Becker's definition of the shock thickness t=#A/3 instead of Mott-Smith's
t=2A/8 . For B we have used Mott-Smith's value determined from the consider-
ation of the transvort of u2, vhere u is the streaming velocity, and = /5.
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result also in power series in M - 1, To the second order we include the Burnett
terms and'carry the caleulation to (M - 1)12, ete,

In II we shall restrict ourselves to the first order calculation. We
will give Thomas' result and comnare it with ours. The calculation will be
extended to the second and third order terms in III, The last section will be

devoted to the application of the result to a monoatomic gas.

II. The Thickness of Shock Waves from the Stokes-Navier Fouations.
We start by writing down the general one dimensional hydrodynamical

equations for the steady state,

ﬁ- (/m,) z 0

d 6&&(’ -
% 7"'/°¢¢ ;,:F’ =0

dE . ol & ’ ol

o) v . C—— 0
“xTE % "Jfg*/b/x

where /D is the density, u is the streaming velocity, p is the pressure tensor

| :(:‘p:pxx in the present case) and q is the hent current density. E is the total

‘energy = nkT/( J-1). These equations can be integrated once imnediately yielding,

fu= cmst =4

prAv = cod. = 4 (1)

45 9“;’7‘5&6 - -:gf-{'z = C{f’d#. =

where A, B, and C are constants, Given the velocity and the state of the gas
before the shock, equations (1) determine the conditions after the shock uniquely

In the zeroth order (ideal hydrodynamical equations) one must put p = nkT, q=0,
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and equations (1) give then the well known shoek conditions, The shock wave
appears as s discontinuity in the veloeity, the temperature, the density, and
the pressure., However, when the first order pressure tensor and heat flux
vector are taken into account one finds that the shock waves are really not
discontinuities but there are regions in which the velocity, the density,‘the
temnerature, and the nressure undergo large changes. In this ordér of aporoxi-

mation (Stokes-Navier equations)

(2a)
£ - Fou sy pu p
/0?77 - /4 /Q' (2b)
oM, 2k ]
2’5/“% J/“”“?X’“ég‘—)g“ S (20

The constants A, By and C can be exoressed in terms of the gas quantities

before the shock (indicated by the suiiscript zero ):
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Equations (2) willl be exnressed in dimensionless forms. For this purpose we

introduce the following dimensionless variables,

We will also need the Mach number, ¥

L e
M a,

where a, is the velocity of sound in the medium before the shock, For the
- temperature “dapenderice of the viscosity coefficient we will first use the more

genéral expression

where s is equal to one or two for the Maxwell molequles (points revelling with
a force ~v 1/:-5), and the elastic spherss respectively, The specification of
. the value of s will be mad‘é later when we apply our results to definite

molecular models, Further we write
A= T pe % A

7 is .the, dimensionless constant 5 =7 / (16)/7 ), and A is a general Max-

" well mean free bath in the medium before the shock, defined by
el e 4

-] y .
~ L, 7 G
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n,being the number density and Q7 (g) is the so-called transport cross-section.

For elastic svheres

<
g, = 2T
Ve 3
‘where ¢-1is the molecular diameter; A is simply the ordinary Maxwell mean free

path, Dividing the eocuations (2b) and (2e¢) by (2a) and expressing the resulting

eouations in dimensionless variables we obtain:

L p
'\é{f//‘/% Z"’Zfﬁ’f + )M (- -v=o0 (3a)
and
2- DwdeSr B Zf ¥ a2
570 w 7
+4 _(/«,//7,«/@-% ,{‘(f~uﬁgf¢- /=0 (30)

For further caleulations it is simpler to use equation (3a) and the equation

obtained by subtracting (3b) from (3a)., These are

v-Epn RS E ity o

) o | (a)
ErH i - TN E T L s L (ol
—2‘ (M- //‘/“3 v(v=-1) ¢ (’?»-/) =0 (Lb)

Making now series exnansions of all the aquantities in power series in y where

y stands for M -~ 1,
p . _ 2 .
¢ = /+’c‘,’/%2§i F-r-
U= /1‘"'%;7“51’ M

| (5)
A0 S
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The sxpansions for < and v start from the constant' term 1 while that for A/t
starts with the linear t'erm,gly' because for v equals to zero there is no shock
| wave., Substituting (5) into (La) and equating terms of etual powers of y one
finds that the terms independent of y are identically zero while the first order

| terms yield:
Y= - (-1,

From (Lb) and the above ecuation one finds the differential equatioﬁ for 'vl
T4 _F ey _ Y/
9 (Eer 7T 5= 2 ()

| “the solution of whieh is:
204
Ae

/= %4eid£'

H

(6)

where

/
of = - — :
27 F P
For b=—e0, v1 =0, as it should since one is then in the region before the
| shock. The value of vl at b=+ 1is given by the term ~y of the expansion
|.of the velOcity after the shock, v £ determined by the shock conditions,

=T/ // /+ """‘“;,:57/2/‘3/1“:;/

i.8, Y =— ﬁ at b=+00, Equation (6) satisfies therefore both the
bmmdary conditions. A is the integration constant which remains undetermined
becanse tﬁhe shoek is not localized, If desired one can fix A by requiring that

the maximum velocity gradient occyf‘a at b= 0, This is, however, arbitrary and
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And it is not necessary at nresént.

Follqwing the earlier workers we define the shock wave thickness by

Uy ~ Us
t= i |
T .

In dimensionless notation this becomes:

g7
(2 yr = @2~
where the right hand side is known and the left hand side involves the para-
meters 215 Eos etc, which measures the thickness. To the present order of

aporoximation we have therefore,

(d% =%
?Z'mg,(‘_ /f/ .

From the velocity distribution (6) it follows that the maximum slope occurs at
the value of b satisfying the following eaquation

2od 7

€ = Y+1)4 -

Using this relation and equations (6) and (8), one can solve for « and gl';

& = 2

sl / | (9)
% T SYer ff}~f

We observed that gi is independent of s, the temperature dependence of 4 and
» . This is not surprising since it is clear that the temperature dependence

of M4 and » will contribute only to the second order terms. Up to this order
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the velocity distribution is symmetric and the velocity at the maximum velocity |
gradient is - 2y/(J#1).

By eliminating x from (2&) and (2¢) Becker a:;rfived at a di’fferential
equation tonnecting "I' and u which can be solved for f = ‘1; ) /3=1.87, This
relation of T as a function of u was put back into (2b) and an expression for
;‘—{ was obtained which denends only on the unknown u. Making use of this last
expression the caleulation of the shosk thickness is straight forward., Becker
did not take into account of the temperature variation of the viscosity and
the heat conduction coefficients, but the esseﬁtial features of the calculatiq:i
are not changed by the inelusion of these temperature demendences, Letting /{,
and }}.bé nrovortional to 'Tl/ s , the generalized Becker's relation between ?}'

~and u is, in our nbtatiOnE and with A=the mean fifee path before the shock:
Vi~ U1 v)

gﬁ 4«2: //‘ﬁf (/+/M)/~ /f 7_,67‘7;(/% ,//;//_4

This reduces to Becker's result if s =0, while for s = 2 it is the Thomas'

. formula, Restrgcting ourselves to s = 2, it can be deduced that 22 will be

8 maximum when v is a solution of the cﬁbic ecuation:

WJ(Z/'f/)/ /ﬂz(/v‘ﬂ*j // f/,e/ 7V (1+ % ) //¢Z/ =

Thomas computed the valie of A/t for several values of the Mach number using
(8) as the defining equation for t, His results are exact when the Stokes=-
Né.vier equations are considered to be exact, To compare with our results we

make again series expansions in vowers of y. We find
A PR/AE A T
1 r;/" =/ / / "92(/4/) / w47
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One sees that, as to be expected, the coefficient of vy is the same as gy if in 

‘equation (9) we put f = 4)/3,

III. Higher Approximations,

To extend this calculation so that it is applicable to stronger shock
waves, it is necessary to make the development t4 higher order terms._‘However,
1t is not correct merely to solve for v, , vy , etc. from eouations L. A |
‘theory consistent with Enskog's exmansion idea must then include in the pfeséure
“tensor and the heat conduction vector the higher order terms resulting ffom the

..Enekog development, In this section the calculation will be'extended two steps
further,
A, The second approximation (the Burnett terms).

it is clear from the method of development that when one goes to the
next annroximation one needs only to take the linear second order Burnett terms:
into account. The rnon-linear terms contribute only to the third or higher order
of approximation just as the temperature dependence of 4L and )) does nét

contribute to the first order effect, The linear terms of Pox (2) and quz) are:

»”)-:‘4’ L e, 2l 77
/4xx /pma dﬂrL *3 /;;: (‘gff‘uh) 7=

;(f _.,/gzyaé‘g),./.;» ;_,L

vhere the ¢/ 's and the # 's are slowly varying functions of T(h). They are.
‘dimensionless quantities, and for the Maxwellian model they are pure numbers

indepéndent,of T. The two eouations taking the nlace of (L) are:

»"2’—:;—’/7//?2/_255}’ +5 ﬂa/]_ 5 G e T ";’gf

C -y 2= . \

T&Y "On the Transport phenomena in Raflfied Gases" by C. S, wang Chang and
' G E, Uhlenbeck, - APL/JHU CM-LL3, Feb, 20, 1948,
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and

‘%‘

L . 7
‘3472/’)”2“;?2““'7#&42’ 7% - F 7 2" 2

20444 )4 2 2-a))
CAl /7 VZJ (‘5 %)/ -/Z 44{& (10b)

fféfﬁafLé)ﬂf‘i‘;f(;*L47/3’2%¢5%/;”(%f;49-¢ vey =

- {From '(10a) it follows that
_ / ,
az = "(}K’é)?z_“'5)5;(357‘42)7*¢3 7¢rblgb

This equation together with (10b) gives the differential equation for v, in

terms of known functions,

(11)

where & is wri_tten for

i

& = Foh-F (i) (p-) - F (87 )1 -

If one is only interested in the thickness of the shock waves, it
will not be necessary to solve the differential equation (11). Since vy is given

by (6), by inspection it is seen that the integrating factor of (11) is
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- Zb
e Z,q’ (/-— Z;—;i,q e‘gw){,

Thus
ezoré Y, |
= -2 2 .,
T (-2, wﬂ/e (r- A e™) Fas
—"';Z“ e/

’with F standing for the right hand members of (11). But

p eaeoré |
a6 _ ﬁl S 2xXf )< =0 at the maximum slope,

hence we'havé
7
(Wz)mcx. = (F)ma-,

the subscrint max. means that all quantities are to be evaluated at b, where

-v8 1s zero. go is then solved By setting

s _ £
(% )max. = * 727

as follows from equations (7) and (8).

The newly introduced Burnett terms enter in F only as coefficients of
vi; but (Vl")max. vanishes; hence the Burnett terms do not contribute to gy, or
the shock’wave'thickness to this order of aporoximation. The ratio 82/51 is

found to be:

LI 2.
VAR (s EERI2V

(12)
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For s=2, (12) agrees with the coefficient of the y2 term of the result of

Thomas,. However, this fact should not be taken too seriously, since it is due
‘to the definition (8) of the shoek wave}thickness t. If ahqther definition for
the thickness was choéan, the Burnett terms would have influenced the coefficiet
ofbyz since they have an influence on the velocity disﬂribution inside the
shock, The veiocity distribution isvgbtained by integrating eQuation (11) and
one finds:

e 208

U = e
© - LY

' L amh . 2200
| [ (A6 ~F é’ﬁ@ 14, fi«z(ﬁ /)€

where the integration constant is to be determined from the fact that at by,
vo" must vanish, In the last section we will plot the velocity distributions
Yy +-v2y2 both from the consistent theory and from the Stokes-Navier equations

when treated as exact,

B, The third approximation.
In this aporoximation not only should all the Burnett terms bebtaken
into aceount but also the linear terms arising_from £ (3)are of importance,

Dropning all the terms that will not contribute, we write
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(2 o2 2 2
for = F L TE 4 £ L AT, 7

’ . z z . _ W i, 2
7 f(@"‘”dff%/% * F (o= Fe a2y %

P 2

7= f(ﬂ&"’af);fi‘;gf/&}*f@"j%"j {{ﬂ”%&fff

F3
2 Ly AU 2
"3 % pa / ¥

&y . L S
fom (R G B G % e s

vhere «,, 4y, b, and 6,1/ , like the other ¢ 's and ¢ 's are the new
slowly varying temperature devendent dimensionless ‘quantities., For Maxwellian
molecules they are simply numbers., The calculation is tedious and lengthy but

the method is the ssme, We shall only present the final result in the most

general form;

VA & R G e VAN ia )

———

;R lDR ()r 1087 (/+2°47% 8%

LRy ) Lrir-v Ry 0r-1)’
S(/r0° - s (f+1)8* 355 $2(f+)%
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“g o
7200 [ AT (f*jﬁgﬂﬁ? ai # f 1) 2y # 1) S
)t R G A KN G S DE 7 T0, ]
- Z,“e_} [3"2‘/’ (5‘);7‘@;) * /({-/) '5‘;;‘ "“.(/“/]2'51/]~

in whieh we have put B for 3‘2/ v f "% .

Iv. _Application to Monoatomic Gases.

The calculatidn will now be applied-tb monoatomic gases. We ghall
" 1imit ourselves to the treatment of the Maxwellian model, the molecules inter-
acting with the =5 force 1aw._ This choice was made not because this model is
.any better than other models from the physical point of view but because using
thig model the task of numarical computation will ‘be much simplified, For

Maxwell molecules the comstants have the following values:

£f=5/2 )= 573 | B‘=f’“f9/f = /3
@),=10/3 4, = 15/8 | 00, -L/3
W, = 2 g =-h5/e Wy = 5/3
w; =3 4= -3 4 = -5/8
Wp=0 h: 3 8y=21/16
We=3 42117/
ay =8

The result for the shock thickness is summarized in Table I:
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Table I ~ Shock Thickness in Monoatomie Gases (Maxwell molecules)

\

F =5/ (/Qégégéy # ;%?;f o)

o
111
|

&
,?”vf ZVery

~ 1=the mean free path in the medium before the shock.

y =M-1, M=Mach number
Stokes-Navier ~1/4 -~ 0,349
Burnett Y/ -1.176
Third order eocuations -1/4 -1.,271

From this table one sees that the develovment of the thickness of
shock wﬁves in powers of (Mv-*l) converges very slowly and is therefore only
apolicable forf Mach numbers which are only slightly bigger than one¥*, It should
also be remembered that this calculétion is valid only for monoatomic gases,
‘The extension to diatomic gases is possible. If the effect of the relaxation

ime is of the same order of magnitude as the effects of ¢, and ) , one can

| ¥In fact one sees already from the’ series exvansion of the velocity after the
shock, v, , that one probably would not get fast convergent series for A/t.
ve is given by

_ 2 B
= e e (RE-BY
Y= = (Yt |
whieh is convergent only for y < 1 and. even then the convergence is very slow,
. 8inée the consistent theory is certaﬁnly;to yield the successive terms in the
above formula for v, in the successive avproximations, it is seen that so far
as finding the velocity distribution is cbncerned we can not exvect to find

better convergence, The shock thickness is derived from the velocity distri-
bution, and hence the slow convergence of our result could have been anticipated,
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take this fact into account to the first or‘der of annroximation by replacing
_ﬁl/(, in the expression for éxx)by jijté +# where X 1is the "second viscc>51ty
coefficient"#, To higher orders not only the exoressions for w 's and 6’ 's
will be changed but also new constants; will enter, Because of the slow conver-
génce of thévdevelopment it seems at nresen’f, hérdljr worthwhile to go into such -
calculations,. _

In IIT it was remarked that the fect thét g5/gy is not changed by
takmp into account of the Burnett t.erms is only accidental There aré cértain-
1y second order effects due to the Burnett terms, onlv these effects are not re-
flected in our calculation of the shock wave thickness because of the particular
definition we adopted., To see oﬁe of the second order effects of the Burnett
terms we heve nlotted in F"ig. ’II (on following page) the curves with vy +v2f
against b, Curvé Iis calculaﬁed_ from the Stokes-Navier ecuations while curve
II is obtained from the Buvrnett equations. The horizontal dotted lines are the_

asymototes of the value of ¥ :=uf/uo up to the different orders of approximations

f
as-indicated. The nlot is madé fbr y=M - 1 = 0,2, One sees that the differ-
ence of the velocity distributions is‘vapnréciable even for such weak shoek
waves,

The author wishes to exnress her gratitude to Professor Géorge E,

Uhlenbeck for his interest in this work and for his helpful suggestions and

ddscussions.
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(a. u Abels) (3 coples)

(J. E. Arnold)(1 copy)
Cornell Aeronautical Laboratory
(R. Schedvin) (5 copies)

Curtias-Vright Cornoration
(R., G. Faton) (2 conles)
Exnerimen* Incorporated
(Jo W. ¥ullen, II)
Farnsworth Television and Radio
Company -
(J. D. Sehantz)
Johns Hovkins University
(F, ¥, £Llauser)
Kellex Cqrporetion
(G. R, Graham)
Massachusetts Institute of Technology
(H. G, Stever) ( 5 copies)
Michigan, University of
(A, M. Kuethe
( W. C, Nelson)
New Mexico School of Mines
(E, J. Workman)

-New Yexico A, and NM.

( George Gardiner) .
North American Aviation, Inc.
( D. H, Mason)
Princeton University
(Harry Ashworth, Sr.)
Radio Corporation of Ameriea
(¥. I. Korman)
Submarine Signal Company
(H. ¥. Hart)

Texas, University of

(Dr. C. P, Boner) ( 2 copies)
Virginla, University of
(pr. J. ¥, Reams)
Washington, University of
(Dr. J. E. Henderson)
Wisconsin, University of
(J. 0. Hirshfelder)

BB Revorts (A.B.C.) (3 coples)

BB Reports (F.C.S,) (5 copies)

BB Reserve (APL)

APL Contract Renresentative
(L. I. Barbier)




