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ABSTRACT

This investigation was concerned with the theoretical and experi-
mental study of a modest temperature plasma obtained by seeding with
low ionization potential elements. A detailed thermochemical analysis
of nitrogen or air as the carrier gases and sodium, potassium, or ce-
sium as the seeding elements was made. The results are presented
for a range of seeding ratios and temperatures up to 4000°K.

The experimental facility consisted of an RF plasma generator
which produced a low velocity cylindrical plasma at 1 atmosphere pres-
sure and a temperature of 2750°K, Seeding was accomplished by using
an atomizer and aqueous solutions of the nitrates of the seeding elements.

The phase and amplitude of 3 cm microwaves scattered from the
finite length, cylindrical, thermal plasma were measured by a micro-
wave interferometer. These measurements were compared to the theo-
retical predicted values as obtained from an IBM 7090 computer program
which considered the scattering of a plane incident electromagnetic wave
from a homogeneous, cylindrical, infinite length plasma with properties
based on the Saha equation ionization and available collision cross section
data.

A comprehensive discussion of the possible sources of error is
included but consistent unexplained differences between experiment and
theory remain.
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SYMBOLS

a, = stoichiometric coefficient reactants

Ai = species i, molecular weight of species i reactants
bj = stoichiometric coefficient products

B = magnetic field, webers m~

Bj = species j, molecular weight of species j, products

Cm = coefficients of Hankel function series
¢ = velocity of light, 3 x 10® m sec™!
D = distance from plasma to receiver, m
Dm = coefficient of Bessel function series
E = electric field strength, volts m"1
Ei = electronic energy of ith energy level, joules
Eo = peak value of incident microwave, volts m_1
Ep = plane wave electric vector, volts m1
Escat = peak value of scattered electric field, volts m—1
e = electron charge, - 1. 602 x 10°® coulombs
F = free energy (Gibbs), kcal/mole
Hm(z) = Hankel function of 2nd kind, order m
H = enthalpy, kcal/mole
i=v-1
I = ionization potential of species i, ev

j = current density, amp m~2

Cy
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Bessel function, order m



SYMBOLS (continued)

k = Boltzmann constant, 1.380 x 10.23 joule OK_1
k = complex propagation constant
K3 = equilibrium constant of reaction 3

Kp = equilibrium constant

KI = ionization equilibrium constant

m = separation constant, integer

Mi = molecular weight of species i, kg
m_ = electron mass, 9.106 x 10731 kg
n, = electron density, m~

n, = total particle density m™S

N = seeding ratio, mole fraction of seeding element
NO- = Avogadro's number = 6. 02472 x 1023 molecules/gm mole
P = total pressure, atm., Newtons m~2
Pi = partial pressure of species i, Newtons m_z, atm,
Q( ) = partition function
q~i = charge of component i in multiples of electron charge
Qi = cross section of species i for electron impact, m2
R = plasma radius, m
. -1o0,-1
R = universal gas constant kcal mole K
R (r)= function of r in separation of variables

r = radial coordinate, m

S = molar entropy keal/mole °k



SYMBOLS (continued)

§ = Poynting vector, watts m~2
T = temperature, °k
t = time, seconds
Ui = internal energy per mole of the 1th species
v = velocity vector, m sec_1
(V) = mean electron velocity, m sec 1
x = coordinate normal to incident plane wave, m
X = seeding element—Na, K, Cs
X, = mole fraction of species i

Ym = Neumann function, order m

7Z = compressibility factor, moles at equilibrium per original mole of
undissociated, unionized mixture

B = phase of E, , with respect to Ep, radians

1

tot
-12 -
eo = 8.854 x 10 farad m

h =4 x 1077 henry m!

A = phase of scattered wave with respect to plane wave, radians
v = collision frequency of electrons, sec 1
v, = collision frequency of electrons, sec”!

7 =3.14159 , . .

p = mass density kg m™3

p = charge density coulomb m™3
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SYMBOLS (continued)

o = electrical conductivity mho m-1
¢ = cylindrical angular coordinate measured from x axis, radians
Y¢) = function of ¢ in separation of variables
@, = plasma frequency, ‘radian sec™!

w = frequency of electromagnetic wave, radian sec
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L INTRODUCTION

The cylindrical plasma model has become one of much interest recently in that
it has several physical counterparts in natural plasma phenomena. The high energy
wakes and jets of various flight vehicles and propulsive devices are typical exam-
ples. 1 Considerable work has been accomplished both experimentally and theoret-
ically with infinite and semi-infinite plasma media, and much theory and data have
been accumulated for the so-called '"plasma slab" model;z-10 but theory and data
are quite limited for the finite plasma models which appear to exist in actual prac-
tice. The cylindrical plasma, whether it be a by-product of current aerospace and
hypervelocity endeavors or the direct result of a laboratory arrangement, more
nearly represents a finite ionized medium (and its accompanying difficulties) than
the above mentioned ideal plasma models. Accurate experimental data for finite
plasmas is yet to be available in sufficient quamtity;11 therefore it is felt that the
study of cylindrical plasmas and the development of applicable diagnostic techniques
for these types of ionized media will contribute to the further understanding of fin-
ite plasma problems. Specifically, it is of interest to study and measure both the
electrical and thermodynamic properties of such a medium. Murphy, Edelberg,

Pippert, deRidder, and Peterson have studied the cylindrical plasma. 1,12,13

The initial theoretical model to be considered in this study was chosen to be as
simple as possible: a homogeneous, infinitely long, steady state, equilibrium, par-
tially ionized, cylindrical plasma column consisting of an effectively-inért diatomic
carrier gas, and a singly ionized low ionization potential seeding element. The ex-
perimental plasma model chosen for study produced the above somewhat idealized
conditions with certain exceptions which are to be discussed in later sections of this
report. The theoretical model was chosen to be at one atmosphere of pressure with-
in a temperature range of 2000-4000°K. These conditions obviously indicated the
existence of a high collision frequency of particles within the plasma. The experi-
mental plasma facility was capable of temperatures ranging from 2000°K to 3000°K
as measured by sodium line reversal techniques, and a plasma could be generated

for a wide range of ionization levels at atmospheric pressure.
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A primary interest of this study was the consideration of the techniques and
the effectiveness of seeding a finite plasma as a means of increasing the electrical
conductivity of the medium. The plasma facility was capable of using a wide selec-
tion of carrier gases and a variety of seeding elements. The gases chosen for the
experiment were N2 and air. The seeding elements chosen were the alkali metals,
Na, K, and Cs. These elements were mixed with the carrier gas prior to ioniza-
tion by various methods. Two of these techniques proved more practical than
others. In one seeding method the element in nitrate form was injected as an
atomized aqueous solution, and in the second method the metal vapor was mixed

with the carrier gas in a heating chamber, but was not used here.

An equilibrium constant analysis (Saha Equation) for the assumed theoretical
plasma conditions was completed. Various combinations of carrier gases and
seeding elements over the specific range of temperatures were considered in or-
der to predict chemical composition, free electron mole fraction, and electron
number densities as a function of the mole fraction seeding ratio of the elements

14,15,16

involved. A survey of recent collision cross section and collision fre-

quency datal® 173031

was made in order to choose the appropriate collision
frequency or range of collision frequencies for the assumed plasma conditions.
Predicted values of the DC electrical conductivity were computed for a range of
plasma conditions. The AC electrical conductivity could have been calculated as
well. For the chosen theoretical plasma conditions the complex electrical conduc-
tivity was determined approximately by the predicted values of electron number
density and collision frequency, the parameters which appear in the Lorentz for-

mula for the electrical condutivity, & 19 26 27

It was through consgideration of the two parameters, electron density and col-
lision frequency, that the experimental diagnostic methods were selected. Due to
the nature of the r-f generated plasma the usual probe techniques were considered
to be impractical., Thus microwave measurements, spectroscopic measurements,
or a combination of both were considered applicable to this study. Due to the
cylindrical geometry of the plasma and the predicted values of plasma properties,

-2-



X band microwave scattering measurements were chosen as being most applicable.
Sodium line reversal measurements were selected as a means of determining the

plasma temperature.

A plane polarized electromagnetic wave was transmitted via a wave guide horn
to be normally incident upon the plasma column, with the electric field vector par-
allel to the cylinder axis. 12 Forward scattered field measurements were made
giving the amplitude and the phase values of the scattered electric field surround-
ing the plasma column. These measurements were compared to the predicted val-
ues of amplitude and phase. The experimental measurements were not used to
determine plasma frequency and collision frequency although in principle this could

be done.

The remaining sections of this report include a detailed discussion of both the
theoretical and experimental aspects of this study. In the following section, the
thermo-chemistry of the seeded partially ionized gas is developed. Data includ-
ing free electron mole fractions and densities, electrical conductivities, and plas-
ma frequencies for a variety of plasma conditions is presented in graphical form.
In other sections the microwave diagnostic method with its accompanying theory is
discussed and the results of an electronic computer program for the computation
of microwave scattering values are included. The plasma test conditions are dis-
cussed in light of the theoretical assumptions. The experimental arrangement and
technique is described and experimental data is presented. A discussion of the

experimental data, including an error analysis, is also included.

II. THERMO-CHEMICAL ANALYSIS OF AN EQUILIBRIUM
SEEDED PLASMA —PLASMA PROPERTIES
In order to derive the properties of a plasma for given temperature and pres-
sure values, the important chemical reactions which take place in the plasma must
be analyzed. In the case of the seeded plasma these chemical reactions depend up-
on the seeding elements as well as the carrier gas. The low ionization potential

elements chosen for analysis were the alkali metals, Na, K, and Cs; the carrier
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gases to be considered were air, oxygen, and nitrogen. Thus for the various
combinations of these flow components the important chemical reactions must be
recognized. The equilibrium constants for the important chemical reactions must
be determined, and the theoretical ionization process must be developed. The
simultaneous solution of the resulting equilibrium reaction equations will yield
the free electron mole fraction, X for the seeded fluid. The electron density,
n then may be determined from the electron mole fraction for the given temper-
ature and pressure, and the appropriate collision frequency, v, may be selected
for these same conditions. Finally the electrical conductivity, o, of the plasma
may be found using the electron density and collision frequency values. The elec-

tron density may also be written in the form of the plasma frequency, wp.

The properties thus derived, however, are restricted to the certain limiting
assumptions or conditions which must be specified in order to make such an anal-

ysis in closed form.

For the analysis which follows:

1. The plasma is assumed to be in thermodynamic equilibrium.

2. The seeding element is assumed to be singly thermally ionized in an
electrically neutral plasma.

3. The carrier gas and seeding element are assumed to be a mixture of
perfect gases.

4, The pressure is assumed to be atmospheric throughout a temperature
range of 2000° to 4000°K.

II-A. Equilibrium Plasma Analysis

For an equilibrium plasma consisting of a mixture of perfect gases the follow-
ing equations will apply generally to the analysis of the free electron mole fraction
versus seeding ratio of additive elements. The law of mass action may be repre-

sented by the equilibrium equation



Kp(T) = ——L— (2-1)

where PBj and P A4 represent the partial pressure of the products and the reactants
of the reaction respectively and b]. and a, the associated stoichiometric coefficients

of the reaction. The conservation of mass may be written
Z aA, = Z b.B. (2-2)
ii i
i j
where Ai and Bj represent the molecular weights of the reactants and products

respectively. The conservation of electric charge may be written
n, = Zqini (2-3)
i

where n, is the number of free ejectrons per unit volume, 9 is the charge (in units

of electron charge) of the ith component per unit volume.

For the temperature and pressure conditions of either seeded air or seeded
nitrogen it becomes reasonable to consider only single thermal ionization of the

gas atoms and the alkali seeding metals; then Equation (2-3) may be written as

"e = Mions (2-4)
The equilibrium constants, Kp(T), of Equation (2-1) represent the ionization or
chemical reactions involved in the plasma and Kp(T) may be evaluated through
the use of the relation
o
- AF
In Kp(T) = “RT (2-5)

where AF° is the change in Gibbs free energy for the reaction at standard pres-

sure. For certain chemical reactions, however, Equation (2-5) has been
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evaluated and Kp(T) is directly available as a function of temperature. For others
it may be evaluated using data for the thermodynamic properties of the constituents
of the appropriate chemical reactions at elevated temperatures. For some reac-
tions it may be convenient to evaluate AF° in terms of the partition functions, Q,

of the reaction species.

-E.
Qg exp( kT) (2-6)

i

where Ei is the energy associated with the ith energy level, and g represents the
number of quantum states of the ith energy level of the species. The molar free
energy in terms of the thermodynamic properties is given by

F=H-TS (2-7)

The properties H(T) and S(T) may be written in terms of the partition function, Q;
thus AF® and Kp(T) may be evaluated in terms of Q.

It has been assumed that all species within the plasma follow a Boltzmann
distribution and that the plasma is a mixture of perfect gases. For the reaction

Z a, A, bJBJ (2-8)
i i

the equilibrium constant may be written
5
- [(21: mj)3/2 p3 (kT)s/z Qj(l)J Z b, UJ.(O) - ZaiUi(O)

_J j i
Kp(T) = e exp (- BT (2-9)
I [(21r mi)3/ 2,3 (kT)s/ 2 Qi(l)]

where Q.(l) is the internal partition function of the jth species, UJ.(O) is the internal
energy of the jth species at 0°K mJ is the mass of the jth species and h is the Planck
constant. The general partition function here has been written Q(tOt) Q(tr) II Q(i)

Q(tr) 15 i

where is the translational motion partition function.

=6~



If the important chemical reactions are known for a given equilibrium plasma,
Equations (2-1) - (2-9) may be used in the appropriate combination to solve for the

desired species mole fractions.

Consider for example the reaction for the single thermal ionization of the addi-

tive element, X,

X=X +e (2-10)

Equation (2-1) may be written, using Equations (2-2) and (2-4),

I Px % T X% =Nz’1-xx+

2 -1
X P .+K_(T)x -NZ K_(T)=0 (2-11)
X+ T PI x* PI

where X, is the mole fraction of species i, moles ith species per total moles of
mixture and where Xy = NZ-1 - X+ and N is the mole fraction seeding ratio of

the additive element, moles X per initial moles of mixture and Z = , moles

_1
1-xe
of mixture per initial moles of mixture. Thus the mole fraction of free electrons
for such a simple reaction may be determined for the mole fraction seeding ratio,
N, of a given seeding element X and a given temperature, provided KPI may be

evaluated by means of Equation (2-9), for example. Equation (2-9) may be written

RRY U, (0)+U_(0) - U(0)

+ e
(2n me)3/2 h™3 (1) 2 exp |- X - (2-12)

KPI(T) - Q@
X
where the approximation My, = My has been used. The numerator of the exponen-
tial represents the ionization energy per mole. This corresponds to U for the
molecule where U = 23,053 I and I is the ionization potential of the element in elec-
tron volts. A further reduction of Equation (2-12) now, in terms of U, yields for

AT f\N
v ﬁ? ‘f."*‘f"»



the reaction

+ 5041 I
log K}, (T) = log x(. - +5/21og T - 6. 491 (2-13)
I Q i) T
X

For the case of negligible excited states above ground level the Q(i) may be
replaced by goz(f;ground level terms) and Equation (2-13) reduces to that attributed
to M. N. Saha. It is apparent then that, for a given seeded plasma with known
chemical and ionization reactions, the free electron mole fraction may be deter-
mined in closed form. In order to complete an analysis of this sort the important
chemical reactions as well as the ionization process must be determined for the
specific plasmas to be studied. In the case where several governing chemical and
ionization reactions are involved in the plasma a simultaneous solution of the equi-

librium equations must be made.

Two basic plasmas are considered in this work, a nitrogen plasma with addi-
tives and an air plasma with additives. Specifically the additives or seeding ele-
ments are the low ionization potential alkali metals, Na, K, and Cs. In an earlier
study of these plasmas Buchanan_15 has made a detailed analysis of the chemical

reactions for a wide variety of seeding elements for similar plasma conditions.

II-B. Nitrogen Plasma with Alkali Metal Additives

In the case of the nitrogen plasma there are no important chemical reactions
other than the single thermal ionization of the seeding element X for the tempera-
tures and pressure considered. 15 It should be noted here that for the chosen con-
ditions the plasma consists of molecular nitrogen and a singly ionized alkali metal
in a gaseous state. Under these conditions then the nitrogen is effectively inert
and serves as a carrier gas for the singly ionized seeding element. The appro-
priate equation for the solution of the free electron mole fraction as function of
seeding element, temperature, pressure, and the mole fraction seeding ratio of

the additive element is Equation (2-11) which is repeated here in terms of X,

-8-



xez P+ Kp (T) x_ - Nz‘lxpl('r) =0 (2-11)

I
The ionization equilibrium constants, KPI(T), for the seeding elements are deter-
mined using Equation (2-13) where only the ground level terms for the partition
function are used, i.e., the Saha Equation. Figure 1 presents KpI(T) versus tem-
perature for Na, K, and Cs. Figures 2 through 4 present the solution of the ioniza-
tion equation, Equation (2-11), for free electron mole fraction versus temperature
for a select set of mole fraction seeding ratios of the alkali additives. Due to the

relatively small electron mole fraction (10_4), the value of Z was taken to be unity. 28

Having determined the electron mole fractions for the seeded nitrogen plasma

the free electron number density may be found using the relation

(2-14)

where D is the total number of particles per unit volume in the plasma and is given

by the relation

el
n., = =N, p

T % (2-15)

o

where X, and Mi are the mole fraction and molecular weight of the ith species
respectively. Figures 5 through 7 represent the seeding ratio of the additives
versus the free electron number density for several temperatures for the seeded
nitrogen plasma. Using the determined values of electron density and a selected
value of the effective collision frequency of the plasma, v = 7.5 x 1010 coll. /sec.
(see Section IV), the DC electrical conductivities, Opc» Were computed using the

relation

Ne 2
he = (e /me) (2-16)



and these results are shown in Figures 8 through 12 for each seeding element and
for several temperatures. The conductivity is plotted versus the mole fraction
seeding ratio of the seeding element in order to indicate directly the effect of seed-
ing on the electrical conductivity of the plasma. The plasma frequency wp of the

plasma is related to the electron density by the equation

9 1/2
n, e
W =|:-—e—-—] (2-17)
P |em
o-e

where e, m, and €, are the charge of the electron, the mass of the electron, and
the free space dielectric constant respectively. Figure 13 presents the plasma

frequency, versus seeding ratio, N, for 2700°K.
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Xe, ELECTRON MOLE FRACTION

Fluid: Nitrogen
Seeding Element: Cs
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N, SEEDING RATIO

1072

X

(N2 and Na)
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N, SEEDING RATIO
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N, SEEDING RATIO

Fluid: Nitrogen S
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Fluid: Nitrogen and Air
V¢ =7.5-10'0 Col / Sec
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FIGURE 8. DC ELECTRICAL CONDUCTIVITY vs. ELECTRON DENSITY
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II-C. Air Plasma with Alkali Metal Additives

Now for the case of the seeded air plasma all of the predominant reactions must
be considered simultaneously through the use of Equations (2-1) through (2-13).
Both unseeded and seeded air properties have been determined similarly by other

14, 15, 16, 20, 21

authors. For the case of oxygen as the carrier gas the predom-

inant reactions are

XO(g) =X(g)+ O (2-21)
1/20,=0 (2-22)
X=X +e (2-23)

+ -
O2 = 0g + <_e (2-24)
0=0 +e (2-25)

where the latter two ionization reactions may be considered negligible for the tem-
perature and pressure restrictions considered here. The equilibrium equations

then become, from reaction (2-21),

*x *o
o

K3(T) = P (2-26)

T

from (2-22),

X
K(T) = ———?75 PTI/ 2 (2-27)
*o
2
from (2-23),
X X
x+ e
KPI(T) = PT (2-28)

A simultaneous solution of Equations (2-26) - (2-28) along with the mass con-

servation relation
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-1
Xyo* Xx * xX+ = NZ (2-29)

and the conservation of charge relation

yields the following quadratic equation which may be solved for the free electron

mole fraction, x :
e
{XOPT2 + K3(T) PT] xe2 + [Ks(T) KPI(T)] X, - NZ_1K3(T) KPI(T) =0 (2-31)

where the values of K,(T) may be determined from available thermodynamic prop-

erty data, 15, 22, 23’243 X, from readily available values of Kp(T), 22 Z,28 and KP (T)

0 I

from the ground level form of Equation (2-13), the Saha Equation.

For seeded air under the imposed temperature-pressure conditions and for

2 to 10-4, Equation (2-31) may be used to deter-

seeding ratios in the order of 10~
mine the free electron mole fraction with an error of not greater than 1% provided
the values used for XO and Z are those for equilibrium air at the specified plasma
conditions.

Figure 14 represents the solution of K3(T) versus temperature using ther-
modynamic property data, and Figure 1 again represents the values of KP (T) for

the additive elements as a function of temperature. I

Figures 15, 16, and 17 then present the solution of Equation (2-31) for the
free electron mole fraction, X, versus temperature for selected seeding ratios,
N, and the three seeding elements using both Z = 1 and Z for equilibrium air. At
3000°K the error due to the use of unity for Z is less than 3%

As in the case of the nitrogen plasma, Equations (2-14) and (2-15) may be used
to determine the electron density, D for the air plasma. Figures 18, 19, and 20
show the seeding ratio versus free electron density for several temperatures for

the three additive elements, Na, K, and Cs.
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XO(g) = X(g) + O(9) _—

FIGURE 14.

3 4 5 6
T+10°3, TEMPERATURE - °K

EQUILIBRIUM CONSTANT, K
(XO=X+0)

4> vS. TEMPERATURE
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X e, ELECTRON MOLE FRACTION

Fluid: Air .

Seeding Element: Na

(Air and Na)
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FIGURE 15. ELECTRON MOLE FRACTION vs. TEMPERATURE



Xe , ELECTRON MOLE FRACTION

Fluid: Air Seeding Element:K N=5-10"3
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Xe, ELECTRON MOLE FRACTION

Fluid: Air Seeding Element: Cs

8 7= 073
5 VA4 Z=" -4
7 X  __F+5-10
/' / i /

17717
8 1S
WNIIns
s 117111/
[1/[]]

2 3 4
T 103, TEMPERATURE - °K

FIGURE 17. ELECTRON MOLE FRACTION vs. TEMPERATURE
(Air and Cs)
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N, SEEDING RATIO

*.

Fluid: Air S
Seeding Element: Na 'q,oo § §
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FIGURE 18. SEEDING RATIO vs. ELECTRON DENSITY
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N

Fluid: Air 6
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N, SEEDING RATIO

Fluid: Air X
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Also as in the case of the seeded nitrogen plasma Figures 21 through 25 present

the electrical conductivity and plasma frequency values for seeded air.

The values of the plasma collision frequency, v, used in this study were selected
from the currently available values for the plasma conditions imposed in the analy-
17
S

sis. A detailed treatment of collision frequency and collision cross sections is

contained in Section IV of this report. For Na seeded N2, v is of the order 7.5 x 1010
coll/sec, and for convenience this value was used in the conductivity calculation for

both air and N2 plasmas (as indicated in the figures).

With the determination of the collision frequency of the plasma the important
plasma properties are now available, namely: plasma frequency or free electron
density, collision frequency, and the electrical conductivity. Figures 1 through
25 then represent these plasma properties as derived for the equilibrium plasma
under the imposed temperature-pressure conditions for both:nitrogen and air with
additives (for one value of the collision frequency). Thus, with the plasma proper-
ties and seeding effects which result from the previous analysis, it remains to
study the experimental plasma in detail in order to determine the actual test condir.
tions and to determine the plasma properties for comparison and interpretation

with these theoretical properties.

III. MICROWAVE SCATTERING FROM A CYLINDRICAL PLASMA

III-A. Assumptions
The simplest theoretical microwave scattering model thought to adequately
approximate the experimental conditions makes the following assumptions,
1. The cylindrical plasma is of infinite length, radius R.
2. The plasma properties are uniform within the cylinder, i. e., there are
no radial or axial gradients of temperature, density, etc. There is a
discontinuity of properties at the plasma surface. The region outside
the plasma is assumed to be a vacuum for electromagnetic waves.

3. Inside the plasma, because of the uniform properties, electrical neutral-

ity is maintained.
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9.

Because of the small mass of the electrons relative to the ions; the only
electrically active species of particle is the electron. The ions are con-
sidered at rest relative to the electrons.

The particles inside the plasma are assumed to be in thermal equilibrium.
This implies that the electric fields present are small.

A plane polarized electromagnetic wave is normally incident on the plas-
ma‘with the electric vector parallel to the plasma axis.

The plasma is assumed to consist of charges interacting in a vacuum so
that u= “o and € = 60.

The time dependence is taken as exp (iwt) so that steady state solutions
are obtained.

The polarizability of the plasma is neglected.

Assumptions 1, 2, and 5 will be discussed in the section on errors.

III-B. Scattering of a Plane Wave by a Cylindrical Plasma

-
N

The incident plane polarized wave propagating in the x direction shown on

Figure 26 is represented by

= . iwx |, —
Ep = E0 exp (iwt - —c—) e, (3-1)

where EO is the peak value of the electric field Ep, w is the frequency of the wave,

t is the time, x is the coordinate normal to the plane wave, c is the velocity of

light, Ez is a unit vector in the z direction and i = v-1.
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Infinite cylindrical plasma of radius R

Microwcve transmitter horn

E
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!
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Coordinate system

Plane wave propagation

FIGURE 26. COORDINATE SYSTEM AND FIELD ORIENTATION
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The Maxwell equations in MKS units are

oB
VXE-=- —a—t (3—2)
= 3(e E)
B - (0]
\Y xr =i+ (3-3)
o]
v.E=p/e (3-4)
V-B=0 (3-5)

where B is the magnetic field, p is the net charge density and the current density

is given by
j= Z nkekVk (3-6)
k

Vk is the drift velocity of the kth species. The sum is over the various species
present in the plasma. By assumption 4

j=nev (3-7)

The equation of motion for the electrons is
dv = =

m, = E—mevv+eva (3-8)

V= Z Vi is the total collision frequency. The term - mev’\? represents the
k 38
effect of collisions and is discussed in Ratcliff. The sum is over all species

with which the electrons interact.
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Since B fields are not externally applied, the Lorentz force term eV x B due

to the wave is of order v/c compared to the electric force eE and therefore neg-

lected in (3-8).

Assuming that all time varying quantities are proportional to exp (iwt), the

equation of motion (3-8), using linearization and therefore neglecting (V- V)¥,

gives

-i £ E
m
— e
V= -
w - iv
so that (3-7) becomes
2
j=n ev=-i P E
n e
e
where w = = plasma frequency.
P M€

The Maxwell equations (3-2) and (3-3) become, inserting (3-10), noting

cz— < and assumption 8,
Hoo
Vv xE = - iwB
_ lwzi‘_
VxB=-— 2
2 w-iv
==15%i§
w

(3-9)
(3-10)
(3-11)
iwE
2
C
(3-12)



where

(3-13)

k is the complex propagation constant in the plasma and lies in the 4th quadrant.
Alternatively, the complex dielectric constant of the plasma is the quantity inside

the first square root.
Taking the curl of (3-11) and substituting (3-12) gives

VxW@xE) =k°E (3-14)

The plasma is seen to remain neutral by taking the divergence of (3-12).

ik2 1

V. (vx B)z0=V" (To— E| so that wherever k is independent of position

v -E=0=p/ € Therefore

p=0 (3-15)
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Since E (o, 0, Ez) has a z component only and Ez is a cartesian component
in cylindrical coordinates,V x ¢ x E) =V(V. E) v2E Therefore, noting (3-15),

the vector Equation (3-14) becomes a scalar equation

2 2 B _
v Ez+k EZ—O (3-16)

Solving (3-16) by separation of variables, let Ez = H(r)y(¢). There is no

z dependence since Ez is assumed independent of z. Equation (3-16) becomes

dH) + Kor (3-17)

Q‘l::
S |t
b

"

B

to

1
Hdr v

where, since each side is a function only of its own independent variable r or ¢,

it has been set equal to a constant m2. Thus

2
Y. m¥ (3-18a)
d¢
dH
1w ( )R’ 0 (3-18b)
The solution to (3-18a) is ¥ = Alm cos m¢ + A2m sin m¢ where Alm’ A2m’

etc., are arbitrary constants. Since y(¢) is an even function of ¢, Y(-¢) = (),
therefore A2m =0, and Y=cos(m¢), m=0,1,2,3. .. neglectingarbi-
trary constants. So that { will be single valued, m is integral.

Equation (3-18b) is Bessels equation, which has solutions that are linear com-
binations of J m(kr) and Ym(kr). Therefore FH = A3mJ m(kr) + A 4mYr'n(kr).
Since Ym has a log singularity at the origin, the coefficient of Ym is set equal
to zero inside the plasma. Thus, neglecting the arbitrary constant,

F(r)=J_(kr), r<R.
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. e . exp (¢ ir)
Outside the plasma the combination of J m and Ym that varies as -

for large r is chosen. These combinations are Hm(l) (kr) = Jm(kr) +1i Ym(kr)

for g%p;(i_i_r_), known as the Hankel function of the 1st kind and similarly
Hm(z)(kr) = Jm(kr) - i Ym(kr) for ngp;g_-_i_r_)’ the Hankel function of the 2nd
kind. Thus FH = ASmHm(l) (kr) + AsmHm(z)(kr), r > R. Since the time vari-
ation has been taken as exp (+ iwt), —e—x%‘(i—ii)—, i.e, Hm(l), represents an incom-
ing wave, and 95%;—"}—12, ie., Hm(z), represents an outgoing wave. Because

(1)

there is only an outgoing scattering wave, the coefficient of Hm is set equal to

zero. The solution outside the plasma is, neglecting the arbitrary constant;

R(r) = Hm(z)(kr), r> R

The most general solution of (3-16) is the superposition of all the m solutions.
Reinserting the arbitrary constants, which are used to satisfy the boundary condi-

tions,

0
Ez in = Z Dme(kr) cos (mo¢) exp (iwt), r< R (3-19)
m=0
©
_ (2) wr, . .
EZ scat = Z CmHm (wg) cos m¢ exp (iwt), r> R (3-20)
m=0
since, for r > R, wp =0 and k= %

Now x=r cos ¢, so the incident plane wave given by (3-1) is

_ . wr . )
Ezp = Eo exp (- i o cos ¢) exp (iwt) (3-21)
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© ©
Note that eiacos¢ = Z i™ exp (im¢) Jm(a) = Jo(a) + Z i™ exp (imo¢) Jm(a)

-1 m=-c0 m=1

+ Z i™ exp (im¢) Jm(a) and using J_m(a) = (-)m Jm(a) for integral m,

m=-

()™ = izm, 2 cos m¢ = exp (im¢) + exp (-im¢) so consequently one sees that
(e 0]
exp (iocose) = Jo(a) + 2 Z ime(a) cos m¢. The plane wave (3-21) can be
m=1
represented as
©
E,, =E I, )+ 2 Z (-0 3 (%) cos mp exp (iwt) (3-22)
m=1

The total electric field outside is given by the sum of (3-20) and (3-22)

®

- _ (2) wr wr

Bz tot * Bz scat * Ezp - [Z “mPm (wc) cosme+E,1J, (t:) )
m=0

(3-23)

(0 0]
+ 2 Z (-i)m cos mo Jm (‘%))J exp (iwt)
m=1
To match the inside and outside solutions (3-19), (3-23), the tangential com-

ponents of E and TB’ Ez and B "y are made continuous at r = R.
o}

For continuity of Ez’ equate (3-23) and (3-19) at r = R.
o0 o0
- (2) wR wR
Z D _J_ (kR) cos m¢ = Z C_H_ (“’T) cos mp+ E_(J_ ()

m=0 m=0
(3-24)

(o]

N R

+ 2 Z (i)™ cos m¢ Jm (wT)
m=1
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Now B::;vxil_ from (3-11) so

i aEr 8EZ\ ik aEZ
B¢> “w\Fz " or | T T w 9(kr) (3-25)
Using (3-19) and (3-23), noting k =%) outside, continuity of B(b at r=R gives
® >
ke : _ S . (2) wR
- DmJ m(kR) cos m¢ = L_ CmH m ( c ) cos m¢
m=0 m=0 (3-26)
el
' wR RN ¢ 0 QN wR
+EO JO(C)+2 Z (-1i) Jm(c)cosde
m=1
where the prime indicates differentiation with respect to the argument given. We
equate terms for each value of m.
For m=0
pJkr) -cH P ,eEs &
0 o 0o c 00 C
(3-27)
¢k _c g @R v (@R
~D_J'_(kR) = C_H'_ (“’c)+EOJO(c)
Zm-l m+1
Divide the first equation by the second equation. Note Z'rn = 5
and Z_ . +Z =227 (3) so Z -2 .-B7Z . where Z_-J_,
m-1 m+l z m m m-1 z m m m

or Hm. Solving for Co/Eo yields
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J.(kR)
ke 1 R R
c, [? JO(kR)} T, 6 -3, 6 o)
_o_ 3-28
E T, (kR)
0 (2) wR (2) wR, |ke “1
5@ B @ e e ey
Similarly for m=1,2, . . .
i J L (kR)
R R, [kc “m-1
C Jm-l(wT -Jm(%)[3 311 (kR)]
oo 20" T ) (3-29)
0 n @ ER L (@) R [gg m-1 J
m-1 c m c’/|w JmZkR)

Dividing Equation (3-23) through by Eo’ the total wave due to the incident plane
wave plus the scattered cylindrical wave, dropping the understood sub z and time

dependence exp (iwt), is

Etot Escat

_ _;wxy _scat WKy . L WX _
=% +exp(1c)- o +cos(c) 1sm(c) (3-30)
o o o
where
0
E C
scat _ m (2) pr
= _E £ H_ (ué)cosmcb (3-31)
o o
m=0

with the Cm/E0 given by (3-28), and (3-29).

Escat/ Eo is a complex number with phase angle generally not equal to that

of the plane wave, -%.
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III-C. Numerical Results of the Theoretical Model

Equations (3-30) and (3-31) were programmed on an IBM 7090. Arbitrary
values of wp, v, R, D and ¢ were assumed and the resulting phase and ampli-
tude of the scattered wave giyen by Equation (3-31) determined. The scattered
wave combines with the plane wave given by Equation (3-1) to give the total wave.

The results are shown on Figures 27 through 32.

The notation is shown in the following sketch.

A is the phase of Esc with respect to the plane wave Ep, B is the phase of E

with respect to Ep. EltItote that the incident plane wave Ep/ E0 has unit amplituzl(c)at.

A and 3 are measured in radians. Escat/ E0 is the absolute value of Equation (3-31)
and X is the phase of Equation (3-31) relative to the phase of the plane wave of
Equation (3-1). R is the radius of the plasma, D is the distance of the point of
observation from the center of the plasma, and ¢ is the angle that the point of
observation makes with the x axis, i.e., the angle measured from the forward
direction. w =27 X 1010 for all calculations.

The following observations are made for R=.21t0.8 cm, wp = 1010 to

1012 V= 1010 to 1012, w=27T X 1010 and ¢ =0.

The shape of the A vs. wp curves appears to depend mainly on v.
The right hand asymptote of A vs. wp depends mainly on R.

The left hand asymptote of A vs. wp depends mainly on v.

Increasing v reduces E t/E at low w .
scat’ "o p

S

Increasing radius increases Escat/ E0 relatively independent of wp.

6. Escat

Although curves are not presented here for ¢ other than zero, E tot/ EO can be
greater than 1 for ¢ > 0.

/ EO more strongly depends on wp than on v.

-49-



R=0.5cm.

D = 30cm.

=0
2

/%Wfél
lo—l /1¢¢ //é//
V.0 4704 7 A7
8 P04 A A 77
// // ////]/
° r 7177
17 17
Escar //;1// / // //

R
\
N
N

6!
N
N
N
NG
N
N

®
R
N
\\
\\
N

N
\\
N

5

o
G

|
N
N

D

Q.
(o]

/

&

N

-
N
NN

N

o

7
NN
N
~

N

N
/
e\

5 8 2 ) 8
1
10 10'2

\\

v 0 .
. N

~J

-

N

7 ‘on
0

Wy , PLASMA FREQUENCY - RAD./ SEC.

FIGURE 27. AMPLITUDE OF SCATTERED WAVE vs. PLASMA FREQUENCY

-50-



4.0 — b
' ' R=05cm
v=,l0'2 | 2 z 80cm
1 |
38 "f'IO”' _
—t N
4-10" \\\\
AN
3.6 ~. \\\\\\
N NN
RN
34 ] /,/// T~
0" % ==
2 710" /// /7/
3, _ 1 / /
g A
. iy
) AW
' /
— T 4-10'° // /
I
> 8 —52.10'° //,/
b4
26 .
7
2 5 8 2 5 8
IOIO IO” |OIZ

wp , PLASMA FREQUENCY - RAD./ SEC.

FIGURE 28. PHASE OF SCATTERED WAVE vs. PLASMA FREQUENCY

-51-



4 v=78-10"° L
D=30cm. | R= 8.$cm.
1 ¢=0 — -
2 =
A A — LT,
10" A C/: T
8 ., //1, // - 02
AN 717 7
5 Y YA A |~
/,/ A4
Iy
Egcar 2 ///7 // /
EO 4 // /
0 : III (4/ I[/ // /
8 /A7 T
JA'NAVA /[l 1/
Ve aAVAN
///// / /
Vi
N arav
[ AN/
/
10> ,/ ,/
2 5 8 2 L) 8
10'° 10" 10'2

wp, PLASMA FREQUENCY - RAD./SEC

FIGURE 29. AMPLITUDE OF SCATTERED WAVE vs. PLASMA FREQUENCY

-52-



A, RADIANS

3.60

3.50

340

3.30

3.20

3.10

_ v=7810"

Wp, PLASMA FREQUENCY - RAD./ SEC.

D=30cm
¢=0
T~ — R=0.8cm.
L~ “\\
/; ) \\\ 0.7
0.6
T TS
/// / /,,_.\\\ 05
/ / / ] 0.4
////C// i /—\\\ 0.3
/ .
Zéﬁi//:
\\
T+ 0.2
2 5 8 2 5
10 Toks 10'2

FIGURE 30. PHASE OF SCATTERED WAVE vs. PLASMA FREQUENCY

-53-



/3, RADIANS

84100

V=7
D =30cm.
=0
6.28 = <
%Q::\\\\ R=0.2cm.
\ ~—
6 26 \\\ \\\ 03
\ \ i
6.24 \\\ \ |
\ \\\ T 05
N
6.22 \\ <
\ TTTTT 086
6.20 \ \\\~~
\ T+ 07
6.18 \\\
~_
~~t 08
6.16
2 5 8 2 5 8
|OIO IOll IOIZ

W, , PLASMA FREQUENCY - RAD. / SEC.

FIGURE 31. PHASE OF TOTAL WAVE vs. PLASMA FREQUENCY

-54-



‘fln... G iy

_ ENGINEERING LIBRARY 31g8 0t
¢-=0
1.00 T§Q\ ~~
T~
\\\SQ:\\\
o5 \\\E;\‘\\\\\
\i\\i\\\\\\ R=
90 \ \\ \\ LT e
. N <
\\ \\ \ T+ 03
\ \\\\\
Etor 85 \ LN \\ Tt 04
Eq \\Q\\\\\~~ 05
\\\\ T 06
.80 o7
Kk“ﬁ*w 0.8
75
70
2 5 8 2 5 8
10'° 10" 10'2

W, PLASMA FREQUENCY - RAD./SEC.

FIGURE 32. AMPLITUDE OF TOTAL WAVE vs. PLASMA FREQUENCY

-55-



IV. PLASMA PROPERTIES— PREDICTED

IV-A. Relation Between Plasma Properties and Complex Conductivity
It is useful to relate the plasma frequency wp and collision frequency v in a

plasma to the complex conductivity ¢ in such a medium.

Assume that ohms law
j=0E (4-1)

holds inside the medium, with pu= My and €= € everywhere. For fields vary-

ing as exp (iwt), Maxwells Equation (3-3) becomes, using Equation (4-1) and noting

2 1
c = <
“oo
2
vxB-XK F (4-2)
)
where
w io
k—g I_Je; (4-3)

2-i(3\/-l+l '1+ o’ (4-4)
c 2 2_\/ eow

The propagation constant k lies in"the 4th_quadrant.

If we insert

o=0 +io, (4-5)

into Equation (4-4) and equate the real and imaginary parts of (4-4) to the real

and imaginary parts of K in a plasma given by Equation (3-13), we find that
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wp Ve,
Urz 2
w +V g
(4-6)
wp we
o, =-—9—3 '
w o+ Vv
or
wo \
r
v =—
o,
‘ >
(4-17)

Equations (4-6) and (4-7) relate the plasma frequency and collision frequency

to real and imaginary parts of the conductivity.

The DC value of the conductivity is obtained by setting w = 0 in Equation (4-6)

IV-B. Predicted Plasma Frequency vs. Seeding Ratio for Seeded Nitrogen

Using Figures 5, 6, and 7 in Section II and n e

e
wp - me
0

we obtain the plasma frequency wp vs. seeding ratio N for a nitrogen seeded

stream at 2754°K. The results are shown in Figure 33.
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IV-C. Predicted Collision Frequency vs. Seeding Ratio for Seeded Nitrogen

The collision frequency of the electrons with species k is given by

Yy ={7) nka (4-8)
where n, is the number density of species Kk, Qk is the velocity averaged, elastic
cross section of species k for electron collision, and (’v’) = ?Tlg is the

e

mean electron velocity.

The total collision frequency v is given by

) =Z e (4-9)

k

The various species k are N2’ H20 introduced in seeding (see Section i-B)
the seeding element Na, K or Cs, Na', K or Cs’, 0,, Hy, OH, NO, H, O, etc.
Shkarofskyl'7 lists cross sections for N2, N, NO, 02, and O. Molmud30

gives cross sections for H20. Brown31 gives data for H2, neutral Na, K, and Cs.

Values for H and OH were estimated by comparison with this data.
The cross section radius for ionized particles is roughly the distance of closest
approach. A more accurate value for Q+ is obtained from Spitzer, 32 by combining

his Equation 5-32, 5-36 and using Equation (4-8) above, giving

. 2 4
Q, = ° 5 In A (4-10)
(1. 164) 8 (kT)
where
3/2
A= 3—gk—T)—- (4-11)
2e Vr ne

is the ratio of Debye shielding distance to the 90° impact parameter. Note the
above formulas are in Gaussian units. Equation (4-10) includes the effect of elec-

tron-electron encounters.
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Noting

n, =n_Xx (4-12)

is the mole fraction of species K, Equation (4-9) becomes

v = nT(v>Z X Q (4-13)
k

where xK

Equations (4-10) and (4-8) give reasonable accurate values of an effective
collision frequency in the fully ionized cases. Equation (4-13) will give adequate
collision frequencies for mixtures of neutral gases if proper cross-sections are.
used. However for the strongly ionized plasma, Equation (4-13) will not give accu-
rate collision frequencies due to nonlinear effects. A strongly ionized plasma is

one where the fraction of particles ionized is on the order of 10-3 or greater.

The only justification for the use of Equation (4-13) is that for the seeding
ratios and temperatures considered here the contribution of the ions to the total
collision frequency is small enough so the linear approximation represented by

Equation (4-13) may not be seriously in error.

To calculate v for the aqueous seeded N, stream described in Section V-B,

2
the following steps were followed.

1. Because the amount of salt dissolved in the water was small, less than
10_3 mole fraction, the equilibrium at 27 540K, 1 atmosphere was calcu-

lated initially considering only N2, HZO present. The atomizer seeded the

N2 with . 028 gms solution (here H20) per gm of N2.
Therefore the initial mole fractions were

xH20= . 0435

X.. =.9565
N,
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2.

Considering the following reactions at 27 540K, 1 atmosphere total

pressure

o
[\
Pt

+—02-H20

Do

o
%)

-0

o
(X

}

jas

o
+

(O
o
|
o
o>

Do

Z
+

N
o

[\

- NO

[ O T Y Y

DNOf= Do

with Kp taken from Penner, 24 the mole fractions at equilibrium are

xN2 =.94233

tzo =.02688

tz =.01026
on =.002442
Xy = - 006989
Xg = - 002344
XoH = 004558
XNO = - 004198

Since the mole fraction seeding ratio N ~ 10_3 it was assumed that intro-
duction of the seeding element in the form of a nitrate would not materially
affect the above equilibrium for collision frequency calculations. The

error in the collision frequency calculation is less than . 1%.
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4. Using the data from Figures 2, 3, and 4, X r+ tabulated in Table 1,

and the mole fraction of the seeding element that did not ionize, given

in Table 2, were determined as a function of seeding ratio. N is the

initial condition molar seeding ratio.

TABLE 1

Note that x

M+

=X.
€

MOLE FRACTION OF IONIZED SEEDING ELEMENT

N XNa+ XK+ sz+
1074 2.18 x 10°° 1.23x107° 2.9 x10°°
2x 1072 3.15x 10" ° 1.73 x 107 4.35%107°
5x 10”2 4.7 x10°8 2.65% 107° 6.9 x10°°
1073 6.6 x10°° 3.65x 10°° 9.8 x10°°
2x10°3 9.2 x10°8 5.3 x10°° 1.35x 10" %
5x 1075 1.5 x107° 8.3 x10°° 2.07 x 102
TABLE 2
MOLE FRACTION OF NEUTRAL SEEDING ELEMENT
N xNa xK sz
10'4 . 9782 x 10'4 .877 x 10'4 71 x 10'4
2x 10'4 1. 9685 x 10'4 1.827 x 10'4 1. 565 x 10'4
5 x 10'4 4,953 x 10'4 4.735 x 10'4 4,31 x 10’4
1073 9934 x 1075 9635 x 10°° 902 x 1073
2 x 10'3 1. 9908 x 10'3 1.947 x 10‘3 1.865 x 10’3
5% 1075 4.985 x10°°  4.917 x10°° 4.793 x 10°°

5. The values of collision cross sections and their source are shown in

Table 3.
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TABLE 3

CROSS SECTIONS FOR SPECIES AT 2754°K

Source
Q - 4.73x 107! cm? (30)
H,0
Qy =535x 10716 ¢m? (17)
2
Qp=9-35x 10716 ¢m? (17)
Q. =9.22x10'%cm? (17)
N
2
_ -16 2
Quo =89 x10 " cm (17)
Qy=1.34x 10716 ¢m? (17)
_ -14 2
QNa =3.25x10 " " cm (31)
Q =3.89 x 107'% em® (31)
Q, =14.2x107"% cm? (31)
2
Qy=2x 10716 cm? estimated
-16 2 .
QOH_ 10x 10 cm estimated

Utilizing these values of collision cross section along with Equation (4-10)

T where Dy, = % is the total number of

particles per unit volume, we obtain the collision frequency of a nitrogen

for Q+ and noting n,=x,n

seeded plasma given in Figure 34.
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V. EXPERIMENTAL FACILITIES AND ARRANGEMENT

V-A. Plasma Generator

A schematic of the Plasma Generator is shown in Figure 35 and a photograph
in Figure 40. The generator delivers approximately 1 KW to the plasma. Itisa
modification of the design given by Roddy and Green. 33 The generator uses a
304 TH triode operating at 30 MC/sec, and a 3/8'" copper rod with a hemispherical

end for the high voltage electrode, or probe.

The plasma is started by touching the electrode with an insulated metal object
to give a spark to furnish an initial electron supply for the seeded gas flowing past
the probe. These electrons are accelerated by the high electric field and collide

with the seed element to produce ions and more electrons.

The seeded gas stream produces a luminous plasma, 15-20 cm long and 1 cm

in diameter, with a mean temperature of 27 54°K as measured by Na D line reversal.

No copper contamination was visible in a spectrogram taken of an unseeded

air "'plasma''.

V-B. Seeding Technique

Nitrogen or air is forced through a DeVilbiss No. 40 nebulizer containing salt
solution, shown in Figure 36. The atomizer is immersed in a constant temperature
water bath. The seeded gas stream leaves the atomizer in a saturated condition,
passes upward through the high field produced at the electrode tip, where the seed
element is ionized by electron impact producing a plasma about 20 cm long and
1 cm in diameter, depending on seeding ratio. The flow velocity in the tube is on

the order of 20 cm/sec.

The pressure driving the atomizer is kept fixed using the manometer. The
seeding ratio, i.e., the mole fraction of Na, K, Cs, etc., in the stream increases
with driving pressure. The final pressure used was 9.8 cm Hg, being the highest

that did not splash solution out of the atomizer up into the glass tube.
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The seeding ratio also increases with water bath temperature. The final
temperature used, 87°F, was the highest that did not give over saturation of the

gas stream, resulting in condensation in the glass tube above.

A sequence of salt solutions was prepared containing a known mass of salt
in a known mass of solution (salt + water). A volume of gas of known pressure
and temperature measured by a gas meter was passed through the atomizer, re-
moving a mass of solution determined by weighing the seeder before and after.
Then the atomizer constant, the mass of solution removed per unit mass N2
passed, is calculated. Knowing the mass of salt in a known mass of solution
gives the information necessary to calculate the mole fraction of Na, K, or Cs

in the gas stream, which is the seeding ratio N.

The salts used were Na NO3, K NO3 and Cs NO3. These salts were dissolved

in water.

V-C. Temperature Measurement

The standard technique of reversal of the Na D line34 was used to measure
temperature of the plasma seeded with sodium. The tungsten filament tempera-
ture is varied until the Na D lines have the same intensity as the nearby continuum
of the tungsten. At filament temperatures lower than the plasma, the D lines
appear bright compared to the background continuum, and at higher filament tem-
peratures than the plasma, the D lines appear darker than the continuum. The
tungsten filament temperature is measured with a Leeds and Northrup optical

pyrometer.

The plasma must be in complete thermal equilibrium for this method to be
valid. Hottel and Williams34 indicate most of the excitation is due to collisions at
atmospheric pressure. Even though radiation equilibrium does not exist in an
optically thin plasma such as this one, the error due to radiation non-equilibrium
is < 3°K, but will increase, of course, at lower pressures, since a lesser propor-

tion of the total excitation is due to collisions.
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The sodium D line temperature measures the Boltzmann energy distribution
between two bound electron energy states of a neutral sodium atom, in terms of
a temperature. This temperature is used for the free electron temperature and

in the Saha equation equilibrium.

The measured Na D line temperature in the center of the plasma was
2754 = 37°K.

Figure 39 shows the experimental setup.

The question of electric fields giving nonequilibrium and its effects are dis-

cussed in the section on errors.

V-D. Schematic and Operation of Microwave Interferometer

The microwave interferometer shown schematically in Figure 37 and in
Figure 38 is of standard design and operation. 6 The X-13 Klystron, operating
continuous wave, generates 3 cm waves measured by the absorbtion in the cavity
frequency meter. A coupler divides the signal into two parts. The signals are
recombined in the Magic T and fed into a Polarad model STU-3A spectrum anal-
yzer. The spectrum analyzer generates a local frequency modulated signal which

is mixed with the incoming signal, whose spectrum is displayed on the oscilloscope.

When the phases of the recombined waves differ by 180° and are of equal ampli-
tude, a null is observed on the spectrum analyzer. This null is obtained by adjust-
ment of the variable attenuator and phase shifter. The attenuator in the direct leg
allows one to work in the most sensitive region of the variable attenuator in the
parallel leg. In operation, the phase and db to produce a null without a plasma
present are subtracted from the phase and db necessary with plasma present.

Referring to the accompanying sketch, we write:

B (5-1)

lasma "no plasma

B= ﬁp
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o dbplasma -db g plasma

E
= 20 log EtOt (5-2)
o
Eto scat
WA
- 2 5 >
o

Knowing the ratio of two sides and the included angle of the triangle enables

E
one to calculate scat and A, the phase of E relative to E_using
Eq scat o

E
tot . -1 db
& = log (ﬁ) (5-3)
0
2
E E E
scat _ tot tot _
- = 1 (——E -2 cosf (5-4)
0 o 0
Etot E
sin A = |—>||=2—1| sin B (5-5)
E E
o scat

Considerable difficulty was experienced in zero shifts when power was applied
to the plasma generator before the plasma was ignited. Considerable frequency
shift (5 mc) of the X-13 Klystron and breakup of the CW "§-function" spectrum into
several peaks were eliminated by shielding all cables, particularly from the Klystro;

power supply to the Klystron, as well as by capacitor bypassing at both ends of this
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cable. It was also found necessary to enclose the plasma generator in a partial

screen room.

The spectrum analyzer technique was used because of crystal detector noise
problems and subsequent null sensitivity loss. This occurred when the combined
output of the two legs with the X-13 square wave modulated at 1 KC/sec was fed
directly to a crystal and the output measured using a standing wave meter. The
IF strip of the spectrum analyzer operated at 150 mc, which gave a large im-
provement in crystal noise and hence null sensitivity. For example, using a
IN23B crystal at 1 KC, phase shift variations of + 10° and db shifts of + . 5 db
about a null produced no detectable unbalances in the null. Using the spectrum
analyzer, shifts of . 2% in phase and . 02 db were clearly evident as unbalancing

the null.

The microwave horns were truncated pyramids, 15 cm long with faces 8.9

by 7.75 cm in the direction of Ep, opening out from 2. 5 x 1. 25 cm waveguide.

The interferometer is shown in the accompanying photographs, Figures 38,
39, and 40.

VI. EXPERIMENTAL RESULTS
VI-A. Predicted Amplitude and Phase of the Scattered Wave
Using Figures 33 and 34, wp and v were predicted for each seeding ratio.
Together with the experimentally determined visible radius from Figure 41
these values of R, wp and v were inserted into Equations (3-31), (3-28) and
(3-29) to give Escat/Eo and A from Equation (3-31).

The notation used is given on the sketch in Section III-C.

For convenience, Table 4 lists the values of the seeding ratio vs. the meas-
ured radius, expected plasma frequency, collision frequency, and the computed

Escat/Eo and A.
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Measured

N Rcm
Sodium
7.123 x 107% | . 639
1.201 x 107 | . 503
2.689 x 10”% | . 541
6.212x 10° | . 565
1.078 x 1073 | . 537
Cesium
1.356 x 1074 | . 510
2.673x 107 | . 427
5.194 x 10" % | . 359
1.196 x 1075 | . 282(*)
Potassium
9.982x 107° | . 421
1.974x 107 | . 387
3.866 x 10°% | . 321
9.088 x 10”% | . 235(%)

w=2r x 101°
T = 2754°K

Predicted
wp rad/sec coll Escat/ E0 A Radian
sec
1.3ax101 8906 x10%  .1326  3.5112
1.53x10  8.906x10° L1317 3.4974
1.87x100  9.07 x101®  .1319  3.4780
2.30x10'0  9.20 x1010  .1498  3.4768
2.60x10'1  9.36 x1010 1482  3.4626
570 x 1001 9.56 x100  .1637  3.4223
6.70x1011  9.82 x10'® 1456  3.3831
7.85x1011  1.02 x10'!  .1306  3.3448
0.70x1011  1osax10!! 1120 3.2021
3.18x10°1  9.18 x1010  .1265  3.4059
3.96x1011  9.30 x10!®  .1246  3.3704
4.70x10"Y  9.49 x10'® 1114  3.3369
5.88x 1000 9.81 x10'°  .0923  3.2688

TABLE 4
PREDICTED VALUES OF PHASE AND AMPLITUDE vs. SEEDING RATIO

(*) = Extrapolated from Figure 41
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FIGURE 41. PLASMA RADIUS vs. SEEDING RATIO
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VI-B. Measured Amplitude and Phase of the Scattered Wave
The experimentally determined values of db and 8 were reduced using Equations
(5-3), (5-4) and (5-5) to give Escat/Eo and A as determined by the microwave meas-

urements.

Table 5 lists the experimental microwave measurements of Escat/ E0 and A.

TABLE 5

EXPERIMENTAL MICROWAVE VALUES OF PHASE AND
AMPLITUDE vs. SEEDING RATIO

N Escat/ Eo A Radians
Sodium
7.123 x 107° . 03787 3. 6250
1.201 x 107 . 04157 3. 5563
2. 689 x 10™ . 05014 3. 5699
6.212 x 1074 . 06083 3. 6250
1.078 x 1073 . 06188 3. 5375
Cesium
1.356 x 0™+ . 09244 3. 5015
2.673 x 107 . 1080 3. 5059
5.194 x 10”2 . 1155 3. 4897
1.196 x 10™° . 1141 3. 5581
Potassium
9.982 x 107° . 07295 3. 54179
1.974x 1074 . 08559 3. 4163
3.866 x 10 . 1068 3. 4883
9.088 x 107 . 1029 3. 4203

At least three separate measurements were averaged to obtained these values.
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These results are plotted vs. N in Figures 42-47. The curves pass through
the values of Escat/ E0 and A computed from the theoretically predicted values of
wp and v, using the measured visible radius. The experimental points are shown

together with their probable errors calculated from Equations (7-6) and (7-7).

Table 6 lists the <6A\, and <6 Escat/ EO> computed from Equations (7-6) and
(7-=1).

TABLE 6
UNCERTAINTIES IN Esca t/ Eo AND A FOR EXPERIMENTAL MEASUREMENTS

N (1) Radians {® Escat/Eo>

Sodium

7123 x 1074 . 1768 2. 540 x 10”3
1.201 x107% 1883 2. 454 x 1075
2.689 x 1072 1523 2. 448 x 107
6.212 x 10 .1072 2. 498 x 10°°
1.078 x10°° .1330 2.399 x 1072
Cesium
1.356 x 10" 9.823 x 1072 2.335 x 107
2.673 x 1074 7.931 x 1072 2.269 x 107
5.194 x 10 7.720 x 1072 1.871 x 1073
1.196 x 1073 6. 450 x 1072 2.321 x10°°
Potassium

. 9982 x 10~ . 1084 2.385 x10°°
1.975 x 10”2 . 1369 2.230 x107°
3.866 x 1074 . 08466 2.261 x 1075
9.088 x 1074 . 1101 2.102 x107°
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FIGURE 42. EXPERIMENTAL AND PREDICTED VALUES OF THE
AMPLITUDE OF THE SCATTERED WAVE, Na, N2
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FIGURE 44. EXPERIMENTAL AND PREDICTED VALUES OF THE
AMPLITUDE OF THE SCATTERED WAVE, Cs, N2
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VI-C. Discussion

There are two ways to compare theory and experiment. One is to insert the
predicted plasma properties into the theoretical model and derive the predicted
phase and amplitude of the scattered wave as done here. This predicted phase
and amplitude is compared to the microwave measured phase and amplitude. Due
to the complexity of the expressions, the origin of differences between theory and

experiment is not clear.

One could alternatively use the observed phase and amplitude to work back-
ward using the intersection of crossplots of wp vs. v for both Escat/ E0 and A to
give the wp and v necessary on the basis of the theoretical model. These plasma
properties derived from the scattering data could be compared to the predicted
properties. Of course the question of whether differences between the predicted
and observed properties are real or due to inapplicability of the theoretical model

to the actual situation still remains.

In view of the serious discrepancies between theory and experiment the first
method was adopted. Some of the measurements were reduced using the second
method but it was felt the difficulty was not justified commensurate with informa-

tion obtained.

VII. ERRORS
VII-A. Introduction
Several sources of error are present, which can be grouped into three
categories:
1. Errors affecting the predicted values of the plasma, i.e., errors in the
quantities necessary to compute theoretical values of Escat/ E0 and A.
These are temperature error, plasma radius error, cross section data
uncertainty, seeding ratio error, and deviations from the 760 mm atmos-
pherjc pressure assumed.
2. Errors in the experimental determination of Escat and A, which are due

to db and phase measurement errors.
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3. Errors due to neglected factors and simplifying assumptions. These
include the effects of temperature gradients in the radial and axial direc-
tions, finite length, nonequilibrium due to high electric fields, use of an
arbitrarily defined visible radius, attachment of electrons to 02 and HZO’
the fact that the microwave plane wave is stronger at the plasma than at
the receiving horn with no plasma and the finite size of the receiving horn

introduces phase error in the measured signal.

Many of these possible sources of error are discussed in the following.

VII-B. DB and Phase Sensitivity

Errors in the db and phase measurements of E, . relative to the plane wave

tot
will give errors in the values of Escat and A. Some idea of the magnitude of these
errors can be obtained by calculating sensitivity coefficients in the triangle formed
by Etot and Escat'

The relations between E ES’ A, ¢, are shown on the diagram.

T,

T Eg
N
/(@; . )
1
\
E2-1+E2-2E cosB (7-1)
s T T 5
ET sinB=Es sin A (7-2)
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Taking differentials

ZES 5ES = 2ET GET -2 cos B GET + ZET sin 86 B

sin BéET+ ET cos 36 8 = sin A 6ES+ ES COS A6 A

Considering GET, 68 as known

ES 6ES = (ET - cos f) GET + ET sin 86 8

sin A 6ES+ ES COS A6 A = sin BGET+ ET cos 36 8

Solving for 6E_, &x

S’

- |_Sing
M"[E cos \

E_ -cos B E E,  tan A sin B
T )tanAJoET+[—Tc°SB T Jaﬁ

E, cosA ~ 2
S ES S ES
Simplifying using Equation (7-2)
ET - cos B
GES = Es 6ET + (sin ) 8 (7-3)

E_-cosp E,_ cos g .
on = |fRnA T tan A| 8, + |=L. -RnAsind fes (1)
E 2 T  |E_ cos X E
T ES S S

Note db = 20 log ET

= 8.E686 1n ET
T

SO GET = m 6 db (7'5)
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The root mean square errors are

(o[

E 2
g.686 0 do| +

It was found experimentally that phase shifts 68 =. 2° = 3,49 x 10_3 radian and

E 2
Ly 6db] + (sin 15 B)2 (7-6)
8. 686 |

tan A _ ET - cos B
E 2
T ES

2
ET cos j _ tan A sin A 58 (7-7)
E_ sinAx E ’

() - [

S S

db changes & db =.02 caused detectable unbalance in the null measured on the

spectrum analyzer throughout the measurements.

For example if R=.5cm, v=10l 9 = 10*!  then from Figures 27

and 28, A =197.65 E_,=.07, so B=358.7, E, =.935.

S T
Therefore
6 Escat/Eo =-,925 oET +.30368 (7-8)
ox = 4. 55 6ET + 12.63 68 (7-9)

The necessity for accurate phase measurements is clearly evident in 6A.

Equations (7-6) and (7-7) were used to calculate 6Escat/ E0 and 6\ for the
experimental determinations of Escat/ E0 and A. Note that Equations (7-6) and
(7-7) indicate only the precision of the measurement of Escat/ Eo and A that can

be expected. They do not indicate the error possible in Escat/ E0 and A.

Since Escat/ E0 results essentially from the difference of two relatively large
numbers and A depends so critically upon both & db and 83, the accuracy of meas-

urement in the range of small Escat/ Eo is not large. Other methods of measuring
the scattered field should be investigated.
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VII-C. Plasma Radius Error
The plasma radius was evaluated by measuring three photographs of the plas-
ma at a given seeding ratio. The three results were averaged. The visible radii

are reproducible to + . 02 cm.

A serious question is whether the visible radius of the plasma, which is prin-
ciply due to emission from neutral atoms gives an accurate picture of the free
electron distribution. The values of Escat/ Eo and A appear to depend fairly
strongly on the value of R so the error due to this effect will be large. No meas-
urements were undertaken to measure the free electron distribution so one can

only speculate upon this question.

VII-D. Temperature Error
The sodium D line temperature measured in the center of the plasma directly
between the horns was:
2754 + 37°K

where + 37°K was the sample standard deviation of 13 temperature values. This

temperature uncertainty is the principle factor in the electron density uncertainty.

For the sodium plasmas, Table 7 lists the relative errors in plasma frequency

due to this temperature uncertainty.

TABLE 7
EFFECTS OF TEMPERATURE ERROR ON PLASMA FREQUENCY, Na

N Acup/wp
.7123 x 10°* . 208
1.20 x10°* . 200
2.689 x 1074 . 169
6.21 x107% . 164
1.078 x107° . 161
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TABLE 8

EFFECTS OF WEIGHT ERROR ON SEEDING RATIO
AND PLASMA FREQUENCY Na

N AN/N Awp/wp
.7123 x 10~ . 0607 . 030
1.201 x 107
2.689 x 10 . 0319 013
6.212 x 10 . 0141 . 009
1.078 x10°3 . 0085 . 005

A 5 mg error in the atomizer calibration gives errors substantially less than

those above, and is therefore neglected.

It is concluded that seeding ratio errors are a fairly small source of error.

VII-G. Non-Standard Pressure
The calculations were made for 760 mm pressure but the actual pressure
during the experiments was 740 mm. This introduces a particle density error

An/n =.026, which is small in comparison to other effects.

VII-H. Strong Electric Fields

The presence of electric fields will accelerate the rather light electrons and
raise their average energy compared to the heavy ions and neutral particles. On
the other hand, collisions of the electrons with the other species will tend to equi-
librate the electron energy with the energy of the other species. It is clear there-
fore that strong fields or low collision frequencies can give electron energies or
temperatures much higher than plasma temperatures measured by sodium D line
reversal techniques for instance. The sodium D line gives a temperature approp-
riate to a bound electron transition of a neutral sodium atom. As noted before
the important quantity for microwave interaction is the free electron temperature.

The Saha equation equilibrium will also be disturbed by an increased electron
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temperature. High energy electrons may force a rise in the sodium D line tem-
perature to some value between the ion or molecular translational temperature

and the free electron temperature.

Let us calculate the error due to an electric field E exp (iwt). The equation

of motion of an electron in this field is given by
m X =eE - m xv (7-10)
e e

Assuming the time variation to be exp (iwt) then

% = ek
me(w + V)
and
x| - —2& (1-11)
V/ 2 2
mVw + V
The average ordered oscillatory electron energy is
Inelklz
K= —5
2_2
-—e B (7-12)

2me(w2 + V2)

Some of this ordered motion is converted into disordered heat at each collision.

Let AK = average electron energy loss at collision
= (K, - K ) (7-13)
where Ke = electron thermal energy
Kg = gas thermal energy

f = fraction of the excess energy Ke - Kg of the electron lost at collision.
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From elementary billiard ball mechanics one finds

where M = mass of particle collided with

and me = electron mass.

(7-14)

Equilibrium occurs when the average ordered energy K gained during oscilla-

tion equals the average energy AK lost at each collision.

Therefore
K = AK
or
2.2
fK -K)=—02=°F
e 2 2
2m (W + V")
e
Since
3 kTe
Ke =72
3 kT
K =—8
g 2
Then
Te - Tg ) e2E2
T

T -T
For equilibrium —e—T--—E <<'1
g
So

- 2 2
g 3fmekTg(w + V)

E<< %\/ 3 fmekT(wz + 1)
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It is interesting to note that Margenau28 obtains for the distribution function

to be Maxwellian in the presence of electric fields

2
M(eE
me
kT >> —5— (7-21)
\' 2
6 —=+w
A
where A = mean free path.
Using
2 V2 3T
A‘ = —= ~
2 2
v m Vv
e
Zme
==

then

1 2 2
E <L E\/;fmekT (™ + v7)
as obtaired in Equation (7-20).

Considering N, as the massive particle, f ~ 3.8 x 10-5. Massey and Burhop36

2
indicate experimental values for f on the order of 10_3 at electron energies of

. 5 ev, due to the presence of a few inelastic collisions for which f ~ 1.

Taking =103
V= 1011 as constant >> w
T = 2750°K

Equation (7-20) gives
E << 6.35x 103 volts/m

An order of magnitude for the electric field off the tip of the probe is obtained
by considering that just above the tip, the probe looks somewhat like a sphere of

3/8" diameter charged to about twice the plate potential (2000 v) of the plasma torch
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The factor of two is due to the fact the tank coil is tapped like an auto transformer.

Note that for 30 mc/sec, w=1.88 x 108 <L v= 1011 so the plasma generator field

can be considered DC.

The capacitance of an isolated sphere of radius ro is

C=4ner (7-22)
oo

If Vo = sphere voltage, Q = charge on sphere, then Gauss' law gives at some

distance r
4111‘26 E=Q=CV =47¢ V r
o o 00O
Therefore
Voro
E = 3 (7-23)
r

Now r_ =.5cm=5x 1073 m yV =4x 103, At the tip r=r_ soEquation

(7-23) gives E ~8 x 105 volts/m. This is considerably in excess of the allowable

field strength, given by Equation (7-20).

For r =7cm, which is the plasma region directly between the microwave

horns, Equation (7-23) becomes

E=409x 103 V/m (7-24)
If f=10"3
11 8
v=10"" constant>> w=1.88 x 10
T =2750°K
g
then Equation (7-19) gives
T -T
¢ —E-2.48x 1078 g2 (7-25)
g
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Thus in the region between the horns

T -T

€ g . -
—————Tg . 413 (7-26)

Therefore Te ~ 3890°K which is considerably above the gas temperature
T =2750°K.
g

In nonequilibrium cases, an adequate approximation35’ 37 is to insert the elec-
tron temperature Te into the Saha equation. For the sodium plasma, using
Te = 3890°K, the electron density would be increased by a factor ranging from
27at N=10"% to40at N=5x10"° over the value using 2750°K, using

Figure 5.

An estimate for the microwave electric field is found by noting that the time
average flux density in a plane wave is

ceE2
o

—— o -
S = ) (7-27)

A maximum value of 100 milliwatts from the X-13 klystron is distributed by the
horn over an area on the order of 20 cm x 20 cm or . 04 m2 at the plasma posi-

tion. Therefore S=.1/.04=2.5 wa.tts/m2 giving

By=fee - \/ 2 8 (7-28)
0 8.854 x 1072 3 x 10

= 43, 6 volts/m.

For the microwave electric field w =27 x 1010, V= 1011, Tg = 2750°K,
T -T

_.____eT € -3.38 x 10-5. Therefore T - T =.093°K atT = 27500K,
e g g

g
which is negligible.

giving
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It is concluded that thermal equilibrium for the electrons probably does not
exist, assuming Equation (7-23) represents the RF electric field at distances less
than 15 cm in the region of the plasma. Of course the presence of the plasma may

seriously affect the electric field strength as given by Equation (7-23).

VII-I. Temperature Gradients

There exist both axial and radial temperature gradients in the plasma. The
radial variation is about 100°K from center to visible radius of . 5 cm and about
60°K per cm in the axial direction. These temperature differences will affect

the plasma frequency and collision frequency in the plasma.

Some idea of the effect of axial variation may be obtained as follows. Con-
sider the plasma divided into two halves by a plane normal to the plasma axis.
In this plane the phase of the scattered wave from the upper half is the same as
the phase of the scattered wave from the lower half. The upper and lower halves

each contribute 1/2 of the magnitude of Esc Rather than taking the temperature

throughout the entire plasma as that at the ;:nter where this plane passes through
the plasma, for comparison we patch a two temperature plasma together at the
mid plane. For the purposes of this calculation the temperatures used were those
measured in the real plasma at the center of its upper half and the center of its

lower half.

For each of these temperatures Esc computed for the infinite length plasma

at
is divided in half and added the other half, each with its own phase. The result is
compared to that obtained for the full plasma taken at the average temperature of
the two halves.

Assume upper half at 2520°K, lower half at 3000°K, with average 2760°K,

R=.5 v=101 ¢=0° Na in N,

The ratio of Escat/ Eo, computed using the average plasma properties, to
Escat/ Eo’ computed using the composite plasma, is plotted vs. the plasma fre-
quency of the average plasma in Figure 48. One could use this graph to get a

correction factor to be applied to the observed Escat/ Eo'
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DeRidder and Edelberg13 assumed arbitrary polynomial radial variation
of wp, and found significant changes in the phase and amplitude of the scattered
wave as compared to the homogeneous case. The scattered amplitude from
the radially varying plasma generally decreases because of better matching
of the plasma properties to the outside free space. For a sodium plasma of
N=2x 10—4, the 100°K decrease from 2754°K decreases the electron con-

centration by a factor of 1.7. No attempt was made to determine the form
of the radial variation.

VI-J. Finite Length

To evaluate the effects of finite plasma length on the phase and amplitude of
the scattered wave, copper rods, and rods made of plaster of paris mixed with
2%, by volume wood charcoal (both of varying length, representing plasmas)
were made and the phase and amplitude of the scattered wave plotted as a func-

tion of rod length.

The phase and amplitude data scatter was large but the conclusion was made
that for lengths greater than 15 cm no large length effect was present. This is

approximately the length of plasma illuminated by the microwaves.

VII-K. Electron Attachment and Ionization Rates
Due to the presence of O2 and HZO in the plasma, electron attachment is

possible. 31

- -
e + HZO‘—> HZO

e +0. —> O,

2 2

This attachment effectively immobilizes the electron for microwave purposes
because of the heavy mass of these negative ions relative to the electrons. The

microwave is sensitive only to the free electrons.
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The rate of change of electron density due to attachments is31

dne —-n (v hH + v h )electrons
dt e HZO 2O 02 O2 cc sec
where n, = electron density
YH.O = electron collision frequency with water molecules
2
hH o~ probabilify of electron attachment to water molecule, etc.
2

Balancing this removal of electrons is new ionization of seeding material;

perhaps by the following process3
- kf + -
Na+e —= Na + 2e

This ionization process produces electrons at the rate,

dle ] _. & -, moles
dat kf [Na][e ] cc sec
or
dn -
€ _x [Na][e ] electrons
dt ~ °f NO CC secC

N, = Avagadros' number, [ ] = concentration, moles

of electron density is

The total rate of change

dn

e
—=-n_(v h +v. h - k. [Na])
dt e H20 H20 O2 HZO f
dne
Values of kf could not be found so whether T is positive or negative was

riot determined.
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VII-L. Microwave Amplitude Error
The microwave is stronger at the plasma than at the receiving horn when the

horn is put at x =30 cm, ¢ =0, by 3. 65 db.

Therefore E /E =1, 525. Since the amplitude of E is
p plasma’ "p 30 cm scat

directly proportional to the strength of the plane wave while the phase of Esc
should be divided by 1. 525.

at
is unchanged, the measured raw values of Escat
During these experiments the transmitting horn to plasma distance was 54 cm

and the plasma to receiving horn distance was 30 cm.

VII-M. Errors Due to Altered Phase Relations of '"Plane' and Scattered Waves
Across Finite Horn

The receiving horn is not a point receiver but averages the signal which occupies
roughly a spherical cap Cto E over the horn mouth with center of curvature at the

horn apex.

/ Receiving horn

/] Pla/s.{na
A o N N ©

E
Transmitting B "
horn T \( y

At the center C of the receiving horn the phase relations between E and
p

fvo
E
A
Mt
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At the edge of the horn E these phase relations are as shown

\ - \E}) AIG
E \\\\\\\;::\\‘\\\\\Z\\\\ e
S

scat

Af is the phase shift of the plane wave Ep due to the difference in distance of

E and C from the receiving horn.

Let )'c - Ay = A) be the phase shift due to the differences in the distance to

the spherical cap of the ''plane' wave and scattered wave.

If y = distance away from the center line

6H = distance spherical receiving cap departs from the planar horn
face

6D = distance of the surface of constant phase of scattered wave
from planar horn face

) B~ distance of surface of constant phase of plane wave from planar
horn face

Gscat = distance scattered wave surface of constant phase is from the

spherical cap
Gp = distance ''plane'’ wave surface of constant phase is from the
spherical cap

then
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2

. _y_ .
Since 5D"2D’ etc., the change of phase between Escat and Ep at y is
_ - _ 21
Ac y ( scat p) W
c(L 12y
2D 2B’ W

where W = wave length of radiation.

scat’ Ep have

nearly constant amplitude. Escat and Ep fall off as 1/YD and 1A/B respectively.

Since all 6's are much less than B or D it has been assumed E

If 2a = horn width, and each portion of the horn contributes equally to the total
signal, an average A\ is

a

1 1,27 1 2 B-D
(&)~ G-38) W | ¥ 9~ Cop
-a

For the present case

W =3 cm
B=84cm
D =30 cm
a =445

so {Ax) =.074 radian. This should be algebraically added to the measured A

(which is an average) to give A at the horn center.

VII-N. Error Summary
The principle errors are felt to be:
1. Possible nonequilibrium due to the high RF fields present.
2. Use of an arbitrary visible radius.

3. Nonuniform properties in the radial and axial directions.

Those corrections which can be made to Escat/ E0 and A, i. e, the microwave
amplitude error and altered phase relations due to the finite size horn, make the

differences between theory and experiment larger.
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It is apparent that the discrepancy between theory and experiment is too large
to be satisfactorily accounted for. It should also be clear that serious doubts can
be entertained as to whether the theoretical model in any but a qualitative manner
describes the interaction of a plane wave and a finite nonuniform cylindrical

plasma.

The errors affecting the predicted Escat/ Eo and A were not used to obtain

uncertainties for E /JE and A.
scat’ o

VIII. CONCLUSIONS

Examining Figures 42 through 47, giving the comparison of theory and expgri-
ment, shows serious consistent differences between the predicted phase and ampli-
tude using predicted values of wp and v and the visually determined radius, compared

to the microwave measurements of phase and amplitude.

The measured phase is seen to be larger than predicted even though the preci-
sion is of the same order as the differences. The corrections noted in Section

VII-M however, increase the discrepancy between prediction and experiment.

The measured amplitudes are smaller than predicted. The precision of meas-
urement is better but the corrections in Section VII-L indicate the experimental
peoints should be divided by a factor which makes the disagreement between predicted

and experimental amplitudes even larger.

The general uncertainty of the conditions in the experimental plasma indicate
more work must be done to satisfactorily resolve these questions. It is anticipated
that further studies of cylindrical plasmas with improved models will yield data

which may explain some of the difficulties encountered here.
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