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LIST OF SYMBOLS

My free-stream Mach number

P local yawed pressure

Py ambient pressure

Pa nonyawed conewall pressure

R gas constant

S entropy

Cp specific heat at constant pressure

Cy specific heat at constant volume

v local velocity referred to limiting velocity

Vq undisturbed«velocity referred to limiting velocity

X , yaw contribution to the velocity component u

u, v, W polar velocity components in the radial direction, normal to

or radial direction, and normal to meridian direction, respectively

Vpy Vo W '

a angle of attack

® yaw of the axis of the conical shock with respect to the
free-stream direction

V4 ratio of the specific heats

] rotational angle denoting the position on the cross section of
the solid cone.

V position of the conical body in the @ = x plane referred to
the shock axis

Subscripts:

a zero-order terms of Fourier series (part independent of angle

of attack); except for P, above
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LIST OF SYMBOLS (Concluded)
first-order terms of Fourier series (part proportional to angle
of attack)
cone surface values
- quantities at external surface of vortical layer

referring to direction normal to the direction along a conical
ray '

referring to direction along a conical ray

iv



ABSTRACT

For a right circular cone moving at supersonic velocities at zero angles
of attack, measurement of the total head pressure and a conewall pressure
enables determination of the ambient pressure and temperature,l The analysis
is here extended to include corrections for small angles of attack with the
use of Perri's first-order theory.2

This report presents a tabulation of the ratio of the yawed conewall pres-
sure to the ambient pressure, and the ratio of the yawed conewall to nonyawed
conewall pressure at various rotational points on a 15° right circular cone
for Mach numbers ranging from 2.0108 to 8.0589, and at angles of attack from
1 to 10°.
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INTRODUCTION

In axially symmetric supersonic flow around a right circular cone, where
the direction of the stream is parallel to the axis of the cone, direct meas-
urement of the total head pressure and the conewall pressure enables deter-
mination of the free-stream Mach number, the ambient pressure, and the ambient
temperature. This technique was employed by this laboratory during the IGY
with the use of Aerobee and Nike-Cajun rockets for the measurement of ambient
pressure, temperature, and density in the 30- to 80-kilometer range over Fort
Churchill, Canada.

Small angles of attack (of the order of 2° to L°) were observed, and cor-
rections to the nonyawed analysis can be made with the use of Ferri's theory,2
From this theory, the ratio of the yawed conewall pressure to ambient pressure,
and the yawed conewall to nonyawed conewall pressure are computed and tabulated
for a 15° right circular cone.

DISCUSSION

- The effect of finite angles of attack can be seen through the ratio of
the yawed conewall pressure to the ideal, nonyawed, conewall pressure P/Pcn
Calculation of P/Pc can be made through the following identity:

where P/Pa is the ratio of the yawed to the ambient pressure, and Pa/Pc is the
ratio of the ambient to the ideal nonyawed conewall pressure.

For the specific case of a 15° right circular cone, the ratio Pa/Pc has
been calculated in Ref. 3. The expression for P/Py is derived by Ferri, and
is the basis for the computations in this report.

FERRI'S ANALYSIS

Ferri's determination for the supersonic flow around a cone at small angles
of attack shows the existence of singular points at the surface of the cone in
what he terms a "vortical layer." Across this layer the pressure distribution



remains constant, but a discontinuity in entropy, density, and velocity occurs.
In previous work, as in the Kopal Tables,h:5 a computation from Stone's Theory,
the flow properties were considered continuous. The analysis as developed by
Ferri enables use of the Kopal values up to the point of the "vortical layer,”
after which the previously mentioned discontinuity in entropy is accounted for.
The resulting pressure distribution, valid for small but finite angles of at-
tack, is expressed as:

- )

COMPUTATION OF P/P,

The expression given by P/Pg in Eq. (1) can be expanded, as suggested by
Ferri, into a form where Kopal's tables may be used for the evaluation of the
shock and conical flow properties, thus facilitating computation.

The steps leadlng up to the final expanded expression for P/Pa will be
given,

(a) TFor a given Mach number M;, Vi is the undisturbed velocity referred
to the limiting velocity, i.e., it is the ratio of the undisturbed velocity
to the velocity that the air in front of the shock wave would have after an
adiabatic expansion into a vacuum.

- <l i -21)M§>-l. ®)

(b) (AS/R) is the increase in entropy per gas constant across the shock
and 1s expressed in terms of Sy and Sy, the entropy change independent and de-
pendent, respectively, of the angle of attack Q.

85 _ %2 % (3)
R R (v - Dey

Sy 1s found in terms of the shock strength Py/P, on page 555 of Kbpal No. 1,
and Sp/cy = d is tabulated on page 309 of Kopal No. 3.

(¢) Corresponding. to the yawed pressure P, V, the local velocity referred
to the limiting velocity can be expressed in terms of its component polar ve-
locities vy, vy, and w. Using the first-order Fourier series expansion as
given by Ferri:



Vp = Vp, t Ovp cOS e
Vp = Vna + avnb cos © (4)
W= Oy sin ©

where the subscript a refers to the part independent of the angle of attack,
and b refers to the part dependent on the angle of attack. Denoting the sub-
script ¢ as being on the surface of the cone where vy is zero, V2 becomes :

Ve = (vra + ava cos 0)2 + azwﬁc sin®0 (5)
c c

In Ferri's analysis, the properties on the cone (with subscript c) are
uniquely related to the quantities at the external surface of the previously
mentioned "vortical layer" (denoted by the subscript e). The pressure dis-
tribution through the layer remains constant so that the pressure at the ex-
ternal surface of the "vortical layer" is equal to the cone surface pressure.
A discontinuity in entropy, density, and velocity exists, but it is shown that
the cone surface properties are only affected by the streamlines that cross
the shock in the meridian plane 6 = x. In this © = x plane, .So = Sg,

Vpg = Vr, and We= W= 0. It is with these relationships that the terms in
Eq. (5) above are established. This is done with the use of Egs. (32), (34),
(35), (37), and (55) of Ferri's report. ‘

Since ultimate computation is with the use of the flow properties as cal-
culated in Kopal's Tables, the terms in the equations referred to above are
converted to the notation conforming to Kopal's. The polar velocity components
Vy, Vg, and w used by Ferri correspond to u, v, and w used by Kopal. For
example, Vrae in Ferri's report corresponds to u¢ in Kopal's notation, and
similarly Vna% corresponds to vy where

Yy = Y, +a-58 (6)

Y = position in the © = x plane of the conical
body referred to the shock axis

Y. = half angle of the solid cone
o = angle of attack

8 = inclination of the conical axis with respect
to the free-stream direction.



Equations (%2) and (55) from Ferri's report:
Vp = (Vra - O[Vr-b)e = (Vra - OWr-b)c (7
v = - (x4 +v -6-) (8)
I'be %c na’; o
can be expressed in Kopal's notation as:
Vpo= uy toxy o+ oV (9)
o)
Vr. = = (X;/c + vy 5 ) (10)

Similarly Eqs. (34) and (37) from Ferri's report

8e Sp
v = ————— (11)
e y(y - Dvie, e
2 _ 7y -1 12
B = 5 (1-v) (12)

combine , and, in terms of Kopal's notation, with the use of Egs. (9) and (10)

ahove, Vv becomes:
oo

1 - (uy +oxy, + sw)zesb
Vrbc ) 27(u¢ oy + 8v¢)wcv

- Oy, + vy g ) (13)

The term vr,, from Eq. (7), using (9), (10), and (13), becomes:

1 - (u¢ + oy + Sv;/)?sb] (1)

27(u¢ + oy, + 5V¢) Cy

Vrac = uy +ta [
Finally, Eq. (3%5) from Ferri's report:

sin 5/0

W-bc =



and on substitution of Eq. (13):

-1 1= (wy %oo% + 5vy) %5y,
sin Y, 27(u¢ toxy + 6v¢) Cy

W’bc =

HCTRERY -3 ) (16)

The above expressions for vrg., Vrp,, and wpcare substituted into Eq. (5) and
give V2 in terms of the quantities 8/a, uy, vy, Xy, and Sp/cy which are tabu-
lated in Kopal. This expanded expression for V2 is:

2 2
v o= {u¢ + o1l + cos 6) . 27§2§ I Zjﬁc i :ZZ; ;E - O cos 9(x¢c + vy g )}
c v

(17)

+

o&%sin% L - () + axje +ow)% S g+ 8 )’ 2
sin®Y, 27(u¢ oy, + 8V¢) Cy c o

When substituted into the Ferri expression for the yawed to the ambient pres-
sure ratio P/Py, Eq. (1) becomes:

\

" oL (uy oy, + 6V¢)2 Sp 5 2
3 1 -{P% + ol + cos 0) 27(u¢ v og, 8V¢) E; - (x¢c * 5 v¢)a cos 9}
Py 1- Ve
(18)
) ozz‘singg{l - (uy + oy, + dvy)® S > L0 ¢)}21 ;—E
sin®Ye, 2y(uy + oxy, +dwy) cy ¢ o

1- =P <

This is the final expression used for the computation for the values of P/Pao
For a given solid cone (e.g., ¢C = 7.5°), at a given Mach number M;, angle of
attack o/, and rotational angle ©, the quantities in Eq. (18) are determined
as follows:

1. 6/@, Sb/cV from Kopal No. 3, page 309.

2. ¥ from Eq. (6) of this report.

3 u¢, ) from Kopal No. 1, the values of u and v at the angle w.

k. xj, from Kopal No. 3, the value of x at the angle Yo



5. Vi for various Mach numbers M; from Eg. (2) of this report,
6. AS/R from Eq. (3) of this report.

These various quantities for the Mach number range 2.0108 to 8,0589 and
angle of attack at 1° increments up to 10° were tabulated, and the computa-
tion for P/Pg from these quantities, through Eq, (18), was completed through
the use of an IBM 704 computer.
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