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Free convection from an arbitrarily inclined plate in a porous medium

l. Pop, T.-Y. Na

Abstract A mathematical model for the flow and heat transfer
in the free convection from an arbitrary inclined isothermal
flat plate embedded in a porous medium is presented, in which
the Darcy—Boussinesq approximation is adopted to account for
bouyancy force. A novel inclination parameter ¢ is proposed
such that all cases of the horizontal, inclined and vertical plates
can be described by a single set of transformed boundary layer
equations. Moreover, the similarity equations for the limiting
cases of the horizontal and vertical plates are recovered from
the transformed equations by setting £ =0 and {=1, respec-
tively. Detailed results for the skin friction coefficient and
Nusselt number as well as for the dimensionless velocity and
temperature profiles are presented for a wide range of the
parameter ¢. A comparison with similarity solution shows
excellent agreement.

Freie Konvektion an einer beliebig geneigten Platte in

einem porosen Medium
Zusammenfassung Es wird ein mathematisches Modell zur
Beschreibung des Stromungsverhaltens und des Warmeiiber-
gangs bei freier Konvektion an einer beliebig geneigten,
isothermen, ebenen Platte, die in ein pordses Medium
eingebettet ist, vorgestellt, wobei die Auftriebskraft iiber die
Darcy/Boussinesq-Approximation erfait wird. Durch die
Einfithrung eines Neigungsparameters { lassen sich zwischen
vertikal und horizontal beliebig orientierte Platten durch einen
einzigen Satz transformierter Grenzschichtgleichungen be-
schreiben. Fiir die Grenzfélle (=0 (horizontal) und {=1
(vertikal) liefern die transformierten Gleichungen die bekann-
ten Ahnlichkeitsbeziehungen. Fiir einen weiten Bereich des
Parameters { werden Ergebnisse beziiglich Reibungsbeiwert
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und Nusselt-Zahl, so wie die dimensionslosen Geschwindigkeits-
und Temperaturprofile mitgeteilt. Beim Vergleich mit Ahnlich-
keitslosungen zeigt sich ausgezeichnete Ubereinstimmung.

Nomenclature

o skin friction coefficient defined in Eq. (17)

f reduced stream function defined in Eq. (8)

g acceleration due to gravity

K permeability of the porous medium

Nu Nusselt number defined in Eq. (17)

G heat flux from the plate

Ra Rayleigh number

T fluid temperature

T, wall temperature

T, temperature of ambient fluid

u,v velocity components along (x, y)-axes

U, characteristic velocity

X,y Cartesian coordinates along the normal to the plate,
respectively

Greek symbols

o thermal diffusivity

p thermal expansion coefficient

¢ inclination parameter defined in Eq. (5)

A parameter defined in Eq. (7)

n pseudo-similarity variable defined in Eq. (6)

0 nondimensional temperature defined in Eq. (8)
K thermal conductivity

U dynamic viscosity

v kinematic viscosity

¢ variable defined in Eq. (6)

p density

T, wall skin friction

¢ angle of inclination measured from the horizontal
V] stream function

Superscript

! differentiation with respect to n

1

Introduction

A classical thermal convection in porous media which is
relevant to the study of geothermal activities, underground
transport of pollutants, paper processing, building insulation,
drying of grains, and solar pond design is that of heating from
horizontal, vertical and inclined surfaces. Free convection from
horizontal and vertical surfaces embedded in a porous medium
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has been investigated in great details both theoretically and
experimentally. An account of most of the work carried out for
these problems before 1992 can be found in the book by Nield
and Bejan [1]. However, free convection along inclined sur-
faces has received less attention than the cases of vertical
and horizontal plates. Rees and Riley [2], Ingham et al. [3],
and Kumari et al. [4] have presented detailed analytical and
numerical solutions to the problem of free convection along
a flat plate in a porous medium which are valid only for
inclined plates at small angles to the horizontal. These sol-
utions are, however, not valid uniformly from the horizontal
limit to the vertical limit, respectively.

The purpose of this paper is to study free convection above
an inclined isothermal flat plate embedded in a porous me-
dium by introducing new coordinates which permit rigo-
rous solutions for the entire range of inclination from the
horizontal case to the vertical case, respectively. Consequently,
a set of two coupled non-similar equations is obtained which is
solved numerically using a very efficient finite difference
method proposed by Keller [6]. Accurate numerical solutions
are obtained for both the cases of positively inclined plate
(0° < ¢ < 90°) and negatively inclined plate at small angles to
the horizontal (¢p < 0°). Of interest are the effect of inclination
plate parameter on the velocity and temperature profiles as
well as on the skin friction coefficient and Nusselt number. The
known results for the classical situations of horizontal and
vertical plates in a porous medium first studied by Cheng and
Chang [6] and, respectively, by Cheng and Minkowycz [7]
were recovered.

It may be noted to this end that important contributions to
the problem of free convection from arbitrarily inclined plate
in a viscous (non-porous) fluid were made by Yu and Liu [8],
Lin et al. [9], and Umemura and Law [10].

2

Basic equations

Consider the steady boundary layer free convection flow above
a semi-infinite flat plate which is inclined at an angle ¢ to the
horizontal and embedded in a fluid-saturated porous medium.
The inclination angle is either positive (0° < ¢ < 90°) or
slightly negative (¢) < 0°). The plate is maintained at a uniform
temperature T,,, while the quiescent ambient fluid is at the
lower temperature T . The physical model and coordinate
system is shown schematically in Fig. 1. On the basis of
Darcy—Boussinesq approximation, the velocity and temper-
ature within the momentum and thermal boundary layers
which develop along the inclined plate are governed by the
following equations:
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which are to be solved subject to the boundary conditions

v=0, T=T, ony=0; u=0, T=T, asy— o (4)

Fig. 1a,b. Physical model and coordinate system

Here (x, y) are Cartesian coordinates along and normal to the
plate, (u, v) are the velocity components along (x, y)-axes, T is
the temperature, g is the acceleration due to gravity, K is the
porosity, v, f and o are the kinematic viscosity, coefficient of
thermal expansion and thermal diffusivity, respectively.
To transform Egs. (1)—(3) which describe free convection

flow from an arbitrarily inclined plate in a porous medium, we
introduce a nondimensional parameter of the form

_ (Ralsin¢|)"

~ (Racos ¢)? >

where Ra=gKp(T,,— T, )x/av is the Rayleigh number. This

parameter is the porous medium analogue of the one proposed
by Yu and Liu [8] in a viscous fluid. It describes the relative
strength of the longitudinal to the normal components of the
buoyancy force acting simultaneously on the boundary layer. It
also serves as a stretched longitudinal coordinate for a fixed
inclined angle. Further, we introduce the following variables

__ ¢ _(2);
é(x)—(HC), n—<x>A (6)
where
/A =(Racos ¢)"*+ (Ra|sin ¢|)"? (7)

It is worth mentioning that the coordinate £ measures the
downstream distance along the plate from the leading edge for
a specified inclination angle. It also represents a parameter of
inclination since it varies from ¢ =0 to £ =1 when the inclined
angle varies from ¢ =0° to ¢ =90° for a fixed Rayleigh number.
In addition to the variables (6), we introduce the reduced

stream function f and dimensionless temperature 6 according
to
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where  is the stream function which is defined as
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Hence Egs. (1) to (3) can be transformed as
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subject to the boundary conditions
f=0, 0=1, onn=0, f'=0, 0=0 asny—> (12)

where primes denote differentiation with respect to #. Equa-
tions (10) and (11) are the universal formulation for free con-
vection from an isothermal plate of arbitrary inclinations.
The plus and minus signs before the first term in the right-
hand side of Eq. (10) pertain to the positive and negative
inclination cases, respectively. On the other hand, we notice
that Eqs. (10) and (11) are readily reduced to the following
similarity equations for the limiting case of a horizontal plate
(¢=0° and £=0) in a porous medium found by Cheng and
Chang [6]

f//_%nerzo
0" +1f0'=0

(13)
(14)

For the other limiting case of a vertical plate (¢ =90° and { =1)
embedded in a porous medium, Egs. (10) and (11) reduce to

f// — 0/ (15)
0"+3f0'=0 (16)
first obtained by Cheng and Minkowycz [7].

The physical quantities of interest are the skin friction
coefficient and the Nusselt number which are defined as

Ty Xqw

= Ny=————
! K(Tw_Too)

'f pUz) (17)

where U, = (av/x*)"” is the characteristic velocity, t,, is the skin
friction and g,, is the heat flux at the wall which are given by

Ty = t<6u> ——K<6T> (18)
nh Oy y=0’ A Y Jy=o
Using (6) and (8), we obtain
Cf _ 3cn
7(Racosq§)_(1+§) 17(&0),
Nu (19)

W=(1+C)[—9/(€y,0)]
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Results and discussions

The two coupled partial differential equations (10) and (11)
subject to the boundary conditions (12) were solved numer-
ically by means of a very efficient finite-difference method
proposed by Keller [5]. Since ¢ ~1/(1 + constant-x~ "), the
numerical integration procedure has to be started at £=0 and
marched forward step-by-step to {=1. To initiate the nu-
merical process, the solution along £ =0 is required, which
is the similarity solution of free convection above a heated
isothermal horizontal flat plate in a porous medium given by

Egs. (13) and (14). The details of the numerical procedure can
be found in Refs. [11-16].

3.1

Positively inclined plate

The numerical results for the skin friction coefficient and
Nusselt number as a function of & are shown in Figs. 2 and 3.
The similarity solutions given by the set of equations (13, 14) at
&=0 (horizontal plate) and (15, 16) at £=1 (vertical plate) are
also shown in these figures for comparison. We notice that
the agreement between the numerical solutions of the full
boundary layer equations (10, 11) and the similarity solutions
at {=0 and £ =1 is excellent. Further, Fig. 2 shows that the
skin friction coefficient increases monotonically as the plate is
tilted from the horizontal (¢ =0) toward the vertical (¢=1).
This is because the bouyancy force becomes stronger as ¢
increases from =0 to £=1. On the other hand, the Nusselt
number decreases from 0.422 at £=0 to 0.236 at £ ~ 0.55 and
then increases to 0.444 at (=1, as can be seen in Fig. 3.
Therefore, the Nusselt number exhibits the existence of a
global minimum at £ ~ 0.55 ({ ~ 1.22) where the tangential
and normal components of buoyance force are comparable.
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Fig. 2. Variation of the skin friction coefficient with ¢ for positive
inclination

05T T 7T

0.4 Stirnﬂarity Solution :t'"]'_la”ty Solution

o
w

o
N

Nu/[(Ra cos¢) 2(1+0)]

0.1

v by P b b

0|||||||||]|||||11|||||||

0.2 0.4 0.6 0.8
3

<]
=]

Fig. 3. Variation of the Nusselt number with & for positive inclination
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The dimensionless velocity and temperature profiles are
presented in Figs. 4 and 5 for £ =0, 0.5 and 1. The evolution of
the profiles from the horizontal limit to the vertical limit can be
seen from these figures.

3.2

Negatively inclined plate

Figures 6 and 7 illustrate the variation of the skin friction
coefficient and Nusselt number for negative inclination angles.
The similarity solutions at £ =0 are also shown in these figures.
It is seen that both the skin friction coefficient and Nusselt
number vanish at £{=¢ ~0.75 when the plate is at a small
negative angle to the horizontal. Therefore, the boundary layer
separates downstream from the leading edge at £,~0.75. This
trend is to be expected physically because the buoyancy force
retards the flow motion when the plate is negatively inclined.
A reverse flow region is expected downstream past the
separation point beyond which the present solution procedure
has to be terminated since the boundary layer approximation is
no longer appropriate. However, the solution behaves in a
regular manner at the separation point £, ~0.75, and this is
confirmed by the previous work [2—4].
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Fig. 4. Dimensionless velocity profiles for positive inclination
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Fig. 5. Dimensionless temperature profiles for positive inclination

To this end, the dimensionless velocity and temperature
profiles for negative inclination angles are depicted in Figs. 8
and 9 at £=0,0.25 and 0.5. Note that the velocity profiles are
steeper for lower values of £, while the temperature profiles
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Fig. 6. Variation of the skin friction coefficient with ¢ for negative
inclination
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Fig. 9. Dimensionless temperature profiles for negative inclination

increase monotinically with increasing . However, in the
region just away from the plate, the velocity boundary layer
thickness is larger for £ =0.5 than for £ =0.25 and £ =0. This is
to be expected due to the separation of the boundary layer at
&, ~0.75. It is also seen from Figs. 5 and 9 that the temperature
profiles are flatter for negative inclination angles than for
positive ones.

4

Conclusions

A novel formulation based on a proper inclination parameter
and new coordinates has been proposed for the analysis of free
convection above an isothermal inclined plate embedded in
a porous medium. The attention was focused on both cases of
positively inclined plate (0° < ¢ < 90°) and negatively in-
clined plate (¢ < 0°) at small angles to the horizontal. The
resulting skin friction coefficient and Nusselt number as well as
the dimensionless velocity and temperature profiles are de-
termined numerically using the Keller box scheme. For the
case of positive inclination it was found that the Nusselt
number exhibits a global minimum at ¢ ~0.55 ({ ~1.22) where
the tangential and normal components of buoyancy force are
comparable. It was also shown that for the case of negative
inclination angles, the boundary layer separates downstream
from the leading edge. We were able to determine very ac-
curately the position of separation point at £,~0.75.

Finally, it is worth mentioning that our calculations agree
excellently with the similarity solutions at {¢=0 (horizontal
plate) and at £ =1 (vertical plate) of Cheng and Chang [6], and
Cheng and Minkowycz [7], respectively.
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