
Introduction

Quantitative characterization of the processing and
molecular properties of commercial polymers has long
been an area of active research interest, both industrially
(Zeichner and Patel 1982) and academically (Burke and
Weiss 1975). The principal objective of any characte-
rization method is to capture the salient features of a
complex system in a ®nite number of parameters that
can be readily interpreted and extrapolated to general
situations. Industrially, empirical methods such as the
melt ¯ow index (MFI) (ASTM D1238) are still widely
used to characterize the rheological properties of resins.
The MFI is a simple single point method that completely
neglects the complex time dependence of polymers.
Although empirical correlations of the MFI with
molecular parameters exist, the correspondence is often

obscured by the non-homogeneity of the ¯ow®eld and
the possibility that the stress level is su�ciently high that
non-linearities in the ¯ow curve are important (Bremner
et al. 1990; Shenoy et al. 1984).

With the advent of metallocene catalyst technology, it
is now possible to produce polymers with carefully
controlled molecular weight, molecular weight distribu-
tion (MWD) and backbone architecture in commercially
relevant scales (Huang and Rempel 1995; Thayer 1995)
These vastly improved chemical capabilities have out-
stripped the resolution of conventional molecular weight
characterization methods such as Gel Permeation
Chromatography GPC and intrinsic viscosity (Burke
and Weiss 1975; Nguyen et al. 1996). In order to fully
exploit the advances in polymer catalyst technology,
additional rheological, molecular weight and back-
bone architecture characterization methods must be
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Abstract The empirical Cole-Cole
distribution is an analytical three
parameter model of the relaxation
spectra that provides accurate ®ts to
experimental dynamic viscosity data
for many systems of commercial
linear backbone ¯exible polymers.
We demonstrate that for disparate
systems of polyethylenes, the three
Cole-Cole model parameters have
simple power law relationships to
moments of the molecular weight
distribution enabling direct molecu-
lar interpretation of the mechanical
relaxation spectrum. A simple rela-
tionship between the Cole-Cole dis-
tribution and the Cross model for
the non-linear ¯ow curve can be
deduced utilizing the empirical Cox-
Merz rule. Accurately representing

the linear viscoelastic material func-
tions with empirical analytical re-
laxation spectra containing relatively
few ®tting parameters that can be
readily interpreted is a major ad-
vance in polymer characterization.
The three Cole-Cole parameters ef-
fectively replace single point materi-
al characterizations such as melt
¯ow index. Development of higher
resolution polymer characterization
methods is imperative with the ad-
vent of metallocene catalyst tech-
nology, which enables the molecular
weight and backbone architecture to
be carefully controlled.
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developed. Methods such as MFI, GPC and intrinsic
viscosity simply do not have the resolution to distinguish
subtle di�erences in the molecular and rheological
properties of metallocene catalyzed polymers, particu-
larly for the high molecular weight tail of the distribu-
tion. However, since most characterization methods
must be used on a routine basis in industrial settings,
simplicity with respect to both experimentation and
interpretation is absolutely required.

This work is directed at developing enhanced resolu-
tion material characterization methods for metallocene
catalyzed polymers. Rheological methods are particu-
larly well suited for this task by virtue of their inherent
sensitivity to molecular weight, MWD and backbone
architecture (Graessley 1982; Mead 1996). To satisfy the
constraint of simplicity with respect to interpretation
and experimentation, we shall focus on analytical
models of linear viscoelastic behavior in the terminal
and plateau regions of the relaxation spectrum.

The status of quantitative molecular structure-rheo-
logical property relationships was advanced dramatical-
ly by the seminal work of des Cloizeaux (1988) and
Tsenoglou (1987, 1991) on the ``double reptation''
mixing rule. For linear backbone ¯exible polymers, the
double reptation mixing rule provides an accurate,
quantitative relationship between the linear viscoelastic
material properties and the MWD. The mathematical
relationship is su�ciently simple that when the linear
viscoelastic material functions are known, it can be
inverted to yield the underlying MWD (Mead 1994;
Wasserman 1995). This inversion procedure is a rela-
tively new application of linear viscoelastic measure-
ments, analytical rheology, i.e. using melt rheology as a
method of analytical chemistry. There is considerable
precedent for this application in the sense that intrinsic
viscosity is an analytical technique based on dilute
solution rheological behavior of polymers.

A detailed explanation of why the relatively simple
theoretical description contained in the double reptation
model works as well as it does for a problem as complex
as polydispersity has recently been published by Milner
(1996). A more expansive and thorough description of
the molecular dynamics of polydisperse systems can be
found in Viovy et al. (1991). Although the double
reptation model is currently the most widely used mixing
rule for linear backbone ¯exible polymers, we shall seek
mathematically simpler models that contain essentially
equivalent information. In this regard, we shall be
examining the Cole-Cole model relaxation spectrum
which for a wide array of linear ¯exible polymers
provides an accurate description of the plateau and
terminal linear viscoelastic properties. In a subsequent
paper, we shall demonstrate that for linear backbone
¯exible polymers with a log-normal or Schultz distribu-
tion, the Cole-Cole relaxation spectrum with appropri-
ately chosen parameters is functionally equivalent to the

double reptation model. Thus, our primary motivation
for developing the Cole-Cole method is the ease with
which material characterization can be performed rela-
tive to working directly with the double reptation model
(Mead 1994; Wasserman 1995). We are particularly
interested in interpreting the Cole-Cole model parame-
ters in terms of fundamental characteristics of theMWD.

This paper demonstrates the viability of the Cole-
Cole model as a rheological and molecular character-
ization tool that is experimentally simple while greatly
enhancing the sensitivity and resolution with respect to
the molecular and processing characteristics of the resin.
The enhanced resolution is a direct consequence of fully
incorporating the complex time dependence of the
material response into the characterization. This paper
will mollify the view that the generally observed
agreement of the Cole-Cole model relaxation spectrum
with experimental data for many commercial resins is a
suspicious coincidence rather than the powerful yet
mathematically simple tool to characterize the ¯ow
curve and MWD of commercial polymer that it truly is.

This paper is organized in the following manner; in
the second section we review the origins of the empirical
Cole-Cole model for both the dielectric relaxation
spectrum and the mechanical relaxation spectrum. In
the third section the Cole-Cole model is applied to
dynamic moduli data of three families of polyethylene
resins. The model parameters are calculated and corre-
lated with moments of the MWD. In the fourth section
we explore the relationship between the Cole-Cole
model and the Cross model for the ¯ow curve thus
establishing a direct link with non-linear ¯ow properties.

The Cole-Cole model relaxation spectrum

The empirical Cole-Cole model spectrum was ®rst
introduced in the context of the dielectric relaxation
spectrum, e��x�, of ordinary low molecular weight
liquids (Cole and Cole 1941) and continues to be used
in this context (Carrique and Delgado 1996). The model
is empirical and has the following structure;

e��ix� � e0 ÿ e1
1� �ixk��1ÿa� � e1 �1�

Here, x is the angular frequency, k is a characteristic
relaxation time, a is the dispersion parameter, e0 and e1
are the asymptotic dielectric constants. Although the
Cole-Cole spectrum was ®rst introduced in the context
of the dielectric relaxation spectrum of low molecular
weight liquids, it was subsequently applied to the
dielectric spectrum of polymeric materials by Havriliak
and Negami (1967). These authors realized that the
molecular mechanism underlying dielectric relaxation
and stress relaxation in polymers were identical. Speci-
®cally, the same molecular motions that generate a
frequency dependence for the dielectric spectrum are
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also responsible for the relaxation of orientation in
polymeric liquids (McCall 1969; Taylor et al. 1985). In
fact, this fundamental concept has been used to extract
MWD information from the dielectric spectrum (Fodor
and Hill 1994). With these ideas in mind, Havriliak and
Negami (1967) extended the Cole-Cole type spectrum to
the linear viscoelastic mechanical properties of polymer
melts, speci®cally the dynamic compliance and dynamic
viscosity functions. The Cole-Cole expression for the
complex dynamic viscosity, g�, has the following form
(Labaig et al. 1973; Lanfray 1988),

g��ix� � g0
1� �ixk0��1ÿa� �2�

As before, x is the angular frequency, k0 is a charac-
teristic relaxation time, a is the dispersion parameter,
and g0 is the zero shear viscosity. For many systems of
mono-modal linear backbone ¯exible polymer, the Cole-
Cole model provides an accurate ®t to experimental data
over most of the frequency range with only three
parameters. Note that the Cole-Cole model does not
correctly predict asymptotic terminal behavior; speci®-
cally the slopes of the storage and loss modulus do not
approach 2 and 1 on a log-log plot. However, for most
commercial polymers asymptotic terminal behavior is
typically di�cult to realize experimentally. There is no
detailed molecular model associated with the Cole-Cole
model. The principal basis for the model is that its
mathematical structure is such that only three undeter-
mined parameters are required to capture the salient
features of the relaxation spectrum. The numerical
procedure for determining the three model parameters
from dynamic moduli data is outlined in the appendix.

Application of the Cole-Cole model relaxation spectra to
commercial polymers

In this section we examine the linear viscoelastic relax-
ation spectra of several commercial polyethylene resins in
the framework of the Cole-Cole analysis presented
above. Speci®cally, we shall examine the quality of the
®t of the Cole-Cole distribution to experimental dynamic
viscosity data. Subsequently, we correlate the model
parameters with moments of the MWD.

The speci®c linear ¯exible polymer systems we shall
investigate in this study can be separated into three
families based on their catalyst parentage. The catalyst
system and the polymerization conditions determine the
molecular structure, principally the shape of the MWD
and mean molecular weight. Di�erences in catalyst
chemistry and/or polymerization conditions are mani-
fested directly in the shape of the MWD. In this regard,
detailed knowledge of the catalyst system and the
underlying kinetics has long been used to construct

model MWDs such as the Flory ``most probable''
distribution for ideal condensation polymerizations.

The ®rst catalyst family we shall study consists of
anionically polymerized polyethylenes with very narrow
MWDs and a variety of molecular weights. The second
family is comprised of gas phase metallocene catalyzed
polyethylenes spanning a range of molecular weights.
The MWDs for such systems are relatively narrow
�Mw=Mn � 2�. The ®nal polymer system consists of gas
phase Zeigler-Natta catalyzed polyethylenes with a
relatively broad MWDs �Mw=Mn � 4��. For a given
catalyst system, the shape of the MWD will be very
similar from polymer to polymer, the principal distinc-
tion coming from a horizontal shift of the MWD along
the molecular weight axis. The molecular characteristics
of the materials in our study are summarized in Table 1.
Within a given catalyst family, the Cole-Cole dispersion
parameter a is found to be constant.

In Fig. 1 we examine the complex viscosity of a
metallocene polymer (M5) on a Cole-Cole plot, i.e. a
plot of the imaginary dynamic viscosity versus the real
dynamic viscosity. Cole-Cole plots have the advantage
that the explicit frequency dependence has been elimi-
nated. For linear backbone ¯exible polymers with a
monomodal MWD, Cole-Cole plots yield an arc of a
circle. Generally, the broader the MWD the shallower
the arc. For a monodisperse system with approximately
a single relaxation time, a semi-circle is generated.

Figure 1 is representative of the quality of ®t
achievable using the Cole-Cole model on commercial
polymer resins. Even with linear-linear plots, the ®t is still
very good. Of particular interest is the quality of the ®t in
the terminal and plateau region, i.e. at the extreme right
of the plot. Also shown in Fig. 1 are calculations of the
complex viscosity performed using the double reptation
mixing rule with a Schultz MWD with identical Mw=Mn

to that measured for the polymer using GPC. The
correspondence of the predicted linear viscoelastic ma-
terial properties with the data is very good, consistent
with previously published work (Mead 1994; Wasserman
1995). The discrepancy in the double reptation model
predictions and the actual data may be a consequence of
the assumed Schultz distribution for the MWD. The
principal point here is that the Cole-Cole and double
reptation models provide approximately equivalent rep-
resentations of the experimental linear viscoelasticty data
for monomodal systems examined in this paper. Thus,
although the Cole-Cole representation is completely
empirical, it is able to e�ectively capture the same
information as the quasimolecular double reptation
model in a vastly simpler mathematical structure.

Figure 2 plots the relaxation spectra calculated with
the experimentally determined Cole-Cole parameters of
all catalyst families with the frequency axis normalized
with the parameter k0. The frequency scaling procedure
collapses all the spectra from a given catalyst family
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onto a single curve. The principal distinction from
polymer to polymer within a given catalyst family is the
average molecular weight; the shape of the MWD is
approximately uniform within a given family. The time/
molecular weight shifting that collapses the spectra of
di�erent molecular weights onto a single curve illustra-
ted in Fig. 2 is not a new concept. Indeed, this principle
constitutes the physical basis underlying Tuminello's
method of determining MWDs, (Tuminello 1986). The
shape of the relaxation spectrum is determined by the
shape of the MWD. The shape of the MWD is in turn

controlled by the catalyst system and conditions used in
the polymerization. Hence, each catalyst family has its
own distinct relaxation spectra.

Figure 3 displays the non-dimensionalized model
relaxation spectra versus dimensionless relaxation time
(Marin et al. 1975) for the distinct catalyst families
shown in 2. Here again, the spectra for each catalyst
family collapses to its own unique curve. The modulus is
scaled by the factor k0=g0, which is approximately equal
to the reciprocal plateau modulus, GNÿ1 . Hence, the
scaled relaxation spectra are of order unity. In this
format, the relationship between the relaxation spectrum
and the underlying MWD is apparent. Speci®cally,
narrow dimensionless distributions of relaxation times
correspond to narrow MWDs. Conversely, broad
MWDs yield broad relaxation spectra. Not surprisingly,
dispersion in the MWD and dispersion in the relaxation
spectrum go hand in hand. Quantitatively, Mead (1996)
has shown how to directly relate the mechanical
relaxation spectrum to the underlying MWD for the
double reptation model. A similar relationship can be
derived from the Cole-Cole model by using the rela-
tionship k � KM3;4 to convert the time axis to a
molecular weight axis and subsequently multiplying
the relaxation modulus by a scale factor as described in
Mead (1996). The net result of these manipulations is
that the characteristic relaxation spectra yield charac-
teristic MWDs associated with each catalyst family.

The half-width of the relaxation spectrum in Fig. 3 is
directly related to a and is a useful measure of the
processability of the melt. Speci®cally, the broader the

Table 1 Molecular weight characteristics, Cole-Cole and Cross model parameters of the polyethylene resins studied in this work. The
polymers are grouped according to their catalyst parentage; anionic, metallocene and Zeigler-Natta

Polymer Mw Mw=Mn g0 k0 a g0c s m 1ÿ m
(daltons) ()) (pa-s) (s) ()) (pa-s) (s) ()) ())

Aa 189000 1.13 29500 0.02 0.13 28143 0.0124 1.29 )0.29
Ha 151000 1.08 10200 0.006 0.10 10148 0.0053 1.43 )0.43
2LCa 245000 1.08 48000 0.05 0.12 48246 0.0291 1.26 )0.26
Ba 134000 1.07 6600 0.004 0.11 6610 0.00262 1.14 )0.14
Ia 101000 1.04 2300 0.0011 0.11 2252 0.0000201 0.48 0.52
2LDa 253000 1.04 87000 0.077 0.12 87799 0.0502 1.15 )0.15

(M1)b 98000 2.61 9200 0.0398 0.35 8197 0.0228 0.73 0.27
(M2)b 106000 2.59 10500 0.05 0.34 10691 0.0318 0.72 0.28
(M3)b 77200 2.42 2900 0.013 0.36 2892 0.00938 0.76 0.24
(M4)b 66200 2.48 2450 0.010 0.33 2502 0.00728 0.75 0.25
(M5)b 89900 2.45 8140 0.0323 0.356 8304 0.0221 0.74 0.26
(M6)b 108000 2.14 7800 0.025 0.32 7787 0.0193 0.73 0.27
(M7)b 108000 1.86 10000 0.0398 0.338 10153 0.0283 0.748 0.252

(L1)c 92600 4.0 11200 0.158 0.453 10659 0.126 0.599 0.4
(L2)c 72400 3.58 3200 0.05 0.45 3808 0.0546 0.56 0.44
(L3)c 114000 4.21 25500 0.5 0.49 26510 0.583 0.51 0.49
(L4)c 82900 4.00 5900 0.1 0.47 5746 0.0825 0.57 0.43

a Linear anionic polymerization followed by hydrogenation.
bCommercial Metallocene gas phase polyethylenes.
c Commercial Ziegler gas phase polyethylenes.

Fig. 1 Cole-Cole plot of a metallocene polyethylene resin, M5. The
solid curve is the best ®t to the Cole-Cole model and is typical of the
quality of the ®t that can be achieved
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MWD, the greater the elastic character of the material.
High melt elasticity is generally associated with suscep-
tibility to ¯ow instabilities (Mead 1994). Broad MWDs
are also associated with an early onset of shear thinning
character in the ¯ow curve, a generally desirable
property in extrusion operations. Thus, the correspon-
dence of the MWD with the relaxation spectrum allows
for ready extrapolation of the linear viscoelasticity data
to more general characterizations concerning the pro-
cessability of the material.

The collapse of the relaxation spectra of separate
catalyst families onto distinct curves leads us to seek a
relatively simple dependence of the shape of the
relaxation spectrum on the shape of the MWD.
Analytically, the families of unique curves in Figs. 2
and 3 suggests that the relaxation spectrum can be
written as;

H
k
k0

8>: 9>; � / W
M
M0

8>: 9>;� �
(3a)

k�M�
kb
� U W

M
M0

8>: 9>;8>: 9>; (3b)

Here, W �x� is the weight-based MWD and M0 is a
parameter that scales the absolute molecular weight
while preserving the functional shape of the normalized
spectrum for a given family of polymers. Physically,
Eq. (3a) represents the idea that the normalized relax-
ation spectrum is a ®ngerprint of the shape of the
MWD. Equation (3b) describes the relaxation time of a
component of the MWD. The relaxation time of the
component depends on its absolute molecular weight
and the details of the MWD. Thus, the relaxation
spectrum is a complex functional of the normalized
MWD function, W �M=M0�. This dependence is consis-
tent with Fig. 3, which clearly illustrates dependence of
the normalized relaxation spectra on the shape of the
MWD. More fundamentally, Eq. (3b) suggests that
time and molecular weight are transformable, an
observation that has been used with success in the
determination of molecular weights from linear visco-
elasticity data (Mead 1994; Tuminello 1986; Wasserman
1995).

An analytic expression for the relaxation spectrum
H�k� of the Cole-Cole model can be derived from
Eq. (2). The details of the analysis can be found in
Gross (1953) (Labaig et al. 1973; Lanfray 1988), the
result is:

Fig. 2 Cole-Cole relaxation spectra for di�erent catalyst families
collapse onto distinct curves for each system when plotted versus
normalized relaxation time. The shape of H�k� is determined by the
shape of the molecular weight distribution (MWD). Plotted are
representative curves for the three polymer families: narrow MWD
polyethylenes: solid line (H), dashed line (I); metallocene commer-
cial polyethylenes: solid line (M1), dashed line (M4); Ziegler
commercial polyethylenes: solid line (L2), dashed line (L4)
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H�k� �
g0

k0
k

8: 9;sin�ap�

pk 1� k0
k

8: 9;2�1ÿa�
ÿ2 k0

k

8: 9;�1ÿa�
cos�pa�

� � �4�

If the zero shear viscosity parameter g0 is identi®ed with
GNk0, as is typically done, Eq. (4) is a function of k=k0
and a only. Furthermore, if the parameter a is a function
of the shape of the MWD only, we can anticipate the
collapse of families of polymers onto a single curve from
the Cole-Cole model when the relaxation time is
normalized by k0. These tenets are consistent with
Eq. (3) and the experimental data in Figs. 2 and 3.

Figure 4 is a linear-linear plot of the relaxation
spectrum. The linear frequency scale reveals features of
the short time scale behavior in a transparent manner.
From Eq. (4) a singularity at k � 0 is evident, speci®cally
for small relaxation times, H�k� � kÿa. According to the
Bueche-Ferry theorem, the behavior of the model
relaxation spectrum at short time scales is of no
consequence with respect to molecular characterization.
Speci®cally, the Bueche-Ferry theorem states that the
short time scale behavior of all polymers of a given
chemical composition is identical, independent of mo-

lecular weight (Doi 1987). Physically, this result is a
manifestation of the fact that short time scale phenom-
ena are associated with motions of small portions of the
chain. Unless a short piece of chain resides close to a
chain end, its dynamics are una�ected by the absolute
magnitude of molecular weight of the polymer within
which it resides. Therefore, as a molecular weight
characterization tool, only the longer time scale plateau
and terminal relaxation modes corresponding to relax-

Fig. 3 Dimensionless plot of the relaxation spectra of di�erent
catalyst systems corresponding to Fig. 2. Dispersion in the relaxation
modulus and dispersion in the MWD go hand in hand

Fig. 4 Linear plot of the best ®t Cole-Cole model relaxation spectrum
for sample A. The singular behavior at k � 0 is evident
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ation of the entire chain are relevant. The terminal and
plateau regions are precisely where the Cole-Cole model
is accurate and viable.

The parameters of the Cole-Cole distribution for the
families of polymers are cataloged in Table 1. A
systematic variation of the parameters with moments
of the MWD is evident. Given the correspondence
between the Cole-Cole relaxation spectrum and the
double reptation model illustrated in Fig. 1, this is not
entirely surprising. In Fig. 5 through 9, we plot the Cole-
Cole ®tting parameters versus various combinations of
moments of the MWD in order to establish the

relationship, if any, between the two. Figure 5 displays
the Cole-Cole relaxation time k0 versus Mw. As with the
relaxation spectrum, a distinct curve emerges for each
catalyst family. The curves are nearly linear, suggesting a
power law relationship for each family. The dependence
of k0 on moments of the MWD can be simpli®ed further
by plotting against Mw�Mw=Mn� as shown in Fig. 6. All
lines collapse onto a single universal power law rela-
tionship for polyethylene systems of the form,

k / Mw
Mw

Mn

8>: 9>;� �3:9
�5�

Fig. 5 Cole-Cole relaxation
time k0 versus Mw. Distinct
power law relationships exist
for each catalyst family. All
slopes are approximately equal

Fig. 6 Cole-Cole relaxation
time k0 versus Mw�Mw=Mn�. A
power law relationship exists
for all polyethylene resins stud-
ied in this work
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The empirical dependence of the characteristic relax-
ation time on moments of the MWD is similar to
that found for the so-called double reptation mixing
rule.

A more widely studied material property is the zero
shear viscosity, g0. Figure 7 shows a log-log plot of g0
versus Mw�Mw=Mn�. Once again, a distinct power law
relationship emerges for each individual catalyst family.
Each family has approximately the same slope, but they
are slightly o�set from each other.

g0 / Mw
Mw

Mn

8>: 9>;� �3:4
�6�

Each polymer family is synthesized from a di�erent
catalyst system under homogeneous reaction conditions.
Polymers derived from the same catalyst system all have
MWDs with similar shapes but di�ering average molec-
ular weights. The shape of the MWD is a characteristic
signature of a speci®c catalyst system.

The molecular weight dependence of the zero shear
viscosity can be collapsed into a universal curve by
independently manipulating the weight average molec-
ular weight and the polydispersity index, Mw=Mn,
factors. Figure 8 illustrates the results of this exercise.
A universal power law relationship emerges for the zero
shear viscosity of the polyethylene resins studied.

g0 / Mw
Mw

Mn

8>: 9>;0:3� �3:3
�7�

The dependence of the zero shear viscosity on catalyst
parentage is an unambiguous signature of sensitivity to
the detailed shape of the MWD. The breadth of the
MWD, as quanti®ed by Mw=Mn, is one relatively simple
means to characterize the shape of the MWD. A more

detailed description would require knowledge of addi-
tional moments of the MWD. It is easy to show, using
Fourier transforms, that knowledge of all moments of
the MWD is equivalent to full knowledge of the MWD
function.

The above scaling relationship for the zero shear
viscosity is similar to that reported by Locati and
Gargani (1973), Wasserman (1994), and Zeichner and
Patel (1981). However, our study is the ®rst to clearly
illustrate the distinct catalyst family/polymerization
conditions dependence of the zero shear viscosity as
well as its correspondence to measures of dispersion in
the MWD. As Eq. (7) suggests, the zero shear viscosity is
most sensitive to weight average molecular weight with a
weaker dependence on the shape of the MWD, partic-
ularly the high molecular weight tail.

The a parameter is approximately constant within a
given family of polymers indicating that a is a function
of the dispersion in the MWD and not the absolute
molecular weight. Figure 9 illustrates the dependence of
a on one measure of the dispersion in the MWD,
Mw=Mn. Although no simple power law relationship
exists, there is a de®nite correlation of a and Mw=Mn for
the various systems studied since polymers from all
families collapse onto a single curve, as expected from
the discussion following Eq. (3).

Summarizing, we have established simple empirical
power law relationships between some Cole-Cole model
parameters and moments of the underlying MWD.
These relationships can be used to rapidly and reliably
determine the shape of the MWD from experimental
linear viscoelasticity data. In this respect, the Cole-Cole
model is an extremely powerful yet simple characteriza-
tion methodology. In the next section we demonstrate
that the Cole-Cole parameters are related to the Cross

Fig. 7 Cole-Cole zero shear
viscosity versus Mw�Mw=Mn�.
Each catalyst family has a dis-
tinct correlation with virtually
identical slopes shifted hori-
zontally
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equation parameters. Hence, the empirical relations
developed for the relaxation spectrum parameters can
be applied to the ¯ow curve.

Analysis of the relationship between the Cole-Cole
distribution and the Cross model for the ¯ow curve

In this section we compare the parameters of the Cole-
Cole model of the dynamic linear viscoelastic material
properties and the Cross model for the ¯ow curve and
establish a direct correspondence between the two
parameter sets. In the context of polymer processing,
linear viscoelasticity itself is of little consequence. The

practical utility of the linear viscoelastic relaxation
spectrum lies in the ability to use it to characterize more
general, non-linear ¯ow properties which are intrinsi-
cally related to the processability of a material.
Although a detailed understanding of how the linear
viscoelastic material properties are related to the non-
linear properties is currently not fully understood, there
exist many well established empirical correlations link-
ing the two. For example, many systems of practical
interest, such as polydisperse linear or branched ¯exible
polymers, obey the empirical Cox-Merz rule (Cox and
Merz 1958).

g�c� � jg��ix�jc�x �8�
This powerful relationship allows the non-linear

steady ¯ow properties to be determined from linear
viscoelastic measurements alone (Mead and Leal 1995;
Yasuda et al. 1981). The ability to predict the non-linear
¯ow properties directly from linear viscoelasticity data is
a profound as well as practical capability that requires
further discussion. As a practical matter, the applicabil-
ity of the Cox-Merz rule allows the ¯ow curve to be
approximately determined from dynamic viscometry,
which complements capillary rheometry by extending
the accessible shear rate range.

Until recently, the fundamental physics underlying
the Cox-Merz rule have remained an enigma. However,
Marrucci recently published an analysis o�ering a
plausible physical explanation for the Cox-Merz rule
(Marrucci 1996). Brie¯y, the Cox-Merz rule is observed
because in large deformation ¯ows, a parallel convective
relaxation process with a rate proportional to the

Fig. 8 Cole-Cole zero shear
viscosity versus Mw�Mw=Mn�0:3.
All catalyst families collapse to
the same universal correlation

Fig. 9 Mw=Mn versus the Cole-Cole a parameter. A complex, non-
power law correlation exists for all the resins examined
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deformation rate becomes increasingly important. This
deformation rate dependent convective relaxation mech-
anism competes with the di�usive mechanism and
systematically eliminates contributions from the long
time scale di�usive relaxation processes. In this simpli-
®ed manner, the physical mechanism underlying the
Cox-Merz rule can be understood.

When the Cox-Merz rule is applicable, one can
directly calculate the ¯ow curve from experimental
linear viscoelasticity data. The ¯ow curve is a critical
property in extrusion operations since it controls the
pressure level developed at the die head. In particular,
the degree of shear thinning a material exhibits is of
particular practical importance since most processing
operations run at high throughputs.

The Cross model for the ¯ow curve is an empirical
model with three parameters (Cross 1969), g0c, s and m:

g�c� � g0c
1� �sc�m �9�

Both g0c and s depend on temperature in the usual
Arrhenius-like manner. The parameter m is independent
of temperature. A three-parameter model can only
capture the three most salient features of the ¯ow curve.
The three features of the ¯ow curve the Cross model
captures are (see Fig. 10);

1. The zero shear plateau, g0c
2. The characteristic shear rate at which shear

thinning commences, c � 1=s
3. The slope of the high shear rate portion of the

curve, m

Flow curves with more complex features cannot be
modeled with the Cross equation. Additionally, the
details of the transition from linear behavior to shear
thinning behavior is pre-determined by the functional
form of (9). More complex transitional behaviors are
possible and models such as those of Carreau (1969),
Bueche-Harding (1958) and Yasuda et al. (1981) have
been developed to account for such situations.

The Cox-Merz rule (8) was applied to experimental
linear viscoelasticity data for the polyethylene systems in
Table 1 to determine the ¯ow curve. The parameters of
the Cross model for these data were determined via a
non-linear regression method that yielded excellent ®ts
to the ¯ow curve. The Cross model parameters are
reported in Table 1.

Examining the limiting cases of high and low x in
applying Eq. (8) to (2) shows that the Cole-Cole
parameters map directly onto the Cross model param-
eters when the Cox-Merz rule applies. Speci®cally, both
g0c and s translate directly from one model to the other.
The ®nal parameter m is equal to 1ÿ a. Since the Cole-
Cole parameters are directly related to the Cross
equation parameters when the Cox-Merz rule holds,
the empirical relations relating the Cole-Cole parameters
to moments of the MWD can in principle be directly
applied to the Cross model parameters (see Figs. 5±9). In
this manner, the ¯ow curve can also be used to
determine the moments of the MWD when the Cox-
Merz rule applies quantitatively. In this sense, linear
viscoelastic methods of determining the MWD are
equivalent to the ¯ow curve inversion method which is
an intrinsically non-linear ¯ow situation (Malkin and
Teishev 1991; Shaw and Tuminello 1994; Wood-Adams
and Dealy 1996) Although the two methods are
equivalent in principle, their relative sensitivities with
respect to determining the MWDs are quite di�erent in
practice. Speci®cally, it is often di�cult to unambigu-
ously determine the parameters g0c and s directly from
¯ow curve data.

Di�culties related to the ®nite range of the experi-
mental data sets are re¯ected in the approximate
correspondence between the Cross and Cole-Cole model
parameters in Table 1. The correspondence is particu-
larly poor for the narrow distribution polymers. Specif-
ically, the slope of the ¯ow curve for several of the
narrow distribution polymers is determined to be less
than ÿ1, which is theoretically impossible since the
stress must be a monotonically increasing function of the
shear rate (Doi and Edwards 1986). The reason for this
pathological result is that the narrow distribution
polymers are so nearly Newtonian in character that
the parameter determination routine can choose a range
of values of m without seriously deteriorating the quality
of the ®t. Similar e�ects occur to the other polymer
systems to a lesser extent since a greater portion of the
non-linear portion of the ¯ow curve is available to ®t.
These points are illustrated graphically in Fig. 11 where
the ¯ow curve of one representative member of each
catalyst family is plotted. In addition to these di�culties,
it has also been noted that the Cox-Merz rule improves
with increasing breadth of the MWD (Larson 1985). The
correspondence of the Cole-Cole model to the Cross
model is predicated on the applicability of the Cox-
Merz rule and any deterioration of the veracity of this

Fig. 10 Sketch of the three principal features of the ¯ow curve for a
material that obeys the Cross equation
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empirical correlation will be re¯ected in the ®tting
parameters of the Cross equation. Our calculations are
consistent with these notions. With the previous provi-
sos, the correspondence between the Cole-Cole model
and the Cross model parameters is quite compelling.

With the parameter identi®cation detailed above and
the correlations of model parameters with molecular
parameters, we can interpret qualities of the MWD and
their impact on the ¯ow curve. Speci®cally, the Cross
parameter m is equal to 1ÿ a, which is a function of the
dispersion in the MWD (Fig. 9). Low polydispersity
generates a small value of a and hence and large slope
for the ¯ow curve. This prediction is qualitatively
consistent with experimental observation (Dealy and
Wissbrun 1990). Conversely, broad MWDs have larger a
values (Table 1) and hence enhanced shear thinning
behavior. The characteristic time parameter k has a
strong dependence on the weight average molecular
weight with a weaker dependence on the dispersion.
Here again, these dependencies are consistent with
empirical observations for the ¯ow curves of polydis-
perse systems (Figs. 5, 6).

Discussion

The usefulness of the Cole-Cole model relaxation
spectrum lies principally in its ability to accurately
capture the long time scale terminal behavior of
monomodal linear ¯exible polymers with a relatively

small number of empirical parameters that can be
readily interpreted. The parametric dependence of
Cole-Cole plots on the frequency brings out the plateau
and terminal behavior in a particularly obvious manner.
The short time scale behavior, which is of no value with
respect to polymer characterization, is e�ectively muted
in this representation. However, the Cole-Cole distribu-
tion is a continuous distribution de®ned over the entire
relaxation time axis. Therefore, along with the desired
representation of the long time scale phenomena, a short
time scale response associated with ``glassy'' modes is
also inferred. However, our procedure for determining
the Cole-Cole parameters described in the appendix
demonstrates that the short time scale phenomena does
not enter into the parameter determination and hence
the material characterization.

The criteria for success of a material characterization
protocol depends on the information required and the
viability of the method. While there exist elaborate
theories describing the molecular dynamics of polydis-
perse systems of linear ¯exible polymers, they are
frequently so complex mathematically that they are of
little practical value in characterizing commercial poly-
mers. For example, the models of Viovy et al. (1991) and
Watanabe and Kotaka (1987 a, b) provide a detailed,
elaborate description of the dynamics of polydisperse
systems. However, the ability to apply these models to
characterize any system beyond a model bidisperse
blend would require a prohibitive amount of computa-
tional e�ort. The ``double reptation'' model provides a

Fig. 11 Flow curves calculated
by applying the Cox-Merz rule,
Eq. (8), to the dynamic me-
chanical data for representative
members of the catalyst families
of this study. The narrow dis-
tribution polymers do not pos-
sess su�cient non-linear
behavior to allow a sensible
determination of the m param-
eter
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mathematically viable approximation to Viovy et al. as
well as Watanabe and Kotaka that is analytically
tractable. The existence of the more rigorous model
allows quantitative estimates to be made of when the
double reptation model fails (Milner 1996). The Cole-
Cole model is a step further removed from rigorous
molecular models than ``double reptation'' with a
commensurate reduction in mathematical complexity.

In any model there are varying degrees of rigor which
depend on the level of detail included in the model.
Generally, the more detailed the model is, the more
mathematically untractable it becomes. However, if a
model is overly simpli®ed it may omit key physical
features of the problem. Thus, constructing models is a
delicate balance between realism and the practical need
for mathematical simplicity. The above discussion
reveals that there exists a hierarchy of theoretical rigor
for models of the mechanical behavior of polydisperse
systems of linear ¯exible polymer. Which model is most
appropriate to use depends on the speci®c application.
Although the ®t of experimental data to the Cole-Cole
model is typically very good, a detailed physical or
molecular interpretation of this observation is not
readily apparent since the Cole-Cole relaxation spec-
trum is empirical. The existence of rigorous detailed
theories is important in this regard. Additionally, since it
is impossible to extrapolate simple empiricism to new
situations, access to rigorous theoretical models is
extremely valuable.

The principal attraction of the Cole-Cole polymer
characterization methods described in this paper lie in
the relative simplicity of the experimentation and
analysis coupled with the fundamental nature of the
molecular and rheological information gleaned. In
particular, the power law correlations of the Cole-Cole
model parameters with moments of the MWD provide
powerful and rapid assessments of the salient features of
the MWD. Apart from the speci®c chemical structure,
the MWD is the most fundamental material character-

istic of a system of linear ¯exible polymers. In principle,
from the characteristics of the MWD, all mechanical
properties of the melt, linear and non-linear, can be
deduced within scale factors (Doi and Edwards 1986).
Given the mathematical complexity associated with
virtually every theoretically derived structure-property
relationship (Doi and Edwards 1986; Milner 1996), the
accuracy and simplicity of the empirical Cole-Cole
characterization methodology is truly remarkable. The
Cole-Cole model relaxation spectrum provides a char-
acterization technique that is experimentally as routine
as an MFI yet has vastly greater discrimination and
resolution capabilities for systems of linear ¯exible
polymer. Physically, the enhanced capabilities result
from the incorporation of a more complete description
of the complex time dependence of the material.

Despite the fact that many systems of commercial
polymer do obey the Cole-Cole type distribution, there
are several systems that do not. In particular, some
topologically complex systems, such as branched ¯exible
polymer, require the four parameter Havriliak-Negami
model relaxation spectrum to accurately capture the
linear viscoelastic relaxation spectrum (Havriliak and
Negami 1967). The Cole-Cole model is a special case of
the Havriliak-Negami distribution. We should note that
in a manner similar in which the Cole-Cole model
corresponds to the Cross model, the Havriliak-Negami
model relaxation spectra corresponds to the Carreau
¯ow curve model. Application of other model relaxation
spectra to more complex branched polymer systems is an
obvious way to further build on the ideas presented in
this paper.
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g0�x� �
g0 1� �xk��1ÿa� sin ap

2

ÿ �h i
1� 2�xk��1ÿa� sin ap

2

ÿ �� �xk�2�1ÿa� �A:1�

and

g00�x� � g0�xk��1ÿa� cos ap
2

ÿ �
1� 2�xk��1ÿa� sin ap

2

ÿ �� �xk�2�1ÿa� �A:2�

respectively.
The maximum in the imaginary dynamic viscosity curve occurs

when, d�0
d! j!�!p

� 0. The reciprocal of the frequency at which this

maximum occurs de®nes the characteristic relaxation time (Marine
et al. 1975; Montfort et al. 1984; Montfort 1976).

k0 � 1

xp
�A:3�

The real and imaginary components at the characteristic
frequency provide the following expressions for the zero shear
viscosity parameter;

g0 � 2g0 xp

ÿ � � 2g00 xp

ÿ �
tan d xp

ÿ � �A:4�
Finally, the � parameter is de®ned in terms of the phase angle

evaluated at the characteristic frequency,

tan d xp

ÿ � � cot �1ÿ a� p
4

h i
� g0 xp

ÿ �
g00 xp

ÿ � �A:5�

Thus, once the characteristic frequency is evaluated, the other
parameters follow immediately.

The so-called number average and weight average relaxation
times are de®ned below:

kn �
R1
ÿ1 kH�k�d ln kR1
ÿ1 H�k�d ln k

� g0
G0

n

�A:6�

kw �
R1
ÿ1 k2H�k�d ln kR1
ÿ1 kH�k�d ln k

� g0J0
e �A:7�

The dispersion in the relaxation spectrum is often characterized by
the ratio of the weight average relaxation time to the number
average relaxation time, �w=�n. Since dispersion in the relaxation
spectrum and dispersion in the molecular weight distribution go
hand in hand, �w=�n correlates with Mw=Mn. Typically, the value of
the Cole-Cole characteristic relaxation �0 lies between these
characteristic relaxation times (Montfort et al. 1984).

kw > k0 > kn �A:8�
For polymers where the molecular weight distribution has a

single peak, there is a unique maximum in the complex viscosity
versus frequency. For more complex systems with multiple maxima
in the molecular weight distribution, multiple characteristic fre-
quencies may exist.
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