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Abstract. Future space missions to the outer planets may depend upon the use of low-thrust propul-
sion systems. As these planets are decidedly oblate, the question of the effect of that oblateness on a
low-thrust trajectory is of some interest. In this paper the problem of optimal energy increase is attacked
under the assumption that the coefficients for the second zonal harmonic, i.e., J,, and the nondimen-
sional thrust acceleration are the same order of magnitude. Using a two variable asymptotic expansion
technique, a near optimal control program is generated and the first order uniformly valid approxima-
tion for the corresponding trajectory is obtained. Tangential thrust is shown to be a good near-optimal
thrust program even in the presence of oblateness effects. The optimal control program is found to
be oscillatory and quite similar to the optimal control for energy increase in an inverse square gravita-
tional field.

Introduction

The problem of takeoff from planetary orbit by a low thrust spacecraft has been the
subject of numerous numerical and analytical studies. For the case of an inverse
square gravity field, solutions have been generated for specified thrust programs, i.e.,
circumferential thrust (Tsien, 1953), tangential thrust (Benny, 1958), arbitrary con-
stant angle thrust (Ting and Brofman, 1954), radial thrust (Dobrowolski, 1958 and
Tsien, 1953), and for optimal thrust programs (Breakwell and Rausch, 1966; Jacobson
and Powers, 1971, 1972; Lawden, 1958). For an oblate gravity field in which the non-
dimensional thrust acceleration is of the same order as the oblateness coefficient for
the second zonal harmonic, Zee has obtained solutions for the cases of tangential
(Zee, 1968) and radial thrust (Zee, 1969).

The problem considered here is that of optimal takeoff from an orbit about an
oblate planet. The spacecraft is assumed to operate with a constant thrust acceleration
of the same order as that assumed by Zee. Since the thrust acceleration is constant,
the only control is thrust direction, and the fuel optimal and time optimal trajectories
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coincide. The particular optimal takeoff trajectory to be studied is the one on which
a specified terminal energy is acquired in minimum time (or equivalently, with mini-
mum fuel expenditure). One example of such a trajectory is the optimal escape trajec-
tory. However, the method of solution requires the gravitational force to remain
dominant; and consequently, the results of the analysis are valid only for trajectories
attaining final energies somewhat less than escape energy. This restriction on final
energy 1s encountered on all analytical solutions to low thrust takeoff problems.

1. Mathematical Formulation

A. COORDINATE SYSTEM AND EQUATIONS OF MOTION

The motion of the vehicle is described relative to a coordinate system which is rotating
with an angular velocity and acceleration that are determined as part of the problem
solution. Figure 1 shows the relation between this system and a planet centered
inertial system. The angular velocity and acceleration vectors are aligned with the
inertial Z axis, and the rotation is performed with the xy plane inclined at a constant
angle to the inertial XY plane. The angle of inclination is determined at the initial
time by requiring the xy plane to coincide with the osculating orbital plane. 1t should
be emphasized, however, that after the initial time the xy plane and osculating orbital
plane are not coincident.

Within the rotating system the motion is expressed in cylindrical coordinates, and

(0OXYZ) inertial system
(oxyz) rotating system
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XY inertial plane

Fig. 1.
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the thrust acceleration vector is defined with respect to the unit vectors for those
coordinates (Figure 2).

a = af(cos ¥ sin )é, + (cos y cos a)éy + (sin w)é,]. (1.1
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Fig. 2.

Non-dimensionalizing the equations of motion with respect to an unperturbed cir-
cular orbit of radius R, leads to the new independent variable

yZi
T=1 'R-g

and introduces the parameters

. a R®)2
da = ) e =J,1— >
(ﬂ/R%) 2(Ro

where
u=gravitational constant of the planet,
Ry =planetary equatorial radius,
J, =oblateness coeflicient,

a=thrust acceleration magnitude.

The parameter 4 is the nondimensional thrust acceleration and the parameter ¢
scales the acceleration due to planetary oblateness. For the remainder of the paper it
will be assumed that d and ¢ are of the same order of magnitude, and the relation

d = ke, (1.2)

where x=0(1) will be used to eliminate 4 from the equations of motion. Note that

alternatively the relation ¢=xd could be used, and ¢ could be eliminated in lieu of 4.

However (1.2) has been selected because, by setting x to zero, it permits the equations

of motion to be reduced to those of a non-thrusting vehicle in an oblate gravity field.
The complete non-dimensional set of equations of motion is then
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dr

3 = Vsiny (1.3)
dd VvV
3, = 5 o8V (1.4)
dz |
=W (1.5)
dvV  rsiny N 3 & y
N Y i A N T P

X [r(1 + sin?{) sin y + r sin® i sin (26 — p) +

A 15 ersiny C. :
+ zsin 2icos (0 — y)] + 7 2+ 2P (rsin isin 6 + z cos i)* +
dQ 1 (dQ\?
eI oy L fafl
+ dTwsmzsm(ﬁ 7) 2(dr) X
x [z sin 2i cos (8 — p) + rsin®isin (20 — p) +
1d%Q
2 4 —_— — —

+ r(1 + cos®i) sin Y] 2 42 X

X [rcosicosy — zsinisin (6 — y)], (1.6)
Q—--I{cos R + 22 cos sin ¢ —
dr  r y V(irr + z*)*2 7V v

_3 i
2V + 22

5 [r(1 + sin? i) cos y — rsin®i x

X cos (20 — y) + zsin 2isin (6 — )] +

+ 15 ercosy
2 V(r* + z%)"?

(rsinisin 6 + zcosi)* —

2 dQ . .
~ 73 [wsinicos (0 — y) — Vcosi] —

2
— ZLV (C(li—f) [z sin 2i sin (§ — y) — r(1 + cos*i)cosy —

o 1 d%Q
— rsin?icos (20 — p)] + 7az =

X [Fcosisiny — zsinicos (8 — )], (1.7)
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dw — z : 3 & 5 .
5 = EWAEE + xe sin ¥y — 27 T A [z(1 + 2 cos*i) +

15 &z
2 (r* + z?)"2

+ rsin 2i sin ] + (r sinisin @ +

+zcosi)2—2§£Vsinisin(0—y)—
1 (A%, . ... P« o R
——-?:(—ET—) (r sin 2i sin @ — 2z sin z)+—c-1?5(r811110089), (1.8)

where

r=component of position vector in xy plane,

@=angle from x axis to r,

z=component of position vector normal to xy plane,

V' =magnitude of component of velocity vector in xy plane,

y=angle between unit vector é, and component of velocity vector in xy plane,
w=component of velocity vector normal to xy plane,

i=angle of inclination of xy plane to XY plane,
Q=angle of rotation of (oxyz) system measured from X axis to x axis,

¢ =a—y=angle defining direction of component of thrust acceleration vector in xy
plane,

w =angle defining component of thrust acceleration vector normal to xy plane.

B. OPTIMIZATION PROBLEM FORMULATION

The optimal control programs ¢(7) and w(7) are found by application of the calculus
of variations, with the performance index and Hamiltonian

J = Tr — To» (1.9)

d d d v . d d
H=/11—"+12£+,13—5+,149—+15 y+/16§. (1.10)

dr T dt dr
The resulting optimal controls are
: As AV
Sin — ’ COS = 1 . 1 1
¢ VA2 + 13172 / VA2 4+ 2212 (11D
v 72 2172
sin ¥ = il cCos i = As + AaV (1.12)

V2 + J2V2 t 2V2 V72 + J2V2 £ J2V°2
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and

—n<@9<T Tew<l
’ 2=V =3

The necessary conditions require the multipliers to satisfy the equations

d, oH  di, OH

=—-—————, —_—

dr or dr oV

dlz oH dAs __OH

2t L k- 1.
dr 00 dt =~ oy (1.13)
dly_ _oH &y _oH

dz oz dt "~ ow

Due to the complexity of these equations, they will not be given explicitly in this
paper. Their development, which follows from (1.10) and (1.3)-(1.8), however, is

straight-forward, though tedious.
The specified boundary conditions on the problem are

To = O;
dQ@ :
r(0) =1, Vio)=1 — =, os i,
60) =0,  0) =0, (1.14)
de .
z(0) = 0, w(0) = e sin i;

1 dQ 2
E(zy) = 5 Vsiny + z—&%—smzcosﬂ +

+ dz

2
(w——r——smzcos@) ]f—

dQ . 2
Vecosy + r———cosz ~— z——-smzsmH) +

+

2| —

+ 4e(1 — 3sin? 9], = Ej,

where
R =vVr+ 22
. rsmisinf + zcosi
sin 0 = — )
Vr? + 22

E, = specified terminal energy level.
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The initial conditions on V, p, and w correspond to an inertial velocity R(0)=1&,.
The initial 6 value places the vehicle in the equatorial plane; this position choice
reduces the complexity of the analysis, although the solution procedures can be
followed for any choice of initial 6.

Since the twelfth order two-point boundary value problem posed by Equations

(1.3)—(1.8) and (1.13), requires fourteen boundary conditions, the remaining six must
be obtained from the transversality conditions. These conditions are

o) = 2460 (57) (5) =0

s

_(8E\"1[0E
o) - 2460 (575)(35). =0
tr

2a(t,) — 24(zy) (g-f) (?5) -0

sty = 1) (57) (57), =0

Jo(ty) — Aa(2y) (S—‘;)(a—) =0

oE\ 1 . oE
/14(Tf) (5—17) (aR + 5?) = 1,
s

T

(1.15)

where

: . dQ .
R = (Vsmy + zasmicos H)é, +

dQ : de . . . n
+ {Vcosy + r—cosi —z—sinisin0)é, +
dr dr

( de . . )
+ |w —r——sinicos8])é,.
dz

The partial derivatives of the energy E are given in Appendix B.

The specific problem of determining the optimal controls to take the vehicle to
energy level E; in minimum time is now formulated as a two point boundary value
problem with seven conditions at each boundary.

2. Asymptotic Solution

A. GENERAL METHOD

Since the solution of the problem posed in I.B cannot be found analytically, 1t will be
approximated with a general asymptotic expansion which is developed by a method of
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multiple scales (Cole, 1968). The problem has two readily identifiable and distinct
characteristic time constants

T, = VR3eu, (2.1)

T, = VRu, (2.2)

where T, corresponds to the time scale on which the orbit deviates from the initial
circular, and T, corresponds to the time scale on which the vehicle moves along its

orbit. As a consequence, two new independent variables for the problem can be
defined

T, = &, T, = f wo(es) ds (2.3)
0

where wqy(-) is a function which is to be determined in the process of generating the
expansions.

The direct approach would now assume the state variables and multipliers to be
represented by expansions of the form

N

g =q(t,72) = zo &"qu(ty, T2) + O(E"*) (2.4)

n=

and these expansions would be substituted into Equations (1.3)-(1.8), (1.13), and the
boundary conditions in order to generate equations and boundary conditions for
the terms in the expansions. However, to be valid such an expansion must satisfy the
equations for the case ¢é=0, and in our problem the final transversality condition is
degenerate at e=0. As a result, any solution satisfying that condition and found by
direct application of (2.4) possesses a singularity. The source of this singularity is
obvious for if ¢=0, then ke=d=0 and the optimal control problem does not exist,
i.e., there is no control available for the vehicle. In order to develop a properly posed
problem for solution by an asymptotic method, a simple scaling of the multipliers is
employed

A=—A. 2.5
— (2.5)
Since the multiplier Equations (1.13), control Equations (1.11)—(1.12), and first five

transversality conditions are homogeneous in the multipliers, they remain unchanged.

The troublesome final transversality condition, however, becomes

oE\ 1 . oF
).4(71‘) (W) (a'R + 5"[—) = KE€. (2.6)
tr tr

Now a straight-forward substitution of expansions of the form (2.4) into the
Equations (1.3)—(1.8), (1.11)<(1.12), (1.13), and boundary conditions (1.14), (1.15),
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(2.6) may be used to form a system of equations for the expansion terms. Since we are
assuming the expansions to be functions of 7; and 1,, the derivatives with respect to t
must be replaced by

d) _o)dr | A)dn _ o)

a(-)
_ ) A — AP 2.7
dr ot, dr ot, drt 0Ty + o) 2.7)

In addition, in order to reduce the complexity of the equations, the expanded functions
of the control angles will be represented by

cos @ = op(Ty, Tp) + €01(T1, Tp) + €%05(Ty, Tp) + -+
sin @ = fo(t1, T2) + &B1(T1, 72) + Bx(T1, T2) + ...
cosy = 0o(Ty, T5) + €01(ty, T2) + &20,(71, T5) + ---
sin v = vo(Ty, 7o) + &vi(T1, 72) + &2va(T4, 7o) + -+,

where a;, B;, 0;, v; are given in terms of the multipliers in Appendix A.

The equations of motion also contain one unknown function €(7), the rotation
angle of the coordinate system. It will be assumed to be a function of the slow time
variable 7, only, and to possess the expansion

Q(r) = Q(ry) = Qo(ty) + e24(1)) + &°Q25(7y) + ---. (2.9)

(2.8)

B. ZERO ORDER STATE AND MULTIPLIER SOLUTION
The zero order state and multiplier equations are

7, .
Wo i) = Vo Sin Yo, (2.10)
0T,
7
Wo -8—9—0 = Yo COS Y, (2.11)
[P Fo
0z
Wo _812 = Wo, (2.12)
oV, ro SIN Y,
_— = — ) 2.13
= (rs + z5)*? (213)
Yo 1 [V2 o
/o _ | 1o _ 2.14
o 91, Vo [ ro  (r5 + z5)*? oO% Yo, 21%)
oW, Zo
—_— = — , 2.15
%, BT T &1

8}.10 Vo 2’% _ Zg .
wo-é-%-z_ = (-’:—%— COS yo)lzo — [(r% T Sin Yo |44 —

2r§ — 2 Vo 3rozo ]
— 0 _ 2.
I:(r(z) + 23)5/2 r(z) :l COS )"0/150 I:(r% + Z(2))5/2 )"60 ) ( 16)
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220 _ 0,
“o 5,
" OA30 _ | 3rozo sin y, [ 3rozo cos yo ] P
> o, 03 + 27 Vol + 2877

[ 225 — r3 ]ﬂ,
- 60>

3+ 2

oA . 1 3roz SIn Y
Wo L= - (sin yo)Ai0 — (”_o COS yo)izo — [(r(z(,) _?_ 23)52‘] Aso —

[ 3rozo cos yo ;
Va3 + 7]

2.17)

(2.18)

(2.19)

(2.20)

(2.21)

OAso Vo . Fo COS Yo
Wo 8_12 = — (V, oS Yo)dio + (—;;9- sin yo)lzo + [(r% T 2 Dao —
¥o SIN Y, Vo .
) [mg i 7 s
9460
Wo “5%;‘ A30,

and the corresponding boundary conditions are

70(0, 0) = 1, VO(Oa O) = 19
90(09 O) = Oa yO(Oa O) = 09
Zo(O, 0) = O, WO(O, O) == O;

A10(T1rs T2p) — Aao(Tiss Tap)@o(Tis) = O, |
A20(T1ss Top) = 0, |
A3o(Tiss Tap) = 0,

Aao(Tigs Top) = 1,

Aso(Tiss T25) = 0,

Aeo(Tirs T2p) = O.

One possible solution to the zero order state equations is

ro(T1, T2) = wo “¥(zy),
Oo(t1, T2) = T2 + O(7y),
zo(71, T2) = 0,

Vo(t1, 72) = @5%(7y),

yO(tla 7:2) = 0’
Wo(T1, T2) = 0.

(2.22)

(2.23)

(2.24)

(2.25)
(2.26)
(2.27)
(2.28)
(2.29)
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The corresponding multiplier solution is

A1o(T1, 72) = Cii(t)wo(tq) + 350%/3('51)C21(T1)72 —

— w33(t))[As1(z;) sin T, — Bs,(1,) cos 1,], (2.30)
A20(T1, T2) = Coy(74), (2.31)
A30(Ty, T2) = Az1(T1) cOs T, + Bsy(7y) sin 75, (2.32)
Aao(T1, T2) = Cia(11) + 3w 3(11)Cou(T1)T, —

— 2wq Y3(7y)[A51(7y) sin 7, — Bsi(z4) cos 1,], (2.33)
Aso(T1, T2) = —2C,(11) + Asi(ty) cos 7, + Bsy(7y) sin 75, (2.34)
leo(T1, T2) = —wg Y(71)[A31(7y) sin 7, — B;,(7,) cos 7,]. (2.35)

The boundary conditions impose the following conditions on the functions of the slow
variable

wo(0) = 1,
O(0) = 0,
A34(T15) = Bsi(t15) = 0, (2.36)

Asi(t15) = Bsi(t15) = 0,
Co(tiy) = 0,
Cll(Tlf) = 1.

In order to have a uniformly valid solution, the functions of 7; must be chosen in
a manner which removes unbounded 7, terms from the expansions and yet permits
satisfaction of the boundary conditions. It follows immediately, that

Ci(1) = 0.

The first order equations must be used to determine the remaining functions of 7,.

C. FIRST ORDER STATE AND MULTIPLIER SOLUTION

After the substitution of the zero order state solution into the general expanded
first order state equations, they reduce to

ory oro 1/3
-1 _ 70 2.38
(g 7, 77, + @0’ Y1, ( )
00 o0
CUO ‘55-: = - ‘a?': + CO%BVl - a)(s)/3r1, (2.39)
0z4 0Z¢

(2.40)

|
|
|

_|..

=

W — =
872 871



172 ROBERT A. JACOBSON AND WILLIAM F. POWERS

oV oV, )

Wo—=—— = — —= — w3y, + Kby — 2wd3 sin 2 i sin 26,, (2.41)
0T, 074
o %o

—_ Y 2/3 5/3 —1/3 —
Wg e, = + 2052V, + widPr; + xwg Y 0000

— 30§31 + sin? i) + 3wd/? sin? i cos 26, +

dQ,

+ L2w{/® sin? i sin? 0y + 2 — 7. o8 i (2.42)
T
ow ow ..
co(,g%f- = — 5%:0- — a)gzl + KVo + 3wg/3 sin 2i sin Oy —
dQ,
— 2wy/® =—— sin i sin 8,. (2.43)
dTl

Before presenting the multiplier equations, we will make a preliminary analysis of
the state equations which leads to considerable simplification.

Equations (2.42), (2.38), and (2.41) may be combined into a single second order
equation y,

0? .
w3 (~—y21 + yl) = 3w{®3 sin? i sin 20, + 2w3*kay oo +

+ Kw2’3( Po . g, 65°) (2.44)

0T,

Fourier series expansions of the control terms containing o, 8,, and Jd, on the right
side of (2.44) contain a first harmonic which leads to unbounded 7, terms in the 7,
solution. However, an analysis of the expansion coefficients shows that by setting

A31(71) = B31(71) = A4s:1(7y) = Bsy(7) = 0 (2.45)

the unbounded 7, terms will disappear from the y, solution and boundary conditions
(2.36) will be satisfied.
In view of (2.37) and (2.45), the zero order multipliers become

Ao(T1, 7o) = Cii(r)we(Ty), (2.46)
Ao(t1, T2) = 0, (2.47)
A3o(71, T2) = 0, (2.48)
Aso(T1, 72) = Cyy(7y), | (2.49)
Aso(T1, 72) = 0, (2.50)
Aeo(T1, T2) = 0. (2.51)

Use of both the zero order state and multiplier solutions reduces the first order
multiplier equations to the form
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oA 7))
0 '5‘%‘1'5 = — '5:5‘11—0 + @5/*Ay1 — @03PAsy — 2008C11y; —
— 6%3C, 4 sin? i sin 20,, (2.52)
oA 7)) .
g 8121 = — ——a—;l—o + 3wd/3Cy; sin? i cos 26,, (2.53)
oA oA :
Wo —2 = — =2 4 wils; + 30E3C,, sin 2i cos b,, (2.54)
07, 0ty
oA oA
(Do P= - 2 w532 — 260%/3}»51 — woC11)1, (2.55)
3‘[2 87:1
oA oA
(g —l= - =2 - wy*A11 + C03/3/141 — @woC11 V1 — 2005Cy 171 +
01, 0ty
+ 3w83C1(1 — $sin?i) + 2083 sin? i cos 20,, (2.56)
oA oA . .
Wo —2 = — =2 _ 2. + 3wl/3C,, sin 2i sin 6,. (2.57)
01, o014

The first order boundary conditions are

rl(O, O) = 0, Vl(O, 0) = - @—9‘ COS i,
dzy Jo
0,(0,0) =0,  7,0,0) =0, | (2.58)
z,(0,0) = 0, w1(0, 0) = gg_z(_, sin i;
dzy o
{/111 — Wolyy + w5*Cyy (V1 + wg *3 %5%2_0 cos i) —
1
— g 3Cy4 [—20)(2)”1 + wq'® (-]:Q'B +
dTl

+ 3wd’3(% — 3 sin? i sin? 00)]} =0,

Tr
{121 - %Cllwg/3 Sin?‘ iSin 290}11, = O,
~1/3 2 1/3 dQO S R
A3y — C1100 wozy — @ = sin i sin 6, + (2.59)
1

+ 3wd/3 sin 2i sin 00]} =0,
tr
{}'51}1:‘,‘ = Oa
dQ,

{%1 — Cy w513 [wl — wg 23 3 sin  cos Ho]} = 0,
Tl tf

C11 _ . . dZQO
{141 + — @0 213 gin i 3z [ = 0.
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The solution to the first order equations is

ri(ty, 73) =

01(t1, 72) =

24(T1, Tp) =

Vi(ty, 75) =

Ci(t1) + wo *?[By(1y) Sin 6o — Ai(ty) cos o] +

2/3

+ 23 sin? i cos 20,,

O(t1) + 2[A;(ty) sin Oy + By(t) cos 0p] +
+ 1wd/? sin? i sin 26,,

D,(z,) sin i sin 6,,

—3woCy(ty) + 30336 — 7 sin? i) +

+ wd3[A4,(t,) cos 8y — B(t,) sin 6] +

+ 13’3 sin? i cos 26,,

Y1(T1, 72) = 200 **k + [A4(74) sin 6, + By(z1) cos Go] —

4/3

— Ty sin? i sin 26,

wi(T1, T2) = weD,(7,) sin i cos O,

211(71, T2) =

221(T1, T2) =

A31(T1, T2) =

2a1(T1, 72) =

As1(T1, T2) =

Ae1(T1, T2) =

+ w53 Dy(1,) cos [90 + B(z)],
A3(t;) + 3w5°Cyy sin? i sin 26,,
Cs(t,) sin i sin [0y + o5(71)],

Dy(t))w5t + 2wq Y3 Dy(7,) cos [0y + S(z1)] +
+ Ci1(t)[A41(71) cos 8y — By(t,) sin Gy] +

+ 1wd3C (7)) sin? i cos 26,,

—2A44(7;)) — Ci(trwg* + Dy(ty) %

x sin [Gy + B(r1)],

C3(7:1)COO—1 Sin iCOS [00 + 03('[1)] -

— 3wg3Cy4(t,) sin 2i cos b, .

Dy(7;) — 3003C1(z)[Ca(ry) + $w5”(1 — Fsin® )] +
4 2w0Cyy(t,)[A44(7y) cos by — By(ty) sin Oo] +

(2.60)

(2.61)

(2.62)

(2.63)

(2.64)

(2.65)

(2.66)

(2.67)

(2.68)

(2.69)
(2.70)

(2.71)

The boundary conditions impose the following requirements on the functions of the

slow variable
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A4,00) = —1(3 — 2sin? i),

B;(0) = —2x,

C,(0) = —3(1 — 1sin?i),
0,(0) = 4k,

D,(0) = —3 cos i,
Ax(tiy) =0,

(2.72)
Cs(t15) = [w6* Dy + 300" cos i,

Dy(z15) = wo I(Tlf)’c )

Dy(7,5) = [Bw{® sin 2i + 1wd? sin? i cos 20, +

+ wpA; cos By, — weB; sin 90]%,t2 o

T
P(t1s) = 5 Tor — Oo(T1s),
G3(T1f) = O.

For the first order solutions to assume the above forms without unbounded 7,
terms, the following equations must be satisfied:

%‘-‘%’2 + 3xwdl® = 0, 2.73)
1
95-9 + 3wl cosi =0, (2.74)
1
d@0 3,.5/3 3..7/3 o,
-a-;— + 5600/ C1 — §a)o./ (6 — 7 sin l) = 0, (2.75)
1
ddi“ + 3wé34; = 0. (2.76)
1
Using (2.36) with (2.73) we find
wo(ty) = (1 — k7))’ (2.77)

It follows from (2.74) then that

3 3 :
- — =1 —(1 — 2.78
() = = 7 [1 = (1 = K] cos i, 2.78)
where we have taken the X and x axes coincident at 7=0, implying €,(0)=0. The
final two quadratures (2.75), (2.76) cannot be carried out until C; and A3 have been

defined.
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In view of (2.77) we may find the independent variable 7, from (2.3)

7, = (1 — Sext + %1% — 233t (2.79)
or

7, = (1 — k71, + k%17 — 3d)r,
which is of the form 7, =w(z,)r. Consequently, we may interpret trigonometric terms
of the form sin f,=sin [7,+ @y(7,)] as oscillations with slowly varying frequency and
phase.

Finally substitution of the multiplier solutions into the control angle expansions

yields

a0=13 ﬁO'—:Oa

60 = ]., Vo = O,
dl = O,
2.80
B = —2wg 13 As _ Kwg *? + wgq 13 Dy sin (6, + f), (2.80)
C11 Cll

Cs -1 oin 7 3 .4/3 o; ;
o, =0, Vi = = o sinicos (Op + 03) — 505’ sin 2i cos O,.

11

From these expressions it is obvious that to second order the optimal control is
oscillatory with slowly varying frequency, phase, and amplitude.

D. DEVELOPMENT OF THE NEAR OPTIMAL SOLUTION

Due to the extreme complexity introduced by the inclusion of oblateness, the genera-
tion of the complete set of second-order equations was found to be impractical.
Consequently, it is not possible to define the functions of 7, appearing in the first-order
solution in a manner which gives a second-order solution that is bounded in 7,.
Because of this difficulty, the uniformly valid expansions for the optimal control, and
optimal trajectory have not been obtained. However, by using the terminal boundary
conditions (2.72) as a guide, a near optimal control program can be defined, and the
uniformly valid expansion for the corresponding near-optimal trajectory can be
generated. This is accomplished by choosing the functions of 7; in the multiplier
solution to be

As(zy) = 0,

Ci(t1) = (1) Dy(ty) + 3w¢*(zy) cos i,

D;(7,) = Kwq (7).

D,(71) = Hw3(r)) sin 2i + Lwd/3(r,) sin? i cos Oy, + (2.81)

+ wo(t1)A1(71) cos Opr — wo(71)B1(71) sin Og,

ﬂ(Tl) = g - HOfa

os(7y) = 0.
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The resulting near optimal control is defined by

%71, 72) = 1,
do(T1,72) = 1,
(11, 72) = 0,
01(71,72) = 0,

ﬂO(T19 12) = 09
vO(Tla 7"2) = 09
Pi(t1, 72) = —Kwe *3[1 — cos (Ho - 90f)],

vi(ty, 7o) = [w6 D, sin i + g’

(2.82)

sin 2i] cos 6,.

This control has the same functional form as the optimal (2.80) and agrees with it at
the final time. A near optimal defined in the above manner has previously been used
for the case of a non-oblate planet (Jacobson and Powers, 1972), and has been found
for that case to be a good approximation to the true optimal, possessing all of the
major characteristics of the optimal. It is expected, therefore, that for the oblate case
such a near optimal will also exhibit the characteristics of the true optimal.

In order to obtain the expansion for the near optimal trajectory, the second order
state equations are needed. These, after the introduction of the zero order state

solution, take the form

or, ory .
T2 9 /3
o 71, a7, + w7y, + 1V, (2.83)
20, o0,
e + w33V, — wd®ry + w§PrV, +
+ g’} — twoyi, (2.84)
0z, 0z4
Wy — = — —= :
oV oV
Wo —2 = - - w5 Py, + 2w8r,yy + k(g 0p + 09 01) —
0T, 014
— (6¢05°"3 sin? i sin 20,)r; — (3wd’® sin? i cos 26,,)0, +
+ (—3w§® + Fwg/? sin? i — w83 sin? i cos 20,)y, —
— (30§°”3 sin 2i cos By)z; — (Swd/? sin 2i sin Oy)w, —
— gwg cos? isin? isin 20, — 3 w3k cos? i, (2.86)
% 0
0)0 —L? = - _Zl + 260%/3 V2 + a)(s)/3r2 - 260(7)/3”% - 30)3/3"1 Vl -
0T, 014
— PV + 308328 + ws M3r(6. + B1 do) +
+ (6w — 9w sin? i + 9w3 sin? i cos 26,)r; +
+ (Bw{ sin? i sin 200)0; + (Gwd/? sin? i sin 20,)y; +
+ (6wy sin 2i sin 0y)z; + (3w? sin 2i cos Oo)w; +
+ Gw§ — 208 sin? i + 2w} sin® i cos 20,)V, +
+ gwsl’? cos? i[(1 + cos? i) + sin? i cos 26,] +
deQ
+ 2 - cos i, (2.87)

dz,
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ow, oW,
= — — — w4z, + 3wy3zry + KV, +

Wo
0T, oty

+ (—3wg®® + 2Lwi%3 sin? i — L2wi03 sin? i cos 260,)z; +

+ (6% sin 2i sin Oy)r; — Gwd’3 sin 2i cos Gy)y;, +

. . L dQ
+ (Sw!? sin 2i sin O)V, — (2wd/3 sin i sin 6,) ?1?1 —
1
— gw§ cos? isin 2isin 6, + ZLxw§® sin 2i cos b,. (2.88)

A uniformly valid first order expansion for the near optimal trajectory may be
found if a second-order solution, bounded in 7,, can be generated. Such a solution is
possible if the functions 4,, B;, C;, D,, 2,, are defined by the following differential
equations

dA :
E’E—l + (kg V) A — w32 — §sin” i)B; = Jwg ¥k sin Oy, (2.89)
1
dB
ET—I— + (kwo Y?)B; + 5w{*(2 — 3sin?i)4, = twg Pk cos Oyr,  (2.90)
1
%—f—l — (Brwi ) Cy = 2wiP*k(l — 3 sin? i), (2.91)
) |
dD _ :
E-T:“ — Crwi®)D, = 3kwi/® cos i, (2.92)
dQ :
d_l = 2 wiCy cos i + 3w3D, sin®i +
11
+ ews 336 — 57 sin? i) cos i. (2.93)

The equation for O, is not given since it contains unknown functions of 7, from
the second-order state solution and therefore cannot be solved at this point. As a
result, the first-order term in the polar angle expansion is not known completely, and
the polar angle solution must be approximated by only its zero order term.

The solution to (2.91)—(2.93) is straightforward

Dy(t) = —3[(1 — k1)"% + (1 — x11)?] cos i, (2.94)
Ci(ty) = —16(1 — 3sin? )1 — xty)? — 2 + sin? )1 — x7y)™3 (295

: — (1 — 7
Q,(t)) = —15(1 + sin®i)cosi [1 ( " ml)] —

—-&sinzicosi[
K

1 -1 - m'l)s} 3

(2.96)

_ _ 12
— (%5 — $sin?i)cosi [1 (1 = xzy) ],

K
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where the initial conditions for D, and C, are taken from (2.72) and it is assumed
2,(0)=0. With C; known we may also now obtain @, from (2.75) and (2.36)

1 —(1 - KT1)3] N
3k

Oo(11) = Fo(l + sin® i) [

__ . 8
+ 3512 — 3L sin? Q) [1 (1~ xz) ]

- (2.97)

The solution to (2.89), (2.90) is rather complicated, and the details are presented in
Appendix C; the final result is given below
Ai(t) = (1 — kt ){—3(3 — 2sin? i) cos P[(1 — x1y)® — 1] +
+ 2k sin P[(1 — 1) — 1]} —
~ 1x(l — xty) sin [P(1 — k79)® — P — Oysllc —
— 3k(1 — x1y)cos [P(1 — k1y)® — P — Ooslls, (2.98)
By(t) = (1 — xt)}{—31(3 — 2sin2 i) sin P[(1 — x7,)® — 1] —
— 2k cos P[(1 — xty)® — 11} +
+ Ix(l — xty) cos [P(1 — kty)® — P — Oyfllc —
— $x(l — xty) sin [P(1 — x7y)® — P — Ooflls, (2.99)
where

_ 3 5 12z
P = 16K(2 5 sin i),

I = l{cos Pl — (1 — xt)*] 1} 3

5 (1 — x1y)°
1—-ktq
— %PJ x%sin P(1 — x®) dx, (2.100)
1
1 fsinP[1 — (1 — kty)®]
Is = 5{ (1 — kty)° +
1—-x7g

+ %Pf x2 cos P(1 — x®) dx.
1

The integrals appearing in I, and I5 cannot be obtained in closed form, but may be
approximated by a rapidly convergent series given in Appendix C.

At this point we have the uniformly valid first order asymptotic expansion descrip-
tion of a near optimal energy increase trajectory of a low constant thrust acceleration
vehicle. Moreover, since the near optimal is a first-order modification of the true
optimal, we also have the uniformly valid zero order expansion for the optimal trajec-
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tory. The only unknown parameter is the final time 7, which is defined implicitly by
the terminal energy boundary condition.

3. Discussion of the Solutions

To zero order the expansions describe the solution to the optimal energy increase
problem. The resulting trajectory is a spiral which maintains circular orbit conditions
at each point, and which remains in the xy plane of the rotating coordinate system.
That plane, which slowly regresses about the inertial Z axis, is then the osculating orbital
plane to zero order. The optimal thrust direction is along the zero order velocity
vector in the xy plane, implying that to zero order, tangential thrust is optimal as in
the non-oblate case (Jacobson and Powers, 1972).

Because of its similarity to the optimal, the trajectory generated by the near-
optimal control is of some interest. The first-order expansion solution exhibits an
oscillatory character about the zero order circular spiral; all of the state variables
oscillate with slowly varying amplitude, frequency, and phase. The near-optimal
thrusting program is also oscillatory with the out of plane thrust following the out of
plane velocity component and the in plane thrust remaining near the in plane velocity
component. The effect of these programs on the trajectory appears to be a form of
modulation of the trajectory oscillations similar to that which appears in the non-
oblate case (Jacobson and Powers, 1972). In that case, it was shown that such a
modulation was an important characteristic of the optimal control program; and here
we see that the addition of oblateness does not change that basic characteristic.

4. Concluding Remarks

In this paper we have developed a general asymptotic expansion solution for the
problem of near-optimal energy increase by a low thrust vehicle from an orbit about
an oblate planet. The thrust acceleration of the vehicle was assumed constant and of
the same order of magnitude as the initial oblateness gravitational acceleration. The
resulting expansions are uniformly valid as long as the inverse square gravitational
force remains dominant.

The solution is actually correct to zero order for the optimal, but the complexity
of the equations prevented the development of the first order optimal as has been
done for the non-oblate case. However, it is possible to generate the complete first-
order optimal for the special case of equatorial orbits and the thrust oblateness ratio,
x=1. This solution is presented in Appendix D.

Since the near-optimal control 1s closely related to the true optimal, the resultant
near-optimal trajectory can be expected to have the same general characteristics as the
actual optimal. The oscillatory behavior of the near-optimal control and its effect
on the trajectory, therefore, give an indication as to the effect of an optimal control
program on a trajectory.
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S. Appendix

A. CONTROL ANGLE EXPANSIONS

In the solution of the systems of equations, expansions for the control angle functions
were employed. The relations between the terms of those expansions and the multi-

pliers are given below. Recall

As

tan¢ = —I'/—/,{:'

This may be expanded to form

tan ¢ = no + eny + e, + -+,
where

Aso
7= Yl

1 i V A
— l — A. ( 1 + 41)]9
T Voo 17 "\ ™ 7o

1 T | V A
/152—/151( L+ 41)+

’72 - Vol40 _ VO 140
| (AaVi 22, V? Mz’%]
+ 2 + 5+ = - = =22
P \oVo o VE e Vo

For the other control angle we have

AV A
t = = 26 .
my VA4 12V: A cos ¢

Since cos ¢=[1+tan? ¢]~ /2 we may write

cos ¢ = ag + ey + &0y + -,

where
o 1
TV + 2
o — Holl1 ,
V14 n:
” =1[ 3mom Wi+ 2nomz]
F21A + ) (A + )

It follows then that
tanl// = fo -+ 861 -+ 8262 -+ seey,

where
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1T A
C1 = — |aoder + d1hde0 — %phso 41]’

Aso | Ao
L[ 2 A

52 = — 060),62 -+ “1161 -+ “2)’60 -+ a02'60 (-—;—1- — _ﬁ) -}-
Ao L Aao Ao

2
+ Iil‘ (ode1 + “1'160)] ‘
40

Finally we may write
cos ¥ = [1 + tan? y]~1/2,
sin ¥ = cos y tan v,
sin ¢ = cos ¢ tan ¢,

and use the above expansions to get
Cos ¥ = Jg + &0; + &0, + -+-,
sin ¥ = vy + &v; + &%y, + ---,
sin ¢ = fo + by + &6, + -+,

where
1
5 = p)
VS
5‘ —é()él ,
A+ &
5. = 1 [ 368 &+ 250@],
221+ &7 1+ &gy
_ %
T Vit e
v, 1 & &3

TVirg A+ &7

L& 1285 -388 388
TVTre 2 A+8” T2+ a7

ﬁo — 770 ,
V1 + 52
_ N1 M1Mo
pr = T 1 .2 27\3/2
g, = 12 1 2ngn, — 3nomi 3 momi

Vit 2 0Q+m7 20+
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B. PARTIAL DERIVATIVES OF THE ENERGY

The partial derivatives of the vehicle’s energy which were required for the terminal
boundary conditions are given below.

=V —cosicosy — w—sinicos @ — z 1
T

oE dQ dQ . dQ
or dt dr

) cosisinisin @ +
d@)\? s s ins o

+rlg (cos* i + sin®icos® 0) + r(r? + z2)~32 +

+ 3e(r? + z2)~%2[ir + r sin? isin? @ + z cos i sin i sin 0] —

— H2er(r* + z*)~"2(rsin i sin 0 + z cos i)?,

oFE dQ dQ o
il Vz(dr) sinicos (0 — y) — rz (dr) sin i cos i cos 0 +

+ rw (dQ) sin i sin @ — r? doy® sin? i cos @ sin 6 +
dr - \dr

+ 3e(r®* + z%)~>/%(r* sin* i sin O cos 6 + rz sin i cos i cos 6),

8_E _y (dQ dQ
0z

dr) sin i sin (6 — ) — r(dr) sin i cos i sin 6 +

d2\? .
+ z (-CE) sin® i + z(r* + z2)732 + 3¢(r* + 22732 x

X [z + zcos?i + rsinicosicos ] —

— L3ez(r? + 2%~ "%(rsin i sin 6 + z cos i)?,

oE dQ
— =V +r ( )coszcosy—-z(dg) sin i sin (6 — ),

oV dt dt

oFE dQ

o = —rV (dr) cosisiny + zV (((13) sin i cos (8 — v),

a—E =W —r (dg) sin 0,

ow dz £ cos

oF . i

P = [stmysmicos@ + (C(llf) z2sin?icos?60 + Vrcosysini —

dQ

— Vzsinisin 6
1 SIn cosy+(dr

) (r cosi — zsin isin )*> —

2
— wr sin i cos @ + r? sin? i cos? 9] (d Q)

dz?
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C. SOLUTION OF THE EQUATIONS FOR A(7¢), Bi(7,)

The equations form a system of linear first-order differential equations with variable
coefficients.

-dAl— B —-1/3 l 3..7/3 S ain2 7 i
A —xwg Y3(t,) | 2000"(7,)(2 — 3 sin® i)
dTl l

1
dB oy _ -
& | | i@ - i’ i) | —xeeo 3(e,) .

Ay sin O ¢
X + Lrwg 33(1y) ,
B, cos Oy

which has a solution given by

Ay(7y) A;(0) !
[ } = @(11,0){[ J + j @(0, @[?8] ds},
Bi(71) B,(0) 0 :

where &(7, 7,) is the fundamental matrix of the system and

[Fl(s) sin Oy ] .
F,(s) cos Oy s

By straightforward means it may be shown that

D(7, 70) = (1 — KT) X

1—KTO

] = 1r(l — KS)_S[

y [cos Pl(1—x7)®—(1—kK10)?%] : —sin P[(1 —k7)®—(1— mo)s]]
sin P[(1 —k1)8— (1 —x70)8] 1 cos P[(1 —k7)B—(1 —k70)®] |

where
P = i(2 — 3 sin? i)
16x 2 ‘

Using this fundamental matrix and the initial conditions given in (2.72) we may
form the solutions given in (2.98) and (2.99). The integrals I. and Iy appearing in
those solutions are

Ic = f(l — k85)"%cos P[1 — (1 — ks)®] ds,
0

131
Is = f(l — k8)~°%sin P[1 — (1 — xs)%] ds,
0
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which may be integrated by parts to obtain form (2.100). We have remaining the
integrals

1-x1y : 1-x14
f x?sin P(1 — x®)dx = sin P J x% cos Px® dx —
1 1

1“1(1'1

— cos P f x? sin Px® dx,

1

1—kty 1—k1y
f x*>cos P(1 — x®) dx = cos P f x% cos Px® dx +
1 1
1—K‘51

+ sin P f x2 sin Px® dx.
1

Using a change of variable we may write

1—-xty 00
f x% cos Px® dx = %—P'3/8[f2‘5/8 cos ZdZ —
1 P
(0 o]
— f ARl codeZ],
P(1—xt,)8
1-x7q e
f x? sin Px® dx = 1P 38 U‘Z‘S/8 sin ZdZ —
1 P

—~ f Al sinZdZ].
P(1—x1)8

The new integrals on the right-hand side are Generalized Fresnel Integrals which have
the general form |

. oo —1)ym 2m+a
Z*tcosZdZ = C(y, a) = I'(a) cos (Eﬂ) - > (=1

2] T .5 Cm)i2m + a)
y
fZ“‘l sin ZdZ = S(y,a) = I'(a) sin (-732?—) —
y
© (_l)my2m+1+a

T A Cm+DICm+ 1 +a)
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For our problem it can be shown that |P| <1 since we are only interested in kX1,
and that 0<(1—x7,)<1. Therefore, we must evaluate the Generalized Fresnel
Integrals S(y, 2), C(y, 3) where y=P or P(1 —xt,)®. Since y will always be less than 1,
only a few terms of the series are needed for a good approximation to the integrals.

D. OPTIMAL EQUATORIAL SOLUTION

Consider the special case where i=0 and x=1, this implies all motion is confined to
the equatorial plane, and the thrust acceleration is equal to the initial oblateness
gravitational acceleration. The second order state and multiplier equations reduce to

%2

I

D — =
° o1,

+

or
— 8_1 + @5y2 + 11V, (D.1)
T1
o0
B 5f + 0V, — wiPry + 0§V + g — Yoeri, (D.2)
1
024
_ A1 D.3
014 W2, (-3
_ 9V DRy — B3y, — 2L/3 D.4
o7 o'~V -+ Wor1Y1 20" "Y1 3 Wo' ™, ( . )
1
0
B 8—11 + 2033V, + w§Pry — 24?13 — 3wV —
1
— w§*Vi + 30?28 + wg PP + 6wary +
dQ
30V, + J0it + 25, (D.5)
T1
ow
811 wez, + 3ws!3zry + Vv, — 206°%z4, (D.6)
1
oA
B 8'511 + @32y — w5PAsy — Rlry — 0*V1)Aay —
1
— 20037, A1 — (6003 — 30083V, — 4w}Pr)Asy —
dzQ
— (20872 — 60riz, + 608, — T2 Cu
dry
OAsy
_ Zf21 D.8
e (D.8)
oA
— 5% + CO%A62 — (30)(8)/37'1 - %w(1)0/3)j'61> (Dg)
1
oA
- _3_’;—1 — 0§Phay — 2008 hsy — Y1y + @§PriAy —
1

— (%60(2) — 2wy Vi, — 30)3/3” 1)As; — @oy2C11,5 (D.10)
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oA oA
Wo 2= 22 600/3}«12 + C00/3/142 — Vidis + woyidag —
81'2 81'1
- (260%" 1~ 2600/3)/141 — woV,Cyy —
8/3..2 1 d‘QO g
2wdr, — 3wd3r? + 60i%3r, — wo_m(dr ) Cii, (D.11)
1

0les 0l¢1

= - — — . A2

o= R = (D.12)

From (2.67), (2.72), (D.8) and the boundedness condition on the expansion terms
we find

Aai(t1, T2) = As(7y) = As(t15) = 0. (D.13)

The boundedness conditions on A5, combined with Equations (D.7), (D.10) and
(D.11) lead to the equations

dil (D; cos ) — a5 /3(Dy cos f) — 3wd/*(Dy sin f) —

— 3C4, = 0, (D.14)

di (D, sin f) + 3wd/3(D; cos B) — wg Y3(D, sin f) —
1

- %CllBl = O. (D.IS)

Using the true optimal control program (2.80) in the state equations instead of the
near optimal program (2.82) causes Equations (2.89) and (2.90) to be replaced by

A |

d4, + wiPA; — 3wPB; — Loy 3 Dy cos f =0, (D.16)
dTl Cll

dB, + 3w¢PA; + wyPB; — lwg 23 Dy sin f = 0. (D.17)
dr, Ci1

With i=0, k=1, Equation (2.91) becomes

46, — Bwg 3)C, = Jwd!3. (D.18)
d’L‘l

From (2.76), (2.36), and (D.13) we find that

Cii(t) = 1. (D.19)
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The solution of (D.14)+(D.18), satisfying boundary conditions (2.72) is given below

(11—t ) 1tlcosy | (I—7)k2%tcos x : —(—r)attsing | —(l—7)f2*tsinyg || a,]

A—z)fa*tsiny | (A—7)2ttsiny } (1—7)1*1 cos y { (1—1)*2* cos g a
= —2k1(1“—’51)k1+2x { —2k2(1 —-Tl)k2+2>< l 2k1(1—7:1)k1 +2 5 | 2k2(1—-1'1)k2+2>< . ,

cos B X COS ¥ | Xcosy | xsiny ' xsiny 3
sin B _2k1(1 - Tl)kl +2 % : 2k2(1 Tl)k2+2 X : —2k1(]. Tl)k1+2 X | —2k2(1 —7 )k2+2 X a

| B | Xxsiny L xsin y | XCOSy [ xcosy L%

(D.20)
where

X = %[(1 - Tl)s — I]a

k1=

a1=

a, =

as =

3k,(1 — T1f)k2+3 + (1 = 745) 7% sin [x(745) + eo(Tf)],
2(1 — 744)3[k,(1 — Ty o)t — k(1 — T15)2]

3ki(1 — 710)%3 + (1 — 745) 72 sin [x(115) + eo(ff)]
2(1 — 70 [ko(1 — Typ)°2 — ky(1 — 745)"1]

4k,(1 — 745)2* + (1 — 145)72 cos [x(t1y) + Ho(Tf)]

2(1 — 715 °[k;(1 — 7900 — kol — 745)%2]

_ 4k (1 — 7)1 *3 + (1 — 194)72 cos [x(715) + HO(Tf)],

2(1 — 730)°[ko(1 = T45)2 — ky(1 — 744)]

Oo(ts) = To5 + %501 — (1 — Ti0)°] + zoll — (1 — 745)°%],
Ci(t1) = —v6(1 — 7)* — 3(1 — 7,) 72 (D.21)

We now have defined all of the necessary functions for a uniformly valid first-order
representation of r, v, y, and the control angle for an optimal energy increase trajectory
in the equatorial plane of an oblate planet. As in the general case, the polar angle
first-order representation cannot be formed since it depends on unknown functions
introduced by the second-order state solution. Comparison of the optimal and near-
optimal control programs brings out no major differences. The optimal has a slowly
varying phase shift which the near optimal does not possess, and the amplitude variation
of the optimal differs slightly from the near optimal.

References

Benny, D. J.: 1958, Jet Propulsion 28, 167.
Breakwell, J. V. and Rauch, H. E.: 1966, A144 J. 4, 693.
Cole, J. D.:1968, Perturbation Methods in Applied Mechanics,Blaisdell Publishing Company, Waltham,

Massachusetts.

Dobrowolski, A.: 1958, Jet Propulsion 28, 687.



OPTIMAL LOW-THRUST TAKEOFF FROM AN ORBIT ABOUT AN OBLATE PLANET 189

Jacobson, R. A. and Powers, W. F.: 1971, University of Michigan Department of Aerospace Engineer-
ing Report No. 02677-4-T, Ann Arbor, Michigan.

Jacobson, R. A. and Powers, W. F.: 1972, AIAA J. 10, 1679.

Lawden, D. F.: 1958, Astron. Acta 4, 218.

Ting, L. and Brofman, S.: 1964, Zeitschr. f. Angew. Math. Mech. 44, 417.

Tsien, H. S.: 1953, J. Am. Rocket Soc. 23, 233.

Zee, C.: 1968, Paper AD93, 19th Congress of the International Astronautical Federation, New York.

Zee, C.: 1969, Astron. Acta 14, 289.



