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Abstract. If N is a hyperbolic 3-manifold with finitely generated fundamental group, then the
nearest point retraction is a proper homotopy equivalence from the conformal boundary of N

to the boundary of the convex core of N. We show that the nearest point retraction is Lipschitz
and has a Lipschitz homotopy inverse and that one may bound the Lipschitz constants in
terms of the length of the shortest compressible curve on the conformal boundary.
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1. Introduction

If N is an orientable hyperbolic 3-manifold with finitely generated fundamental

group, then the boundary @CðNÞ of its convex core and its conformal boundary

@cN are homeomorphic finite area hyperbolic surfaces. Sullivan showed that there

exists some uniform constant K such that if @CðNÞ is incompressible in the convex

core CðNÞ, then there is a K-bi-Lipschitz homeomorphism between @cN and @CðNÞ,

(see Epstein and Marden’s paper [7]). In this paper, we investigate the relationship

between the conformal boundary and the boundary of the convex core in the more

general situation where one only assumes that N has finitely generated fundamental

group.

If N ¼ H3=G, then we may identify the sphere at infinity for H3 with the Riemann

sphere ĈC and G acts as a group of conformal automorphisms of ĈC. If we let OðGÞ be
the domain of discontinuity for this action, i.e. the largest open subset of ĈC on which

G acts properly discontinuously, then the conformal boundary @cN of N is the quo-

tient OðGÞ=G. If G is non-Abelian, then OðGÞ inherits a conformally invariant hyper-

bolic metric, called the Poincaré metric, and @cN is naturally a hyperbolic surface.

The convex core CðNÞ is the smallest convex submanifold of N. If the convex core
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is not two-dimensional, then CðNÞ is homeomorphic to N̂N ¼ @cN [ N and @CðNÞ is a

hyperbolic surface (in its intrinsic metric). Epstein and Marden gave an extensive

treatment of the convex core in [7].

One may produce sequences of examples of hyperbolic 3-manifolds where the

minimal biLipschitz constant of a homeomorphism between the conformal bound-

ary and the boundary of the convex core becomes arbitrarily large, see [7] or [6].

In these sequences, the length of the shortest compressible curve in the conformal

boundary becomes arbitrarily small. It is thus natural to conjecture that there should

be a biLipschitz homeomorphism between the conformal boundary and the bound-

ary of the convex core, such that the biLipschitz constant is bounded above by a con-

stant depending only on the length of the shortest compressible curve in the

conformal boundary.

In this paper, we give a partial generalization of Sullivan’s theorem to the setting

of hyperbolic 3-manifolds with compressible conformal boundary. It is not difficult

to combine Canary’s estimates in [6] and Epstein and Marden’s techniques used in [7]

to show that the nearest point retraction is a Lipschitz map from the conformal

boundary to the boundary of the convex core and that there is a bound on the Lip-

schitz constant depending only on a lower bound for the injectivity radius of the

domain of discontinuity. We adapt Bridgeman’s techniques from [4] to produce a

homotopy inverse which is a Lipschitz map where again there is a bound on the Lip-

schitz constant depending only on a lower bound for the injectivity radius of the

domain of discontinuity.

THEOREM 1. There exist functions J;L : ð0;1Þ ! ð0;1Þ such that if N ¼ H3=G is

a hyperbolic 3-manifold with finitely generated, non-Abelian fundamental group and r0
is a lower bound on the injectivity radius ðin the Poincaré metricÞ of the domain of

discontinuity OðGÞ, then the nearest point retraction r : @cN ! @CðNÞ is Jðr0Þ-Lipschitz

and has a Lðr0Þ-Lipschitz homotopy inverse.

We will give explicit expressions for J and L later. For the moment, we simply note

that as r0 tends to 0, Jðr0Þ ¼ Oð1=r0Þ and Lðr0Þ ¼ Oðe
C
r0 Þ for some constant C > 0.

Although these expressions may seem to grow quite fast we will also see that their

basic forms cannot be substantially improved.

A lower bound on the injectivity radius of the domain of discontinuity (in the

Poincaré metric) is equivalent to a lower bound on the length of the shortest com-

pressible curve in the conformal boundary. If G is finitely generated, then Ahlfors’

finiteness theorem [1] implies that there is a lower bound on the injectivity radius

of the domain of discontinuity.

In the case that the conformal boundary is incompressible, our techniques

improve on the bounds obtained by Bridgeman in [4]. We note that the conformal

boundary is incompressible if and only if each component of the domain of discon-

tinuity is simply connected.
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THEOREM 2. If N ¼ H3=G is a hyperbolic 3-manifold with finitely generated, non-

Abelian fundamental group and each component of OðGÞ is simply connected, then the

nearest point retraction r : @cN ! @CðNÞ is 4-Lipschitz and has a ð1þ p= sinh�1
ð1ÞÞ-

Lipschitz homotopy inverse, where

1þ
p

sinh�1
ð1Þ

	 4:56443:

The fact that r is 4-Lipschitz if the conformal boundary is incompressible is due to

Epstein and Marden [7]. In a recent preprint [8], Epstein, Marden and Markovic

establish that r is 2-Lipschitz in the same situation. Furthermore, they give a counter-

example to Thurston’s K ¼ 2 Conjecture by exhibiting a hyperbolic 3-manifold with

incompressible conformal boundary such that the nearest point retraction is not

homotopic to a 2-quasiconformal map (see also [9, 10]).

One expects that the conclusions of Theorem 1 ought to guarantee the existence of

a bi-Lipschitz homeomorphism between the conformal boundary and the boundary

of the convex core and uniform bounds on the bi-Lipschitz constant. A realization of

this expectation would produce a full generalization of Sullivan’s theorem. In most

cases, one uses Sullivan’s theorem to assure that there is a bi-Lipschitz equivalence of

lengths of corresponding closed geodesics. Theorem 1 does produce this bi-Lipschitz

equivalence of lengths.

COROLLARY 1. Let N ¼ H3=G be a hyperbolic 3-manifold with finitely generated,

non-Abelian fundamental group and let r0 be a lower bound for the injectivity radius of

OðGÞ. If a is a closed geodesic in @cN and rðaÞ
 denotes the closed geodesic in @CðNÞ

which is homotopic to rðaÞ, then

l@CðNÞðrðaÞ


Þ

Jðr0Þ
4 l@cðNÞðaÞ4Lðr0Þl@CðNÞðrðaÞ



Þ;

where l@CðNÞðrðaÞ


Þ denotes the length of rðaÞ
 in @CðN Þ and l@cNðaÞ denotes the length of

a in @cN.

We note that there is also a version of Theorem 1, where the bounds depend on the

injectivity radius of the boundary of the convex hull CHðLGÞ of the limit set LG of G,
see Section 9. In fact, the bounds on the Lipschitz constant produced by generalizing

the techniques of Bridgeman naturally give bounds which depend on the injectivity

radius bounds on the boundary of the convex hull and it is necessary to prove

that injectivity radius bounds on the boundary of the convex hull imply injectivity

radius bounds on the domain of discontinuity (and vice versa.) We will also see

that Theorem 1 holds more generally for analytically finite hyperbolic 3-manifolds

and that Corollary 1 may be generalized to allow a to be any geodesic current

on @cN.
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The key tool underlying the proofs of Theorems 1 and 2 is an estimate on the aver-

age bending of a curve in the boundary of the convex core. Suppose that N is a

hyperbolic 3-manifold and a is a closed geodesic in @CðNÞ. We define the average

bending BðaÞ of a to be

BðaÞ ¼
iða; bNÞ

l@CðNÞðaÞ
;

where iða; bNÞ is the total bending along a and l@CðNÞðaÞ is the hyperbolic length of

a on @CðNÞ.

THEOREM 3. There exists a function K : ð0;1Þ ! ð0;1Þ such that if N ¼ H3=G is

a hyperbolic 3-manifold with finitely generated, non-Abelian fundamental group and

a is a closed geodesic on @CðNÞ, then

(1) If r̂ra is a lower bound for the injectivity radius of @CHðLGÞ at any point in the sup-

port of a lift ~aa of a, then BðaÞ4Kðr̂raÞ
(2) If a is contained in an incompressible component of @CðNÞ, then BðaÞ4K1, where

K1 ¼ p= sinh�1
ð1Þ 	 3:56443.

2. Background

An orientable hyperbolic 3-manifold H3=G is the quotient of hyperbolic 3-space H3

by a discrete torsion-free subgroup of the group IsomþðH
3Þ of orientation preserving

isometries of H3: We may identify IsomþðH
3Þ with the group PSL2ðCÞ of Möbius

transformations of ĈC. The domain of discontinuity OðGÞ is the largest open set in ĈC

on which G acts properly discontinuously, and the limit set LG is its complement.

The conformal boundary @cN of N is simply the quotient OðGÞ=G. If G is non-

Abelian, then LG is infinite and OðGÞ admits a canonical hyperbolic metric pðzÞjdzj

called the Poincaré metric. We will assume throughout the paper that G is non-Abe-

lian. The Kleinian group G acts as a group of isometries of the Poincaré metric, so

@cN is a hyperbolic surface. The hyperbolic 3-manifold N is said to be analytically

finite if @cN has finite area in this metric. Ahlfors’ Finiteness Theorem [1] asserts that

N is analytically finite if G is finitely generated. We note that if N is analytically finite

then there is always a positive lower bound for the injectivity radius on OðGÞ.
The convex hull CHðLGÞ of LG is the smallest convex subset of H3 so that all geo-

desics with both endpoints in LG are contained in CHðLGÞ. The convex core CðNÞ of

N ¼ H3=G is the quotient of CHðLGÞ by G. The boundary @CðNÞ of the convex core is

a pleated surface, i.e. there is a path-wise isometry f : S ! @CðNÞ from a hyperbolic

surface S onto N which is totally geodesic in the complement of a disjoint collection

bN of geodesics which is called the bending lamination. The nearest point retraction

~rr : H3 ! CHðLGÞ is the map which takes a point to the (unique) nearest point in

CHðLGÞ. It extends continuously to a map ~rr : OðGÞ [H3 ! @CHðLGÞ, called the near-

est point retraction, such that if z 2 OðGÞ, then ~rrðzÞ is the (unique) first point of con-

tact of an expanding family of horospheres based at z with @CHðLGÞ. This map
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descends to a map r : N̂N ! @CðNÞ. We will often consider the restriction of r to @cN

(which we will simply call r) which gives a homotopy equivalence from @cN to @CðNÞ.

Epstein and Marden [7] give a complete description of the geometry of the convex

hull.

We have to modify the above description in the special case that LG lies in a round

circle. In this case, CHðLGÞ is a convex subset of a hyperbolic plane and CðNÞ is a

totally geodesic surface with boundary. In this case, we will consider @CðNÞ to be

the double of CðNÞ (along its boundary considered as a hyperbolic surface) where

we regard the two copies of CðN Þ as having opposite normal vectors. One may still

define r : @cN ! @CðN Þ in this setting and it remains a homotopy equivalence.

The bending lamination bN inherits a measure on arcs transverse to bN which

records the total amount of bending along any transverse arc, so bN is a measured

lamination. A measured lamination on a finite area hyperbolic surface S consists of

a closed subset l of S which is the disjoint union of geodesics, together with coun-

tably additive invariant (with respect to projection along l) measures on arcs trans-

verse to l. The simplest example of a measured lamination is a (real) multiple of a

simple closed geodesic, where the measure on each transverse arc has an atom of

fixed mass at each intersection point with the geodesic. Multiples of simple closed

geodesics are dense in the space MLðSÞ of all measured laminations on S (see [13]).

If we lift a measured lamination to the universal cover H2 of S, we obtain a p1ðSÞ-
invariant subset of the space GðH2Þ of geodesics on H2. The transverse measure on l
gives rise to a p1ðSÞ-invariant measure on GðH2Þ. More generally, a geodesic current

is a p1ðSÞ-invariant measure on GðH2Þ. Bonahon [2, 3] has extensively studied the

space CðSÞ of geodesic currents on S. The support of a geodesic current projects

to a closed union of geodesics and multiples of closed geodesics are dense in CðSÞ
(see also [12].) The function given by the length of a closed geodesic extends in a nat-

ural way to continuous functions on MLðSÞ and CðSÞ. Similarly, the geometric inter-

section number of two closed geodesics extends to a continuous functions on

CðSÞ 
 CðSÞ. Moreover, if f : S ! T is a Lipschitz map between finite area hyperbolic

surfaces it induces a homeomorphism f
 : CðSÞ ! CðT Þ.

3. Some Basic Facts from Hyperbolic Geometry

We begin by observing that among hyperbolic triangles with a side of fixed length and

opposite angle of fixed value, the isosceles triangle maximizes perimeter. We will omit

the proof which is an elementary calculation involving hyperbolic trigonometry.

LEMMA 3.1. Consider the set of all hyperbolic triangles with one side of fixed length

C and the opposite angle of fixed value y, where 0 < y < p. Then the unique triangle in

this set with maximal length perimeter is the isosceles triangle having the fixed side as

base. The other sides have length

sinh�1 sinhðC=2Þ

sinðy=2Þ

� �
:
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We will also need an elementary observation about configurations of planes in H3.

We will later use such configurations to enclose the convex hull.

Let H0, H1, and H2 be three closed half-spaces inH3. Let Pi denote the plane inH
3

which bounds Hi and let Di be the closed disk in S2
1 which is the intersection of the

closure of Hi with S2
1. Suppose that D0 \ D1 ¼ fag and D1 \ D2 ¼ fbg. Let C be the

closure of the complement of H1 [ H2 [ H3.

Suppose that a is a parametrized curve a : ½0; 2� ! C such that aðiÞ 2 Pi, for i ¼

0; 1; 2. We denote the length of a by l. Then a is a curve with one endpoint on P0,

the other on P2, and an interior point on P1. We show that if l is short enough, then

D0 and D2 must intersect and that l determines an upper bound for their angle of

intersection. Recall that the angle of intersection of two half-spaces equals the angle

of intersection of the associated disks on the sphere at infinity.

LEMMA 3.2. If l4 2 sinh�1
ð1Þ, then D0 and D2 intersect and their angle of inter-

section y satisfies y5 2 cos�1ðsinhðl=2ÞÞ:

Proof. Let �aa be the shortest curve in C with one endpoint on P0, the other on P2,

and an interior point on P1. Let H be the unique plane orthogonal to the three planes

P0, P1 and P2. We note that the circle on S2
1 which bounds H must pass through the

two ideal points a and b described above. Thus, letting Li ¼ Pi \ H, the line L1 meets

each of L0 and L2 in an ideal point. Furthermore, the disks D0 and D2 intersect if and

only if the lines L0 and L2 intersect, and the angle of intersection of the lines is equal

to the angle of intersection of the disks.

As orthogonal projection onto H decreases distance, �aa must be contained in the

plane H. Using planar hyperbolic geometry, one sees that the curve �aa consists of

two equal length geodesic segments with a common endpoint v on L1 which are per-

pendicular to L0 and L2, respectively. If lð�aaÞ denotes the length of �aa, then l5 lð�aaÞ.
If L0 and L2 intersect in an angle y, then we let T be the triangle given by the three

lines L0, L1 and L2. Applying elementary formulae from hyperbolic trigonometry

one sees that sinhðlð�aaÞ=2Þ ¼ cosðy=2Þ. Thus,

lð�aaÞ ¼ 2 sinh�1
ðcosðy=2ÞÞ:

Since l5 lð�aaÞ,

l5 2 sinh�1
ðcosðy=2ÞÞ:

The function f ðxÞ ¼ sinh�1
ðcosðx=2ÞÞ is decreasing on ½0; p�, so

y5 2 cos�1ðsinhðl=2ÞÞ: ð1Þ

If T is ideal then y ¼ 0 and lð�aaÞ ¼ 2 sinh�1
ð1Þ.

If the closures of L0 and L2 do not intersect, then there is an ideal triangle T 0 with

two ideal vertices equal to the ideal endpoints of L1, whose other ideal vertex lies

between the ideal endpoints of L0 and L2 which are not endpoints of L1. Since T 0

is ideal, the intersection of �aa with T 0 has length at least 2 sinh�1
ð1Þ, so

l5 lð�aaÞ > 2 sinh�1
ð1Þ:
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Therefore, if l4 2 sinh�1
ð1Þ the (closures of) L0 and L2 must intersect and inequal-

ity (1) must hold. &

4. Local Intersection Number Estimates

In this section we show that if a geodesic arc in the boundary of the convex hull is

short enough then its ‘total bending’ is at most 2p. How short it is necessary to make

the arc will be an explicit function of the injectivity radius of the convex hull at the

starting point of the arc. This estimate, Lemma 4.3, underlies all the results in the

paper.

We first need to recall some background material on convex hulls. For a full

description of convex hulls, see [7]. We will assume throughout this section that G
is analytically finite.

If G is a Kleinian group with convex hull CHðLGÞ then a support plane to CHðLGÞ

is a hyperbolic plane P in H3 which bounds a closed half-space HP whose intersec-

tion HP \ CHðLGÞ with the convex hull is nonempty and contained in P. We will

consider P to be an oriented plane, with orientation chosen so that HP lies above

P. If P is a support plane and P \ @CHðLGÞ is a single geodesic, then this geodesic

is called a bending line, otherwise, the interior of P \ @CHðLGÞ is called a flat and

the geodesics in the frontier of the flat are also called bending lines. If P1 and P2

are distinct intersecting support planes, then r ¼ P1 \ P2 is called a ridge line.

If x 2 @CHðLGÞ then either x lies in a flat or x is on some bending line. If x lies in a

flat then there is a unique support plane P containing x. If x 2 b, where b is a bending

line, let SðbÞ be the set of support planes to b. The set of oriented planes SðbÞ con-

taining b is a circle and SðbÞ � SðbÞ. As SðbÞ is connected, it is either a closed arc

or a point. If SðbÞ is an arc, the endpoints are called extreme support planes and

the bending angle bðxÞ is defined to be the angle between the extreme support planes.

Otherwise, we define bðxÞ ¼ 0.

The union of the bending lines in @CHðLGÞ is denoted bG and is called the bending

lamination. Thurston defined a transverse measure on bG called the bending measure

which assigns to every arc a transverse to bG a value iða; bGÞ corresponding to the

amount of bending along a (see [7] or [13]). If the closed arc a is transverse to bG
and has endpoints x and y, then

iða; bGÞ ¼ bðxÞ þ iða0; bGÞ þ bðyÞ;

where a0 denotes the interior of a. The bending lamination bG on @CHðLGÞ projects

to the bending lamination bN of @CðNÞ.

We now refine the analysis further to allow for arbitrary support planes at the end-

points. Since G is analytically finite, each bending line with positive angle covers one

of finitely many closed geodesics in bN. Therefore, any path a : ½0; 1� ! @CHðLGÞ

which is transverse to bG contains at most finitely many points where there is not

a unique support plane to the image of a. If there is a unique support plane at

FROM THE BOUNDARY OF THE CONVEX CORE TO THE CONFORMAL BOUNDARY 217



aðsÞ, let Qs be the unique support plane. We define the initial support plane at að�ssÞ to
be Q�

�ss ¼ lims 7!�ss� Qs and the terminal support plane at að�ssÞ to be Qþ
�ss ¼ lims 7!�ssþ Qs.

The initial support plane at að0Þ is defined to be Q0 if there is a unique support plane,

and otherwise is the extreme support plane which is not terminal. The terminal sup-

port plane at að1Þ is defined similarly. If bðað�ssÞÞ > 0, then the initial and terminal

support planes are the two extreme support planes.

Suppose that a : ½0; 1� ! @CHðLGÞ is a path transverse to bG and that P and Q are

support planes at að0Þ and að1Þ. We define yP to be the exterior dihedral angle

between P and the terminal support plane Qþ
0 and yQ to be the exterior dihedral

angle between Q and the initial support plane Q�
1 . Then we define

iða; bGÞ
Q
P ¼ yP þ iða0; bGÞ þ yQ:

Notice that if �PP is the initial support plane at að0Þ and �QQ is the terminal support plane

at að1Þ, then iða; bGÞ
�QQ
�PP
¼ iða; bGÞ.

If f0 ¼ s0 < s1 < � � � < sn ¼ 1g is a subdivision of ½0; 1�, then let ai be the closed

subarc obtained by restricting a to the interval ½si�1; si�. Let Qi be a support plane

at aðsiÞ with Q0 ¼ P and Qn ¼ Q. Then it follows from the additivity of the standard

intersection number that

iða; bGÞ
Q
P ¼

Xn

i¼1

iðai; bGÞ
Qi

Qi�1
:

We now obtain an explicit description of a continuous path of support planes to

a joining P to Q. Let f04 s1 < � � � < sn�1 4 1g be the points at which aðsÞ does not
have a unique support plane. If si is not either 0 or 1, then let yi ¼ bðaðsiÞÞ > 0 and let

fQi
yjy 2 ½0; yi�g denote the one parameter family of all support planes to aðsiÞ parame-

terized by the exterior angle the support plane makes with the initial support plane

Q�
si
. If s1 ¼ 0, then we let y1 be the angle between P and the terminal support plane

Qþ
0 at að0Þ and we begin the parameterization fQi

yjy 2 ½0; y1�g at P. Similarly, if

sn�1 ¼ 1, then we let yn�1 be the angle between Q and the initial support plane Q�
1

at að1Þ and we end the parameterization fQi
yjy 2 ½y; yn�1�g at Q.

We obtain our continuous 1-parameter family of support planes along a by insert-

ing the families fQi
yjy 2 ½0; yi�g between the intervals where the support planes are

uniquely defined. Let Ij ¼ ðsj�1; sjÞ for all j ¼ 1; . . . ; n, where we define s0 ¼ 0 and

sn ¼ 1. Let Yi ¼
Pi

j¼1 yj and let k ¼ 1þYn�1: We let

Xi ¼ ½si þYi�1; si þYi� and Yi ¼ ðsi�1 þYi�1; si þYi�1Þ:

We let Y1 ¼ ½0; s1Þ and Yn ¼ ðsn�1 þYn�1; k�. The intervals Xi and Yi give a parti-

tion of ½0; k� and we define a piecewise linear continuous function s: ½0; k� ! ½0; 1� by

sðtÞ ¼
ti; t 2 Xi;
t �Yi�1; t 2 Yi:

�
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The function s is a continuous monotonic function. We define the support planes

Pt by letting P0 ¼ P, Pk ¼ Q and if t 2 ð0; kÞ setting

Pt ¼
Qi

t�si�Yi�1
; t 2 Xi;

QsðtÞ; t 2 Yi:

�

The family fPtjt 2 ½0; k�g is called the continuous 1-parameter family of support

planes along a from P to Q. Notice that Pt is a support plane to aðsðtÞÞ and that if

Pt1 ¼ Pt2 and sðt1Þ ¼ sðt2Þ, then t1 ¼ t2.

The following lemma allows us to estimate the intersection number along a geode-

sic on @CHðLGÞ by using support planes. Its proof is given in the appendix.

Let fgtg be a continuous family of geodesics in a hyperbolic plane which is indexed

by an interval J. We say that the family is monotonic on J if given a; b 2 J such that

a < b and ga \ gb 6¼ ; then gt ¼ ga for all t 2 ½a; b�. Notice that if fgtg is monotonic

over ½a; bÞ and continuous on ½a; b�, then it is monotonic on ½a; b�.

We say that ðP;QÞ is a roof over a path a if for all t 2 ½0; k�; P \ Pt 6¼ ; and the

interiors of the half spaces HP and HPt
also intersect.

LEMMA 4.1. Let N ¼ H3=G be an analytically finite hyperbolic 3-manifold such that

LG is not contained in a round circle. Let a : ½0; 1� ! @CHðLGÞ be a geodesic path, in

the intrinsic metric on @CHðLGÞ, which is transverse to bG. If ðP;QÞ is a roof over a and

fPtj t 2 ½0; k�g is the continuous one-parameter family of support planes over a joining

P to Q, then

ð1Þ iða; bGÞ
Q
P 4y < p; where y is the exterior dihedral angle between P and Q, and

ð2Þ there is a �tt 2 ½0; k� such that Pt ¼ P if t 2 ½0; �tt � and the ridge lines

frt ¼ P \ Ptjt > �tt g exist and form a monotonic family of geodesics on P.

We say ðP;QÞ is a p-roof if ðP;PtÞ is a roof over að½0; sðtÞ�Þ for all 04 t < k but

ðP;QÞ is not a roof over a. Notice that this implies that either P ¼ Q, in which case

the limit set LG is contained in a round circle, or that the closures of P and Q inter-

sect in a single point at infinity. The following corollary follows immediately from

Lemma 4.1.

COROLLARY 4.2. If ðP;QÞ is a p-roof over a then the interiors of the half spaces HP

and HQ are disjoint and iða; bGÞ
Q
P 4p.

The following functions arise naturally when we attempt to quantify how short we

must make a geodesic in @CHðLGÞ in order to guarantee that its intersection with the

bending measure is at most 2p. We define the functions F;G;K by

FðxÞ ¼
x

2
þ sinh�1 sinh x

2

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sinh2 x

2

� �q
0
B@

1
CA; GðxÞ ¼ F�1ðxÞ; KðxÞ ¼

2p
GðxÞ

:
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From the equation it is easy to see that F is monotonically increasing with domain

½0; 2 sinh�1
ð1ÞÞ. The function GðxÞ has asymptotic behavior GðxÞ � x as x tends to 0,

and GðxÞ approaches 2 sinh�1
ð1Þ as x tends to 1. We further define

G1 ¼ 2 sinh�1
ð1Þ 	 1:76275 and K1 ¼

p

sinh�1
ð1Þ

	 3:56443:

The following lemma shows that if a short arc bends a lot, then it must begin at a

point with small injectivity radius. In the next section, we will apply this local

bound to obtain the global bound on average bending given in Theorem 3. If

x 2 @CHðLGÞ, let r̂rðxÞ denote the injectivity radius of @CHðLGÞ (in the intrinsic

metric) at the point x.

LEMMA 4.3. Let N ¼ H3=G be an analytically finite hyperbolic 3-manifold and let

a : ½0; 1� ! @CHðLGÞ be a geodesic path of length lðaÞ which is transverse to bG. If P is a

support plane at að0Þ and either

ð1Þ að½0; 1�Þ is contained in a simply connected component of @CHðLGÞ and lðaÞ4G1, or

ð2Þ lðaÞ4Gðr̂rðað0ÞÞÞ;

then there is a support plane Q at að1Þ such that iða; bGÞ
Q
P 4 2p:

Proof. Let a : ½0; 1� ! @CHðLGÞ be a geodesic. We first deal with the special case

that LG is contained in a round circle. In this case, if a intersects more than one

bending line, then the double of a subarc of a joining two bending lines is a homo-

topically nontrivial curve on @CHðLGÞ, so lðaÞ5r̂rðað0ÞÞ. However, we have assumed

that lðaÞ < Gðr̂rðað0ÞÞÞ < r̂rðað0ÞÞ. Therefore, a can intersect at most one bending line,

so iða; bGÞ
Q
P 4p. From now on we may assume that LG is not contained in a round

circle.

Let Q be the initial support plane at að1Þ and let fPtjt 2 ½0; k�g be the continuous

one parameter family of support planes to a joining P to Q. If ðP;QÞ is a roof over a,
then, by Lemma 4.1, the exterior angle of intersection y of P and Q is an upper

bound for iða; bGÞ
Q
P . Therefore, in this case, iða; bGÞ

Q
P 4y < p.

If ðP;QÞ is not a roof over a, let t1 be the smallest value of t > 0 such that ðP;PtÞ is

not a roof over að½0; sðtÞ�Þ. We let sðt1Þ ¼ s1 and a1 ¼ aj½0;s1�. Then, ðP0;Pt1Þ is a p-roof
over a1 and so, by Corollary 4.2, iða1; bGÞ

Pt1

P 4p.
If ðPt1 ;QÞ is a roof over að½s1; 1�Þ, we let a2 ¼ aj½s1;1�. Then, the exterior angle of

intersection y1 of Pt1 and Q is an upper bound for iða2; bGÞ
Q
Pt1

. Thus we have

iða; bGÞ
Q
P ¼ iða1; bGÞ

Pt1

P þ iða2; bGÞ
Q
Pt1

4pþ y1 < 2p:

In the final case we let t2 be the smallest value of t 2 ½t1; k� such that ðPt1 ;PtÞ is not

a roof over að½s1; sðtÞ�Þ, and we let sðt2Þ ¼ s2. If s2 ¼ 1, then ðPt1 ;QÞ is a p-roof over
a2 ¼ að½s1; 1�Þ. Therefore iða; bGÞ

Q
P 4 2p as above. Otherwise, let ~ll ¼ lðað½0; s2�ÞÞ. Then

~ll < lðaÞ. As Gðr̂rðað0ÞÞÞ < G1 ¼ 2 sinh�1
ð1Þ, we have ~ll < 2 sinh�1

ð1Þ.

Since ðP;Pt1 Þ and ðPt1 ;Pt2 Þ are p-roofs and LG is not a round circle, the support

planes P, Pt1 , and Pt2 have the configuration described in Lemma 3.2. Also the curve
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a : ½0; s2� ! @CHðLGÞ has one endpoint on P, the other on Pt2 , an interior point on

Pt1 and length ~ll < 2 sinh�1
ð1Þ. Lemma 3.2 implies that P and Pt2 intersect and have

angle of intersection y satisfying

y5 2 cos�1ðsinhð ~ll=2ÞÞ > 0:

We join the endpoints að0Þ and aðs2Þ by the shortest curve n on P [ Pt2 . This curve

consists of two geodesic segments, n1 and n2. The segment n1 lies on P and joins

að0Þ to a point V 2 P \ Pt2 , while n2 lies on Pt2 and joins V to aðs2Þ. We consider

the triangle T in H3 with vertices að0Þ; aðs2Þ, and V. The angle yV at V satisfies

yV 5y. Also, the opposite side joining að0Þ to aðs2Þ has length lV 4 ~ll. Therefore, T

has an angle bounded below by y and opposite side bounded above by ~ll. Lemma 3.1

implies that

lðnÞ4 2 sinh�1

 
sinhð ~ll=2Þ

sinðy=2Þ

!
:

Applying the bound for y we obtain

lðnÞ4 2 sinh�1 sinhð ~ll=2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sinh2ð ~ll=2Þ

q
0
B@

1
CA:

We obtain a closed curve Z by concatenating að½0; s2�Þ and n. Then,

lðZÞ4 ~ll þ 2 sinh�1 sinhð ~ll=2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sinh2ð ~ll=2Þ

q
0
B@

1
CA ¼ 2Fð ~ll Þ:

Let g ¼ ~rrðZÞ where ~rr is the nearest point retraction. Therefore g is the union of

að½0; s2�Þ and g ¼ ~rrðnÞ. In particular, lðgÞ4 lðZÞ4 2Fð ~ll Þ.

If a is in a simply connected component of @CHðLGÞ, then g is in a simply connec-

ted component, so g must be homotopically trivial.

If a is in a nonsimply connected component, then ~ll < lðaÞ4Gðr̂rðað0ÞÞÞ. Therefore,
by monotonicity of F, Fð ~ll Þ < r̂rðað0ÞÞ and lðgÞ4 2Fð ~ll Þ < 2r̂rðað0ÞÞ. As g contains the

point að0Þ and lðgÞ < 2r̂rðað0ÞÞ, g is homotopically trivial in @CHðLGÞ.

We now obtain a contradiction by showing that g is not homotopically trivial in

@CHðLGÞ. Let b1 be the first bending line on Pt1 that the curve að½0; s2�Þ intersects
and let að�ss Þ be this first point of intersection. We first show that að½0; s2�Þ inter-

sects b1 exactly once. We then show that g intersects b1 in at most one point

and that, if they do intersect, g does not cross b1 at this point, i.e. near the point

of intersection both component of g � b1 lie on the same side of b1. Since að½0; s2�Þ
intersects b1 transversely, it follows that g may be perturbed slightly so that it is

transverse to b1 and intersects it exactly once. However, it is impossible for a

properly embedded infinite geodesic on a hyperbolic surface to intersect a homo-

topically trivial transverse closed curve exactly once, so we will have achieved our

contradiction.
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Suppose that að½0; s2�Þ has a second intersection point with b1 at a point x. Since

Pt1 \ Pt2 ¼ ;; x ¼ að~ss Þ where �ss < ~ss < s2. Let ~tt be such that sð~tt Þ ¼ ~ss. Then, by

definition, �tt < ~tt < t2 and x 2 P ~tt, so ðPt1 ;P ~ttÞ is a roof over að½�ss; ~ss �Þ. If Pt1 ¼ P ~tt then,

by Lemma 4.1, Pt ¼ Pt1 for all t 2 ½t1; ~tt �. Therefore, að½�ss; ~ss �Þ is a geodesic arc

contained in Pt1 with two endpoints on the geodesic b1. Thus, að½ �ss; ~ss �Þ � b1
which contradicts the fact that að½0; s2�Þ intersects b1 transversely.

If Pt1 6¼ P ~tt, let r ~tt be the ridge line Pt1 \ P ~tt. By Lemma 1.9.2 in [7] (stated in the

appendix as Lemma 10.2) if a ridge line intersects a bending line then they are equal.

Since x 2 r ~tt \ b1, we have r ~tt ¼ b1. By the monotonicity of the ridge lines, for each

t 2 ½t1; ~tt �, either Pt ¼ Pt1 or rt ¼ Pt \ Pt1 ¼ b1. Thus for all t 2 ½t1; ~tt �, Pt is a support

plane to b1. If b1 has a unique support plane, then Pt ¼ Pt1 for all t 2 ½t1; ~tt� and this

reduces to the above case. If b1 has more than one support plane then we let X and Y

be the extreme support planes at b1. If Z is another support plane for b1, then

Z \ @CHðLGÞ ¼ b1. As the only points of að½ �ss; ~ss �Þ in b1 are the endpoints, the only

possible support plane for any point in the open arc aðð�ss; ~ss ÞÞ is either X or Y. Since

aðð�ss; ~ss ÞÞ is connected and X \ Y ¼ b1, either aðð�ss; ~ssÞÞ � X or aðð�ss; ~ssÞÞ � Y. We can

assume aðð�ss; ~ss ÞÞ � X. As the endpoints of aðð�ss; ~ss ÞÞ are in b1, the geodesic arc

að½ �ss; ~ss � Þ lies in X and intersects the geodesic b1 at its endpoints. Therefore,

að½ �ss; ~ss � Þ � b1 which again contradicts the fact that að½0; s2� Þ intersects b1 transver-

sely. Thus, we have established that að½0; s2�Þ intersects b1 exactly once.

We now consider g ¼ ~rrðnÞ. First suppose that b1 has a unique support plane Pt1 .

If g intersects b1, then there is a point x 2 ~rr�1ðb1Þ \ n which lies in the interior of

HPt1
and in either P or Pt2 . But, since P and Pt2 are support planes disjoint from

Pt1 , this is impossible. Therefore, if b1 has a unique support plane, then g does not

intersect b1.

Now suppose that b1 does not have a unique support plane and let X and Y be the

extreme support planes at b1. Each support plane Q to b1 determines a normal half-

plane, i.e. the portion of the normal plane to Q which lies in HQ. Then, ~rr
�1ðb1Þ is a

wedge bounded by the normal half-planes to X and Y and is made up of the disjoint

normal half-planes to all the support planes to b1. Notice that the endpoints of n lie
outside of ~rr�1ðb1Þ and that n does not intersect b1. If ~rrðn1Þ intersects b1 at an interior

point, then the endpoints of n1 lie outside this wedge and the geodesic segment n1
must intersect every normal half-plane to a support plane for b1. In particular, n1
must intersect the normal half-plane to Pt1 . Therefore, there must exist a point

x 2 ~rr�1ðb1Þ \ n1 which lies in the interior of HPt1
and in P, which is impossible. So,

~rrðn1Þ cannot intersect b1 at an interior point. Similarly, ~rrðn2Þ cannot intersect b1 at

an interior point. Therefore, if g intersects b1 it must do so at ~rrðV Þ, in which case

V 2 ~rr�1ðbÞ. If g crosses b1 at ~rrðV Þ, then n1 and n2 must intersect the normal half-

planes to X and Y. By continuity, n must then intersect the normal half-plane to

Pt1 . Again, we have found a point which lies both in the interior of HPt1
and in either

P or Pt2 , which is a contradiction. Therefore, as claimed, g can intersect b1 at only

one point, and it cannot cross b1 at this point. This completes the proof. &
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5. Global Intersection Number Estimates

The proofs of Theorems 1 and 2 rely heavily on the following global estimate on

intersection numbers. Moreover, Theorem 3 is an immediate corollary.

PROPOSITION 5.1. Suppose that N ¼ H3=G is an analytically finite hyperbolic

3-manifold and a is a closed geodesic on @CðNÞ.

ð1Þ If r̂ra is a lower bound for the injectivity radius of @CHðLGÞ at any point in the

support of a lift ~aa of a, then

iða; bNÞ4Kðr̂raÞl@CðNÞðaÞ

where l@CðNÞ is the hyperbolic length of a on @CðNÞ.

ð2Þ If a is contained in an incompressible component of @CðNÞ, then

iða; bNÞ4K1l@CðNÞðaÞ:

We recall that

K1 ¼
p

sinh�1
ð1Þ

	 3:56443

and that KðxÞ � 2p=x as x tends to 0.

Proof. Let a : S1 ! @CðNÞ be a closed geodesic on @CðNÞ. Either a lies in bN or is

transverse to bN. If a lies in bN, then iða; bNÞ ¼ 0, so we may assume that a is

transverse to bN. We identify S1 with R=Z and let ~aa : R! @CHðLGÞ be a lift of a to

@CHðLGÞ. We may assume, without loss of generality, that að0Þ lies in a flat.

If we let ~aan be the restriction of ~aa to the interval ½0; n� then ið~aan; bGÞ ¼ n iða; bNÞ

and l@CHðLGÞð~aanÞ ¼ n l@CðNÞðaÞ. Let ~aa be in the connected component C of @CHðLGÞ.

If C is simply connected we let G ¼ G1. Otherwise we let G ¼ Gðr̂raÞ. We subdivide

~aan into m subarcs of length less than or equal to G where m is given by

m ¼
l@CHðLGÞð~aanÞ

G

� �þ
4

l@CHðLGÞð~aanÞ

G
þ 1

and ½x�þ is the least integer greater than or equal to x.

We let ~aa j
n be the subarcs, where ~aa j

n is restriction of ~aan to the interval ½sj�1; sj� and

0 ¼ s0 < s1 < � � � < sm ¼ n. We define support planes Pj at ~aanðsjÞ inductively. First,

we let P0 ¼ P where P is the unique support plane to ~aanð0Þ. If Pj�1 is defined, then

it is a support plane to ~aaj
nðsj�1Þ ¼ ~aanðsj�1Þ. As the length of ~aaj

n is less than or equal

to G, by Lemma 4.3, there is a support plane Pj at ~aa j
nðsjÞ ¼ ~aanðsjÞ such that

ið~aa j
n; bGÞ

Pj

Pj�1
4 2p. As ~aanðnÞ is in a flat, Pm must be the unique support plane at

~aanðnÞ. Therefore, by additivity, we have
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ið~aan; bGÞ ¼ ið~aan; bGÞ
Pm

P0
¼
Xm
j¼1

ið~aa j
n; bGÞ

Pj

Pj�1
4 2pm:

Substituting the upper bound for m, we get

ið~aan; bGÞ4 2p
l@CHðLGÞð~aanÞ

G
þ 1

� �
:

Rewriting in terms of a, we get

n iða; bNÞ4
2pnl@CðNÞðaÞ

G
þ 2p:

Dividing through by n, we get

iða; bNÞ4
2pl@CðNÞðaÞ

G
þ
2p
n
:

As this holds for all n,

iða; bNÞ4
2pl@CðNÞðaÞ

G
¼ K l@CðNÞðaÞ;

where K equals either K1 or Kðr̂raÞ depending on whether a is contained in an incom-

pressible component of @CðNÞ or not. &

The version of Theorem 3 stated in the introduction follows immediately from

Proposition 5.1. We now give a version of Theorem 3 which applies to geodesic cur-

rents. If a is a geodesic current on @CðNÞ, then we may define its average bending to be

BðaÞ ¼
iða; bNÞ

l@CðNÞðaÞ
:

Since multiples of closed geodesics are dense in Cð@CðNÞÞ and the length and intersec-

tion functions are continuous, the following version of Theorem 3 also follows from

Proposition 5.1.

THEOREM 30. Let N ¼ H3=G be an analytically finite hyperbolic 3-manifold and let

a 2 Cð@CðNÞÞ be a geodesic current in the boundary of the convex core of N.

ð1Þ If @CðNÞ is incompressible, then BðaÞ4K1:

ð2Þ If @CðNÞ is compressible and r̂r0 is a lower bound for the injectivity radius of the

boundary of the convex hull of the limit set, then BðaÞ4Kðr̂r0Þ.

6. A Homotopy Inverse for the Nearest Point Retraction

We now combine Proposition 5.1 with work of Thurston [14] to obtain a Lipschitz

homotopy inverse to the nearest point retraction. One should note that the bounds

on the Lipschitz constant of the homotopy inverse depend on the injectivity radius of
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the boundary of the convex hull of the limit set. We will see later how to obtain a

lower bound on the injectivity radius of @CHðLGÞ from a lower bound on the injec-

tivity radius of OðGÞ.

PROPOSITION 6.1. Let N be an analytically finite hyperbolic 3-manifold. If @CðNÞ is

compressible and r̂r0 is a lower bound for the injectivity radius of @CHðLGÞ, then the

nearest point retraction r has a homotopy inverse that is ð1þ Kðr̂r0ÞÞ Lipschitz. If @CðNÞ

is incompressible, then the homotopy inverse is ð1þ K1Þ-Lipschitz.

Proof. Let s : @CðNÞ ! @cðNÞ be a homotopy inverse to the nearest point

retraction r. Let K denote K1 if @CðNÞ is incompressible and Kðr̂r0Þ otherwise.
Let a be a simple closed geodesic in @CðNÞ with length l@CðNÞðaÞ and let l@cNðsðaÞ



Þ be

the length of the geodesic representative of sðaÞ in @cN. McMullen (Theorem 3.1 in

[11]) showed that

l@cNðsðaÞ


Þ4 l@CðNÞðaÞ þ iða; bNÞ:

Using Proposition 5.1, we get that

l@cNðsðaÞ


Þ4 ð1þ KÞl@CðNÞðaÞ:

Thurston [14] proved that if f : X ! Y is a homotopy equivalence between two

finite area hyperbolic surfaces and

lYð fðbÞ


Þ

lXðbÞ
4M

for any simple closed geodesic b on X, then f is homotopic to a M-Lipschitz map.

Thus, we may conclude in our case that s is homotopic to a ð1þ KÞ-Lipschitz map

from @CðNÞ to @cN as claimed. &

The following proposition indicates that one cannot improve much on the bounds

obtained in Proposition 6.1. Recall that Kðr̂r0Þ � 2p=r̂r0 as r̂r0 tends to 0. Notice that

in Proposition 6.2 we do not need to assume that N is analytically finite.

PROPOSITION 6.2. There exists L > 0 such that if N is a hyperbolic 3-manifold,

there is a compressible closed geodesic g on @CðNÞ with length l0 < L and

s : @CðNÞ ! @cN is a K-Lipschitz homotopy inverse to the nearest point retraction, then

K5
1

l0 log
1
l0

� � :
Proof. Let l denote the length of sðgÞ
 in @cN. Theorem 5.1 in [6] implies that if

l < 1 then

l5
p2ffiffiffi

e
p

log 4peð:502Þp
l0

� � :

If logðl0Þ4 � 2 logð4peð:502ÞpÞ and l < 1, then
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l5
1

log 1
l0

� � :
Notice that the above inequality also holds if l5 1. Thus, if we choose

L ¼
1

ð4peð:502ÞpÞ2
and l0 4L;

then

K5
l

l0
5

1

l0 log
1
l0

� � : &

In particular, this shows that if @CðNÞ contains arbitrarily short compressible

curves, then there is no Lipschitz map from the convex core to the conformal bound-

ary. This situation can occur only whenN has infinitely generated fundamental group.

7. The Nearest Point Retraction is Lipschitz

In this section we show how to combine the techniques in Section 2.3 of [7] and the

results of [6] to show that the nearest point retraction is itself Lipschitz (and to pro-

duce bounds on the Lipschitz constant.) We remark that Epstein and Marden

showed that the nearest point retraction is 4-Lipschitz if @CðNÞ is incompressible.

PROPOSITION 7.1. If N ¼ H3=G is an analytically finite hyperbolic 3-manifold and

r0 is a lower bound for the injectivity radius of OðGÞ, then the nearest point retraction

r : @cN ! @CðNÞ is Jðr0Þ-Lipschitz where

Jðr0Þ ¼ 2
ffiffiffi
2

p
k þ

p2

2r0

� �
and k ¼ 4þ logð3þ 2

ffiffiffi
2

p
Þ 	 5:763.

Proof. Let K ¼
ffiffiffi
2

p
ðk þ ðp2=2r0ÞÞ. We will show that given any point z 2 OðGÞ

and any d 2 ð0; 1Þ there exists a neighborhood of z on which ~rr is 2Kðð1þ dÞ=ð1� d2ÞÞ-
Lipschitz. It follows that ~rr is itself 2Kðð1þ dÞ=ð1� d2ÞÞ-Lipschitz. Since d can be

chosen to be arbitrarily close to 0, it follows that ~rr (and, hence, r) is 2K-Lipschitz as

claimed.

Let z 2 OðGÞ and let P be the support plane to ~rrðzÞ which is orthogonal to z~rrðzÞ. We

can always find a neighborhood U of z such that if w 2 U and Q is the support plane

to ~rrðwÞ which is orthogonal to w~rrðwÞ, then P intersects Q. Given d 2 ð0; 1Þ, we may

further restrict U so that it is contained in the ball of radius d=4K about z in the Poin-

caré metric and that any point w 2 U may be joined to z by a unique geodesic in U of

length dOðz;wÞ.

Let w 2 U, let Q be the support plane to ~rrðwÞ which is orthogonal to w~rrðwÞ, and let

g be the geodesic in U joining z to w. We normalize, in the upper half-space model for

H3, so that z ¼ 0, the unit circle is the boundary of the support plane P and 1 2 LG.

It is shown, in the proof of Proposition 4.1 of [6], that if pOðzÞjdzj denotes the Poin-

caré metric on OðGÞ then
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pOðzÞ5
1

K dðz;LGÞ
ð2Þ

for all z 2 OðGÞ where dðz;LGÞ denotes the Euclidean distance from z to the limit

set LG.

Let D be the unit disk and let DQ be the disk bounded by @Q. If we let pDðzÞjdzj

denote the Poincaré metric on D, then

pDðzÞ

pOðzÞ
4

2K dðz;LGÞ

1� jzj2
ð3Þ

for all z 2 D.

Since g has length at most d=4K, inequality (2) implies that g is contained in the

ball of Euclidean radius d about 0. In particular, if z 2 g, then pDðzÞ=pOðzÞ4
2Kðð1þ dÞ=ð1� d2ÞÞ. We divide g up into 3 segments:

g1 ¼ g \ ðD � DQÞ; g2 ¼ g \ ðD \ DQÞ and g3 ¼ g \ ðDQ � DÞ

Inequality (3) then implies that lDðg1Þ4 2Kðð1þ dÞ=ð1� d2ÞÞlOðg1Þ where lDðg1Þ

denotes the length of g1 in the Poincaré metric on D and lOðg1Þ denotes the length

of g1 in the Poincaré metric on OðGÞ. Similarly,

lDðg2Þ4 2K
1þ d

1� d2

� �
lOðg2Þ and lDQ

ðg3Þ4 2K
1þ d

1� d2

� �
lOðg3Þ:

Let O0
¼ D [ DQ and let r0: O0

! CHð@O0
Þ be the nearest point retraction. Notice

that r0ð0Þ ¼ rð0Þ and r0ðwÞ ¼ rðwÞ. Let

rD : D ! P; rQ : DQ ! Q and rL : D \ DQ ! L

be the nearest point retractions, where L ¼ P \ Q. Then

r0jD�DQ
¼ rD; r0jDQ�D ¼ rQ and r0jD\DQ

¼ rL:

Notice that rD and rQ are isometries with respect to the Poincaré metrics on P and

Q and that rL is 1-Lipschitz with respect to the Poincaré metric on either P or Q. It

follows that

lH3ðr0ðgÞÞ4 lDðg1Þ þ lDðg2Þ þ lDQ
ðg3Þ4 2K

1þ d

1� d2

� �
lOðgÞ:

We recall that ~rr : OðGÞ ! @CHðLGÞ extends to ~rr : H3 [ OðGÞ ! CHðLGÞ. Then ~rrðr0ðgÞÞ

is a path joining rð0Þ to rðwÞ of length at most 2Kðð1þ dÞ=ð1� d2ÞÞlOðgÞ (since ~rr is

1-Lipschitz on H3). It follows that

d@CHðLGÞð~rrðwÞ; ~rrðzÞÞ4 2K
1þ d

1� d2

� �
dOðz;wÞ:
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Hence, ~rr is 2Kðð1þ dÞ=ð1� d2ÞÞ-Lipschitz on U as required and we have completed

the proof. &

Remarks. (1) Epstein and Marden [7] showed that the nearest point retraction r is

4-Lipschitz if @CðNÞ is incompressible. In [6] it is shown that r is homotopic to a

2
ffiffiffi
2

p
-Lipschitz map if @CðNÞ is incompressible and to a

ffiffiffi
2

p
K-Lipschitz map if not.

(2) In Section 6 of [6], Canary constructs an infinite sequence of hyperbolic

manifolds fNng such that, for all large enough n, the shortest geodesic in @cN

has length 1=n and the shortest geodesic in @CðNÞ has length at most 4p=epð2n�1Þ

and the nearest point retraction is not even homotopic to a map which is

5n=ð2 logð5nÞÞ-Lipschitz. Hence, we cannot improve substantively on the form of

the estimate obtained above.

8. The Proof of Theorem 1

The only issue remaining in the proof of Theorem 1 is that the bound on the Lipschitz

constant in Proposition 6.1 depends on an injectivity radius bound in the boundary

of the convex hull, while the assumptions of Theorem 1 only give us an injectivity

radius bound on the domain of discontinuity. The following lemma guarantees that

injectivity radius bounds on the domain of discontinuity give us injectivity radius

bound in the boundary of the convex hull.

LEMMA 8.1. Let N ¼ H3=G be a hyperbolic 3-manifold and let a be a geodesic on

@CHðLGÞ with length lðaÞ < e�m 	 :06798, where m ¼ cosh�1
ðe2Þ 	 2:68854, then

l@cNð~ssðaÞ


Þ4

p2

log 1
lðaÞ

� �
� m

where ~ss : @CHðLGÞ ! @cN is a lift of a homotopy inverse to r : @cN ! @CðNÞ.

Proof. There is a collar neighborhood C of a on @CHðLGÞ which is isometric to

½�w;w� 
 S1 with the metric

ds2 ¼ dr2 þ
lðaÞ
2p

� �2

cosh2 r dt2;

where a is identified with f0g 
 S1 and

w ¼ sinh�1 1

sinhðlðaÞ=2Þ

� �

(see Theorem 4.1.1 in [5].) Let a1 and a2 denote the boundary components of C. Then

lða1Þ ¼ lða2Þ ¼ lðaÞ cosh sinh�1 1

sinhðlðaÞ=2Þ

� �� �

¼ lðaÞ coth
lðaÞ
2

� �
4 4:
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(The last inequality follows since lðaÞ coth lðaÞ=2ð Þ is an increasing function and

lðaÞ < 1.) Recall that every closed geodesic in @CHðLGÞ must intersect bG, since

otherwise there would be a closed geodesic contained entirely within a flat. We nor-

malize the situation so that a passes through the origin, the origin lies on a bending

line L for @CHðLgÞ and that L is the z-axis in the Poincaré ball model for H3.

Let b1 ¼ ~rr�1ða1Þ and b2 ¼ ~rr�1ða2Þ be the set-theoretic pre-images of the curves a1
and a2 under ~rr. Then, b1 and b2 are homotopic simple closed curves in OðGÞ. Our

goal is to prove that b1 and b2 bound a ‘large’ modulus annulus in OðGÞ and, hence,
that the core curve of this annulus is ‘short’. Since r is a homotopy inverse to s the

core curve of the annulus is homotopic to sðaÞ.
Notice that L must pass through C and intersects both a1 and a2 transversely at

points, x1 and x2, and that

dðxi; 0Þ5 sinh�1 1

sinhðlðaÞ=2ÞÞ

� �
5 sinh�1 1

lðaÞ

� �
5 log

1

lðaÞ

� �
:

(The middle inequality follows from the facts that sinh�1 is an increasing function

and that sinhðxÞ4 2x if x4 1.)

Let rL : OðGÞ ! L denote the nearest point projection onto L. One may calculate

that if x 2 L; y 2 H3; dðx; yÞ4 2 and the family of horoballs about a point z 2 OðGÞ
hits y before it hits L, then dðx; rLðzÞÞ4 cosh�1

ðe2Þ. Let m ¼ cosh�1
ðe2Þ. Let L0 be

the portion of L joining x1 to x2 and let Lm denote the portion of L0 which is a dis-

tance more than m from both x1 and x2. Let Am ¼ p�1
L ðLmÞ. (Notice that since

lðaÞ < e�m, Lm and Am are nonempty.) Since bi ¼ ~rr�1ðaiÞ and dð y; xiÞ4 2 for all

y 2 ai, b1 and b2 lie in opposite components of ĈC� Am. Therefore, since b1 and b2
are homotopic in OðGÞ, Am � OðGÞ.

One may readily check that

modðAmÞ5
log

�
1

lðaÞ

�
� m

p
;

where modðAmÞ is the conformal modulus of Am. If a0 is the core curve of Am, then,

see for example Theorem 2.6 in [7], a0 has length at most p2=ðlogð1=lðaÞÞ � mÞ in the

Poincaré metric on Am and hence in the Poincaré metric on OðGÞ. Since a0 is homo-

topic to sðaÞ, we see that

l@cNðsðaÞ


Þ4

p2

log
�

1
lðaÞ

�
� m

: &

In particular, Lemma 9.1 guarantees that if r0 is a lower bound for the injectivity

radius of OðGÞ, then gðr0Þ is a lower bound for the injectivity radius of @CHðLGÞ,

where

gðr0Þ ¼
e�me

�p2
2r0

2
:
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If we define Lðr0Þ ¼ 1þ Kðgðr0ÞÞ, then we may combine Corollary 6.1 and Propo-

sition 7.1 to obtain the following, slightly more general, version of Theorem 1:

THEOREM 1. If N ¼ H3=G is an analytically finite hyperbolic 3-manifold and r0 is a

lower bound for the injectivity radius of OðGÞ, then the nearest point retraction

r : @cN ! @CðNÞ is Jðr0Þ-Lipschitz and has a Lðr0Þ-Lipschitz homotopy inverse.

The following slightly more general version of Corollary 1 is an almost immediate

corollary of Theorem 1.

COROLLARY 1. Let N ¼ H3=G be an analytically finite hyperbolic 3-manifold and

let r0 be a lower bound for the injectivity radius of OðGÞ. If a is a geodesic current in

@cN and rðaÞ
 denotes the geodesic current in @CðNÞ which is homotopic to rðaÞ, then

l@CðNÞðrðaÞ


Þ

Jðr0Þ
4 l@cNðaÞ4Lðr0Þl@CðNÞðrðaÞ



Þ;

where l@CðNÞðrðaÞ


Þ denotes the length of rðaÞ
 in @CðNÞ and l@cðNÞðaÞ denotes the length of

a in @cðNÞ.

Proof. We note that the bounds follow immediately from Theorem 1 when a is a

closed geodesic. Recall that multiples of closed geodesics are dense in the space of

geodesic currents, length is a continuous function on the space of geodesic currents

on a surface, and r
 : Cð@cNÞ ! Cð@CðNÞÞ is continuous. The general result then

follows. &

Theorem 2 follows immediately from Proposition 6.1 and Epstein and Marden’s

result that the nearest point retraction is 4-Lipschitz when each component of

OðGÞ is incompressible. It has the following immediate corollary in the spirit of

Corollary 1.

COROLLARY 2. Let N ¼ H3=G be an analytically finite hyperbolic 3-manifold such

that @cN is incompressible in N̂N ¼ N [ @cN. If a is a geodesic current in @cN and rðaÞ


denotes the geodesic current in @CðNÞ which is homotopic to rðaÞ, then

l@CðNÞðrðaÞ


Þ

4
4 l@cðNÞðaÞ4 1þ

p

sinh�1
ð1Þ

� �
l@CðNÞðrðaÞ



Þ:

Remark. Notice that

Jðr0Þ �

ffiffiffi
2

p
p2

r0
and Lðr0Þ � 4peme

p2
2r0
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as r0 tends to 0. We observed in remark (2) in Section 7 that the form of Jðr0Þ can
not be substantially improved. It is an immediate consequence of Theorem 5.1 in [6]

that if r0 < :5 and s is a L-Lipschitz homotopy inverse to r, then

L5
r0e

p2

2
ffiffi
e

p
r0

2peð:502Þp

so again the form of Lðr0Þ cannot be substantially improved.

9. An Alternative Version of Theorem 1

The following lemma allows us to translate injectivity radius bounds on the bound-

ary of the convex core to injectivity radius bounds on the conformal boundary.

LEMMA 9.1. Let N be a hyperbolic 3-manifold and let r̂r0 be a lower bound for the

injectivity radius of @CHðLGÞ. Then fðr̂r0Þ is a lower bound for the injectivity radius of

OðGÞ where

fðr̂r0Þ ¼ min
1

2
;

p2

2
ffiffiffi
e

p
log 4peð:502Þp

2r̂r0

� �
8<
:

9=
;:

Notice that

fðr̂r0Þ �
p2

2
ffiffiffi
e

p
logð1=r̂r0Þ

as r̂r0 tends to 0:

Proof. If not, there exists a compressible curve a on @cN with length L such that

L < 2fðr̂r0Þ. Theorem 5.1 in [6] then implies that rðaÞ
 is a compressible geodesic on

@CðNÞ with length less that 2r̂r0 which contradicts our assumptions. &

Therefore, if we set J0ðr̂r0Þ ¼ Jðfðr̂r0ÞÞ and let L0ðr̂r0Þ ¼ 1þ Kðr̂r0Þ, then we obtain the

following alternative formulation of Theorem 1:

THEOREM 10. Let N ¼ H3=G be an analytically finite hyperbolic 3-manifold and let

r̂r0 be a lower bound for the injectivity radius of @CHðLGÞ. Then the nearest point-

retraction is a J0ðr̂r0Þ-Lipschitz map and has a homotopy inverse which is L0ðr̂r0Þ-
Lipschitz map.

We also get the following alternative formulation of Corollary 1.

COROLLARY 10. Let N ¼ H3=G be an analytically finite hyperbolic 3-manifold and

let s : @CðNÞ ! @cN be a homotopy inverse to the nearest point retraction. If r̂r0 is a
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lower bound for the injectivity radius of @CHðLGÞ and a is a geodesic current on @CðNÞ,

then

l@cNðsðaÞ


Þ

L0ðr̂r0Þ
4 l@CðNÞðaÞ4 J0ðr̂r0Þl@cNðsðaÞ



Þ:

Remark. Notice that

J 0ðr̂r0Þ ¼ O log
1

r̂r0

� �� �
and L0ðr̂r0Þ ¼ O

1

r̂r0

� �

as r̂r0 tends to 0. These asymptotics are much better than those in Theorem 1, since

when OðGÞ has small injectivity radius, @CHðLGÞ has much smaller injectivity radius.

Proposition 6.2 indicates that the form of L0 can not be substantially improved, while

the examples in Section 6 of [6] can be used to show that J0ðr̂r0Þ must grow at least as

fast as D log
�

1
r̂r0

��
log log 1

r̂r0

� �� �
as r̂r0 tends to 0 (for some constant D > 0.)

10. Appendix: The Proof of Lemma 4.1

In this section we review some of the theory of convex hulls of limit sets, as devel-

oped by Epstein and Marden [7]. We then give a proof of Lemma 4.1 which asserts

that ridge lines are monotonic for the support planes under a roof and that one can

use the exterior dihedral angle of the roof to provide a bound on the bending mea-

sure. We will assume throughout the appendix that N ¼ H3=G is analytically finite

and that LG is not contained in a round circle.

We will say that a neighborhood U of x in @CHðLGÞ is adapted to x if it has the

following two properties:

(1) U is a spherical shell adapted to x, see Definition 1.5.3 in [7]. In particular, U is

simply connected and the intersection of any bending line or flat with U is con-

nected and convex.

(2) If two bending lines b1 and b2 meet U, then any support plane to b1 meets any

support plane to b2.

Lemma 1.8.3 in [7] guarantees that one can choose a set U having property (2)

above and also guarantees that ridge lines to support planes in a small enough neigh-

borhood must lie close to one another.

LEMMA 10.1 ([7]). If x 2 @CHðLGÞ then there is an open neighborhood U � @CHðLGÞ

of x such that if two bending lines b1 and b2 meet U then any support plane to b1
intersects any support plane to b2. Furthermore, if b is a bending line containing x and

N is a neighborhood of b in the space of geodesics, then, by taking U small enough, we

may assume that any ridge line, which is formed by the intersection of two distinct

support planes at points of U lies in N.
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Suppose that x 2 @CHðLGÞ and U is a neighborhood adapted to x. If b1 and b2 are

distinct bending lines which intersect U and lie in support planes P1 and P2, then l1
and l2 bound a strip in U. If r ¼ P1 \ P2, then we may define the corresponding local

roof which is the union of the portion of P1 between b1 and r and the portion of P2

between b2 and r. We say the open strip between b1 and b2 in U is under this

local roof.

We next recall the definition of the bending measure on bG. Let a : ½0; 1� !
@CHðLGÞ be a path which is transverse to bG. We say that a partition

0 ¼ s0 < s1 < � � � < sn�1 < sn ¼ 1

of ½0; 1� is allowable if each sub-arc að½si�1; si�Þ lies under a local roof. Let P0 be the

initial support plane at að0Þ and let Pn be the terminal support plane at að1Þ. If
0 < i < n, let Pi be a support plane at aðsiÞ. Let yi be the exterior dihedral angle

between Pi�1 and Pi. We define iPða; bGÞ ¼
Pn

i¼1 yi and let

iða; bGÞ ¼ inf
P

iPða; bGÞ

where we take the infimum over all allowable partitions.

Notice that, by the definition of iða; bGÞ, if a is under a local roof then we have that

iða; bGÞ4y; where y is the exterior dihedral angle between the support planes P and

Q at the points að0Þ and að1Þ.
We begin by showing that Lemma 4.1 is valid if the path remains under a local

roof. We must first recall some basic facts about ridge lines and bending lines.

LEMMA 10.2 ([7], Lemma 1.9.2). If any ridge line meets a bending line, then they are

equal. If a bending line b lies under the local roof formed by the support planes P1 and

P2 and the bending lines b1 and b2, then b is either equal to or disjoint from the ridge

line r ¼ P1 \ P2. If P is a support plane to b then P is either disjoint from the ridge line

or else contains it.

LEMMA 10.3. If three distinct support planes P1, P2, and P3 intersect in a common

line l, then l is a bending line with positive bending angle.

Proof. As support planes are oriented, consider the three normals n1, n2, and n3 to

the planes P1, P2, and P3 at a common point p 2 l. The normals divide the circle of

planes SðlÞ containing l into three nonempty segments. At most one can be greater

than or equal to p in length. Choose the normal n with segments of length less than p
on either side of it. Then the corresponding support plane P is contained in the union

of the half spaces of the other two. Therefore P \ @CHðLGÞ � l. As P is a support

plane, l must be a bending line with positive bending angle. &

We now prove the local version of Lemma 4.1.
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LEMMA 10.4. Let a : ½0; 1� ! @CHðLGÞ be a geodesic path which is transverse to bG
and such that að½0; 1�Þ is contained in a neighborhood U adapted to að0Þ. Let P be a

support plane at að0Þ, and let fPtj t 2 ½0; k�g be the continuous one parameter family of

support planes along a with P0 ¼ P. Then

ð1Þ If t1 < t2 and Pt1 ¼ Pt2 , then Pt ¼ Pt1 for all t 2 ½t1; t2�.

ð2Þ There is a �tt 2 ½0; k� such that Pt ¼ P if t 2 ½0; �tt� and the ridge lines

frt ¼ P \ Ptjt > �ttg exist and form a monotonic family of geodesics on P.

Proof. Suppose that t1 < t2 and Pt1 ¼ Pt2 and let s1 ¼ sðt1Þ and s2 ¼ sðt2Þ. Let

F ¼ Pt1 \ @CHðLGÞ. Since U is simply connected and F \ U is convex, að½s1; s2�Þ is a
geodesic arc in F. If að½s1; s2�Þ is contained in a bending line b, then a intersects b at a

single point, so s1 ¼ s2. Since a intersects b transversely, the family fPtj sðtÞ ¼ s1g

sweeps out an arc in SðbÞ. In this case, Pt1 ¼ Pt2 implies that t1 ¼ t2. If að½s1; s2�Þ is
not contained in a bending line, then aðsÞ is contained in the interior of F for all

s 2 ðs1; s2Þ. Thus, if sðtÞ 2 ðs1; s2Þ, thenPt ¼ Pt1 . If aðs1Þ lies in a boundary component b

of the flat, then again fPtj sðtÞ ¼ s1g sweeps out an arc in SðbÞ. This arc ends at Pt1 ,

since Pt1 is the terminal support plane at aðs1Þ. So, if t > t1, then sðtÞ > s1. Similarly,

if t < t2, then sðtÞ < s2. Therefore, if t 2 ðt1; t2Þ, then sðtÞ 2 ðs1; s2Þ, so Pt ¼ Pt1 . This

establishes claim (1).

Let �tt ¼ supft 2 ½0; k�j Pt ¼ P0g. By continuity, P �tt ¼ P0 and, by claim (1), Pt ¼ P0

for all t 2 ½0; �tt�. By definition, if t > �tt, then Pt 6¼ P0 and the ridge line rt ¼ Pt \ P0

exists.

In order to complete the proof of claim (2), it suffices to show that if �tt < t1 < t2
and rt1 \ rt2 6¼ ;, then rt ¼ rt1 for all t 2 ½t1; t2�. As P0 and Pt2 form a local roof,

Lemma 10.2 implies that Pt1 either contains rt2 or is disjoint from it. If Pt1 is disjoint

from rt2 then rt1 \ rt2 ¼ ;. If Pt1 contains rt2 , then rt1 ¼ rt2 , so the support planes P0,

Pt1 , and Pt2 all contain rt2 . If Pt1 ¼ Pt2 , then Pt ¼ Pt1 for all t 2 ½t1; t2�, which implies

that rt ¼ rt1 for all t 2 ½t1; t2�. If Pt1 6¼ Pt2 , then the three planes P0, Pt1 , and Pt2 are

distinct and Lemma 10.3 implies that rt1 is a bending line with positive bending

angle. If rt1 is a bending line with positive bending angle, then, since U is simply con-

nected and aðsðt1ÞÞ and aðsðt2ÞÞ lie in the closure of the two flats containing rt1 in their

boundary, að½sðt1Þ; sðt2Þ� lies in the closure of the two flats. Moreover, since Pt1 con-

tains rt1 , either aðsðt1ÞÞ 2 rt1 or Pt1 is the the terminal support plane at aðsðt1ÞÞ. Simi-

larly, either aðsðt2ÞÞ 2 rt1 or Pt2 is the initial support plane at aðsðt2ÞÞ. It follows that,
for all t1 < t < t2, aðsðtÞÞ is either contained in rt1 or is contained in a flat with rt1 in

its boundary. Thus, for all t1 < t < t2, Pt contains rt1 and, since rt1 � P0, rt ¼ rt1 for

all t 2 ½t1; t2�. We have completed the proof of claim (2). &

We next show that if the ridge lines are monotonic, then the exterior dihedral angle

is monotonically increasing. We first recall some basic facts about angles of triples of

planes in H3.

Suppose that P1, P2, and P3 are three distinct planes bounding half spaces H1, H2,

and H3. We also suppose that, for all i and j, Pi and Pj intersect transversely with
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exterior dihedral angle yij, and that there is no common point of intersection of the

three planes. In this case, there is a plane or horoball P perpendicular to all three and

the intersection of the planes P1, P2, and P3 with P gives lines l1, l2, and l3 that inter-

sect to form a triangle T with vertices vij ¼ li \ lj. The angle of T at vij is the (exterior

or interior) dihedral angle between the planes Pi and Pj.

The following general fact is established in Section 1.10 of [7].

LEMMA 10.5. Let P1, P2, and P3 be support planes to a convex set in H3: If the

interior of the triangle T is contained in the half space H2 and is in the complement HC
1

of H1, then T is also in the complement HC
3 of H3 and y12 þ y23 4y13 ðFigure 1Þ.

We notice that if P1 and P3 form a local roof with P2 under it, then the hypotheses

of Lemma 10.5 are satisfied.

LEMMA 10.6. Let P1, P2, and P3 be support planes to @CHðLGÞ with b a bending line

on P1 and ridge lines r1 ¼ P1 \ P2, r2 ¼ P1 \ P3. If r1 \ r2 ¼ ; and r1 separates b and

r2 on P1, then P1, P2, and P3 satisfy the assumptions of Lemma 10:5.

Proof. For i ¼ 1; 2; 3, let Hi be the half-space bounded by Pi whose interior does

not intersect CHðLGÞ. Since r1 separates b and r2, r2 is in the interior of H2. Since b

and r1 are on the same side of P3, r1 is in the interior of HC
3 . If P2 \ P3 ¼ ;, then,

since r2 is in the interior of H2, P3 is in the interior of H2, which contradicts the

fact that P3 is a support plane. Therefore, the ridge line r3 ¼ P2 \ P3 exists and

the planes P1, P2, and P3 describe a triangle T as above. As r2 is in the interior of

H2, T is contained in H2. Also, since r1 is in the interior of HC
3 , T is contained

in the complement of H3. Therefore, P1, P2, and P3 satisfy the assumptions of

Lemma 10.5. &

We are now ready to analyze the situation when the ridge lines are monotonic.

LEMMA 10.7. Let a : ½0; 1� ! @CHðLGÞ be a geodesic path which is transverse to bG
and let fPtj t 2 ½0; k�g be a continuous one-parameter family of support planes to a.

Figure 1. Configuration of planes in Lemma 10.5.
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Suppose that the ridge lines rt ¼ P0 \ Pt exist for all t 2 ð0; k� and form a monotonic

family of geodesics. Let limt!0 rt ¼ b where b is a bending line on P0. Let t1; t2 2 ð0; k�

with t1 < t2.

ð1Þ If rt1 is a bending line, then rt ¼ b for t 2 ð0; t1�.

ð2Þ If rt1 ¼ rt2 , then either

Pt ¼ Pt1 for all t 2 ½t1; t2� or rt ¼ b for all t 2 ð0; t2�.

ð3Þ If Pt1 ¼ Pt2 , then Pt ¼ Pt1 for all t 2 ½t1; t2�.

ð4Þ The exterior dihedral angle yt between P0 and Pt is monotonically increasing.

Proof. If rt1 is a bending line b0 and b0 ¼ b, then, by monotonicity, rt ¼ b for all

t 2 ð0; t1�. If b0 6¼ b then there must be a t3 2 ð0; t1Þ such that rt3 separates b and b0.

Thus either b or b0 is in the interior of Ht3 , the half space corresponding to Pt3 . This

contradicts the fact that both b and b0 are bending lines. Thus b0 ¼ b and we have

established claim (1).

Suppose that rt1 ¼ rt2 . Then, by monotonicity, rt ¼ rt1 for all t 2 ½t1; t2�. Either

Pt ¼ Pt1 for all t 2 ½t1; t2� or there is some t3 2 ðt1; t2� such that the support plane

Pt3 is not equal to Pt1 or Pt2 . In this case, rt1 is contained in the three distinct support

planes P0, Pt1 , and Pt3 . Therefore, by Lemma 10.3, rt1 is a bending line b0 on P0.

Thus, by claim (1), b0 ¼ b and by monotonicity, rt ¼ b for all t 2 ð0; t2�. This estab-

lishes claim (2).

If Pt1 ¼ Pt2 , then rt1 ¼ rt2 . Therefore, by claim (2), either Pt ¼ Pt1 for all t 2 ½t1; t2�

or rt ¼ b for all t 2 ð0; t2�. If rt ¼ b for all t 2 ð0; t2�, then let X and Y be the extreme

planes at b and let s2 ¼ sðt2Þ. Since að½0; s2�Þ � X [ Y, it intersects b only once. So,

fPtjt 2 ½t1; t2�g sweeps out an arc in SðbÞ joining Pt1 to Pt2 . Since Pt1 ¼ Pt2 , Pt must

equal Pt1 for all t 2 ½t1; t2�. Thus, in either case, Pt ¼ Pt1 for all t 2 ½t1; t2�, which is

claim (3).

We now show monotonicity of yt. Let t1 2 ð0; k�, and let s1 ¼ sðt1Þ. It suffices to

show that there exists d > 0 such that yt 5yt1 for all t 2 ½t1; t1 þ d�.
If aðs1Þ is in a flat then there is some d > 0 so that Pt ¼ Pt1 for all t 2 ½t1; t1 þ d�

and therefore yt ¼ yt1 for all t 2 ½t1; t1 þ d� which completes the proof in this case.

Now suppose that aðs1Þ is contained in a bending line b1 and t2 > t1. If Pt1 ¼ Pt2

then yt2 ¼ yt1 . If Pt1 6¼ Pt2 and rt1 ¼ rt2 then, by claim (2), rt ¼ b for all t 2 ð0; t2�.

Thus the support planes fPtjt 2 ½0; t2�g sweep out an arc in SðbÞ which begins at

P0, and again yt1 4yt2 . Therefore, yt1 4yt2 if Pt1 ¼ Pt2 or rt1 ¼ rt2 .

If Pt1 6¼ Pt2 and rt1 6¼ rt2 , then, by monotonicity, either rt1 separates b and rt2 , or

rt1 ¼ b. If rt1 separates b and rt2 , then we apply Lemma 10.6 to the support planes

P0, Pt1 , and Pt2 to see that yt1 4yt2 . By combining the above, we see that if

rt1 6¼ b, then yt1 4yt2 for all t2 2 ½t1; k�:

If rt1 ¼ b, then, by monotonicity, rt ¼ b for all t 2 ½0; t1�. As Pt1 6¼ P0, b has positive

bending angle. If b is the bending line b1 which contains aðs1Þ, then we may choose

d > 0 such that if t 2 ½t1; t1 þ d�, then Pt is a support plane to b. This implies that if

t2 2 ½t1; t1 þ dÞ, then rt1 ¼ rt2 ¼ b. We saw above that this implies that yt1 4yt2 .

236 MARTIN BRIDGEMAN AND RICHARD D. CANARY



If b 6¼ b1, we choose a neighborhood N of b1 in the space of geodesics so that no

geodesic in N intersects P0. Lemma 10.1 assures us that we can choose d > 0 such

that if t2 2 ½t1; t1 þ dÞ and Pt2 6¼ Pt1 , then rt1;t2 ¼ Pt1 \ Pt2 � N. If Pt1 ¼ Pt2 or

rt1 ¼ rt2 , then we have previously shown that yt2 5yt1 . If Pt1 6¼ Pt2 and rt1 6¼ rt2 , then

rt1;t2 � N, so rt1;t2 is in the interior of HC
0 . Furthermore, b does not lie in Pt2 , so b is in

the interior of HC
t2
. In order to apply Lemma 10.5 to the half-spaces H0, Ht1 and Ht2 ,

we need to show that rt2 is in the interior of Ht1 . To do this we apply a simple

continuity argument. Since rt2 6¼ rt1 ¼ b, there is a t3 2 ½t1; t2� such that rt3 separates

b and rt2 . Thus rt2 is in the interior of Ht3 . Moreover, if t 2 ½t1; t3�, then rt \ rt2 ¼ ;.

So, for all t 2 ½t1; t3�, Pt \ rt2 ¼ ;. We consider the half spaces Ht for all t 2 ½t1; t3�.

As rt2 is in the interior of Ht3 and Pt \ rt2 ¼ ; for all t 2 ½t1; t3�, then, by continuity,

rt2 is in the interior of Ht for all t 2 ½t1; t3�. In particular, rt2 is in the interior of Ht1 .

Lemma 10.5 then gives that yt1 4yt2 . So, if rt1 ¼ b, we have seen that there exists

d > 0 such that yt1 4yt2 for all t2 2 ½t1; t1 þ d�: This completes the proof that yt is

monotonic. &

We are now ready to establish Lemma 4.1, which we restate here for reference.

LEMMA 4.1. Let N ¼ H3=G be an analytically finite hyperbolic 3-manifold such that

LG is not contained in a round circle. Let a : ½0; 1� ! @CHðLGÞ be a geodesic arc, in the

intrinsic metric on @CHðLGÞ, which is transverse to bG. If ðP;QÞ is a roof over a, and

fPtj t 2 ½0; k�g is the continuous one-parameter family of support planes over a joining

P to Q, then

ð1Þ iða; bGÞ
Q
P 4y < p, where y is the exterior dihedral angle between P and Q, and

ð2Þ there is a �tt 2 ½0; k� such that Pt ¼ P if t 2 ½0; �tt� and the ridge lines

frt ¼ P \ Ptjt > �ttg exist and form a monotonic family of geodesics on P.

Proof. We first prove claim (2), that the ridge lines are monotonic. Let

fPtj 2 ½0; k�g be the continuous one-parameter family of support planes along

a from P to Q. We let Ht be the half-space bounded by Pt and let Dt be the closed

disk in ĈC associated to Pt.

Since ðP;QÞ is a roof over a, P0 \ Pt 6¼ ; for all t 2 ½0; k�. Let �tt be the maximum

value such that Pt ¼ P0 for all t 2 ½0; �tt�. If �tt ¼ k, then claim (2) is trivially true.

Consider the case when �tt < k. Let �ss ¼ sð �tt Þ, then að½0; �ss �Þ � P0. If að�ssÞ is in a flat,

we obtain a contradiction to the maximality of �tt. So, að�ssÞ is on a bending line b. Let

U be adapted for að�ssÞ and choose k1 > �tt so that að½ �tt; k1�Þ � U. By Lemma 10.4, the

ridge lines frtg for t 2 ð�tt; k1� are well-defined and monotonic. Also by continuity

limt! �ttþ rt ¼ b. Thus, if we define r �tt ¼ b, we obtain a monotonic family of geodesics

frtg for t 2 ½ �tt; k1�.

Since ðP;QÞ is a roof over a, if P0 \ Pt is not a ridge line then Pt ¼ P0. Let T be

the maximum value such that the ridge lines rt exist and give a monotonic family
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of geodesics for t 2 ð �tt;TÞ. Since PT \ P0 6¼ ;, either PT ¼ P0 or rT ¼ PT \ P0 is a

ridge line.

By Lemma 10.7, the angle yt is an increasing function on ð �tt;TÞ. Since yt 2 ð0; pÞ for
all t 2 ð �tt;TÞ, we see that if PT ¼ P0 then yT ¼ p and HT has disjoint interior from H0.

This contradicts our assumption that ðP;QÞ is a roof for a.
Thus we can assume that the ridge line rT exists. Then, by continuity, the family of

geodesics frtj t 2 ð�tt;T�g is monotonic. If T ¼ k, claim (2) holds. So assume that

T < k.

Let �TT be the minimum value in ½�tt;T� such that P �TT ¼ PT. Thus, since rt is mono-

tonic on ð �tt;TÞ, Lemma 10.7 implies that Pt ¼ PT for all t 2 ½ �TT;T�.

We now consider the ridge lines rT
t ¼ Pt \ PT. By the choice of �TT there is some

d1 > 0 such that rT
t is a ridge line for t 2 ð �TT � d1; �TTÞ. We define b�T ¼ limt! �TT� rT

t .

Similarly, by our choice of T, there is some d2 > 0 such that rT
t is a ridge line for

t 2 ðT;T þ d2Þ. We define bþT ¼ limt!Tþ rT
t . Then bþT and b�T are both bending lines

(possibly equal) on the support plane PT. By definition of T, aðsðTÞÞ 2 bþT .

As bending lines do not intersect, either bþT ¼ b�T or they are disjoint geodesics on

PT. By Lemma 10.2, if a bending line intersects a ridge line they must be equal, so

neither bþT nor b�T transversely intersect rT.

We will establish a contradiction by finding a d > 0 such that rt is monotonic on

½�tt;T þ dÞ. We first show that there is a d > 0 so that rt is monotonic on

ðT � d;T þ dÞ.
If bþT intersects P0 then, since ridge lines are equal or disjoint, by Lemma 10.2,

rT ¼ bþT . Therefore, by Lemma 10.7, rt ¼ b for all t 2 ½�tt;T�. As PT 6¼ P0, b has a posi-

tive bending angle. Therefore, there exists d > 0 such that Pt is a support plane to

bþT ¼ b for all t 2 ðT � d;T þ dÞ. Therefore, rt ¼ b for all t 2 ðT � d;T þ dÞ and is

thus trivially monotonic on this region (Figure 2).

If bþT does not intersect P0, choose a neighborhood N of bþT so that every geodesic

in N does not intersect P0. Let U be adapted for aðsðTÞÞ so that the ridge line

associated to any two support planes to U lies in N. Finally, we choose d > 0 so that

að½sðT � dÞ; sðT þ dÞ�Þ � U. If t1; t2 2 ðT � d;T þ dÞ and rt1 \ rt2 6¼ ;, then Pt1 must

equalPt2 , since otherwise rt1;t2 � N contains a point ofP0. In this case, by Lemma 10.4,

Figure 2. Planes P0 and PT:
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we have that Pt ¼ Pt1 for all t 2 ½t1; t2�, so rt ¼ rt1 for all t 2 ½t1; t2�. Since rt ¼ rt1 for

all t 2 ½t1; t2� whenever rt1 \ rt2 6¼ ; and t1; t2 2 ðT � d;T þ dÞ, frtg is monotonic on

ðT � d;T þ dÞ.
We now know that there exists d > 0 such that frtg is monotonic on ð �tt;T � and on

ðT � d;T þ dÞ. If frtg is nonconstant on ðT � d;T �, then frtg is monotonic on

½�tt;T þ dÞ and we have completed the proof of claim (2). Otherwise, by Lemma

10.7, either rt ¼ b for all t 2 ½�tt;T � or Pt ¼ PT for all t 2 ðT � d;T �. If rt ¼ b for

all t 2 ½ �tt;T �, then frtg is clearly monotonic on ½�tt;T þ dÞ and we are again done.

If Pt ¼ PT for all t 2 ðT � d;T�, then T 6¼ �TT and bþT and b�T must be disjoint. We

may then choose neighborhoods Nþ and N� of bþT and b�T , such that no geodesic in

Nþ intersects any geodesic in N� and no geodesic in Nþ or N� intersects P0. We

choose d1 > 0 so that if t1; t2 2 ð �TT � d1; �TT � then Pt1 and Pt2 are either equal or their

intersection is in N�. Also we choose d2 > 0 so that if t1; t2 2 ½T;T þ d2Þ, then Pt1

and Pt2 are either equal or their intersection is in Nþ. Let d0 ¼ minðd1; d2; dÞ.
We first show that b�T separates rT from bþT . By the definition of �TT, rt 6¼ rT for any

t 2 ð �TT � d0; �TTÞ. Thus, rt separates b and rT in P0. So rT is in the interior of Ht for any

t 2 ð �TT � d0; �TTÞ. Since bþT and b�T are bending lines they are on the same side of rT
t in

PT. Thus bþT is in the interior of HC
t . Therefore rT

t separates rT and bþT in PT. Since rT
t

tends to b�T as t ! �TT�, b�T separates rT and bþT .

If rt1 ¼ rT for some t1 2 ðT;T þ d0Þ, then, by the monotonicity of frtg on

ðT � d0;T þ d0Þ, rt ¼ rT for all t 2 ½T; t1Þ which would imply that rt is monotonic

on ½ �tt; t1Þ, which would contradict the maximality of T. Suppose that t 2 ðT;T þ d0Þ.
Since b�T separates rT and bþT in PT and rT

t lies in Nþ, b�T separates rT and rT
t in PT.

Thus, rT is in the interior of HC
t . If rt separates b from rT on P0, then b is in the inter-

ior of Ht. This contradicts the fact that b is a bending line. Thus, for all

t 2 ðT;T þ d0Þ, rT separates b and rt on P0. Therefore, frtg is monotonic on

ð�tt;T þ d0Þ. This completes the proof of claim (2).

We now prove claim (1) by induction on the number of local roofs. If ðP;QÞ is a

local roof over a then iða; bGÞ
Q
P 4y < p by the definition of intersection number.

Assume now that we have established claim (1) for any arc which is covered by

n � 1 local roofs and that a is covered by n local roofs with the ith having boundary

support planes Pti�1
and Pti , so that Pt0 ¼ P0 and Ptn ¼ Pk. Let yi;j be the exterior

dihedral angle between Pti and Ptj and let rti ¼ P0 \ Pti . It follows from the definition

of the bending measure and our inductive assumption, that

iða; bGÞ
Q
P 4y0;n�1 þ yn�1;n:

If Ptn ¼ Ptn�1
; then yn�1;n ¼ 0 and so

iða; bGÞ
Q
P ¼ iða; bGÞ

Pn�1

P 4y0;n�1 ¼ y

If Ptn 6¼ Ptn�1
, then we consider the ridge lines rtn�1

and rtn . If rtn�1
¼ rtn then, as

Ptn 6¼ Ptn�1
, Lemma 10.7 implies that rt ¼ b for all t 2 ð �tt; k�. Thus, fPtj t 2 ½0; k�g

sweeps out an arc in SðbÞ with total angle y and iða; bGÞ
Q
P ¼ y.
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If rtn�1
6¼ rtn then either rtn�1

separates b and rtn or rtn�1
¼ b. If rtn�1

separates b and

rtn then, by Lemma 10.6, the half-spaces H0, Htn�1
, and Htn satisfy Lemma 10.5, so

y0;n�1 þ yn�1;n 4y0;n and therefore iða; bGÞ
Q
P 4y0;n ¼ y.

Now consider the case with rtn�1
6¼ rtn and rtn�1

¼ b. Let r ¼ Ptn�1
\ Ptn . To apply

Lemma 10.5, we need to show that b is in the interior of HC
tn

and that rtn is in

the interior of Htn�1
. Since b is a bending line which does not meet Htn , b lies in the

interior of HC
tn
. Since rtn�1

6¼ rtn , Lemma 10.7 implies that rtn is not a bending line.

Choose ta 2 ½tn�1; tn�, such that rta separates b and rtn . Thus, rtn is in the interior of

Hta and for all t 2 ½tn�1; ta�, rt ¼ Pt \ P0 is between b and rta , so Pt \ rtn ¼ ;. Consid-

ering the half-spaces Ht for t 2 ½tn�1; ta�, we note that rtn is in the interior of Hta

and Pt \ rtn ¼ ; for all t 2 ½tn�1; ta�. Therefore, by continuity, rtn is in the

interior of Ht for all t 2 ½tn�1; ta�. In particular, rtn is in the interior of Htn�1
.

Applying Lemma 10.5 we have that y0;n�1 þ yn�1;n 4y0;n and therefore, again,

iða; bGÞ
Q
P 4y0;n ¼ y. &
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