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Theory of the Piezomagnetic Effect in 
Titanomagnetite-Bearing Rocks 

By FRANK D. STACEY 1) and MALCOLM J. S. JOHNSTON 1, g) 

Summary - The stress sensitivities Sz and SR of susceptibility and remanence for titanomagnetite- 
bearing rocks are calculated in terms of magnetostriction constants 2z00 and 2z~1 and anisotropy 
constants/s of the magnetic minerals. Sz and SR are represented by quite different algebraic 
expressions but happen to have comparable numerical values over the whole range of titanomagnetite 
compositions. Both increase strongly with titanium content. This leads to more optimistic calculations 
of tectonomagnetic effects than with the previously assumed stress sensitivity for pure magnetite 

1. I n t r o d u c t i o n  

NAGATA [1 ] 3) coined the term tectonomagnetism to describe the local geomagnetic 
field changes which accompany geological activity. Its most important aspect, the 
seismomagnetic effect [2, 3] has still not been unambiguously observed, but the vol- 
canomagnetic effect has been clearly established by experiments in New Zealand [4, 5]. 
The only physical process which appears to offer a reasonably well-understood expla- 
nation is the piezomagnetic effect, or change of magnetization with stress, in the 
magnetic minerals of igneous rocks subjected to tectonic stresses. However, the theory 
of the piezomagnetic effect has been in several respects deficient. STACEY [6] calculated 
the effect of  stress upon magnetic susceptibility for a rock containing magnetite grains 
of assumed isotropic magnetostriction. K~RN'S [7] theory also assumed isotropic 
magnetostriction and further required a single, but unspecified, magnetization process 
to occur, to the exclusion of all others. Both theories gave satisfactory quantitative 
agreement with the effect of stress on susceptibility of magnetite-bearing rocks. Ac- 
cording to KERN [7], remanent magnetization was necessarily affected in precisely the 
same way as induced magnetization, which is not the case, and although the difference 
is acknowledged in STAC~Y'S [6] theory, no satisfactory expression for the remanence 
effect was obtained. Neither theory accounted adequately for the variability of stress- 
sensitivity of magnetization with composition in titanomagnetites [8]. This variability 
was recognised in calculations by NAGATA [9], but he also assumed isotropic magne- 
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tostriction so that his numerical values were not completely satisfactory. KINOSHITA'S 

[10] discussion emphasised irreversible effects associated with high stresses (>  500 bar) 
and so has less obvious application to the effects of  tectonic stress. 

We now show that all of  the deficiencies are remedied simultaneously by taking 
into account the intrinsically anistropic nature of magnetostriction in individual 
titanomagnetite crystals. This approach has, until now, been hampered by difficulty 
in dealing with the multiple integrations required to obtain the piezomagnetic effect 
in an assembly of randomly oriented crystals. These have now been solved for both 
susceptibility and remanent magnetization, which are found to have stress sensitivities 
of different, although comparable, magnitudes, in terms of the anisotropic magneto- 

striction constants 21oo and 2111, magnetocrystalline anisotropy constants K1,/(2, 
saturation magnetization, Is, and mean grain demagnetization factor N. Values of 
these constants measured by SYONO [11] and AKIMOTO [12] are used to prepare a table 
of stress sensitivities for titanomagnetites of six compositions. The fact that titanium- 
rich minerals are several times as sensitive to stress as is pure magnetite is important 
to the explanation of the observed volcanomagnetic effect as well as offering further 
encouragement to the continued search for the seismomagnetic effect. 

The range of stresses to which the present theory applies is 0 to ~ 300 bar. This 
limit is imposed by the fact that major movements of  domain walls, which may be 
irreversible, and have been shown experimentally to occur in magnetite at stresses of 
300-500 bar [13, 14], are not considered. The process envisaged is individual domain 
rotation by stress. This can be taken to include small, reversible movements of 71 ~ 
and 109 ~ domain walls, but not major domain readjustments. However the range 
considered appears to include all tectonically interesting deviatoric stresses. 

2. Vector property of the piezomagnetic effect 

The magnetostriction, or fractional change in length, of a cubic crystal, such as 

titanomagnetite, in a direction represented by cosines ill, f12, f13 with respect to the 
[100] crystal axes, due to saturation magnetization of the crystal in a direction repre- 
sented by cosines ~1, ~z, ~3 is 

} = - ~ 21oo + ~ ~ o o ( ~ 1  ~ + ~ / ~  + ~ ~ )  
+ 3 ,~i~(~ ~/~1/~ + .~ ~/~2 ~ + ~ .1 ~ / ~ )  (1) 

where 210o and 2111 are the magnetostrictions along [100] or [111 ] axes due to satura- 
tion magnetization in those directions. The symmetry of equation (1) implies the 
assumption that volume magnetostriction is zero, magnetostriction normal to the 
magnetization being minus one half of the magnetostriction in the direction of mag- 
netization. This assumption is valid to the extent that the magnetization process is 
merely a reorientation of  spontaneous magnetization by domain rotation or domain 
wall displacement and assumes that spontaneous magnetization itself is constant. This 
is precisely so in the context of geomagnetism, in which the fields considered are small. 
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Since the piezomagnetic  effect is the thermodynamic  converse of  magnetostriction, it 

is sufficient in the present calculation to determine the change of  magnetization Ill o f  

an isotropic rock (i.e. one with r andomly  oriented t i tanomagneti te crystals) in the 

direction o f  an applied linear compressive stress or, because the change in a perpendi- 

cular direction is simply related to it: 

1 dI• 1 1 dlii 

I• d~ 2 Iii &r 

and the effect in any intermediate direction is obtained by vector addition. 

(2) 

3. Effect o f  stress upon susceptibility 

We consider a crystal o f  t i tanomagnetite,  represented by the cube of  Fig. 1, in 

which the cube edges are [100] axes and in the absence o f  an applied field the magneti-  

zat ion is in the [111] (cube diagonal) direction. The application of  a small field H in 

the shaded { 110} plane perpendicular to the [111 ] axis causes a deflection o f  the domain 

magnetizat ion by a small angle 0 and a magnetostr ict ion 2 in the direction o f  H which 

of I \ \  

0 .. 

Figure 1 
Geometry used to calculate the magnetostriction 2 due to the deflection of domain magnetization by 
a small angle 0 away from the [111] crystal axis. Note that x, y, z are the crystallographic [100] axes. 
Then cosines c~1, fll are referred to the x axis and by restricting consideration initially to the shaded 

{110} plane as = c~3 = ~/1 --a~ z and similarly for the fl's 
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is obtained by substituting the appropriate direction cosines in equation (1) 

2--210o �88 2 0 + ~ s i n 0 c o s 0  

(3) 
I 1 1 +2111 - l + � 8 8  x /~s in0cos0  . 

Two conditions of our calculation allow us to simplify this expression to avoid an 
elaborate integration. Since 0 is small, and we must determine the average value of 
0 as the crystal is rotated about the [111] axis, with the field in a fixed direction, we 
can first consider the effect of rotating the crystal by 180 ~ about the [111] axis. This 
gives the same result as equation (3), but with 0 reversed in sign, so that averaging both 
orientations, odd powers of sin0 disappear: 

~- = - -  ~ 211t + (�88 21 oo + �88 2111) sinZ 0. (4) 

Thus without the necessity for an integration we have obtained the average magneto- 
striction due to a field applied normal to domain magnetizations with random azi- 
muthal directions of the crystal axes. 

If  now a compressive stress a is applied parallel to H, then the domain rotation 
generates a magnetostrictive strain energy 

= i (5)  

This must be added to the magnetocrystalline anisotropy energy of magnetization at 0: 

2 2 

= + 2 7  - ~(K1 + �89 K2) sin2 0 +-. .  

and the field energy 

Eu = - I-I~ I s sin 0 (7) 

where H~ is the internal field acting on the material of the grain and Is is the saturation 
magnetization, so that 0 is found by minimising the total energy 

d(Er + E K + EH)/dO = O. (8) 
This gives 

sin 0 = H~ Is (9) 
~(�89 21oo + ~ 21,1) - -~(K1 + ~K2)" 

But the intrinsic susceptibility of the mineral, as measured perpendicular to the spon- 
taneous (easy or [111]) axis is 

Z(cr ) lssinO I~ 

-- H - - - ~ ( K l + - ~ K z ) + ( � 8 9  ~" (10) 

(It should be noted that (K 1 +�89 K2) is negative - see Table 1.) 
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Equation (10) gives the intrinsic susceptibility Z J_ due to domain rotation in a field 

perpendicular to the domain orientation. The externally observed susceptibility Z' is 
related to the intrinsic susceptibility by the equation [15] 

Z' - Z• (11) 
1 + NZ• 

where N is the demagnetizing factor for the grain (approximately 3.9 for the titano- 
magnetite grains normally found in igneous rocks). Therefore if we had a grain in 
which the domains were all normal to the common axis of an applied field and com- 
pressive stress its susceptibility would be obtained by combining equations (10) and 
(11): 

! 

Zo 
Z'(r - (12) 

l + S ' a  

where 

and 

�89 + ~2111 
S' = (13) 

- + } / c = )  + N Id 

Xo -- N Is 2 - ~(K 1 + 1 Kz) (14) 

which is the value of susceptibility in the absence of the stress. 
In general, however, the direction of a particular magnetic domain in a grain will 

make an arbitrary angle q5 with the stress and field axis. We can then resolve the field 
and stress into directions paralM and perpendicular to the domain. For  the perpen- 
dicular direction the foregoing analysis applies and in the parallel direction, the 
susceptibility Zll is independent of stress because magnetization can proceed only by 
180 ~ domain wall displacements between parallel and antiparallel domains and these 
are not magnetostrictive. The total intrinsic susceptibility is thus 

~ = ZII cOs2 ~b + Zl sinZ q5 (15) 

But in a random assembly, and particularly in view of the equivalence of easy directions 
within individual grains [16], we have cos20 = �89 i.e. of  the total suceptibility only two 
thirds is contributed by processes which are stress sensitive, as by equations (12) to 
(14), the other one third being insensitive to stress. Therefore the final result is 

where 

_ Zo (16 )  
Zp(r 1 + S X r 

21oo + 5 211 i 
S z = ~ S' = 3 N Is 2 - 4(K, + �89 K2) (17) 

S z being referred to as the stress sensitivity of susceptibility, Zv, measured parallel to 
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a compressive stress o-, and Zo is the value ofzp at a=O. Over the range of stresses of 
interest in tectonomagnetism, a sufficient approximation is 

Xp = Zo(1 - S~ ~ (18) 

and, as already noted, the variation of X in a direction normal to the stress is then 

Z,, = Xo(1 + ~ ~r). (19) 

4. Effect of stress upon remanence 

The changes in the remanence of a specimen subjected to stresses less than about 
300 bar, in an external field of the order 1 oersted or less, are almost perfectly reversible 
[17]. The magnetization of each domain follows the deflection of easy directions which 
is caused by the superposition of magnetoelastic energy (equation 5) upon the intrinsic 
magnetocrystalline anisotropy energy (equation 6). Domains are all deflected away 
from the axis of a compressive stress, which, under increasing stress, becomes a 
progressively harder direction of magnetization. 

We consider those domains in a random assembly which, in the absence of stress, 
make angles between q5 and (~b + &b) with a selected axis. When a compressive stress 
is applied in the direction of the axis, the domains are deflected to angles (q5 + 0) where 
the angle of deflection 0 is a function of the orientation of each crystal with respect to 
the stress axis and may be expressed in terms of the azimuthal angle of the stress axis 
to a {110} crystal plane. To obtain the average value of 0, we write equations for 
anisotropy energy, EK, and magnetostrictive strain energy, E~, and average over all 
azimuthal angles. In fact the averaging process can be simplified by making use of the 
symmetry of the situation; the values of EK and E z repeat themselves at 120 ~ intervals 
of the azimuthal angle by virtue of the symmetry of the crystal structure about a 
selected [111 ] axis. As JOHNSTON [18] verified by a complete integration, the required 
averages can be obtained by considering a stress axis in a {110} plane and averaging 
the values calculated for the two stress directions within the plane at ~b to the [l 1 l] 
axis (i.e. at azimuthal angles 0 and n) as in Fig. 2. Then simplifying the problem further 
by considering only small deflection angles 0, we obtain the results represented by 
equation (6) and 

E~ = )T cr = - a(21oo + �89 2111) sin2 qS.sin 0, (20) 

being the mean magnetostriction in the direction of a at q5 to [111]. Since the deflec- 
tions are determined by the condition of minimum total energy, d(EK+E~)/dO=O, 
we find 

0 = a(21oo + �89 21,,)  sin2 q~. (21) 
-- ~(K, + �89 1s 

We now consider the contribution to the magnetization of the assembly by domain s 
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Figure 2 
Alternative orientations of the stress axis in a {110} crystal plane, at angle q~ to a [111] axis, with 

corresponding deflections 0t, 02 of the magnetization of a domain away from [111 ] 

whose undeflected directions make an angle q~ with the selected stress axis, that is they 
are distributed around a cone of semi-angle qS. The fraction of the total volume V of 
domains lying within the elementary cone q5 to (q5 +d~b), including the domains with 
precisely opposite polarities at (z-~b) to (7~- ~b- &b), is 

d V  
. . . . .  sin ~b dq5 (22) 
V 

Assuming that the total magnetization of the assembly is parallel to the axis selected 
for the application of stress and that it is very small compared with the saturation 
magnetization, the populations of the two opposite directions differ by an amount 
proportional to cos~b, that is the magnetization of the volume d V  can be written 

d I  = A cos 4" V sin qb d4 ,  (23) 

where A is a magnetization constant which does not need to be specified. This would 
be the effect of having magnetized the assembly by the application of a field in the 
direction in which stress was subsequently applied. We must now consider the con- 
tribution dill to the axial magnetization of the assembly when the domains are deflected 
by stress to angles (q5 + 0): 

dill = A cos 4" V sin qS.cos(q5 + 0) dq5 (24) 
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where 0 is given in terms of q~ by equation (21). Since we have assumed 0 to be small, 
expansion of cos(q~ + 0) is simplified by putting sin0 = 0 and cos 0--1, so that 

dljr = A V(cos 2 r sin r - 2 C cos 2 q~ sin 3 r  de  (25) 

where 

~(21oo + �89 2~11) 
C -  

-  (K1 + K 2 ) '  
as in equation (21). 

Integrating over the whole assembly (r = 0--* ~/2), we obtain the magnetization 
parallel to the stress axis as a function of stress 

A V  I,= 

or 

I H = / o ( l  - S R o-) (26) 

where the stress sensitivity of remanence is 

4 210o +�89 (27) 
S R = ~ ' _  ~(K 1 + �89 

Similarly the effect of stress upon a magnetization/1, perpendicular to a compressive 

stress is 

11=10 l + - f a  (28) 

and magnetizations in intermediate directions can be found by vector addition. 

5. Numerical results 

Values of the two stress sensitivities S z and SR are listed in Table I for titanomag- 
netites whose anisotropy and magnetostriction constants have been determined by 
Svoyo [11]. The range of values coincides neatly with the measured range of S z 
reported by KAPITSA [16]. The irregularity which is apparent when these results are 
plotted may indicate experimental uncertainty in the data from which S z and SR were 
calculated. However the trend of increasing stress sensitivity with titanium content 
in titanomagnetites is clear and provides an important new piece of information for 
the interpretation of tectonomagnetic effects. For  numerical calculations of seismo- 
magnetic and volcanomagnetic effects a stress sensitivity S = S x = SR = 1 x 10-4 bar-1 
has normally been assumed [2, 3]. Observations of the volcanomagnetic effect [4, 5] 
revealed magnetic anomalies which were somewhat stronger than had been expected 
[20]. The present result therefore indicates that this was probably not due to a basic 
defect in the interpretation of  the phenomenon but may have been simply an underesti- 
mate of  the stress sensitivity of magnetization. In the absence of specific information 
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abou t  x (which is p robably  better estimated from Curie point  determinat ions  than by 

chemical analysis) an average value S ~ 2  x 10 .4  ba r - 1  would be a better assumpt ion  

than  1 x 10 . 4  b a r -  1, which applies to pure magneti te  and  has previously been assumed 

to be valid for all igneous rocks. 
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