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Hertz problem for a rigid punch moving across the surface
of a semi-infinite elastic solid

M. Rahman

Abstract. The elastodynamic problem of a rigid punch moving at a constant sub-Rayleigh speed
across the surface of an elastic half-space is investigated in the present paper. The unknown
contact region is determined as part of solution from the unilateral or Signorini conditions.
Numerical results are plotted showing how the eccentricity of the contact ellipse changes with
the punch speed. Some asymptotic properties of the solution for the case where the punch speed
is comparable with the Rayleigh wave speed are explored in details.
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1. Introduction

A class of problems representing considerable physical interest in linear elastody-
namics concerns the frictionless motion of a rigid punch at a velocity V across the
surface of an elastic half-space. In the case where the punch is a rigid cylinder or
a rigid sphere of radius R, this problem is the elastodynamic counterpart of the
classical Hertzian contact problems.

Churilov [1] treated the problem for the subsonic case (V' < ¢3), where ¢; =
i/ p is the velocity of shear wave propagation (u being the shear modulus and
p the density of the material of the half-space). In an earlier paper [2], he derived
an expression for the elastodynamic surface Green’s function corresponding to the
action of a normal load P, moving at some speed V < ¢y, across the surface of an
elastic half-space and then superposing this solution, he formulated the problem
in the form of an integral equation in a frame of reference moving with the punch.
He then developed a solution method but produced no numerical results. In the
present article, the problem is analysed again. For the first time, numerical results
are presented as to how the eccentricity of the contact ellipse changes with the
punch speed. Some asymptotic properties of the solution concerning the case
where the punch speed is comparable with the Rayleigh wave speed are explored
at greater length.
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2. The moving punch problem

Obviously the problem under consideration has a steady-state solution in which
the stress fields are invariant in a frame of reference moving with the punch and
the contact area is a single connected region € in this frame of reference. Therefore
we can reduce it to a classical elastodynamic boundary value problem.

If the boundary of the contact region 9§ is assumed to be given, the result-
ing boundary-value problem is well-posed. However the problem being physical
demands that the contact area be determined as part of the solution from the
unilateral or Signorini contact conditions which means that the contact tractions
should be non-tensile throughout the contact region and the gap g(z,y) between
the half-space and the punch should be non-negative throughout the non-contact
or separation region,i.e.

z,y) > 0, (x, Q
o( y)iO( y) € B

glz,y) 20, (z,y) € {z=0}\Q

It can be shown (see for example [3]) that these inequalities are equivalent to
the conditions requiring that the contact tractions be non-tensile throughout the
contact region and that it vanish at the edges of the contact region,i.e.

p(z,y) >0, (z,y) €Q (2)
p(-T,y) = Oa (ZU,Z/) €0 (3)

Characteristic of this kind of problems where the contact region is not given a
priori is the fact that the contact region changes with the indenting force P. In
general such problems are non-linear and therefore closed-form solutions of such
problems can be derived only in ezclusive cases. Iterative or numerical schemes
are usually employed to solve this kind of problems. However we should note that
the boundary conditions (2) and (3) are very sensitive to iterative or numerical
treatment of such problems, since the assignment of an initial contact region which
is bigger than the actual one leads to the violation of the condition (2), whilst the
converse leads to the violation of the condition (3).

3. The elastodynamic surface Green’s function

The problem under consideration can be efficiently formulated in the form of an
integral equation involving the appropriate Green’s function, which corresponds
to the response of the elastic half-space to a point normal load P moving along
the z-axis at a speed V across the surface z = 0. This problem was attacked by
many authors. A convenient summary of the work in this direction can be found
in Eringen and Suhubi [4]. It was first analysed by Payton [5] using the Betti-
Rayleigh theorem. However his results are restricted to Poisson’s materials only.
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Eason [6] employed integral transform technique to solve this problem, but was
able to find the surface Green’s function for the sub-Rayleigh case only. Churilov
[1] extended this result for the case of sub-shear speed, using a technique due to
Smirnov and Sobolev [7]. The expression he derived for the surface displacement
in a frame of reference moving with the load P is as follows:

P 1%
uz(a:,y,()):—ﬂl“ (*‘—7‘—y> ,0<V < (4)

where r = /22 4+ y? and the function I'(V) is given by the formula

r(V) = A_/I_”___g vVi-M

TRV ,0<V < (5)

where

R(V) = (2~ M) — 4/(1 - MP)(1 - M) (6)

is the Rayleigh function and My = V/¢; and My = V/cq are the longitudinal and
shear wave Mach numbers, respectively.

The problem of derivation of the elastodynamic surface Green’s functions for
the transonic and supersonic cases is still an open question and is currently under
the writer’s investigation.

4. Integral equation of the problem and derivation of the Hertzian
equations

The elastodynamic surface Green’s function (4) allows an elegant formulation of
the title problem. We can write down the normal surface displacement in a region
{2 due to an arbitrary contact pressure p (z,y), in the form of a convolution integral,

ie. o (0.0 2M// (z1,91) { (y]gyl)}d:mdyl (7)

where R = \/(z — 1)% + (y — y1)? is the distance between the points P (z,y) and
P'(z1,y1) (Fig.1).

The corresponding integral equation for the static case can be derived by letting
V tend to zero in (5), (6) and (7), namely,

1—-v ,
uz (z,9,0 27r,u// 2,41) dz; dy; 8)

A general solution of the integral equation of the type (8) for the case where £
is an elliptical region is given by Galin [8] who shows that if the function u, (z,y,0)



604 M. Rahman ZAMP

—

"(x0> Yo)
R,
P'(xq,
0+ G 31) x(a, 0)

¥(0, b)

Figure 1.
Elliptical Contact Region

is a polynomial of £ and y of order 2m, the solution for the function p (z,y) has

the form:
2 g m—3%
p(2,y) = po (1—a—2_b_2> 9)

where pg is an unknown coefficient. In literature this is known as Galin’s theorem,
although as pointed out by Cherepanov [9], a theorem much stronger than Galin’s
was proved by Dyson in 1891 [10]. In what follows we will show that Galin’s
theorem can still be employed to solve the elastodynamic equation (7). In so
doing, we will closely follow Vorovich et al [11].

From the geometry of the Figure 1, we have

x1 =z + Rcos¢

. (10)
y1 =y + Rsin¢

Substituting (10) into (9), we obtain

5(R,¢) = p(x + Reosé,y + Rsing) = po {(4 - 2B(@$)R - C(H)RHY™F (11)

where

2y
rcos¢p ysind
B = — 7 (12)
cos>¢ sin® ¢
C= a2 + b2

Note that the functions B(¢) and C(¢) have the following properties:
B(m +¢) = —B(¢), C(r + ¢) = C(9) (13)
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Now putting (10) and (11) into (7), and considering that I'(V') is an even function
of V, we get

27 Ro(¢)
uz(x,y,0)=2—1ﬂ-/0/0 5(R,$)T(V sin 8) dR d

27 Ro(9) 1
=D / {A —2B($)R — C(¢)R*}™ 2 T(V sin ¢) dR dgp
2udo Jo (14)

where Rp(¢) is the distance between the points P and P" (Fig. 1).
Note that since the point P lies on the boundary of the ellipse, the following
equations hold:

2 2

To , Y% _

2l

2o =z + Rocoso (15)

Yo =y + Rosing

Using equations (15) and the notations {12), it can be shown that
_ —B) + /B T 4CH) .
C(9)

Since the point P (z,y) lies within the ellipse (Fig. 1), A(¢) > 0, and C(¢) > 0
for all ¢ € [0, 27]. Therefore

Ro(¢)

B B+ RC < B+ RyC
VB2 + AC ~ VB2 + AC ~ VB2 + AC

(17)

Besides, it can be easily shown that B/(B?+AC) > —1and (B+R,C)/(vVB? + AC) =
1 (by virtue of (16)). Therefore the following relationship holds:

B+ RC
1< <1 18
VB2 + AC — (18)

Now introducing a new variable 8 by the relation

B
cosf = B RO 0<6<m (19)

VB2 + AC’

equation (14) can be rewritten as below

w. (3,9,0) = Po 27 r0(¢) 1 (BQ(qﬁ) +AC($)

— " s2m .
2wty \/5(_¢_) @ ) sin“™ @ I'(V sin ¢) df d¢

(20)
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where 8(¢) is the value of § corresponding to R = 0.
At this stage, consider the integral

_ [0 1 (B FACHNT  am .
I-—/7r /0 m( ) ) sin“™ @ I(V sin ¢) df dg (21)

We now put ¢ = 7 + ¢ into (21) and note that cosé(w + ¢) = — cos 8(z)) whence
it follows that 8(w + ¢) = = — 6(¥). In view of this and the properties of the
functions B(¢) and C(¢) defined by the equations (13), from (21) we get

_ [T L (B ACON"  ampr v
_ /O /0 0(¢)< ct0) ) OT(~Vsing)dody (22)

Now putting # = 7 — 8’ into (22) and again noting that I'(V) is an even function
of V, we obtain

—_ " " 1 B2(¢)+AC(¢) " in2m l in 1
I_/O d¢/mm( e ) Sin®™ 0 T(V sinb) do' iy (23)

With the help of equation (23), we represent equation (20) as

w, (z,9,0) = // W<Bz(¢)cj(r£0(¢)

> sin®™ O T(V sin ¢) df do

(24)
The integral with respect to 8 in (24) can be evaluated in closed form yielding the
following expression for u, (z,y, 0):

_po(@m—-Dlix (@) + ACH\ " g
e, Jom e ) T
(25)
Since C(¢) and T'(V sin ¢) are independent of = and y, from (25), we conclude that
u,(z,y,0) is a polynomial in z and y of degree 2m.
We now turn to the Hertz problem.

Uz (:Llayao) =

Hertz problem

For the special case where m = 1, we have

por [" B2(¢) + AC(9)

15 s () ['(Vsing)do (26)

Uy (I7y70) ==

which can be written in the following more convenient form:

Uz (xvya O) = dO - /10332 — B0y2 (27)
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where

dy = po b /7r I'(V sin ¢)
(k2 cos? ¢ + sin® ¢)2
_ pok I'(V sin ¢) sin? ¢
B 4,ua/0 (k2 cos? ¢ + sin? ¢) 3
['(V sin @) cos? ¢

B 4HCL o (k?cos? ¢ +sin?¢)2 aé (28)

de

where k = b/a.

In deriving the above equation, we have made use of the fact that the integral
with the z y term is zero, since the integrand is an odd function.

Now suppose the elastic half-space is indented by a rigid indenter whose profile
is defined by the gap function

3;2 y2

A 9
5R, T 2R, (29)

g(@,y) = Aa® + By’ =
where R; and Ry are the principal radii of curvature. It is assumed that By > Rs
or Ay < B;. We equate the coefficients between the equations (27) and (29) to
obtain two equations for the unknown semi-axes a, b of the contact ellipse and the
central pressure po, which are

1 pok [T T(Vsing) sin? ¢
Ap == - d
2R, dpa fy (k2 cos? ¢ +sin d))
1 k[T V sin ¢) cos
B, = _ _Po / ['(V sin ¢) _2¢§d¢ (30)
2R, dpa fo (k2 cos? ¢+ sin? ¢)z

To obtain a third equation, we note that either the total force P or the central
displacement dp must be given. If P is given, we note that

a pby/1—-z2 x2 yz % 2
P=4 1= — = de = - b
L[ m(-5-%) aa=tmas @)
Alternatively, if dy is given, we have
b [T IV sin
do = £o / ( ¢)2 1 d¢ (32}
47 p (k2 cos® ¢ + sin® ¢) 3

The resulting simultaneous equations are non-linear in a, b. An iterative, numerical
or graphical method must be used. However, we note that a single equation
depending on the ellipticity, £ = b/a or the eccentricity, e = v/1 — k2, of the
contact ellipse and V' can be obtained from the ratio of the two equations (30),1i.e.

A1 Ry I

B ®m L (33)
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where

_ [T _T(Vsing) cos’ ¢
h= /0 (k2 cos? ¢ + sin® ¢) 2 a

['(V sin ¢) sin® ¢
/ (k2 cos? ¢ +sin? ¢) 2 g 40 (34)

Thus, the eccentricity e of the contact ellipse depends on the ratio Ry/R; or
A; /Bi, Poisson’s ratio v and the punch speed V in a very complicated way.

5. Series solution of the problem

The question as to how the ellipticity of the contact ellipse changes with the speed
of the indenter necessitates evaluation of the integrals (34). In all probability, they
can not be evaluated in closed forms, but they are amenable to effective numerical
evaluation. However a series solution of the problem can be derived by representing
the function I'(V sin#) in the form of a power series of sin?#. This is based on
rationalizing the fraction in the expression of I'(V sin#) and then expanding the
radicals in binomial series. The final result is:

X
T(Vsing) =Y fosin™ ¢ (35)
The coefficients f, are determined from the following recurrence relationships:
_ s1—ay 6 (20— T s1—2, 4 (20— 5!
Afi+Bfici+Cfia+Dficz=—-M] "M, (—l——_2)'—2l3 +AMT T M, (EnrE
— 5\ — 3! — 3\
MM (21 — 5! —4MPM3QZ 3“*4M?+ﬂm 3)(l>2
(1 —1)y12-1 112! [
(36)
where
fo=1—-v
2
f1=:£é§(16u2——24y—kl4)
M4
M2
A=38 T,
B=_ 8(2 — v)M3
1—v
C =8M$

D =—M;§
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In expression (36), it is assumed that (—1)!! = 1.

It can be shown that the series (36) is uniformly convergent for the case where
the punch speed is less than the Rayleigh wave speed.

Now putting the expansion (36) into (34), we obtain

I =2 fa(Ln = Lnp)
n=0

IL=2) fulnp (37)

n=0
where the following notation is introduced:
1 /7 sin?™
L,= -/ ¢’ 5 5 d¢ (38)
2 Jo (k?cos® ¢+ sin?¢)2

By making a change of variable ¢ = 7/2 — a in (38), and in view of the symmetry
of the resulting integral, it can be rewritten as:

T cos™ada
L, = / _covTade (39)
0o (1—e%sin®q)2

Closed-form expressions can be obtained for the integral (39) for all values of n,
using the following recursion relations derived in Appendix A:

_ 4n—-1) 2(n — 1)(2e? - 1) 2(2n — 3)
Ln= (2n = 1e? M1+ Gn—1e "' (2n-1e2 "7
(2n - 3)(1 — €?)
— <5 Ln
(2n - 1)e?
2(n - 1)(2¢* - 1) (2n - 3)(1 — €?)
M, = My 31+ —————"M,_
(2n —1)e? w1+ (2n — 1)e? Mn-2 (40)
where M, stands for
z 2n
Mn=/2 cos”” ada 1 (41)
o (1-e?sin®a)?z

The recursion expressions (40) are valid for n > 2. Below are given the starting
values of L, and M,,, namely forn =0 and n =1,

Lo = 5 B(e)
Ly = 5[K(e) - B(e)
M() = K(e)

1

My = =[B(e) - KK (e)] (42)
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where E(e) and K (e) are the complete elliptical integrals of the first and second
kinds, respectively.

In the limiting case where V' — 0, all the coefficients f, except fy reduce to
zero and we get corresponding static solution

L= 2(1(; ) [ET(? - K(e)]
5 =220 1) — ) (43)

which is precisely the same as that given in [3] & [12].

6. Modification of the expressions for I; (V) and I,(V)

The foregoing analysis is best suited for comparatively small values of the Rayleigh
wave number Mpg. If the speed of the indenter is comparable with the Rayleigh
wave speed, then at ¢ = 7/2 the numerator of the integrands in (34) reduces to the
Rayleigh function which, as it is well-known, has a simple zero at Mg = 1. The
series solution of the problem represented by the equations (37) will be converging
very slowly. For this case, we proceed with using the factorized form of the function
R(V) (eqn (6)) [13]
_ MZ(M3 — mi)(MF — my) (M3 — ms)

(- M3y +4/(1- MDA~ M3)
where my, My and ms are the three roots of the Rayleigh function, m; being the
Rayleigh root. Explicit expressions for these roots are given in [13].

In view of the above factorized form of R(V'), we now represent the function
T(V) (see eqn (5)) as below:

R(V)

Gv)

F(V) = _T——Mg

(44)

where G(V) is given by

VI {(2- M3 + 4/ (T- MDY - M3) |
7my (M2 — ma) (M2 — ms3)
It can be shown that G(V) is a monotone decreasing function of V for all V €

[O, CR].
Putting (44) into (34) and making a change of variable ¢ = 7/2 — a, we obtain

G(V) = (45)

/2 G(V cos a) sin® ada
= 46
h 2/0 (1 — M cos? a)A® (16)
™2 G(V cos @) cos® ada
= 4
Iz 2/0 (1— M%cos2a)A3 7
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where A = V1 — e2sin? a.

Now it is easy to see from (46) and (47) that for fixed k, integral (46) is
bounded for all Mg € [0,1], while the integral (47) becomes unbounded at o = 0
and Mpr — 1. We therefore represent the integral (47) as

I =2G(V)S +2 /m GV cosa) = G(V)

2
, Q- Ico )i cos” ada (48)

where

g /2 cos? ada 19
B /0 (1 — M} cos? a) A3 (49)
Now for fixed k, the second integral in (48) is bounded for all Mg € [0,cg].
Therefore the singular behavior of the integral I» at Mr — 1. is determined
solely by the integral S given by (49). Therefore in what follows we will explore
the asymptotic behavior of this particular integral for Mp — 1_.

Note that S can be represented as below:

S =eS;(e) + Si{e) (50)
where 1 ,
m cos” ada
S1= /0 (1 — MZ cos? a) A (51)

Integral (51) is evaluated in closed form using the standard integral 3.679.1 from
Gradshteyn and Ryzhik [14]:

1 i
Sl - MR\/]_ — MIQ%\/l _ k2(1 _ M}%) [5 - K(E)E(ﬂ,k) - E(@)F(ﬂ, k)
+E@F(B,k) | (52)

where = arccos Mg, and E(8,k) and F(8,k) are the incomplete elliptical in-
tegrals of the first and second kinds, respectively, E(e) = E(r/2,¢e) and K(e) =
F(n/2,e) are the complete elliptical integrals of the first and second kinds, respec-
tively.

Insertion of (52) into (50) leads to the following expression for S:

1K) - B Mr
S T L A e A I T T
[5 ~ K(©E®,K) — BEF(@,E) + K(e)F(5, k)] (53)

In deriving (53), use has been made of the following differentiation rule for the
elliptical integrals [14]:

OE(B,p) 1 B
08 - Li(s,p) - (5,0
OFBp) 1 [l 1-p . psin2
ap - 1_p2 [pE(ﬂ,p) F(ﬂap) 2\/1—_—]95?112—5]
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Figure 2.
Variations of the eccentricity of the contact ellipse with the ratio A;/B; for different values of
the Rayleigh wave number

From equations (48) and (53), we observe that the integral I»(V) behaves as
C(1 — Mg)~'/? (C being a finite constant) as Mg — 1.

7. Numerical results and discussion

The problem has also been analysed by evaluating the integrals (34) numerically.
While I; has been evaluated as per (34;), I» has been evaluated by using the
expressions (48) and (53) instead of the expression (34;). Numerical results have
been obtained for a wide range of values for Mg and Poisson’s ratio, v. Some of
the results thus obtained are represented in Fig. 2. It has been observed that the
effect of Poisson’s ratio on the numerical results is of the order of 2%. Therefore
graphical representation of the numerical results is done only for the case, v = 0.2.
For small values of the Rayleigh wave number, our numerical results are found to
be in excellent agreement with the corresponding static results [3, 12).
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8. Concluding remarks

In the present paper, we have investigated the elastodynamic Hertz problem for
a rigid indenter moving over the surface of an elastic half-space. For the first
time numerical results have been presented as to how the ellipticity of the contact
ellipse changes with the speed of the indenter. Some asymptotic estimates of
the solution for the case where the speed of the indenter is comparable with the
Rayleigh wave speed have been explored in details. Of further interest is the
corresponding problem for a slender indenter for which the present solution is not
much suitable. For this case, it seems promising to use the method of matched
asymptotic expansions in conjunction with the present analysis. Research in this
direction will be reported elsewhere. ’
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Appendix

The objective of this appendix is to develop a recursion relation for L, (see eqn (38)).
From [14, p. 158], we have a recursion formula for the following integral:

w/2 on
cos“™ ada
My, = e Al

" A (1 — e?sin? a)1/2 (A1)

as
(2n —2)(2¢? ~ 1) (2n —3)(1 — &?)
My = My — My A2
" (2n — 1)e? ot (2n — 1)e? n? (#.2)
‘We now represent the integral (A.1) as below:
w/2 on
cos*™ ada
My = ——— A3
" p/o (p2? — sin? a)1/2 (A-3)
where p = 1/e.
Differentiating both sides of (A.3) with respect to p, we get
dMy _p? /W/2 cos®™ ado + /Tr/2 cos?"™ ada (A4)
dp o (p? —sin?a)3/2 o (p? —sin?@)l/2 '
Again putting p = 1/e into the right hand side of (A.4) and using the notations L, and My, we
obtain AM
dp" = —eLy +eMy (A.5)
We now differentiate the expression (A.2) with respect to p, obtaining
dMn _ 2(1—p)(2—p®) dMn_1 (2= 3p)(p> —1) dMn-2 4p(l —p) 2p (2 —3p)
— = + - My1+———""Mn_2
dp 2-p dp 2-p) dp 2-p) 2-p)
(A.6)

For the derivatives of dMy(p)/dp, dMn_1/dp and dMy_3/dp, we use the relation (A.5) and
performing some routine manipulations, we finally get the following recursion formula for Ly:

4n—1) 2(n — 1)(2e% — 1) I 2(2n — 3) Moo + (2n — 3)(1 — €?)

Lp=-——-—"-M,_ 1 -
L (2n — 1)e? nt (2n — 1)e2 (2n — 1)e?

L
(2n — 1)e2 n?

(A7)

where M,, is expressed through the recursion formula (A.2).
The recursion expressions (A.2) and (A.7) are valid for n > 2. The starting values for (A.2)
and (A.7) are

M= ;—Z[E(e) — KK (e)] (A.8)
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where E(e) and K(e) are the complete elliptical integrals of the first and second kinds, respec-
tively. Expressions (A.8) are obtained by using the standard integrals 2.584.1, 2.584.6, 2.584.42
and 2.584.51 from [14].
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