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ABSTRACT

The effects of severe initial prestrain on the response of a steel to com-
plex stress states is investigated in a series of tube tests. The steel be-
comes highly anisotropic, with a pronounced Bauschinger effect, so far as the
resumption of plastic flow is concerned. A detailed analysis of the subsequent
nistory of hardening shows that, in the later stages of plastic flow, it may be
possible to simulate the behavior of the material with reasonable accuracy by
means of an isotropic rigid-plastic model, Even after substantial prestrains
(plastic effective strain, 0,03) sufficient ductility remains to allow the re-
distribution of loads necessary for an ultimate strength (plastic) analysis of
components.,

in Part I of the report a relatively complete study is made on the basis
of plastic theory and it is shown that the stress distribution may be highly
nonuniform even in a very thin cylinder; moreover the distribution is depend-
ent on the nature of the yield criterion and so cannot be known in advance,
This circumstance renders the calculation of "average" stresses of limited
value and it is better to deal directly with the applied tractions, a proce-
dure which is adopted in the remainder of the report.

Part I presents details of the series of tests on tubes subject to vari-
ous combinations of internal pressure and a tensile or compressive axial load.
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SYMBOLS

A,B,C,D,E,F,G Corners of maximum shear stress yield
surface
A',B',C',D',E',F',G' Corners of maximum reduced stress

yield surface

H = 2dq,dq;P/Ydq,;Pdg, P Strain hardening rate

N Excess axial force on tube with closed
ends
P Pressure
Q = =P Pressure parameter
Qi Generalized stresses
T Total axial force on tube with open
ends
U Energy dissipation rate
a Internal radius of tube
b External radius of tube
e Base of natural logarithms
f= N/ﬂbEUO Excess axial force parameter
P = P/cO Pressure parameter
qip Generalized plastic strains
r,0,z Cylindrical coordinates
r',ry Radii of stress discontinuities
U, V,w Velocities
B =b/a Thickness ratio
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Maximum shear strains
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Principal strain rates (in Part I):
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Positive numerical coefficients
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PART I

ANALYSIS OF COMPLEX STRESS STATES IN THE TUBE TEST

R. M. Haythornthwaite



1. INTRODUCTION

During plastic deformation, it is quite possible that stress states fre-
quently occur which are complex, in the sense that they are not reducible to
states of either simple shear or simple tension merely by subtracting a hydro-
static pressure component. Important exceptions are plane strain, in which
the stress states are reducible to simple shear, and certain cases of axial
symmetry where the stresses are reducible to simple tension. In these cases
analysis can proceed on the basis of a knowledge of a single yield strength.
In general, however, no restriction can be placed on the nature of the stress
state and analysis must be based on the premise that each and every complex
stress state could occur somewhere in the yielding body.

This circumstance places a substantial premium on a detailed knowledge of
the yield criterion of the material. If, for example, only a single yield
strength is known, the yield surface can vary widely in shape even when there
is good reason to believe the material can be treated as an isotropic, ideally
plastic bod.yol The situation for the particular case where the yield criterion
1s insensitive to the hydrostatic component of stress is indicated in Fig. 1,
which shows crosssections. formed by the intersection of an octahedral plane
(o1+0otos = const.) with yield surfaces drawn in the space of principal stresses.
The requirements of symmetry and convexity for the isotropic, ideally plastic
material dictate -the largest and smallest yield surfaces which can be drawn
through a known value of the yield strength in simple tension (Fig. la) or
through a known value of the yield strength in simple shear (Fig. 1b). In the
absence of further information, it is then necessary to use the inner yield
surface to determine lower bounds and the outer surface to determine upper
bounds. There must remain a substantial element of uncertainty as to the actual
yvield load of any structure, amounting to as much as i?% in some cases,l an un-
certainty that can be narrowed only by first obtaining further information on
the yield strength of the material under complex stress states.

Observations of the yield point for complex stress states are not straight-
forward because it seems impossible to find a practical test in which the stress
distribution is statically determinate and hence independent of the yield and
flow properties of the material. A common approach has been to assume quite ar-
bitrarily that the stresses are uniform when one dimension is made sufficiently
small and often the elastic stress distribution has been quoted to justify this
step. A plastic material may behave in a highly discontinuous manner, however,
and the procedure has introduced an element of uncertainty in the interpretation
of test results.

An alternative and perhaps overlooked approach would be to seek a test sit-
uvation where the displacements of the body are kinematically determinate in the
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sense that they can be evaluated in terms of boundary motions without reference
to the stress distribution. In the case of material in which the yield strength
is independent of the hydrostatic component of stress, the stress distribution
is then known except for the hydrostatic component and that, hopefully, can be
found from equilibrium requirements. Such kinematic determinacy obviously re-
quires a high degree of symmetry, and it turns out that the long tube is an ex-
ample, It 1s possible to make a complete analysis of the initial motion prob-
lem for the ideal rigid-plastic material, and to compare performance for various
yield criterias including, most significantly, the bounding criteria that appear
in Fig. 1.

A fact emerges which is at first sight surprising: not only does the stress
distribution vary widely according to which yield criterion is supposed to apply,
but also the stress distribution across the thickness may be highly nonuniform
and this nonuniformity persists even when the tube is indefinitely thin, When
extremum yield criteria are employed, average stress becomes almost meaningless
at some load ratios, so the appropriateness of the uniform stress assumption de-
pends on the nature of the yield criterion.

The tube subject to various combinations of lateral pressure and axlal force
has been studled in’t:ensivel;y,2"'25 but the majority of studies have been restricted,
at least so far as detailed investigations are concerned, to three special cases:
open tubes, closed tubes, and tubes which are axially constrained, Important ex-
ceptions are the complete solution in parametric form obtained recently by Panarelli
‘and Hodge using the v, Mises' yleld criterion®? and the generel dilscussion of

solutions associated with various facets of the Tresca (maximum shear stress) cri-
terion by Kammash, Murch, and Naghdi. 23 The Tresca criterion was also employed
in significant earlier studies by K01ter18 and Bland. 19 The development given
below owes much to the work of these authors. In order to keep the presentation
‘uncluttered, attention will be confined to a rigid, ideally plastic material in
which yield is independent of the level of mean stress. Such a material remains
rigid until a yield stress is reached and is then capable of deforming indef-
initely according to the flow law associated with materials that must always
absorb work in any loading cycll_e.,26’27 One important consequence of assuming
yield is independent of the mean stress for such a material is that no volume
change occurs during the subsequent plastic flow., The deformations of all ele-
ments of the tube are then obtained easily in terms of the surface displacement.

The analysis defines the form of the yield surface, drawn in the space of
the applied tractions, which is associated with each of the extremum criteria
shown in Fig. 1. The choice of yield criterion makes a substantial difference
to the shape of the yield surface in traction space; hence comparison of vari-
ous observed tractions (which may be plotted directly in the space) can lead
to rational selection of the yield criterion most appropriate for any particu-
lar material,



2. TUBES UNDER AXIAL LOAD AND INTERNAL PRESSURE

We shall consider the initial motion of a long, right circular tube, in-
ternal radius a and externsl radius b, when subject to an internal pressure P
and an axial force T. Cylindrical coordinates r, ©, z, as shown in Fig. 2,
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Fig. 2. Notation for tube analysis.

will be used. This case is entirely equivalent to the general one of differ-
ential internal and external pressure in the case where the yield strength of
the material is unaffected by the addition of hydrostatic pressure component,
as will be assumed here. It is convenient to introduce the nondimensional load
parameters

P
p = —
%
(1)

I
ﬂ'( b2-a2) UO

where oy 1s the yleld strength of the material in simple tension.
By symmetry there will be no circumferential velocity, and the other veloc-

ity components will be independent of ©, so solutions will be sought based on
the velocity field
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where the axial strain rate €y is the same at all points in the tube. The field
(2) does not admit bulging; however the associated stress distributions may
well be valid for other velocity fields in which a finite length of the tube
deforms, the rest remsining rigid. Shield28 has found this to be so for the
special case of the tension/compression test. Substituting Eq. (2) in the ex-
pression for zero volume change:

X, 8, (3)
r

€p t et €y =

B
N

and integrating, we obtain

en ; 1) a2
fr P& = T\MT) T

where A\ is the ratio between €, and €¢g at r = a:

e% = %ﬂ = ey, (5)
r=a ‘dr = a

The ratio of principal strains is known everywhere in terms of A, so the
rate of energy dissipation associated with a given yield criterion can be com-
puted. Equating the internal and external work done would then lead to a re-
lationship between the external tractions in terms of the parameter A. This
is formally an upper bound because the body is not necessarily in equilibrium.
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A slightly less direct procedure will be adopted which has the advantage
that a complete solution is obtained, not Just an upper bound. Stresses are
associated with the principal strain rate ratios and then the tractions are
found by using equilibrium. The resulting stress distribution is statically
admissible and at the same time compatible with an admissible velocity field;
hence it is the actual solution. A further advantage of this approach is that
the relation between the tractions is found explicitly instead of in parametric
form.

Attention will be concentrated on the extremum yield criteria discussed in
the Introduction because these criteria result in the largest possible varia-
tions in the applied tractions which can be accommodated within the framework
of ideal plasticity theory. Both these yield surfaces are made up from segments
of six intersecting planes. The stresses associated with a given strain rate
ratio, as expressed in Eq. (4), can be found in part by noting that the strain
rate vector associated with a given point on the yield surface is directed along
the outwards drawn normal of a plane which is a supporting plane to the yield
surface at the stress state point029 All strain rate vectors lie in the octa-
hedral plane eptegte, = 0, thus evidencing constancy of volume during plastic
flow, and equally the direction of the stain rate vector cannot be used to dis-
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tinguish between stress states related by the addition or subtraction of a
hydrostatic pressure component (60r = dog = 602). In boundary value problems
where traction boundary conditions predominate, the stress distribution is
often completely or almost completely determinate from equilibrium despite the
presence of multiple flats on the yield surface, and this proves to be so in
the case of the tube.

MAXIMUM SHEAR STRESS YIELD CRITERICN

This criterion is represented by the inscribed polygon ABCDEF in Fig. la.
The stress state associated with a certain ratio of principal strain rates can
be identified in the manner described below. The stress state point will be
at A when €,>0 and |e,|>|ep|, |eo|, and at B when €,<0 and |en|>|e,|, |eq], ete.,
go the appropriate corner is determined by the identity of the principal strain
which has the largest value, together with the sign of that strain. The stress
state point may be somewhere on a side only when one strain rate is zero, e.g.,
on AB (including the end points), only when eg = O and €,>0.

The stress states associated with various values of A and r can now be
identified. By inspection of Eq. (4),it is easily verified that state point B
(requiring |ey|>|e,|,|es|) will be reached when

<§>2 <on+1 (6)

and from this and similar results a phase diagram, Fig. 3, can be constructed.
The three stress states shown are those appropriate for the case €z>0.

The phase diagram reveals a surprisingly complex stress pattern. For any
instant a horizontal line in Fig. 3 will trace the stress states at various
radii, If, for example, A>0, there will always be an inner zone at state point
B and an outer zone at state point A, however thin the tube. Likewise if A<-1,
there will always be an inner zone at state point F and an outer zone at state
point A, The discontinuities hetween state points B and A and between state
points F and A are different in nature, as is clear from examination of the Mohr
circles in Fig. 3. The former represents a discontinuity in og only, while the
latter represents a discontinuity in both og and g,, 0, remaining constant across
the discentinuity, for equilibrium.

The transitions from B to A and from F to A occur when €g and €y are zero,
respectively, and so state points on the sides AB and AF, Fig. la might be pres-
ent; however the transitions occur at particular radii, so ambiguity in the
stress state is restricted to these radii and equilibrium is unaffected. On
the other hand, when €, is zero, as will be the case when A becomes indefinitely
large (or small), state points on BC and on FE, Fig. la can be present. This
case will be examined first.
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On BC, Fig. la, the intermediate principal stress is o,, so by the max-
imum shear stress yield criterion,

0 - 0p = 0o (7)
For radial equilibrium
G =0
QEE + _2_;§ = 0 (8)
dr T

Substituting Eq. (7) in Eq. (8), integrating and making use of the boundary

condition
O'I] = 0 ’ (9)
r=> ’

o, = goln(r/D) (10)

we obtain

The only restriction is that o, should remain the intermediate principal stress.
Limiting cases are o, = og (point B) and o, = o, (point C). The corresponding
values of t, found by evaluating o, from Egs. (7) and (9), followed by integra-
tion over the radial cross-section of the tube, are

t = 1nB/(B®-1) i% (11)
where B = b/a. Finally, on substituting the boundary value
c% = P (12)
r=a
in Eq. (9);
p = 1nB
(13)
R T S
p=-1 2 — —p=-1 2
and by a parallel computation for side EF:
= -~ 1n
P p (14)
T S
p=-1 22— — B=-1 2

The stress o, remains indeterminate. Possible distributions include uni-
form stress across the entire thickness, in which case the stress point would
be somewhere on a side of the yield surface, or a discontinuous distribution in
which the stresses are represented by one corner of the yield surface for an
outer layer and by another corner for an inner layer. Despite this indeterminacy
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of the stresses, the yield surface in traction space remains unique (see Appendix
I of Ref. 30).

When A0, eZ>O, the phase diagram, Fig. 3, indicates there will be an inner
zone at state point B and an outer zone at state point A, Fig. la. The radius
r' of the interface is found to be

r' = aeP (15)

by integrating Eq. (8) for both zones, after noting that in the inner zone og
= op and in the outer zone o = oy. In the outer zone, oz = 0o and in the inner
zone

o, = oo(ln(r/a)-p+l) (16)
and by integration over the cross-section
(B2-1)t = p+ B2 - 5 (1+eP) (17)

Similar integrations can be carried ocut for the case A<O, €,>0 and for the two
cases where €,<0, the results being summarized by

(pE-1)t = 62 5 1+e2|PD (18)

The complete yield criterion in the p-t plane is shown as the inner closed curve
in Fig. k.

MAXIMUM REDUCED STRESS YIELD CRITERION

This criterion is represented by the circumscribed polygon A'B'C'D'E'F' in Fig.
la. In identifying the stress states associated with the various sides and
corners of this surface, it is convenient to introduce the notations yrg = er-€g,
etc., to denote the maximum shear strain rate. The strain rates associated with
side A'B', Fig. la, are epicgicy = 1/2:-1:1/2, so that 7rg:7gz: ?Zr = 1:-1:0 and
those associated with A'F' are eniegie, = L: 1/2 1/2, so that 7r9 792 7zr = 1:0:-1.
Thus the strain rate ratios associated with corner A' will be 7yg:7gz:7zr = MFV:
be-v where u,v are positive numbers. Hence the stress point will lie at A', Fig.
la, when 7,0>0 and |7pe|>|7oz|,|75r |- Similar criteria can be obtained for the
other corners, so the appropriate corner is determined by the identity of the
shear strain rate 7 which has the largest value, together with the sign of that
strain., The stress point will be on a side only when one of the maximum shear
strains is zero, i.e., when two principal strains are equal.

Equation (4) can be rewritten in terms of the maximum shear strain rates:

—_ — - 1\a® 1\a2 3 1\a 3
: : = - 2(N + —T>“?’§ + = )= Zz (1
Yro ¢ Y0z ¢ Yzr < 2, = 6 2) w2 - ( ) 5 9)

11



so state point A' will be reached when

11‘_4 3 ‘.(‘,'

State point B' will apply for larger values of A below A = -1/2, then state
point C' will apply, to be superceded by state point D' when

= >

LT (e1)
Nea s/ )

The phase diagram constructed from these results is shown in Fig. 5. The stress
states referred to above, which are appropriate for €,>0, are shown in the in-
serts.

As in the case of the maximum shear stress criterion, it is again evident
that, for certain ranges of A, there will be two stress zones, with a stress
discontinuity between them. The transitions from A' to B' and from C' to D'
occur when 7zr and §éz are zero, respectively, but the latter happens only at
isolated radii, according to Eq. (19), and not over a finite band, so there are
evidently stress discontinuities at these radii. On the other hand, Eq. (19)
indicates that the transition from B' to C', Fig. la, which occurs when ?}e is
zero, can occur simultaneously at all radii. Unless eliminated by a considera-
tion of equilibrium, alternative stress distributions may be possible. This
latter case will be dealt with first.

Suppose an inner zone at stress state B', Fig. la, and an outer zone at
stress state C', and denote the radius at which the stress discontinuity occurs
by ri. For the inner zone.o,.-og = 2/3 0, and for the outer zone op-og = - 2/5 0o
so substituting each of these equations in turn in the equation of equilibrium,
Eq. (8), integrating, and substituting the boundary conditions, Egs. (9) and (12),
we obtain

2 r°
op = P-Z0 1n<;) (22)
for the inner zone and
2 ‘r
Op = = 05 1N —\) (23)
r 5 O &b y

for the outer zone.
The position of the interface is determined by equating values of o, across
it, hence

(ap) /2P (2)

ry =
The axial stress o, is equal to o +“2§O/5‘ in the inner zone and oy +'hdo/5

in the outer zone and the total axial force is found by integration: the result-
ing relationship between p and t is

12



N

-5-

max.

Fig. 5. Maximum reduced stress criterion of yleld for material of a
tube: phase diagram for stress states at various radii in terms of
the coefficient A.
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p = (B%-1)(1-t) (25)

The stress distribution used above serves to show that an equilibrated set of
stresses can be found; however, it is not unique. It can be readily shown that
the stress distribution associated with o, = const. can also be equilibrated.
0f course, this and the many other possible alternatives give rise to the same
relation, Eq. (25) between p and t.

When M>1 and €,°0, Fig. 5 indicates there will be an inner zone at state

point D' and an outer zone at state point C'. A procedure parallel to that
described above is applied and it is found that the interface is at a radius
r, = azb-le5p/2 (26)

and the formula relating p and t is
(B2-1)t = p+ (p2-p75P)

Similar integration can be carried out for the case A<-2, €,>0 and for the two
cases where €,<0, the results being summarized by

(62-1)t = p# (p2-p~2 Py | (27)

The yield criterion in the p-t plane is shown as the outer closed curve in
Fig, L. ’

MAXIMUM R.M.S. SHEAR STRESS YIELD CRITERION

In this criterion, which is frequently associated with the names of Huber
and v. Mises, yield occurs when stresses on the surface

(qfnoe)z + (oendz)g + (cZ-or)g = 2002 (28)
are reached. The corresponding cross-section in Fig. 1 is a circle centered at
the origin. Adoption of this criterion often leads to greater analytical dif-
ficulties but, in the case of most poly-crystalline metals, it has the merit
that it provides a closer approximation to the actual behavior than either of
the extremum criteria shown in Fig. 1.

An analysis based on this criterion has been given by Panarelli and Hodge,25
wno obtain a relation between p and t in parametric form; however, a solution
in closed form results if the procedures that have been used in the case of the
extremum criteria are followed once more. The solution is

(B2-1)t = p + (Lepteop2(1-x2) L/3)1/2 (29)

14



where X = (l-e2/5|P|)/(l+e2/51p|). The corresponding yield line has been added
to Fig. 4.

In the above analysis, the yleld stress in simple tension, oy, has been in-
corporated in the definition of the nondimensional load parameters p, t, Eq. (1).
In consequence the three yield criteria plotted in Fig. 4 coincide at the point
t =1, p = 0, which corresponds to simple axial tension and the point t=-1, p
= 0 which corresponds to simple axial compression. Thus the yield curves in Fig.
4 are in the relative position which would obtain when the yield surfaces in
principal stress space are as shown in Fig. la. If instead the scale were stand-
ardized on the basis that the yield stress in simple shear were known, as in Fig.
lb, then the yield curves in the traction plane would coincide on the line

(BZ-1)t = (30)

The high degree of nonuniformity of the stress distributions can be best
appreciated by considering a specific case. Figure 6 shows the stress distribu-

Max. Shear Stress
Criterion

Max. Reduced Stress
Criterion —_————

|

% ¢ -7
O- | //"/ '
0 |- |
|

|

N | N
r=a r=b r=q r=b

Fig. 6. Tube under combined axial load and internal pressure; B = 2. Stress
distribusions for the load path shown as the dotted line in Fig. L.

15



tions associated with the extremal yield criteria for the case B = 2 when the
stress state points lie on the dotted line shown in Fig. 4. Bearing in mind
that the relative scales of the alternative yield criteria can be adjusted,
and, in Fig. 4, a common value 0, Of the yield stress in simple tension has
been taken just for convenience, both the stress distributions have been drawn
for the external tractions associated with point P in Fig. 4. The distribution
of Oy Fig., 6, is similar for the two extremal criteria, but by no means iden-
tical, while the distributions for og and oy differ markedly. In the case of
both criteria, the stress discontinuities occur at the radii where the stress
state point jumps from one corner to another in Fig. 1. For the maximum shear
strese criterion the jump is from corner A in the outer zone to corner B in

the inner zone, while for the maximum reduced stress criterion the jump is from
corner C' to corner D'.

The above analysis has been described in detail to document the fact that
the stress distribution is highly dependent on the form of the yield criterion.
Average stresses may be almost meaningless even for a very thin tube. If one
of the extremal yield criteria apply, it is possible that many combined stress
states cannot be reached whatever external tractions are imposed. For example,
1f the maximum shear stress criterion holds, then during deformation the inter-
mediate principal stress might always coincide with the largest or the smallest
principal stress, although this is not known for certain because the stress dis-
tribution is not always unique. It is not known whether either of the extremal
criteria will hold for an actual material which may be of interest; however the
analysis mekes it clear that in the absence of specific further information
there is no guarantee a complete range of complex stress states can be induced
in the tube test. In any case the simple assumption that the stress is homo-
geneous may lead to substantial errors in the interpretation of test results.
This point i1s discussed in some detail in the next section.
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3. THE INTERPRETATION OF EXPERIMENTAL DATA

The above analysis has shown how large the nonuniformities in stress dis-
tribution can be in the tube test and hence how misleading it is to interpret
this test by the use of mean stresses. It becomes necessary to plot tractions
rather than stresses, and to adopt the somewhat indirect procedure of determin-
ing curves in the plane of applied tractions which are associated with the var-
ious yield criteria. Generally speaking, the test data will not coincide ex-
actly with one or other of these theoretical curves and the precise yield cri-
terion being followed by the material then becomes a matter for speculation.
This may not be important in practice, however, because a precise representa-
tion of the yield criterion is of limited use as a starting point in analysis,
due to mathematical difficulties. It is of much greater concern to employ a
method of interpretation of the data itself which, because it does not intro-
duce approximations of uncertain accuracy, permits selection of the mathemat-
ically simple yield criterion which provides the closest fit to the data.

What are the errors in interpretation introduced by assuming the stress
distribution is uniform in the case of a tube of practical dimensions which
allow the maintenance of reasonable tolerances on the thickness variation? A
comparison for some steel, tubes tested recently at The University of Michigan
is shown in Fig. 7. It is seen that the errors can amount to 5% or more, which

Fig. 7. Tube under combined axial load and internal pressure; B = 1.12. Com-
parison of test data (circles) for steel tubes with the theory for ideally plas-
tic bodies (full lines) and theory based on assuming uniform stress (dotted lines).
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could be significant when a choice is being made between the yield criterion to
provide the closest fit to test data.

Figure 7 illustrates the interesting fact that the extremsl criteria vir-
tually coincide at four points in addition to the two points where they are
made to coincide by the adjustment of scales. The curves are near enough to-
gether to provide an accurate check on the isotropy of the material which is
not dependent on any assumption about the nature of the yield criterion. On
the other hand, use of the approximate curves (shown dotted in Fig. 7) might
well lead to the conclusion that anisotropy of yield strength is present when
this is not the case.

The above interpretations and analysis are valid only if the material can
be approximated by an isotropic, ideally plastic material model of the type
used in classical plasticity theory. There is of course no guarantee that any
one material will fall into this category, however, evidence is accumulating
that it is a useful and reasonably accurate model for many metals. In the case
of the small amount of test data added to Fig. 7, for example, the arrows in-
dicating the direction of the generalized strain vector corresponding to the
tractions p, t lie in directions which are likely to be close to that of the
cutwards drawn normal to the yield curve, which suggests strongly that the ma-
terial possesses a stress strain relation of the requisite type. On the other
hand considerable caution-would have to be exercised in using the above test
interpretations for materials such as granular media,for which the appropriate-
ness of an isotropic, ideally plastic model is by no means established.

Tt 1z also clear from Fig. 7 that a rational choice of yield criterion
can he made or the basis of Tube tests. The yield curves associated with the
various yield criteria remain well separated in the traction space, Fig. 7,
and uzlescs the test data turns out to be very scattered, there should be no
difficully in deciding upon the most appropriate criterion to use in stress

e e
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I. INTRODUCTION

This part will be concerned with the discussion of a program of tests which
have been carried out to obtain some provisional information about the effects
of prestrain on the flow and fracture properties of a steel subject to complex
stress states.

Several previous groups have obtained information on the nature of subse-
guent yileld surfaces in various metals5l"57; however, for the most part, these
investigators did not attempt to get beyond an identification of the presence
of subsequent yield, as defined in various ways. Moreover, they invariably in-
terpreted the results in terms of average or surface stresses computed by some
more or less arbitrary assumption about the stress distribution. A rereading
of Part I of this report is an adequate reminder of the dangers inherent in this
approach. Nevertheless, despite the doubts about details of interpretation,
these authors have established beyond reasonable question several important
points, foremost of which is the striking shift in the position and shape of
the yield surface which frequently accompanies plastic deformation.

What has been lacking.is an investigation of the affects of plastic deforma-
tion on serviceability as it concerns the designer: Can ductility be seriously
curtailed by prestraining at other and different stress combinations? What math-
ematical model is most appropriate for representing a prestrained material (per-
haps prestrained due to some unusual overload) for the purposes of a stress
analysis? Are certain combinations of prestrain and subsequent strain partic-
uiarly damaging? In this investigation we cannot do more than suggest tentative
answers to these questions and that for a single material, because the effort
involved in obtaining minimal experimental information of the right type 1s so
great; however, we hope the work provides a rational framework for further and
more cetalled studies.

The problem of obtaining reliable information is complicated by the circum-
stance that the stress distributions may be highly nonuniform even in relatively
thin tubes, a point discussed in detail in Part I. As a result, it is necessary
tc make comparisons between test results and theory in a tracticn space, rather
than in a stress space. Behavior in stress space can only be inferred following
relatively sophisticated analysis, analysis which must inevitably rest on prem-
ises that may or may not be wholly Jjustified in any particular case.

The study of the data will be based in part on the analysis of Part I, and
some resulits will be restated here in a form convenient for use with the test
data. The principal changes are to use as a parameter the axial force N that
represents the excess axial force on a closed cylinder, a substitution which
hag the effect of rendering the yield surface symmetric about the axes, and to
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adjust the pressure parameter so that it becomes associated naturally with the
outside strain rates, which are those to be observed. The pressure parameter
is
Q = m°P (31)
In terms of these parameters, the energy dissipation rate is

U = €@+ el (32)

where €, = 2¢ +e, and ¢, are the "generalized strains" associated with
q Ol, - p 2 z

Q and N, respectively.

Introducing the nondimensional parameters

P Q
b= ;w‘ ) =0,
° © (33)
N
f = -
20, ’
Eqs. (14) and (18) (for the maximum shear stress criterion) become:
1 | 1 -
= n(28%1-28%[5])  |g] > 2 (1-7F)
p = (34)
1 -2
1np |2 <3 (1-87°)
Equations (25) and (27) (for the maximum reduced stress criterion) become
1 . g P Ip| > % 1nf
£ o= (35)
- 2
- pE p| < =108
3
and Eq. (29) (for the maximum r.m.s. shear stress criterion) becomes
O G2 =
£ o= (14p7heepR(1x7) /)12 (39

where X = (l_e2“JEIPI)/(1+62‘JEIP|)O

The rigid-ideally plastic model is the most useful model available for the
computation of the ultimate strength of structural components, so it forms a
natural backdrop for the assessment of data. Actual materials often exhibit
significant strain hardening, and interpretations in terms of a rigid-ideally
plastic model are by no means straightforward. The model can, however, be used
to represent behavior at various levels of strain hardening provided the data
is processed in a suitable fashion.
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In the analysis of plastic flow data, it will be assumed, subject to later
confirmation, that contours of constant hardening rate (in a space of suitable
load parameters) possess properties that make them indistinguishable from yield
surfaces of a rigid-ideally plastic solid. These properties27 are the property
of convexity and the property that the vector of (generalized) strains lies in
the direction of the outwards drawn normal to the surface, when corresponding
(generalized) stresses and (generalized) strains are plotted in the same direc-
tions.,

The strain hardening rate H will be defined as the magnitude of the compo-
nent of the generalized stress increment, per unit generalized plastic strain,
in the direction of the generalized plastic strain increment, i.e.,

H = M (57)
where dQ;, dqip are increments of generalized stress and strain, respectively.
This definition is based on the concept, consonant with plastic theory, that
the current yield surface* will remain normal to the generalized strain rate
vector, so that the projection of the generalized stress increment dQ in the
direction of dq P is a measure of hardening (see Fig. 8).

Fig. 8. Local displacement of yield surface during strain hardening.

In terms of the tractions Q, N, with which the strains €q and €, as de-
fined in Eq. (32) are associated, the hardening rate will be

*The surface within which only elastic deformation in the neighborhood of the
point concerned, occurs.
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bQhey+aNAe, AQ(2A66+A€Z)+ANAGZ

4z _ 8
Aeq2+AeZE hAeeg+hAeeAeZ+2A€Z2 (38)

where €g is measured on the outside of the tube.

H =

The technique to be adopted in presenting the prefracture plastic flow
data will be to plot contours of constant hardening rate. It turns out that
the vectors of plastic generalized strain increment are in most cases very
nearly normal to these contours, so the contours can be regarded as successive
yield surfaces for the purposes of plastic theory.

The basic program of tests comprised series to determine the yield, flow,
and fracture properties of the unprestrained material, followed by two series
to determine these properties after substantial initial prestraining. In the
first series prestraining due to simple tension was used and in the second pre-
straining dvue to internal pressure. A comparison of these tests enables some
estimates to be made of the influence of prestrain under complex stress on the
subsequent flow and fracture properties.
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2, TUBE TESTS

The material selected for test was an SAE 1045 cold drawn steel in the
form of 1-1/8 in.dia~bar stock., The stock was normalized at 1600°F for 30
minutes, with subsequent air cooling to produce substantially stress relieved
material with an initial plastic tensile range prior to strain hardening of
about 0.014%. Dimensions of the specimens for tests where the excess axial
load was to be tensile are shown in Fig. 9. With a view to delaying the on-
set of buckling, shorter specimens were produced for use when the excess axial
load was to be compressive. Each test piece was fitted with three foil strain
gages, one mounted circumferentially and the other two axially opposite one an-
cther. (These were supplied by W. T, Bean and installed following his direc-
tions dated 5/1/6Ao) These gages were capable of following strains as large
as 0.1.

The loading apparatus has been described in an earlier reportOBB In the
present series, combinations of internal pressure and axial force were used.
It will be recalled that the hydraulic system enables the loads to be increased
in a controlled manner while maintaining their ratio at a sensibly constant,
preset value, When the specimen was to be tested with an excess axial load
which was tensile, the universal joint system described previously58 was used.
This arrangement 1s intrinsically unstable in compression, however, so for
those tests the specimens were mounted on and loaded through hemispherical
seatings. The position of a specimen on the seatings was adjusted prior to
test to minimize the eccentricity of load, as sensed by the strain gages mounted
on it.

Axial load was sensed by a Baldwin SR-I4 load cell (capacity 5000, 5 1b)
and the internal pressure in the specimen by a Baldwin SR-4 pressure cell (ca-
pacity 20,000, +20 psi). At moderate strains, the strain gages on the specimen
were monitored by hand adjusted Baldwin strain indicators, but when the rate
and amount of straining became large, facilities were provided to switch to a
Heiland cscillograph recorder, Type 712B which made a continuous autographic
trace for later analysis.

Nine specimens were tested to failure without prestraining, eleven were
tested following prestrain due to internal pressure (closed ends) and ten follow-
ing prestrain due to an axial tensile force., Various partial results were ob-
tained from other specimens where the test had to be terminated early. When a
prestraining operation was to be performed, this would be done during a morning,
followed by adjustment of the machine to a different lcad ratio and subsequent
testing during the afternoon of the same day.

2l



*aATssaxdwmo

D 9q 03 SBM DPBOT TBIXE SS830X3 9aYj] USUYM

(umoys -utg f/¢-2 dU3 JO DPBSISUT) °UT @\MIH SpBW SBM U3BUST 3893 3YL ‘suawroads JeTNgny JOo suolsuswIq G *STd

. :
R 4 4
MY A < *
.~ PMWIIIvJ e .MW 2 -]
¥ v
‘avy € avy ¢
— 1= TN vy M
38 — :  ——
BlOg / IR .. I S o R
i B
SI0H Su0 g | Spu3 Y409 woud _/
doj adig= ‘N3 ’ " v
C g 100070980 3pISINO PO3IYL 027,
| | 8
woay 0050, 1000 UIy4IM o} duguasuog—  SPU3 yjog-dop adid & oo
nayjg 11t4@ e daaq, | - :to&lm

25



Reduction of the data was accomplished by means of the digital computer.
To compensate for the influence of the minor variations in dimensions between
specimens, all loads were reduced to equivalent loads (and pressures) on the
specimen of nominal dimensions (Fig. 9) on the assumption that the stress dis-
tribution was that in the thin elastic cylinder. The latter assumption was nec-
essary because the actual stress distribution could not be known prior to anal-
ysis of the data. The error, if any, introduced by this procedure would be of
second order compared with the compensations due to variation in dimensions be-
tween specimens. For the initial loadings, the corrections were based on the
dimensions of the specimens as machined, while for the subsequent loadings the
corrections were based on the dimensions after prestrain.

INITIAL YIELD

Loads at which plastic effective strain reached 0.003 on the outsides of
the tubes are shown in Fig. 10. A large amount of data is available in the two
prestraining directions, and inspection reveals a fairly wide scatter. This
is not unusual for initial yield in steels.

For comparison purposes, initial yield curves for the three yield criteria,
expressed by Egs. (34), (35), and (36), have been added to Fig. 10, the scale
being fixed so that the curves pass through the mean of the test points for
axial tension acting alone (Q = 0). Symmetry of the equations enables the com-
parisons to be made in a single quadrant. The relatively large amount of data
available for pure internal pressure (N = 0) provides the most significant test
of the suitability of the criteria, and it 1s apparent that, of the three curves
shown, the maximum r.m.s, shear stress criterion comes closest to the data.

HARDENING CONTOURS FOR INITIAL AND SUBSEQUENT LOADINGS

Interpretation of continued plastic yielding is based on the definition of
the hardening rate H, Eq. (37), which has been discussed in the Introduction to
Part ITI. A digital computer program was employed to compute H using successive
observations, and then the tractions for various levels of H were estimated from
graphs of H plotted against one or other of the tractions as convenient. By
combining data from tests in which various ratios of the tractions were used,
it was then possible to construct level curves of constant hardening rate. Ex-
amples are shown in Figs. 11 and 12.

‘Figure 1la 'shows contours for unprestrained specimens: it. records the con-
tinuation to largér plastic strains of the same tests as Fig. 10. The initial
data again showed considerable scatter and, rather than attempt to pass a curve
through the points, the theoretical curve for the maximum r.m.s. shear strain
criterion has been superimposed, to a suitable scale (the dotted curves). The
outer curve has been sketched through the data points,
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Figures llband llc show contours of constant hardening rate for specimens
that were prestrained by internal pressure (N = 0) and axial tension (Q = 0),
respectively. At the higher values of H (reached first), there is a distinct
shift of the contours towards the direction of the prestrain-—-to the right in
Fig. 1lb and upwards in Fig. llc. As strain progresses, the contours become
much more nearly symmetrical about the origin.

The curves shown in Fig. 11 have been replotted in Fig. 12 to facilitate
comparison between the prestraining programs at each of the three hardening
rates for which contours have been drawn., At H = 1, Fig. 1l2a, the contours
are well separated, but as strain continues, they become closer together, al-
though there remains a significant difference between the contours for the
test with prestrain due to internal pressure and the other two sets. The over-
all picture would appear to be a progression from behavior which could be ap-
proximated by the model of kinematic hardening59 towards behavior for which an
isotropic hardening model would be more suitable. The symmetry of Fig. 1l2c
about the Q axis 1s quite remarkable in view of the radically different pre-
straining programs.

The short arrows in Fig, 11 show the directions of the (generalized)
strain rate increments at various levels of hardening. If the hardening rate
contours can be interpreted as yield surfaces for the purposes of plastic the-
ory, then these arrows should point in the direction of the outwards drawn
normal to the contours. Inspection of Fig. 11 shows that the direction of the
arrows is invariably outwards, and in many cases it lies close to the outwards
drawn normal at the point concerned. The changes in direction of the arrows
alongfthe N axis in Fig. 1lb is of particular interest; one might infer that
the larger contours extend considerably in the half plane where Q is negative,
which lends further support to the concept that the significant plastic flow
property of the material might be simulated by an isotropic model at large
plastic strain levels.

FRACTURE

It was of some interest to note whether there was any consistent visible
evidence of the load history in the nature of the fracture surfaces. This
turned out not to be the case, and is further evidence of the minor long term
effects due to single overloads being in unusual stress directions. Figure 13
shows typical fracture surfaces. Photographs on the left in Fig. 13, show
tubes in which the traction ratlo was held constant throughout the loading,
while those in the center and on the right were subject to one of the two pre-
straining programs. There was no apparent difference in the appearance of the
fractures in the tubes which had been prestrained.

The type of fracture shown in the upper photographs was also typical of
all tubes tested at higher ratios of N/Q, while the type shown in the lower
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photographs was typical for the lower ratios. At a traction ratio N/Q = -1
and below, local or general buckling occurred and no information was obtained,

In Fig. 15, the photographs were selected to illustrate the transition
between the two modes of fracture. Reference to Fig. 11, and the analysis in
Part T reveals that this transition occurs at the traction ratio when, in the
analysis for the maximum shear stress criterion, o, replaces og as the inter-
mediate principal stress in much of the cross section. If slip along the lines
of maximum shearing stress were to prove most damaging and lead to eventual
cleavage on these planes, then the planes would be expected to follow the pat-
terns shown in (g) and (h) of Fig. 13. The pattern (g) would occur when og
was the intermediate stress and (h) would occur when it was replaced by Oy
These slip patterns are highly suggestive of the actual cleavage patterns shown
in the photographs.

The testing of a relatively large number of specimens to fracture after
a prestraining program presented an opportunity to look for possible effects
on ductility. Figure 14 shows a comparison between the subsequent strains at
0.95 the failure load and the strains at 0.95 the failure load in unprestrained
specimens.

The strains z,, €g are those observed at the outer surface., The radial
strain € has been computed assuming zero dilation for the plastic strain com-
ponent., The data shows considerable scatter and the lines that have been drawn
are intended to indicate possible trends only. Strains in the 6 and z direc-
tions are by no means equal, and the particular geometry of the tube must be
playing a significant role., Evidently it would be unjustified, in view of the
possibilities for local or general instability, to assume that equivalent ductil-
ity would necessarily be achieved in a structure of different shape that might
be of practical interest. However, the relative reductions in ductility due to
Prestrain which are evident in the trend lines may well have qualitative sig-
nificance. The pattern is not unexpected. The simple shear prestrain, Fig. 1llha,
is a high proportion of the "available" strain and subsequent ductility is sig-
nificantly reduced, although still adequate to allow the redistribution of forces
which must remain possible if ultimate strength theories for carrying capacity
are to be employed. On the other hand, the tensile prestrain, Fig. 14b, was
much smaller in relation to the "available" strain, and the subsequent ductil-
ity appears to be relatively unaffected.
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3., IMPLICATIONS FOR DESIGN

Some questions were posed in the Introduction concerning the influence of
prior plastic deformation as it might concern the designer and it would, per-
haps, be worthwhile to review the results of the investigation from that point
of view,

It has been found that ductility can remain unaffected even by large pre-
strains if applied only once. The data (Fig. 1L4) shows considerable scatter,
but it is clear that very large reserves of ductility remain whatever -the na-
ture of the subsequent stress system. This result has been established for two
radically different prestrain systems, due to simple tension and simple shear,
and it is reasonable to conclude similar results would be obtained if inter-
mediate prestrain systems were used. It follows that a single overload would
have to be very high indeed to reduce the metal to the state where there was
insufficient ductility to allow the redistribution of stress associated with
plastic yielding to take place prior to fracture. There seems to be scope for
ultimate strength design even in heavily overstrained material,

The selection of a suitable mathematical model for a strain hardening ma-
terial has always presented a serious problem to designers. In this investiga-
tion, we have shown that the surfaces of constant hardening rate do probably
retain the properties of convexity and of normality of the strain rate incre-
ment vectors with sufficient accuracy to enable them to be treated as yield
surfaces for successive ideally plastic models of the material. Although in
the early stages of subsequent deformation the effective yield surfaces are
displaced by prior straining (Fig., 12a) and analysis becomes difficult due to
the presence of anisotropy, the later behavior becomes more and more symmetric
and a fully isotropic model might well be adequate for the purposes of plastic
analyses. This conclusion does not apply to elastic analysis of prestrained
material. Proof strengths based on the curves shown in Fig. 12a would have to
be used and the analysis is unlikely to reflect accurately available load carry-
ing capacity of the component.

The contours of constant hardening rate are plotted in traction space be-
cause of the difficulties inherent in interpreting the tractions in terms of
stresses for the tube test (see Part I); however the conclusions regarding ap-
proximate convexity of the contours and the normality of strain rate vectors,
once established in traction space, are also valid in a stress space. The
choice of yield criterion (expressed in terms of stresses) can be made in a
perfectly logical fashion by comparing the test data with the curves in trac-
tion space computed for the various yield criteria in Part I of the report.

The conclusions reached in this Part of the report apply in the strictest
sense only to the material as tested; however they may be indicative of the be-
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havior of a broad class of materials. The precise range must await further pro-
grams of testing within the framework laid down in the current investigation.
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